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Customers arrive sequentially to a service system where the arrival times form a
Poisson process of ratel+ The system offers a choice between a private channel and
a public set of channels+ The transmission rate at each of the public channels is
faster than that of the private one; however, if all of the public channels are occu-
pied, then a customer who commits itself to using one of them attempts to connect
after exponential periods of time with meanµ21+Once connection to a public chan-
nel has been made, service is completed after an exponential period of time, with
meann21+ Each customer chooses one of the two service options, basing its deci-
sion on the number of busy channels and reapplying customers, with the aim of
minimizing its own expected sojourn time+ The best action for an individual cus-
tomer depends on the actions taken by subsequent arriving customers+We establish
the existence of a unique symmetric Nash equilibrium policy and show that its
structure is characterized by a set of threshold-type strategies; we discuss the rele-
vance of this concept in the context of a dynamic learning scenario+

1. INTRODUCTION

Customers arrive sequentially to a system consisting of a multiple server retrial
queue~see Figure 1! and a •0GI0` queue; the former queue may be considered to be
a set of public channels with customers reattempting to make a connection if blocked
by a previous attempt to connect to one of these, denoted byQR, and the latter queue
as a private channel, denoted byQP+Upon arrival, each customer chooses one of the
following two options: either to connect toQR or to QP+ Each customer is solely
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concerned with minimizing his own expected sojourn time+The number of retrialing
customers and busy channels atQR may be observed by each arriving customer+ The
sojourn time of a particular customer in the retrial pool may be affected by the
number of customers enteringQR during its sojourn, which, in turn, is affected by
the decisions of subsequent arriving customers+

The purpose of this paper is to present a series of stochastic order results which
will allow us to infer certain structural results pertaining to the Nash equilibrium
solution concept+We also briefly discuss the relevance of the Nash equilibrium in
assessing the performance of the system under realistic operating conditions+

A similar state-dependentadmission control problem to the one examined in
this paper has been considered by Altman and Shimkin@4# , in which their service
system consists of a processor sharing queue and a •0GI0` queue+They also present
a dynamic learning scheme in which customers base their decisions on data col-
lected by the system up to the point of decision; they demonstrate that a Nash equi-
librium solution characterizes the long-term behavior of the system under this scheme+
Generalizations of the model of@4# and the associated learning scheme were also
considered by Ben-Shabar et al+ @5# , and Buche and Kushner@7# , respectively+

Although similar to the overall paradigm of@4# and a few other models consid-
ered in the work of Brooms@6# , our current work does include some important
differences+ For example, our model is two dimensional; as a consequence,we often
have to condition on the number of public channels available to an arriving cus-
tomer+We also find that properties of the stochastic processes relating to the number
of busy channels and retrialing customers are established simultaneously, by ex-
ploiting theforward inductiontechnique+

Other state-dependent game-theoretic queueing models have also been consid-
ered+Altman and Shimkin@2# consider the problem of socially optimal and individ-
ual equilibrium routing into a system of parallel queues+ One of the models they
consider is one in which the total service rate in all queues is constant, but the
proportion of the service rate assigned to each queue varies with time+ They also

Figure 1. Multiple server retrial queue+
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consider a model in which there is a single server which always serves the longest
queue+ A zero-sumstochastic game analysis for the first model yields that the so-
cially optimal strategy for the router is tojoin the shortest queue.Nash equilibrium
strategies are shown to characterize the second model+

Altman @1# examines the role of an overall controller routing traffic into a two-
queue system, where the service rate in each queue@given bya1~i !, i 5 1,2# is, in
general, state and time dependent and unknown to the controller+ The decision to be
made by the controller for each new arrival is to decide whether to send it to queue
1 or 2 in order to minimize finite horizon and infinite horizon discounted cost cri-
teria+ The existence of optimal strategies of the router and of the server described by
monotone switching curves are established+

A number of authors have considered customer retrial models, including Cohen
@8# , Keilson et al+ @15# , Falin @10# , Hanschke@14# , Falin and Fricker@11# , Green-
berg and Wolff@13# , and Liang and Kulkarni@16# + A comprehensive survey of the
subject can be found in the work of Falin and Templeton@12# +Tran-Gia and Mandjes
@18# have examined the customer retrial phenomenon within a cell of a cellular
mobile network, looking at both finite and infinite population models+

An outline of the rest of the paper is as follows+ In the next section, we describe
the model under consideration+ In Section 3, we present results on the expected
sojourn time in the multiple-server retrial system; these results are concerned with
strict monotonicity and continuity which are used in establishing the main results of
the section+We go on to show that an optimal strategy for each customer conditioned
on the strategies of the other users is to adopt a threshold-type strategy+

The existence and uniqueness of a symmetric Nash equilibrium routing policy
are established by invoking a related theorem from Altman and Shimkin@4# + A
procedure for computing the symmetric Nash equilibrium is presented in Section 4+
Finally, we discuss the relevance of the Nash equilibrium in modeling the perfor-
mance of the system under an intuitively appealing dynamic learning rule+

2. THE MODEL

An arriving customer has to choose between a multiple-server retrial queue~denoted
by QR! consisting ofs servers or transmission channels along with a retrial pool
~shared by other customers!, or a private channelQP, where both options make up
the service system+

Let Ak be the arrival time of customerCk, where 05 A0 , A1 , A2 , {{{ and
where$A1,A2 2 A1,A3 2 A2, + + + % are i+i+d+ exponential with meanl21 ,` ~i+e+, the
arrivals form a Poisson process at ratel!+

A customer who connects to a channel inQR experiences an exponential trans-
mission time with meann21; a channel may only be occupied by one customer at a
time+ If a customer decides to joinQR, then it will try to connect to a public channel
immediately; however, if a public channel is unavailable, the customer tries again to
connect to one after an exponential period of time with meanµ21, and continues to
do so until a connection is made+
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The expected transmission time inQP is u21 ,`+ Transmission times inQP are
mutually independent, and independent of the behavior inQR+

Let the state of the system at timet be described by a pairN~t! 5 ~X~t!,L~t!!,
whereX~t! represents the number of retrialing or “milling” customers andL~t! the
number of occupied or “busy” channels+

We assume that there is a buffer of sizeM containing the milling customers,
which may be either finite or infinite+

CustomerCk chooses which queue to join after observingN~Ak!, the system
state justprior to its arrival+

A randomized decision ruleuk~x, y! [ @0,1# defines the probability of joining
QR if the stateN~Ak! 5 ~x, y! is observed+ LetU denote the collection of such deci-
sion rules+ The vector of decision rules of all customers~i+e+, a policy! is denoted by
p 5 ~u0,u1, + + + !, with p [ U +̀

Let $Uk%k$0 be a set of uniform random variables on the interval@0,1# which are
used in determining the decisions of arriving customers+So, for customerCk arriving
at time Ak, who joins QR with probability q ~which depends on its strategy!, Uk

influences the decision in the following way: Ck joins QS if and only if Uk # q+
The sojourn time of a customer in the system is given by the time interval

between arrival to and departure from the system+ Denote the sojourn time ofCk by
wk+ Also, given thatCk joins QR, denote its total milling time bymk and its total
sojourn time byvk+ Let Wk~x, y,p! andVk~x, y,p! be the expected values ofwk and
vk, respectively, given that, upon arrival to the system, the customer findsx milling
customers andy servers busy inQR and that customers are following the policyp+ It
follows that

Wk~x, y,p! 5 uk~x, y!Vk~x, y,p! 1 ~12 uk~x, y!!u21+

Each customer is interested in minimizing its own expected sojourn time and is
unconcerned with the quality of service experienced by any other customer+ We
consider this problem as a noncooperative game consisting of an infinite number of
players.

3. ON THE EXISTENCE OF A UNIQUE SYMMETRIC NASH EQUILIBRIUM
SOLUTION

For an arbitrary policyp 5 ~u0,u1, + + + !, let p2k denote the policy that results by
excluding the ruleuk of Ck, and let@p2k 6uk

' # be the policy that results whenuk is
replaced byuk

' +We say thata decision rule uk of Ck is optimal against the policyp2k

if

Wk~x, y,@p2k 6uk# ! # Wk~x, y,@p2k 6uk
' # ! ∀x [ N, y [ $0, + + + ,s%, uk

' [ U+

A policy p 5 ~u0,u1, + + + ! is said to be aNash equilibrium policyif , for everyk $ 0,
uk is optimal againstp2k+
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3.1. Monotonicity Properties of the Expected Sojourn Time in QR When All
Channels Are Busy

In this section, we show that if all the public channels are busy, then the expected
sojourn time inQR of a new customer is strictly monotone increasing in the number
of milling customers on its arrival+We first establish stochastic dominance relations
on a certain pair of processes in order to establish the result of interest+

In the proofs to follow,we will assume that the buffer sizeM 5`; however, the
proofs forM , ` go through with only minor modification+

AssumeC0 joins QR+ Then we define two processes as follows:

thex-process: with initial stateX~0! 5 x andL~0! 5 s

the ~x 1 1!-process: with initial state FX~0! 5 x 1 1 and EL~0! 5 s @quantities
pertaining to the~x 1 1!-process will have a tilde# +

Under the above conditions, we claim the following lemma+

Lemma 1: L~t! # EL~t! stochastically∀t+

Proof of Lemma 1: The proof proceeds via a forward induction argument~see
Ephremides et al+ @9# for example!+ An event can either be an arrival, a potential
reapplication for a channel, or a channel potentially becoming vacant+

Define the random variables$ti % to be the event times in the~x 1 1!-process+
Couple the processes by using the same set of arrival times$Ak%k$0 and random
variables$Uk%k$0 for both processes+

To assist the induction, it will also prove useful to establish thatX~t! # FX~t! ∀t+
By the initial conditions, it follows that

X~01 ! 5 x 1 1 , x 1 2 5 FX~01 !,

L~01 ! 5 s5 EL~01 !+
(1)

Assume that at timetk1 , k $ 0,

h 5 X~tk
1! # FX~tk

1! 5 i,

n 5 L~tk
1! # EL~tk

1! 5 o+
(2)

Due to the lack of memory property of the exponential distribution, we may further
couple the processes in the following way+

For thex-process, assign each of theh milling customers andn busy channels
with the random variables$Sj % j51

h and$Dj % j51
n , respectively+ The $Sj % and$Dj % are

from the exponential distributions with meansµ21 andn21, respectively+
For the~x11!-process, assignhmilling customers andnbusy channels with the

random variables of thex-process+Assign the remaining milling customers and busy
channels with random variables from the sets$Sj

'% j51
i2h and$Dj

'% j51
o2n, respectively+ The

$Sj
'% and$Dj

'% are also from the exponential distribution with meansµ21 andn21,
respectively+
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We say that milling customers or channels occupied by customers from each of
the processes are “paired” if they have the same random variable; otherwise, a cus-
tomer is “unpaired+” At time tk11, one of the following cases must occur: ~a! a cus-
tomer arrives, ~b! a channel potentially becomes available, or ~c! a milling customer
potentially makes an application for one of the channels+We consider the state ofQR

in the light of these three cases in order to show that

X~tk11
1 ! # FX~tk11

1 !,

L~tk11
1 ! # EL~tk11

1 !+
(3)

Case (a): If o , s, then

X~tk11
1 ! 5 h # i 5 FX~tk11

1 !,

L~tk11
1 ! 5 n 1 1 # o 1 1 5 EL~tk11

1 !+
(4)

If n , o 5 s, then

X~tk11
1 ! 5 h # i # FX~tk11

1 !,

L~tk11
1 ! 5 n 1 1 # s5 o 5 EL~tk11

1 !+
(5)

If n 5 o 5 s andh , i, then

X~tk11
1 ! # h 1 1 # i # FX~tk11

1 !,

L~tk11
1 ! 5 n 5 s5 o 5 EL~tk11

1 !+
(6)

However, if n 5 o 5 s andh 5 i, then

X~tk11
1 ! 5 FX~tk11

1 ! 5 h or h 1 1,

L~tk11
1 ! 5 n 5 s5 o 5 EL~tk11

1 !,
(7)

since the arriving customer will be faced with identical states in both processes+

Case (b): If n 5 o 5 0, then the state remains unchanged at timetk11
1 + Otherwise,

suppose a paired customer vacates a channel+ It follows that

X~tk11
1 ! 5 h # i 5 FX~tk11

1 !,

L~tk11
1 ! 5 n 2 1 # o 2 1 5 EL~tk11

1 !+
(8)

Suppose that an unpaired customer vacates a channel+ Necessarilyn , o and

X~tk11
1 ! 5 h # i 5 FX~tk11

1 !,

L~tk11
1 ! 5 n # o 2 1 5 EL~tk11

1 !+
(9)

Case (c): If h 5 i 5 0, then the state remains unchanged at timetk11
1 + Otherwise,

suppose a paired milling customer applies for a channel+
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If n 5 o 5 s, then

X~tk11
1 ! 5 h # i 5 FX~tk11

1 !,

L~tk11
1 ! 5 n 5 s5 o 5 EL~tk11

1 !,
(10)

since the customer is blocked under both processes+
If o , s, then

X~tk11
1 ! 5 h 2 1 # i 2 1 5 FX~tk11

1 !,

L~tk11
1 ! 5 n 1 1 # o 1 1 5 EL~tk11

1 !+
(11)

If n , o 5 s, then

X~tk11
1 ! 5 h 2 1 , i 5 FX~tk11

1 !,

L~tk11
1 ! 5 n 1 1 # s5 o 5 EL~tk11

1 !,
(12)

since the customer is blocked in the~x 1 1!-process only+
Suppose an unpaired milling customer applies for a channel@which is neces-

sarily from the~x 1 1!-process# + Then, clearly, h , i+ If o 5 s, then the customer
is blocked and the state of the system at timetk11

1 remains unchanged+ However, if
o , s, then

X~tk11
1 ! 5 h # i 2 1 5 FX~tk11

1 !,

L~tk11
1 ! 5 n , o 1 1 5 EL~tk11

1 !+
(13)

n

We now use Lemma 1 to establish the following intuitively appealing result+

Lemma 2: For every policyp, k $ 0, and x[ N, Vk~x 1 1,s,p! 2 Vk~x,s,p! . dx

for dx positive+

Proof of Lemma 2: Consider customerC0 without loss of generality+ Assume
that it has joinedQR+ Observe thatV0~x,s,p! 5 E @v0# 5 E @m0# 1 n21, and that
V0~x 1 1,s,p! 5 E @ Km0# 1 n21+ Thus, it is enough to show that

E @m0# , E @ Km0# + (14)

Let the potential applications ofC0 for a channel in thex-process be governed by the
$Ri % ~which correspond to actual applications as long asC0 is still in the retrial pool!,
where$R1,R2 2 R1,R3 2 R2, + + + % are i+i+d+ exponential with meanµ21+ Also, define
N~s! to be the number of potential applications for service which arise in the time
interval~0,s# + Define$ ERi % and EN~s! in a similar way for the~x 1 1!-process+ Now,
couple the two processes by settingRi 5 ERi ∀ i+ Then,
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P$m0 . t% 5 (
n50

`

P$m0 . t 6N~t! 5 n%P$N~t! 5 n%

5 (
n50

` SE
An, t

P$m0 . t 6N~t! 5 n, Ri 5 ri , i 5 1, + + + ,n%

3 f oR~ sr 6N~t! 5 n! dr1 dr2 + + +drnDP$N~t! 5 n%, (15)

where f vR~ sr 6N~t! 5 n! is the probability density function ofvR 5 ~R1,R2, + + + ,Rn!
givenN~t! 5 n, andAn, t :5 $~r1, r2, + + + , rn!60 , r1 , {{{ , rn # t%+ However, ~15! is
equivalent to

(
n50

` SE
An, t

P$L~ri ! 5 s, i 5 1, + + + ,n6N~t! 5 n, Ri 5 ri , i 5 1, + + + ,n%

3 f oR~ sr 6N~t! 5 n! dr1 dr2 + + +drnDP$N~t! 5 n%+ (16)

However,

P$L~ri ! 5 s, i 5 1, + + + ,n6N~t! 5 n, Ri 5 ri , i 5 1, + + + ,n%

# P$ EL~ri ! 5 s, i 5 1, + + + ,n6N~t! 5 n, Ri 5 ri , i 5 1, + + + ,n%, (17)

since Lemma 1 holds on the restricted set$N~t! 5 n, Ri 5 ri , i 5 1, + + + ,n%+ Observe
that due to the coupling,

$N~t! 5 n% [ $ EN~t! 5 n%,

$Ri 5 ri , i 5 1, + + + ,n% [ $ ERi 5 ri , i 5 1, + + + ,n%+

It therefore follows that~17! is equivalent to

P$ EL~ri ! 5 s, i 5 1, + + + ,n6 EN~t! 5 n, ERi 5 ri , i 5 1, + + + ,n%

and thatf oR~ sr 6N~t! 5 n! [ f EoR~ sr 6 EN~t! 5 n!+ Hence, ~16! is bounded above by
P$ Km0 .t%, which implies thatE @m0# # E @ Km0# +

To establish strict monotonicity, consider the eventBx defined solely in terms of
thex-process:

i+ A ~paired! customer vacates a channel,
ii + C0 applies for a channel,

where~i! and~ii ! are the first events to occur after the arrival ofC0, and the coupling
of Lemma 1 is implemented, except that we require thatC0 notbe paired with itself
across the two processes just prior to~ii ! ~which is always possible to do!+
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When~ii ! occurs, C0 connects to a public channel in thex-process, but is still in
the retrial pool in the~x 1 1!-process+ Bx is clearly an event which occurs with
positive probability+ Therefore,

E @ Iv0 2 v0# 5 E @ Km0 2 m0# $ E @ Km0 2 m06Bx#P$Bx% . 0,

sincem0 , Km0 on Bx andE @ Km0 2 m06Bx
c# $ 0+ To justify the latter observation, we

note that sincem0 is stochastically less than or equal toKm0, there exists a coupling
for which m0 # Km0 almost surely; taking expectations under this coupling over the
setBx

c leads to the desired result+ n

Next, we show that if all customers adopt precisely the same decision rule and,
moreover, that it is of threshold type, then the expected sojourn time is strictly in-
creasing in that threshold+ Randomized decision rules are acceptable in this setup
and this concept is made more precise in the following definition+

Definition: An @L,q# threshold-type strategy u[ U is given by

u~x, y! 5 5
1 if y , s

1 if x , L, y 5 s

q if x 5 L, y 5 s

0 if x . L, y 5 s

(18)

for 0# q#1,where u~x, y! defines the probability of entering the system given that
the state is~x, y! just prior to its arrival+ So, a customer enters QR if either y, s, or
y5 s and x, L+ A customer enters with probability q if y5 s and x5 L; otherwise,
the customer joins QP+

An @L,q# threshold-type strategy may be represented more compactly by@g# ,
where g5 L 1 q+

Lemma 3: ∀k $ 0 and x[ N, Vk~x,s,@g#` ! is strictly increasing in g[ @0,M # +

Proof of Lemma 3: Let g and Ig be two thresholds withg , Ig+We wish to show that

V0~x,s,@g#` ! , V0~x,s,@ Ig#` ! ∀x [ N+
We consider two processes:

theg-process: with p 5 @g# ,̀

the Ig-process: with p 5 @ Ig# ,̀

where both processes start from initial stateN~0! 5 ~x,s! andC0 joins QR+ Estab-
lishing thatL~t! # EL~t! stochastically∀t is done in an identical manner to the proof
of Lemma 1, with the following modification to case~a!: If n5 o5 sandh5 i, then
either~7! holds or

X~tk11
1 ! 5 h, FX~tk11

1 ! 5 h 1 1,

L~tk11
1 ! 5 n 5 s5 o 5 EL~tk11

1 !,
(19)

since the difference in the thresholds may lead to a customer being admitted in the
Ig-process but rejected in theg-process+
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The rest of the proof is almost the same as Lemma 2+ To establish strict mono-
tonicity, consider the following eventD in which

i+ L 2 x arrivals occur before the first public channel is vacated withUL2x [
~q,12 ~12 Iq! I $L 5 EL%# ,

ii + a public channel is vacated,
iii + C0 applies for a public channel in theg-process

in that order, where~i!–~iii ! are the first events to occur after the arrival ofC0, and
the coupling of Lemma 1 is implemented while ensuring thatC0 is not paired with
itself in the two processes just prior to~iii ! ~which is always possible!+

As before, by conditioning on the eventD, it may be shown thatE @ Iv0 2 v0# .
0 as required+ n

3.2. Continuity of the Expected Sojourn Time

We will make use of Lemmas 2 and 3 to establish the following continuity result+

Lemma 4: For every k$ 0 and x[ N, Vk~x,s,@g#` ! is continuous in g[ @0,M # +

Proof of Lemma 4: Consider customerC0 without loss of generality, and the pro-
cesses as defined in the previous lemma+ Let g , Ig be such thatg 5 L 1 q and Ig 5
L1 Iq,with 0# q, Iq#1+ It is enough to show that;« . 0, there exists ad . 0 such
that, for Ig 2 g , d,

V0~x,s,@ Ig#` ! 2 V0~x,s,@g#` ! , «, (20)

sinceV0~x,s,@g#` ! is increasing ing+
Consider the event

F 5 $∃k $ 16Ak # v0, N~Ak! 5 ~L,s!, q , Uk # Iq%+

Define the stopping time

k0 :5 inf $k $ 16Ak # v0, N~Ak! 5 ~L,s!, q , Uk # Iq%,

where infB :5 `+ In fact, if k0 5 `, then v0 5 Iv0+ We note that the eventF is
equivalent to$k0 , `%+ Thus,

E @ Iv0 2 v0# 5 (
k51

`

E @ Iv0 2 v06k0 5 k#P$k0 5 k%+

Now,

E @ Iv0 2 v06k0 5 k# 5 E @ Iv0 2 Ak6k0 5 k# 2 E @v0 2 Ak6k0 5 k# ,

which is equivalent to

V0~L,s,@ Ig#` ! 2 V0~L 2 1,s,@g#` !+
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Denote this quantity byd~ Ig,g!+By Lemmas 2 and 3, this quantity is strictly positive+
In addition,

P$k0 5 k% # P$Ak # v0, q # Uk # Iq%

5 ~ Iq 2 q!P$Ak # v0%+

By noting that Ig 2 g 5 Iq 2 q, we see that

E @ Iv0 2 v0# # d~ Ig,g!~ Iq 2 q! (
k51

`

P$Ak # v0%

5 ~ Ig 2 g!d~ Ig,g!N~g!, (21)

whereN~g! 5 E @(k51
` 1$Ak # v0%# is the expected number of arrivals during the

sojourn ofC0 in QR+ It is easily seen that~21! may be bounded above by

~ Ig 2 g!d~L 1 1,L!N~L 1 1!,

as required+ n

3.3. Main Results

The next two results are concerned with the structure of Nash equilibria+

Lemma 5: Let p be an arbitrary policy and let Uk
* be the set of strategies of Ck

which are optimal againstp2k+

i+ Every uk
* [ Uk

* is a threshold-type strategy~with finite threshold! and is
given by

uk
*~x, y! 5 5

1 if y , s

1 if Vk~x,s,p! , u21

qx if Vk~x,s,p! 5 u21

0 if Vk~x,s,p! . u21

(22)

0 # qx # 1+ ~Recall thatu21 is the expected service time in QP+!
ii + Consequently, the set Uk

* is given as follows+ Let L* be the smallest nonneg-
ative integer such that Vk~L

*,s,p! $ u21+ If L*$ M, then Uk
* consists of the

single threshold-type strategy@M,0# + If L* , M and Vk~L
*,s,p! 5 u21, then

Uk
*5 $@L,q#60# q#1%+Otherwise,Uk

* consists of the single threshold-type
strategy@L*,0# +

Proof of Lemma 5:

i+ Suppose thatCk observesy busy channels, wherey , s+ Then, clearly, the
optimalstrategy is to joinQR, since the customer will be able to connect to
a public channel with mean transmission timen21 , u21+Now suppose that
Ck observesx milling customers andy5 s~corresponding to all public chan-
nels busy! in QRat arrival+Ck should now choose to join eitherQR,where the
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expected sojourn time isVk~x,s,p!, or QP, where the expected service time
is u21+Clearly, an optimal strategy chooses the lower one as in Eq+ ~22!+ But
by Lemma 2, Vk~x,s,p! is strictly increasing inx, ensuring that Eq+ ~22! is
indeed a threshold-type rule+ Vk~x,s,p! r ` asx r ` by Lemma 7~see
Appendix!; hence, there exists a finitex such thatVk~x,s,p! . u21, which
means that the threshold is finite even forM 5`, as required to establish~i!+

ii + Part ~ii ! follows by using~i! and using the fact thatVk~x,s,p! is strictly
increasing inx+ n

Theorem 1: If p 5 ~u0,u1, + + + , + + + ! is an equilibrium policy, then each uk is a
threshold-type strategy+

Proof of Theorem 1: Supposep 5 ~u0,u1, + + + , + + + ! is an equilibrium policy+ Then,
by definition, eachuk is optimal againstp2k+ Therefore, it follows that uk is a
threshold-type strategy by Lemma 5+ n

We can also use previous results to establish the following+

Theorem 2: There exists a unique symmetric Nash equilibrium policyp * 5
~g*,g*, + + + , + + + !+

Proof of Theorem 2: By replacing PV0~{,@g#` ! by V0~{,s,@g#` !, and by noting
that we are dealing withthreshold-typerather thanthresholdpolicies, the proof is
almost precisely that of Theorem 1~ii ! of Altman and Shimkin@4# + n

4. COMPUTATIONAL RESULTS

4.1. Characterization of the Nash Equilibrium

The next lemma tells us how to compute the symmetric Nash equilibrium+We con-
sider customerC0 for concreteness+

Lemma 6: The equilibrium threshold@L*,q* # may be foundvia the following
procedure+

~a! Let L* be defined asmin$L $ 06V0~L,s,@L,1#` ! . u21%+

~b1! If V0~L*,s,@L*,0#` ! $ u21, then the equilibrium threshold is@L*,0# +

~b2! If V0~L*,s,@L*,0#` ! , u21, then the equilibrium threshold is@L*,q* # ,where
0 , q* , 1 is the unique solution of

V0~L*,s,@L*,q#` ! 5 u21+

Proof of Lemma 6: The proof is precisely that of Lemma 4 of Altman and Shimkin
@4# with V0~L*,@L*,q* #` ! replaced byV0~L*,s,@L*,q* #` !+ n

4.2. Calculating the Expected Sojourn Time

In this section,we show that by conditioning on the next event to take place after the
arrival of a customer, we can computeV~x, y,@g#` ! for any given policy@g# ,̀
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whereg5 L 1 q+ In particular, we are going to make use of dummy events, in a way
similar to Lippman@17# +

Let Z~x, y! be the expected remaining milling time of a customer in the retrial
pool, given that there arex milling customers includingC0, andy busy channels+
Then, for @L,q# fixed, a :5 l1µ~L11!1sn, Z~x, y! is the solution to the following
set of~S1 1!~L 1 1! linear equations in~S1 1!~L 1 1! unknowns:

Z~x,0! 5
1

a
@11 lZ~x,1! 1 ~x 2 1!µZ~x 2 1,1!

1 ~L 1 1 2 x!µZ~x,0! 1 snZ~x,0!# , 0 , x , L, (23)

Z~L,0! 5
1

a
@11 lZ~L,1! 1 ~L 2 1!µZ~L 2 1,1! 1 µZ~L,0! 1 snZ~L,0!# ,

(24)

Z~L 1 1,0! 5
1

a
@11 lZ~L 1 1,1! 1 LµZ~L,1! 1 snZ~L 1 1,0!# , (25)

Z~x, y! 5
1

a
@11 lZ~x, y 1 1! 1 ~x 2 1!µZ~x 2 1, y 1 1! (26)

1 ~L 1 1 2x!µZ~x, y! 1 ynZ~x, y 2 1! 1 ~s2 y!nZ~x, y!# ,

0 , x , L, 0 , y , s, (27)

Z~L, y! 5
1

a
@11 lZ~L, y 1 1! 1 ~L 2 1!µZ~L 2 1, y 1 1! (28)

1 µZ~L, y! 1 ynZ~L, y 2 1! 1 ~s2 y!nZ~L, y!# ,

0 , y , s, (29)

Z~L 1 1, y! 5
1

a
@11 lZ~L 1 1, y 1 1! 1 LµZ~L, y 1 1!

1 ynZ~L 1 1, y 2 1! 1 ~s2 y!nZ~L 1 1, y!# ,

0 , y , s, (30)

Z~x,s! 5
1

a
@11 lZ~x 1 1,s! 1 µ~L 1 1!Z~x,s! 1 snZ~x,s2 1!# ,

0 , x , L, (31)

Z~L,s! 5
1

a
@11 lqZ~L 1 1,s! 1 l~12 q!Z~L,s! 1 µ~L 1 1!Z~L,s!

1 snZ~L,s2 1!# , (32)

Z~L 1 1,s! 5
1

a
@11 lZ~L 1 1,s! 1 µ~L 1 1!Z~L 1 1,s! 1 snZ~L 1 1,s2 1!# +

(33)
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Each of Eqs+ ~23!–~33! can be viewed as the expected time until the next event
occurs, plus the expected remaining time from that point onward+

The expected sojourn time~for C0 say! is then given as follows:

V0~x, y,@L,q#` ! 5 n21, y , s, (34)

and

V0~x,s,@L,q#` ! 5 Z~x 1 1,s! 1 n21+ (35)

5. A DYNAMIC LEARNING SCHEME

Consider a dynamic learning scheme for our system as defined earlier in which
customers base their joining decisions on data collected by the system up to the point
of decision+ Under this scheme, each customer on arrival connects to a public chan-
nel if one is available; otherwise, it follows the decision rule

join QR with probabilitySe~u
21 2 n21 2 ZVt ~Xt ,s!!, (36)

wheree is a small positive parameter, Se is an increasing function,with Se~x! 5 0 for
x # 2e andSe~x! 5 1 for x $ e; also, ZVt~x,s! is the empirical average milling time
of the customers which have been assigned to a channel by timet, but which entered
when there werex milling customers ands busy channels+

We assume that the buffer is finite and that a fraction of the arrivals areuncon-
trolled; that is to say, a proportionp [ ~0,1! of the arrival stream attempt to joinQR

irrespective of the routing policy+ These assumptions ensure that learning never
stops in any particular state of the system and are an aid to establishing certain
positive recurrence properties of the system~see@3# !+ The Nash equilibrium being
considered is the one which takes into account these additional assumptions~noting
that our previous results hold with only minor adjustments!+

Let Tn be thenth time at which a customer exits the retrial pool+Denote the state
of thelearning processat timeTn to bejn [ R2M12 which is defined in the following
way+ Let the first component of the vector be the state ofQR at timeTn @i+e+, N~Tn! 5
~xn, l n! say# + Let the nextxn components consist of the number of milling customers
which each customer present in the retrial pool found on arrival to the system; assign
the value 0 to componentsxn 1 3, + + + ,M 12 of the vector+ Similarly, let entriesM 1
3 to M 1 xn 1 2 consist of the time spent in the retrial pool so far by the customers
still present there; again, assign the value 0 to componentsM 1 xn 1 3, + + + ,2M 12
of the vector+

With this choice of learning state, coupled with the analysis found in Section 5
of Altman and Shimkin@3# , the following theorem now follows+

Theorem 3: Let [ut denote the decision rule implied by~36!+ Then, [ut converges
~almost surely! to a decision rule ue,which is a threshold-type rule fore sufficiently
small+ Furthermore, ue converges to the decision rule implied by@g* # ase r 0+
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6. CONCLUSIONS

We considered the structure of the unique symmetric Nash equilibrium routing pol-
icy for customers deciding whether to enter a multiple channel retrial system or a
private channel+

A series of stochastic dominance results between various stochastic processes
of interest were established via stochastic coupling and, in particular, by exploiting
the technique of forward induction+ It is expected that forward induction could be
exploited to analyze even more complicated models+

A solution procedure for calculating the symmetric Nash equilibrium was pre-
sented, and we went on to show that it is capable of predicting long-term behavior
under an intuitively appealing dynamic learning rule+

An interesting problem for future research would be to establish the existence
and characterize the structure of a socially optimal policy+
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APPENDIX

Crucial to establishing that the optimal decision rule of customerCk, say, against some policy
p2k of the other customers has afinite threshold fory5 s, is to show thatVk~x,s,p! tends to
infinity as x r `+We address this issue in the following lemma+

Lemma 7: Suppose M5`+ Then,

Vk~x,s,p! r ` asx r `+

Proof of Lemma 7: Consider customerC0 without loss of generality+ DefineH~x,s! to be
the expected remaining sojourn time of a customer which is currently in the retrial pool with
x 2 1 other retrialing customers, with all s channels being occupied, and arriving customers
following the policyp+

First observe that

H~x,s! 5
1

l 1 sn
1

l

l 1 sn
@pk~x,s!H~x 1 1,s! 1 ~12 pk~x,s!!H~x,s!#

1
sn

l 1 sn
H~x,s2 1! (37)

for somek+ However,

H~x 1 1,s! 5 V0~x,s,p! $ V0~x 2 1,s,p! 5 H~x,s!;

hence, the term in square brackets is bounded below by

pk~x,s!H~x,s! 1 ~12 pk~x,s!!H~x,s! 5 H~x,s!+

Therefore, a lower bound for~37! is

1

l 1 sn
1

l

l 1 sn
H~x,s! 1

sn

l 1 sn
H~x,s2 1!+ (38)

It follows therefore that

H~x,s! $
1

sn
1 H~x,s2 1!+ (39)
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Also,

H~x,s2 1! $
1

l 1 ~s2 1!n 1 xµ
1

~x 2 1!µ

l 1 xµ1 ~s2 1!n
H~x 2 1,s!

$
1

l 1 sn 1 xµ
1

~x 2 1!µ

l 1 sn 1 xµ
H~x 2 1,s!+ (40)

Combining relations~39! and~40!, we have that

H~x,s! $
1

sn
1

1

l 1 sn 1 xµ
1

~x 2 1!µ

l 1 sn 1 xµ
H~x 2 1,s!,

which is bounded below by

1

sn
1

~x 2 1!µ

l 1 sn 1 xµ
H~x 2 1,s!+

By iterating further, we can show that a lower bound for the above quantity is

1

sn
1

1

sn
F ~x 2 1!µ

l 1 sn 1 xµ
1

~x 2 1!~x 2 2!µ2

~l 1 sn 1 xµ!2 1
~x 2 1!~x 2 2!~x 2 3!µ3

~l 1 sn 1 xµ!3

1 {{{ 1
~x 2 1!~x 2 2! {{{ 3{2µx22

~l 1 sn 1 xµ!x22 G
1

~x 2 1!~x 2 2!~x 2 3! {{{ 2{1µx21

~l 1 sn 1 xµ!x21 H~1,s!+ (41)

Observing that the first and last terms of~41! are nonnegative, we have that

H~x,s! $
1

sn (
j51

x22

Ij ~x!,

where

Ij ~x! 5 )
i51

j ~x 2 i !µ

l 1 sn 1 xµ
+

Observe that

Ij ~x! r 1 asx r `+ (42)

Also, for fixed x, Ij ~x! is decreasing inj [ N since

Ij ~x! 5 F ~x 2 j !µ

l 1 sn 1 xµ
G Ij21~x!,

noting that the term in square brackets is less than 1+
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Now select anyC . 0 andd [ ~0,1!+ Choose anym [ N such thatm . Cd21+ By ~42!,
there exists anNm

' such that

x $ Nm
' n Im~x! . d+

SetNm :5 max$m,Nm
' %+ Then, for x $ Nm 1 2, we have that

(
j51

x22

Ij ~x! $ (
j51

m

Ij ~x! . md . C,

as required to show thatH~x,s! r ` asx r `+ n
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