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The initial flow past an impulsively started translating circular cylinder is asymptotically
analysed using a Brinkman penalization method on the Navier–Stokes equations. The
asymptotic solution obtained shows that the tangential and normal slip velocities on
the cylinder surface are of the order of 1/

√
λ and 1/λ, respectively, within the second

approximation of the present asymptotic analysis, where λ is the penalization parameter.
This result agrees with the estimation of Carbou & Fabrie (Adv. Diff. Equ., vol. 8, 2003,
pp. 1453–1480). Based on the asymptotic solution, the influence of the penalization
parameter λ is discussed on the drag coefficient that is calculated using the adopted three
formulae. It can then be found that the drag coefficient calculated from the integration
of the penalization term exhibits a half-value of the results of Bar-Lev & Yang (J. Fluid
Mech., vol. 72, 1975, pp. 625–647) as λ→ ∞.

Key words: vortex dynamics, computational methods

1. Introduction

Computational fluid dynamics in complicated time-changing geometries is still a major
challenging problem and requires advanced numerical techniques. Although various
computational fluid dynamics approaches such as a finite volume method have been
developed, a vortex particle method is one of highly efficient numerical methods for
the simulation of an incompressible viscous flow around a bluff body. The numerical
simulation around a bluff body enforces the no-slip boundary condition and also in the
vortex method a boundary element method is associated for the no-slip condition (see
Koumoutsakos, Leonard & Pépin 1994; Koumoutsakos & Leonard 1995). To overcome
the enforcement of the no-slip boundary condition, the Brinkman penalization techniques
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have been employed together with grid-based numerical methods such as the volume
penalization method (see e.g. Schneider & Farge 2002, 2005; Kadoch et al. 2012;
Schneider et al. 2014; Engels et al. 2015; Uchiyama et al. 2020) and the vortex penalization
method (see e.g. Gazzola et al. 2011; Rasmussen, Cottet & Walther 2011; Hejlesen et al.
2015). In particular, Schneider & Farge (2002) combined the volume penalization method
with the wavelet method, and Gazzola et al. (2011) applied the vortex penalization method
coupled with the grid-based vortex-in-cell (VIC) method to a self-propelled deformable
body.

In the latter computation, a level-set function is used to track an interface. Hejlesen et al.
(2015) shows the validation of the vortex penalization method using an iterative method on
the penalization layer to satisfy the no-slip boundary condition. As shown in their studies,
the penalization approach is a powerful technique for the simulation of a complicated
deformable geometry.

The convergence analysis of the penalization methods for the Navier–Stokes flow is
given by Angot, Bruneau & Fabrie (1999) and the error estimation is derived as the
order of 1/λ1/4 where λ is the penalization parameter. In this paper, the two-dimensional
flow around a square cylinder in a channel is also carried out numerically and the
theoretical results are discussed. Further, Angot (2011) proposed a well-posed model
for the Stokes flow with jump boundary conditions. Bost, Cottet & Maitre (2010) show
the convergence analysis extending the analysis of Angot et al. (1999). Also, Feireisl,
Neustupa & Stebel (2010) showed the convergence for compressible flows. Kadoch et al.
(2012) analysed a one-dimensional diffusion equation and the error of the L2-norm is
O(1/

√
λ) in a fluid domain and O(1/λ1/4) in a solid domain. Furthermore, they verified

the computed flows around moving circular cylinders. Carbou & Fabrie (2003) analysed
the penalization model of the Navier–Stokes equations of a viscous incompressible flow for
a small parameter of ε = 1/

√
λ using the Wentzel–Kramers–Brillouin (known as WKB)

method, and the error estimation in a fluid domain is shown to be of the order of ε,
unlike Angot et al. (1999). Carbou (2004) studied the porous thin layer model for the
interface of a solid boundary on the penalized Navier–Stokes equations and the error is
shown to be of the order of ε in a fluid domain. Furthermore, he has studied the double
penalization model in which one adds the penalization term to the thin porous layer,
and showed that the error is also ε in a fluid domain (see Carbou 2008). Nguyen van
yen, Kolomenskiy & Schneider (2014) analysed the Laplace and Stokes operators with
Dirichlet boundary conditions of the volume penalization using a spectral approach and
carried out the dipole–wall collision numerically (see Nguyen van yen, Farge & Schneider
2011). In their studies, they derived the Navier boundary condition for the tangential
velocity.

In the numerical works of the volume and vortex penalization methods, the initial flow
past an impulsively started circular cylinder is selected as a benchmark target (see e.g.
Schneider & Farge 2002; Kevlahan & Vasilyen 2005; Kolomenskiy & Schneider 2009;
Rossinelli et al. 2010; Rasmussen et al. 2011; Hejlesen et al. 2015; Mimeau, Cottet &
Mortazavi 2015; Verma et al. 2017). This flow is solved analytically by Bar-Lev & Yang
(1975) using the method of matched asymptotic expansions based on the conventional
Navier–Stokes equations. Furthermore, Collins & Dennis (1973) studied this flow which
is valid for times beyond the first separation, using the power series of time. The initial
stage of the circular cylinder impulsively started, rotating and translating from rest is also
obtained by Badr & Dennis (1985). Also, Al-Mdallal (2012) and Mittal, Ray & Al-Mdallal
(2017) treated the initial stage of a circular cylinder impulsively started with streamwise
and transverse oscillations and further rotational oscillation.
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Asymptotic analysis for a Brinkman penalization method

In this study, we analyse the initial flow past an impulsively started translating
circular cylinder using the method of matched asymptotic expansions for the Brinkman
penalization model of the full Navier–Stokes equations. The previous findings of this
flow have been obtained well, so that it can be a good benchmark target. The aim of the
present work is to know the explicit characteristic of the Brinkman penalization model, by
obtaining the asymptotic solutions of the target flow explicitly. In this study, we compare
the present asymptotic solutions with the previous asymptotic solutions of Bar-Lev & Yang
(1975) that are obtained from the conventional Navier–Stokes equations. In addition, we
estimate the difference of the solution, which arises due to the penalization, against the
conventional Navier–Stokes flow.

In § 2, we will briefly present the governing equations of the Brinkman penalization
method. In this paper, the relative coordinate systems fixed with the cylinder are taken
as the same as in Bar-Lev & Yang (1975), so that the cylinder can be quiescent. The
asymptotic solutions are then obtained using the Laplace transform from the governing
penalization vorticity equation in § 3. In § 3.6, the drag coefficient will be discussed using
three approaches: (1) the integration of the penalization term; (2) the pressure and viscous
force on the cylinder surface; and (3) the time derivative of the momentum of the fluid
region. In particular, we will compare the present results with the conventional solution of
Bar-Lev & Yang (1975) for the case of λ→ ∞.

2. Governing equations based on the Brinkman penalization

We consider an unsteady incompressible viscous flow that is governed by the
Navier–Stokes equations. In the Brinkman penalization model, the governing equation
based on the Navier–Stokes equations is written as

∂u
∂t

+ u · ∇u = − 1
ρ

∇p + ν∇2u + λχ(uS − u), (2.1)

where u is the velocity which fulfils the divergence-free condition of ∇ · u = 0, p is the
pressure, ρ is the fluid density which is assumed to be constant and ν is the kinematic
viscosity. Also, uS denotes the velocity of a solid body. In the present paper the relative
coordinate system fixed with the centre of a body is employed and, therefore, the body
does not move, i.e. uS = 0. The third term on the right-hand side of (2.1) accounts for the
penalization term to impose the no-slip boundary condition. The characteristic function χ
defines the domain of active penalization, i.e.

χ =
{

1, x ∈ S̄,
0, x ∈ F ,

(2.2)

in which S denotes the domain occupied by the solid body and F is the domain occupied
by the fluid. In addition, λ is the penalization parameter. The conventional Navier–Stokes
equations are found to be recovered in the fluid domain. The penalization approach regards
a solid body as a porous media with the permeability being vanishingly small. This results
in the fluid velocity being zero at a solid–fluid interface so that the penalization parameter
can be required to be sufficiently large.

Taking the curl of (2.1), we can obtain the two-dimensional vorticity equation

∂ω

∂t
+ u · ∇ω = ν∇2ω + λ∇ × [χ(uS − u)] , (2.3)
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where ω = ∇ × u = ωez in two-dimensions. The present two-dimensional flow is
considered on the orthogonal (x, y) plane, and then the normal unit vector ez is the
z-direction perpendicular to (x, y) plane.

The total hydrodynamic force F is calculated by the integration of the penalization term
(e.g. Angot et al. 1999; Hejlessen et al. 2015) as follows:

F = −ρ
∫

D

Du
Dt

dV = −ρ
∫

D
λχ(uS − u) dV = −ρ

∫
S
λ(uS − u) dV, (2.4)

where the domain D indicates D = S ∪ F . The moving velocity uS of the solid body is
obtained as the average velocity inside the domain S, i.e.

uS = 1
M

∫
S
ρχu dV, (2.5)

where M is the mass of the solid body. In the present paper, the body is a circular cylinder
and it impulsively starts with constant translating velocity without rotation. The flow is
two-dimensional and the domain treated in this study is the entire domain, i.e. S � F .
Furthermore, we use the relative coordinate systems of the fixed with the cylinder, i.e.
us = 0. We also use the condition that the velocity and the vorticity are continuous at the
interface between S and F in the following analysis.

3. Asymptotic analysis of an initial flow

3.1. Problem settings
In this section the asymptotic analysis is carried out for the nonlinear penalized vorticity
equation (2.3) with respect to time. As the target situation, the initial flow around an
impulsively started circular cylinder is selected. The previous theoretical study of this
target flow can be found in Bar-Lev & Yang (1975). They introduced a small parameter
ε = UoTo/lo where lo, To and Uo are the reference length, time and velocity, respectively.
In their analysis the length lo is taken as the radius of a cylinder, Uo is the constant moving
velocity and To is the time. Moreover, the dimensionless time is defined as t = (Uo/lo)t∗
with respect to lo and Uo. Here, t∗ denotes the actual dimensional time.

Figure 1 illustrates the problem setting on the relative coordinate system fixed with the
centre of the cylinder. In figure 1 the orthogonal coordinate system (x, y) and the polar
coordinate system (r, θ) are taken, and the origin O is set at the centre of the circular
cylinder. This study considers the flow past an impulsively started translating circular
cylinder at t = 0 in a quiescent fluid. In the relative coordinate system, this flow is replaced
by the situation that the circular cylinder is abruptly immersed in the uniform flow at t = 0,
i.e. U = UoH(t) where H(t) = 0 for t � 0 and H(t) = 1 for t > 0. Therefore, the vorticity
can be found to be zero (ω = 0) at t = 0.

The target issue is then reduced to a singular perturbation problem with respect to ε for
the penalized vorticity equation (2.3). We introduce a stretched time T which is defined as
t = εT , along the lines of the analysis by Bar-Lev & Yang (1975). Because the penalization
parameter λ is taken to be proportional to the inverse of the time step size δt (i.e. λ = α/δt
with the relaxation coefficient α in Hejlesen et al. (2015)), we set λ as λ = λo/ε with
λo = O(1). To compare with the analytical results of Bar-Lev & Yang (1975), we assume
that the Reynolds number Re is sufficiently large, that is, the kinematic viscosity ν is
sufficiently small. Therefore, we can set ν = ενo with νo = O(1). The penalized governing
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r

x

y

lo= 1
Uo=H(t) O

θ

Figure 1. Notations for a circular cylinder abruptly immersed in a constant uniform stream.

equation (2.3) is then written as
∂ω

∂T
+ εu · ∇ω = ε2νo∇2ω − λo∇ × (χu) . (3.1)

Note that (3.1) is the dimensionless form with respect to Uo and lo so that νo can be
found to be the dimensionless kinematic viscosity. Moreover, this study takes the relative
coordinate system fixed with the cylinder, and therefore the velocity of the solid body is
uS = 0.

3.2. Outer solutions
We first consider the outer solution ωo

F (denoted by the superscript o) of the governing
equation (3.1) in the fluid domain. To do so, ωo

F is asymptotically expressed as, using the
small parameter Δ that is a function of ε,

ωo
F = ωo

F0 +
∞∑

n=1

Δnωo
Fn. (3.2)

The outer solution of the fluid velocity uo
F is also expressed as

uo
F = uo

F0 +
∞∑

n=1

Δnuo
Fn. (3.3)

Since in the fluid domain F the characteristic function is χ = 0, (3.1) reduces to
∂ωo

F0/∂T = 0. Therefore, we can easily find ωo
F0 = 0. Similarly, carrying out the recursive

calculation in (3.1), we have ωo
F at the order n as

ωo
Fn = 0, for n = 0, 1, 2, . . . . (3.4)

Inside the body S the flow is described by (3.1) set at χ = 1. Since the cylinder is quiescent
at t ≤ 0, the initial vorticity inside the body ωo

S is zero.
The circular cylinder impulsively immersed in a constant uniform flow at t = 0. Noting

that ωo
F0 = 0 in (3.4), at the early stage of motion, the dominant order of the outer solution

in the fluid domain is described by the potential flow solution, i.e.

ψo
0 =

(
r − 1

r

)
H(T) sin θ, for r > 1, (3.5)

where ψ indicates the stream function whose asymptotic expansion is defined as ψ =
ψo

0 +∑∞
n=1Δ

nψ0
n . Here, the polar coordinates are taken as (r, θ) and they are mainly
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taken in the following sections. Indeed, at the early stage of motion, the higher-order
solutions as well as the dominant-order solution of the outer fluid flow are governed by the
potential flow (see Bar-Lev & Yang 1975). We can therefore express the stream function
at the order n as

ψo
n =

∑
m=1

1
rm

[
Ao

mn(T) sin mθ + Bo
mn(T) cos mθ

]
, for r > 1. (3.6)

where Ao
mn and Bo

mn are indeterminate functions of T , respectively. These indeterminate
functions can be determined by the matching with the inner solutions (see the following
subsection).

3.3. Inner solutions
The outer flow of (3.5) causes the slip velocity on the surface of the cylinder (at r = 1) so
that a non-uniformity domain can be found to exist near the cylinder surface. To remedy
this, we stretch the radial coordinate r to R that is defined by R = (r − 1)/ε. Then, (3.1) is
written as

∂ω

∂T
+ ur

∂ω

∂R
+ ε

1 + εR
uθ
∂ω

∂θ
= νo

(
∂2

∂R2 + ε

1 + εR
∂

∂R
+ ε2

(1 + εR)2
∂2

∂θ2

)
ω

−λo

ε

∂(χuθ )
∂R

+ λoχ

1 + εR
∂ur

∂θ
− λoχ

1 + εR
uθ , (3.7)

where ur and uθ are the velocity components of the radial (r) and tangential (θ ) directions,
respectively. Also, the continuity equation and the vorticity are, respectively, written as

∂ur

∂R
+ ε

1 + εR

(
ur + ∂uθ

∂θ

)
= 0, ω = 1

ε

[
∂uθ
∂R

+ ε

1 + εR

(
uθ − ∂ur

∂θ

)]
. (3.8a,b)

Taking into account (3.8a,b), the velocity components of ur and uθ and the vorticity ω are
asymptotically expressed as, in the inner domain (denoted by the superscript i),

ui
r = ui

r0 +
∑
n=1

εnui
rn, ui

θ = ui
θ0 +

∑
n=1

εnui
θn, ωi = 1

ε

(
ωi

0 +
∑
n=1

εnωi
n

)
. (3.9a–c)

3.4. First-order approximation
Here, the first equation of (3.8a,b) is found to reduce to ∂ui

r0/∂R = 0 for ui
r0. The inner

expansion of the first-order outer solution uo
rF needs to be uoi

rF = 2εRH(T) cos θ because
of (3.5). The matching between uoi

Fr and uio
r0 (i.e. uoi

Fr = uio
r0) then yields

ui
r0 = 0. (3.10)

Note that (3.10) satisfies the matching of the solution inside the body (because of uS = 0).
Substituting (3.9a–c) into (3.7) and using (3.10) and the relation of ωi

0 = ∂ui
θ0/∂R which

is obtained from the second equation of (3.8a,b), we can obtain the first-order solution of
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Asymptotic analysis for a Brinkman penalization method

ωi as, from (3.7),
∂ωi

0
∂T

= νo
∂2ωi

0
∂R2 − λoω

i
0 − λo

dχ
dR

ui
θ0. (3.11)

On the boundary of the cylinder surface, the vorticity is assumed to be continuous as

lim
R→0+

ωi
0 = lim

R→0−
ωi

0, (3.12)

where R → 0+ and R → 0− means R → 0 from R > 0 and from R < 0, respectively.
From the above relation, we have for R > 0 and R < 0 that

∂ωi
0

∂T
= νo

∂2ωi
0

∂R2 −
{

0 for R > 0,
λoω

i
0 for R < 0. (3.13)

The Laplace transform facilitates the analysis of (3.13) because the circular cylinder
impulsively starts from rest at t = 0. The Laplace transform of ωi

0 is defined as Ω i
0 =

L[ωi
0] = ∫∞

0 e−sTωi
0(R, θ; T) dT where s is the Laplace complex variable. Then, (3.13) is

written as
∂2Ω i

0
∂R2 = 1

νo
×
{

sΩ i
0 for R > 0,

(s + λo)Ω
i
0 for R < 0.

(3.14)

As mentioned above, the outer solutions are described by a potential flow inside the fluid
domain and uS = 0 inside the cylinder. Taking into account the matching with the outer
solutions, we can easily find Ω i

0 → 0 for R → ±∞. Furthermore, the vorticity ωi
0 is

continuous at R = 0. Therefore, the solution to (3.14) is obtained as

Ω i
0 =

{
A0e−√

s/νoR for R > 0,
A0e

√
(s+λo)/νoR for R < 0,

(3.15)

where A0 is an indeterminate function of s and θ . We note that ∂ωi
0/∂R is discontinuous

at R = 0, i.e. in the present problem there is the slip induced by the radial gradient of the
vorticity on the cylinder surface.

Similar to ωi
0, the Laplace transform of ui

θ0 is described by Ui
θ0 = L[ui

θ0]. Substituting
(3.15) into the relation of ωi

0 = ∂ui
θ0/∂R which is obtained from the second equation of

(3.8a,b), we can obtain

Ui
θ0 =

⎧⎪⎪⎨
⎪⎪⎩

−A0

√
νo

s
e−√

s/νoR + A1 for R > 0,

A0

√
νo

s + λo
e
√
(s+λo)/νR + A1 −

(√
νo

s
+
√

νo

s + λo

)
A0 for R < 0,

(3.16)

where A1 is an indeterminate function of s and θ . We notice that in the derivation of (3.16)
we employed the continuity of Ui

θ0 at R = 0, i.e.

lim
R→0+

ui
θ0 = lim

R→0−
ui
θ0. (3.17)

The matching between the outer expansion of (3.16) (i.e. Uio
θ0) and the inner expansion of

(3.5) (i.e. L[uoi
θ0]) can determine the indeterminate function A1 as A1 = −(2/s) sin θ . As

for the solid domain, the matching with the inner expansion of uo
S (i.e. uoi

S = 0) determines
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the indeterminate function A1 as A1 = A0{(νo/s)1/2 + [νo/(s + λo)]1/2]}. Therefore, the
first approximation of the inner solution for the velocity, ui

θ0, can be written as

ui
θ0 = sin θ ×

{
u+
θ0 for R > 0,

u−
θ0 for R < 0,

(3.18)

where

u+
θ0=L−1

[
−2

s
+ 2
λo

√
s + λo

s

(√
s + λo − √

s
)

e−√
s/νoR

]
, (3.19)

u−
θ0= − L−1

[
2
λo

√
s + λo − √

s√
s

e
√
(s+λo)/νoR

]
. (3.20)

The inverse Laplace transform of (3.19) and (3.20) are calculated by using the formulae
L−1[

√
π/s e−a

√
s] = e−a2/(4t)/

√
t for a � 0, L−1[(2

√
π e−a

√
s)/a] = e−a2/(4t)/t3/2 for

a > 0, and L−1[
√
(s + 2a)/s − 1] = ae−at(I1(at)+ I0(at)) where In (n = 0, 1) is the

modified Bessel function of the first kind (see Abramowitz & Stegun (1954), formulae
29.3.84, 29.3.82 and 29.3.48). For R > 0, (3.18) becomes, taking the inverse Laplace
transform of (3.19) and setting η = R/(2

√
νoT),

ui
θ0 =

{
−2 + 2 erfc(η)− η√

π
e−λoT/2

∫ 1

0

1
x3/2 e−η2/x+(λoT/2)x

×
[

I1

(
λoT

2
(1 − x)

)
+ I0

(
λoT

2
(1 − x)

)]
dx

}
sin θ. (3.21)

Similarly, for R < 0, (3.18) becomes

ui
θ0 = η√

π
e−λoT/2

∫ 1

0

1
x3/2 e−η2/x−(λoT/2)x

×
[

I1

(
λoT

2
(1 − x)

)
+ I0

(
λoT

2
(1 − x)

)]
dx sin θ. (3.22)

The slip velocity on the surface of the cylinder is calculated by setting R = 0 in (3.18)
giving

ui
θ0 = − 2

λo
L−1

(√
s + λo

s
− 1

)
sin θ = −e−λoT/2

[
I1

(
λoT

2

)
+ I0

(
λoT

2

)]
sin θ.

(3.23)

It can be found that the tangential slip velocity at R = 0 decreases with 1/
√
λo, i.e.

ui
θ0 → O(1/

√
λo) as λo → ∞. We will later show that the normal slip velocity at R = 0

is of the order of 1/λo as λo → ∞, i.e. ui
r1 → O(1/λo). This result is the same as the one

of Carbou & Fabrie (2003) although the estimation given by Angot et al. (1999) is of the
order of 1/λ1/4

o . Figure 2 shows the distribution of ui
θ0 with respect to η = R/(2

√
νoT) at

θ = π/2 (along the y-axis). In the computation of figure 2, the twenty-points Gaussian
integration is employed to estimate the integral. Figure 2 compares the first-order
solution ui

θ0 with respect to T at fixed λo = 1.0 (figure 2a) and λo at fixed T = 1.0
(figure 2b) against the analytical solution of Bar-Lev & Yang (1975) using the conventional
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Figure 2. Comparison of the first-order inner solutions of ui
θ at θ = π/2 against the result of Bar-Lev &

Yang (1975).

Navier–Stokes equations. As shown in figure 2, the slip velocity arises on the surface of the
cylinder, and the strength decreases with increasing λo. The strength of the slip velocity is
of O(1/

√
λoT). The velocity distribution of ui

θ0 is observed to converge to the solution of
Bar-Lev & Yang (1975) with increasing λo.

Similar to (3.20), the first approximation of the inner solution for the vorticity, ωi
0, is

written as

ωi
0 = sin θ ×

{
ω̃i+

0 for R > 0,
ω̃i−

0 for R < 0,
(3.24)

where

ω̃i+
0 = −L−1

[
2

λo
√
νo

√
s + λo

s

(√
s + λo − √

s
)

e−√
s/νoR

]
, (3.25)

ω̃i−
0 = −L−1

[
2

λo
√
νo

√
s + λo

s

(√
s + λo − √

s
)

e
√
(s+λo)/νoR

]
. (3.26)

3.5. Second-order approximation
Moreover, we proceed to derive the second-order approximation. The first equation of
(3.8a,b) gives the second-order inner solution ui

r1 which is written by

∂ui
r1

∂R
= −ui

r0 − ∂ui
θ0
∂θ

. (3.27)

Substituting (3.10) and (3.18) into (3.27) and taking into account the matching principle
with uS = 0 that results in ui

r1 → 0 as R → −∞, we have, using the continuity condition
of ur1 at R = 0,

ui
r1 = cos θ ×

{
u+

r1 for R > 0,
u−

r1 for R < 0,
(3.28)

929 A31-9

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
1.

86
9 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2021.869


Y. Ueda and T. Kida

where

u+
r1=2L−1

[√
νo

λo

√
s + λo − √

s
s

(√
s + λo

s
e−√

s/νoR − λo√
s(s + λo)

)
+ R

s

]
, (3.29)

u−
r1=2L−1

[√
νo

λo

√
s + λo − √

s√
s(s + λo)

e
√
(s+λo)/νoR

]
. (3.30)

From the above (3.18), ur1 at R = 0 becomes

ur1 = 2 cos θ
1
λo

√
νo

πT

(
1 − e−λoT

)
. (3.31)

The normal slip velocity can be thus found to be of the order of 1/λo.
The outer solutions are obtained in (3.5) together with (3.6). The inner expansion of the

outer solutions in the fluid domain is therefore written as, differentiating those equations
with respect to θ ,

uoi
r = 2εRH(T) cos θ +Δ

∑
n=1

n
(
Ao

n1 cos nθ − Bo
n1 sin nθ

)
. (3.32)

The outer expansions of the inner solutions (3.18) and (3.28) are obtained for inside and
outside the fluid domain. Equating these expansions for the fluid domain we can determine
the indeterminate functions:

L[Ao
n1] = −2

√
νo

s(s + λo)

√
s + λo − √

s
s

δn1, Bo
n1 = 0, Δ = ε. (3.33)

For the second-order vorticity ωi
1, (3.7) reads as

∂ωi
1

∂T
+ ui

r1
∂ωi

0
∂R

+ ui
r0
∂ωi

1
∂R

+ ui
θ0
∂ωi

0
∂θ

= νo
∂2ωi

1
∂R2 + νo

∂ωi
0

∂R

−λo
∂

∂R
(χui

θ1)+ λoχ
∂ui

r0
∂θ

− λoχui
θ0. (3.34)

For the second-order vorticity the second equation of (3.8a,b) reduces to ∂ui
θ1/∂R = ωi

1 −
ui
θ0. The Laplace transform of (3.34) gives, taking into account ui

r0 = 0,

d2Ω i
1

dR2 −

⎧⎪⎨
⎪⎩

s
νo
Ω i

1 = F+(R, θ) for R > 0,

s + λo

νo
Ω i

1 = F−(R, θ) for R < 0.
(3.35)

Here, the functions F±(R, θ) are defined for R > 0 and R < 0, respectively,

F±(R, θ) = −L

[
∂ωi

0
∂R

− ui
r1
νo

∂ωi
0

∂R
− ui

θ0
νo

∂ωi
0

∂θ

]
= Fs

± sin θ + Fcs
± sin θ cos θ, (3.36)

in which

Fs
± = −L

[
∂ω̃i±

0
∂R

]
, Fcs

± = −L

[
u±

r1
νo

∂ω̃i±
0

∂R
+ u±

θ0
νo
ω̃i±

0

]
. (3.37a,b)
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Asymptotic analysis for a Brinkman penalization method

The ordinary differential equation of (3.36) can be easily solved as, taking into account
the matching condition that Ω i

1 → 0 as R → ±∞,

Ω1 = −e−aR

2a

∫ R

0
F+(ξ, θ)eaξ dξ − eaR

2a

∫ ∞

R
F+(ξ, θ)e−aξ dξ + D0e−aR for R > 0,

(3.38)

Ω1 = −e−âR

2â

∫ R

−∞
F−(ξ, θ)eâξ dξ − eâR

2â

∫ 0

R
F−(ξ, θ)e−âξ dξ + D1eâR for R < 0,

(3.39)

where a and â are, respectively, defined as

a =
√

s
νo
, â =

√
s + λo

νo
. (3.40a,b)

In the derivation of (3.38) and (3.39), we used the fact that the integral constants D0 and
D1 are functions of s and θ . Because the vorticity is continuous at R = 0, the constants D0
and D1 are linked with

D0 − D1 = 1
2a

∫ ∞

0
F+(ξ, θ)e−aξ dξ − 1

2â

∫ 0

−∞
F−(ξ, θ)eâξ dξ. (3.41)

The second-order velocity ui
θ1 is described by ∂ui

θ1/∂R = ωi
1 − ui

θ0 from the second
equation of (3.8a,b) and (3.10). We here define the Laplace transform of ui

θ1 as Ui
θ1 =

L[ui
θ1]. Furthermore, we note the matching condition that Ui

θ1 → 0 for R → −∞. For
R > 0, we then have, using (3.19) and (3.38),

Ui
θ1 = 1

2a2

(
e−aR

∫ R

0
F+(ξ, θ)eaξ dξ − eaR

∫ ∞

R
F+(ξ, θ)e−aξ dξ

)
+ 1

a2

∫ ∞

R
F+(ξ, θ) dξ

−D0

a
e−aR +

[
2
s

R + 2
λoa

√
s + λo

s

(√
s + λo − √

s
)

e−aR
]

sin θ + E0. (3.42)

For R < 0, we also have, using (3.20) and (3.39),

Ui
θ1 = 1

2â2

(
e−âR

∫ R

−∞
F−eâξ dξ − eâR

∫ 0

R
F−e−âR dξ

)
− 1

â2

∫ R

−∞
F− dξ + D1

â
eâR

+ 2
λaâ

√
s + λo − √

s√
s

eâR sin θ. (3.43)

The velocity Ui
θ1 is continuous at R = 0 and, therefore, we have

E0 = D0

a
+ D1

â
+ 1

a2

∫ ∞

0
F+

(
e−aξ

2
− 1

)
dξ + 1

â2

∫ 0

−∞
F−

(
eâξ

2
− 1

)
dξ

+
[

2
λoâ

√
s + λo − √

s√
s

− 2
λoa

√
s + λo

s

(√
s + λo − √

s
)]

sin θ. (3.44)
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The matching principle to the outer solution in the fluid domain can determine the function
E0 as, from (3.33),

E0 = L[Ao
11] sin θ = −2

√
νo

s(s + λo)

√
s + λo − √

s
s

sin θ. (3.45)

We here consider the asymptotic behaviour of ui
θ1 for λo � 1. Since F± is asymptotically

expressed as, taking into account of the order of ui
θ0 and ui

r1, F± ∼ F0± + (1/
√
λo)F1± +

O(1/λo). Hence, we have ui
θ1 → O(1/

√
λo). Furthermore, we easily have the following

relations at R = 0 (i.e. on the cylinder surface), using the physical quantities:

ui
θ0 ∼ −2 sin θ√

πλt

[
1 + O(1/(λt))

]
, (3.46)

∂ui
θ0
∂r

∼ −2 sin θ√
πνt

[
1 + O(1/(λt))

]
. (3.47)

Thus, we can have the following Navier condition on the tangential slip velocity from the
first-order solution:

uθ −
√
ν

λ

∂uθ
∂r

= 0. (3.48)

The slip length α = √
ν/λ is of the order of 1/

√
λ for λ� 1, and of the order of

√
1/Re

for Re � 1, where Re is the Reynolds number based on the radius of the cylinder and the
impulsive constant velocity. This is in qualitatively agreement with the results given by
Nguyen van yen et al. (2011, 2014).

3.6. Drag coefficient
In this subsection, we will derive the drag coefficient from the asymptotic solution which
is obtained in the preceding subsections, and verify it against the results of Bar-Lev &
Yang (1975). According to Bar-Lev & Yang (1975), the drag coefficient CD is defined as
CD = D/[(1/2)ρU2

o(2ro)], where Uo is a constant moving velocity and ro is the radius of
a circular cylinder.

As formulated in (2.4), in the penalization method the drag force D is obtained by the
integration of the penalization term. Noting that (2.2) and us = 0 (i.e. |us| → 0 as R →
−∞), the drag force D is written as

D = ρ

∫
V
λχux dV = ρλo

∫ 2π

0

∫ 0

−1/ε

(
ui

r cos θ − ui
θ sin θ

)
(1 + εR) dR dθ

= ρλo

∫ 2π

0
p.f.

∫ 0

−∞

(
ui

r cos θ − ui
θ sin θ

)
(1 + εR) dR dθ, (3.49)

in which the symbol ‘p.f.’ indicates the Hadamard finite part of integral and ux is the x
component of velocity. Noting that (3.9a–c) together with (3.10), (3.49) reduces to

CD = λo

∫ 2π

0

∫ 0

−∞

[
−ui

θ0 sin θ + ε
(

ui
r1 cos θ − ui

θ1 sin θ − Rui
θ0 sin θ

)]
dR dθ + O(ε2)

≈ λoπ

∫ 0

−∞

[−u−
θ0+ε

(
u−

r1−us−
θ1 − Ru−

θ0
)]

dR. (3.50)
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Asymptotic analysis for a Brinkman penalization method

Here, the function us−
θ1 indicates the components of sin θ involved in ui

θ1, i.e. ui
θ1 =

L−1[Ui
θ1] = us−

θ1 sin θ + ucs−
θ1 sin θ cos θ for R < 0. Substituting the inverse Laplace

transform of (3.20), (3.30) and (3.43) into (3.50), the drag coefficient CD is obtained as
(see Appendix A for the detailed derivation)

CD = 2
√
νoπ

T

(
1 − e−λoT

)
+ πενo

[
1 + e−λoT − 2e−λoT/2I0

(
λoT

2

)]
. (3.51)

The above, (3.51), becomes as follows, when the physical quantities are replaced by λ, t
and ν:

CD = 2
√
νπ

t

(
1 − e−λt)+ πν

[
1 + e−λt − 2e−λt/2I0

(
λt
2

)]
. (3.52)

In the analytical result of Bar-Lev & Yang (1975) that is based on the conventional
Navier–Stokes equations, the first-order solution of CD is obtained as CD = 4

√
νπ/t. In

contrast, the present result of (3.51) exhibits CD = 2
√
νπ/t as λ→ ∞. It thus can be

found that the first-order solution obtained from the penalization method is a half of the
conventional result of Bar-Lev & Yang (1975) as λ→ ∞.

In the analysis of Bar-Lev & Yang (1975), the drag coefficient is derived from the sum
of the friction drag and the pressure drag on the surface of the cylinder, i.e.

CD = ενo

∫ 2π

0

(
∂ω

∂r
− ω

)
r=1

sin θ dθ. (3.53)

The first term of the integral includes the contribution from the pressure and the second is
the contribution from the friction. In their analysis the no-slip condition is imposed on the
surface of the cylinder (i.e. ui

r = ui
θ = 0 at R = 0) and, therefore, we have (1/ρ)(∂p/∂θ) =

νo(∂ω
i/∂R) at R = 0. The penalization method does not enforce the no-slip condition on

the surface of the cylinder so that such a relation could not fulfilled.
Figure 3 shows a comparison of the pressure coefficient Co

p with respect to
θ between the present penalization results and the conventional analytical results
of Bar-Lev & Yang (1975). In figure 3 the solid lines indicates the present
penalization results of C0

p = −4 sin2 θ − 4
√
νo/(πT)(1 − e−λoT)(1 + cos θ)+ O(ε2)

whereas the dotted lines are the conventional results of Bar-Lev & Yang (1975)
of C0

p = −4 sin2 θ − 4
√
νo/(πT)(1 + cos θ)+ O(ε2). Here, Co

p means the pressure
coefficient that is defined by the difference from the front point of the cylinder. It seems
that the pressure distributions on the cylinder surface are in nice agreement with the
conventional results for λo � 1.

Next, we will derive the drag coefficient CD using (3.53). Omitting the analysis, the final
representation of CD is written as (see Appendix B for the detailed derivation)

CD = 4
√

πνo

T
− 3

2λo

√
πνo

T3

(
1 − e−λoT

)
+ π

4
λo

ε
e−λoT/2

[
I0

(
λoT

2

)
− I2

(
λoT

2

)]

+ενoπ

{
1 − e−λoT/2

[
I1

(
λoT

2

)
+ I0

(
λoT

2

)]}
. (3.54)

It can be found that (3.54) asymptotically exhibits CD ∼ 4
√
νπ/t as λ→ ∞. As shown

in Bar-Lev & Yang (1975), the friction drag is the same as the pressure drag for the first
order in the case of λ→ ∞. Hence, since χ is zero in the fluid domain F , there is the
possibility that the pressure drag is not taken into account in (3.50) so that (3.51) exhibits
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Figure 3. Comparison of the pressure coefficient Co
p at νo = 1 against the conventional result of Bar-Lev &

Yang (1975). In panel (a), the dashed lines are the results of Bar-Lev & Yang (1975).

the half-value of the results of Bar-Lev & Yang (1975) as λ→ ∞. This will be a future
problem.

Furthermore, we will derive the drag coefficient CD using the alternative formula that
is obtained from the hydrodynamic impulse (see Shiels 1998):

CD = − d
dt

∫
F

yω dV = − d
dT

∫ 2π

0
sin θ dθ

∫ ∞

0
ωi(1 + εR)2 dR. (3.55)

We here note that T is stretched as T = t/ε. Omitting the analysis, the final representation
of CD is written as (see Appendix C for the detailed derivation)

CD = 4
√

πνo

T
− 5

2λo

√
πνo

T3

(
1 − e−λoT

)
− π

ε

λo

4
e−λoT/2

[
I2

(
λoT

2

)
− I0

(
λoT

2

)]
.

(3.56)
As λo → ∞, (3.56) behaves like

CD ∼ 4
√

πνo

T
+ 1
ε

√
π

λoT3 − 5
4λo

√
πνo

T3 . (3.57)

It can be also found that the present penalization result converges to the same result, i.e.
CD ∼ 4

√
πν/t of Bar-Lev & Yang (1975) as λ→ ∞. In (3.55), we note that the integral

region is limited to the fluid region. Let us consider the case that the integral region is the
inside of the cylinder, i.e. (d/dt)

∫
B yω dV . Then, we have (see the detailed derivation in

Appendix C)

d
dt

∫
B

yω dV = − 1
λo

√
πνo

T3

(
1 − e−λoT

)
+ 2

√
νo

πT
e−λoT + 1

2

√
πνo

T3 e−λoT

+
√

πνo

T
λoe−λoT + π

8
λo

ε
e−λoT/2 [I0(λoT/2)− I2(λoT/2)

]
. (3.58)

Thus, we can see that the first approximation of CD is derived from the fluid flow domain
F , since from the cylinder flow region B it is of the order of 1/

√
λ as shown in the above

equation. These results imply that the flow in the fluid region plays an important role in
deriving the drag coefficient.

Figure 4 shows a comparison of CD at νo = 1 between the present penalization result
and the conventional result of Bar-Lev & Yang (1975) that is CD = 4

√
πνo/T + πενo(9 −
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Figure 4. Comparison of the drag coefficient CD at νo = 1 between several formulae against the conventional
result of Bar-Lev & Yang (1975). The symbols used are: circle, (3.51) that is obtained by the integration of the
penalization term; triangle, (3.54) that is obtained by the integration of the vorticity and its derivative at r = 1;
square, (3.56) that is obtained from the hydrodynamic impulse; dashed line, Bar-Lev & Yang (1975).

15/
√

π). Figure 4(a,b) are the results of ε = 0.01 and figure 4(c,d) are of ε = 0.1. In
figure 4, the result plotted with circles is calculated by (3.51) that is obtained from the
integration of the penalization term. The result plotted with triangles is calculated by
(3.54) that is obtained from the integration of the vorticity and its derivative at r = 1. The
results plotted with squares is calculated by (3.56) that is obtained from the hydrodynamic
impulse. As observed, two results, except the integration of the penalization term plotted
with circles, approach the conventional result of Bar-Lev & Yang (1975) with increasing
λo. Furthermore, the results of both (3.54) and (3.56) are in nice agreement with each other
and, therefore, the fluid flow can be found to be modelled well by the penalization method.

4. Concluding remarks

The asymptotic analysis has been implemented for a Brinkman penalization model of the
Navier–Stokes equations. The initial flow past an impulsively started translating circular
cylinder is selected for the target problem. The analytical solution of this flow was given
by Bar-Lev & Yang (1975) of which solution is called the conventional results of the
full Navier–Stokes equations. The present asymptotic solutions for the penalized full
Navier–Stokes equations are compared with the conventional analytical solutions.

The significant findings obtained are as follows. In the penalization method the no-slip
condition is not enforced on the surface of the cylinder. The present analysis gives the fact
that the tangential and normal slip velocities on the cylinder surface with a fixed time are of
the order of 1/

√
λ and 1/λ as λ→ ∞, respectively, which is the same order as the results
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of Carbou & Fabrie (2003). Therefore, it is necessary that the penalization parameter λ is
set at a sufficiently large value in the numerical calculation.

Furthermore, this study derived the drag coefficient CD from the three different
formulae: (i) the integration of the penalization term; (ii) the integration of the vorticity
and its derivative on the cylinder surface; (iii) the hydrodynamic impulse. As a result,
the values of CD obtained from the formulae (ii) and (iii) are in nice agreement with the
conventional result of Bar-Lev & Yang (1975) as λ→ ∞ but, however, the formula (i)
gives a half-value of the result of Bar-Lev & Yang (1975).
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Appendix A

In this appendix, we obtain the drag coefficient by integrating the penalization term of
(3.50). From (3.20), we have∫ 0

−∞
L[u−

θ0] dR = − 2
λo

√
s + λo − √

s√
s

∫ 0

−∞
eâR dR = −2

√
νo

λo

(
1√
s

− 1√
s + λo

)
.

(A1)
Therefore, taking the inverse Laplace transform of (A1), we have∫ 0

−∞
u−
θ0 dR = − 2

λo

√
νo

πT

(
1 − e−λoT

)
. (A2)

Here, L[us−
θ1 ] is obtained from (3.43) and the function Fs± is defined by (3.37a,b). The

components of sin θ included in D1 can be obtained as, using (3.41), (3.44) and (3.45),

Ds
1 = (

√
s + λo − √

s)2

λ2
o

(
1
2

− λo

s
+ 1

2

√
s + λo

s

)
. (A3)

Using (A3), we have∫ 0

−∞
L[us−

θ1 ] dR = − νo

2λo

√
s + λo − √

s
(s + λo)

√
s

+ Ds
1

â2 = νo

λo

(
2√

s(s + λo)
− 1

s
− 1

s + λo

)
.

(A4)
The inverse Laplace transform of (A4) gives∫ 0

−∞
us−
θ1 dR = νo

λo

[
2e−λoT/2I0

(
λoT

2

)
− 1 − e−λoT

]
. (A5)

From (3.10) and (3.27), we have ∂u−
r1/∂R = −u−

θ0 and we then perform the integration by
parts, ∫ 0

−∞
u−

r1 dR = −
∫ 0

−∞
R
∂u−

r1
∂R

dR =
∫ 0

−∞
Ru−

θ0 dR. (A6)
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Therefore, we have

CD = −πλo

∫ 0

−∞
u−
θ0 dR − επλo

∫ 0

−∞
us−
θ1 dR

= 2
√

πνo

T

(
1 − e−λoT

)
+ επνo

[
1 + e−λoT − 2e−λoT/2I0

(
λoT

2

)]
. (A7)

Appendix B

To obtain the drag coefficient CD, we select the function G = (1/ε)∂RΩ0 −Ω0 + ε[Ω1 −
(1/ε)∂RΩ1] at R = 0. Indeed, the components of sin θ included in G affect the derivation
of CD and, therefore, we define the sin θ components of G as Gs. The first-term of Gs at
R = 0 is given by (3.24) and (3.25) as

(first term of Gs) = 2
ε2νo

[
1 + s
λo

(
1 −

√
s + λo√

s

)]

+ 2
ελo

√
νo

(√
s + λo√

s
− s + λo√

s + λo

)
. (B1)

From (3.38), the second-term of Gs at R = 0 is given by

(second term of Gs) = 1
2ε

∫ ∞

0
Fs

+e−aξ dξ + a
ε

Ds
0 − 1

2a

∫ ∞

0
Fs

+e−aξ dξ + Ds
0, (B2)

where Ds
0 is the sin θ components of D0 which are obtained from (3.41), (3.44) and (3.45),

i.e.

Ds
0 = 1
λ2

o

(
1 − 3

2
s + λo

s
− 1

2

√
s + λo

s

)
= 5

2λo

(√
s + λo

s
− 1

)
− 3

2
1
s
. (B3)

Equation (B3) is obtained by integrating Fs± that is given in (3.37a,b). Similarly, using
(3.37a,b) the second term of Gs can be obtained. Therefore, we can finally arrive at (3.54).

Appendix C

In this appendix, we will obtain the drag coefficient from (3.55). To do this, we consider
the following integral:

A =
∫ 2π

0
sin θ dθ

∫ ∞

0
L[ωi](1 + εR)2 dR. (C1)

Then, the drag coefficient is written as CD = −(d/dT)(L−1[A]). Also, L[ωi] is expanded
as (1/ε)(Ω0 + εΩ1 + · · · ). Since Ω0 is given in (3.24) and (3.25), we have∫ ∞

0
Ω0 dR = − 2

λo

√
s + λo

s

(√
s + λo − √

s
)

sin θ, (C2)

∫ ∞

0
RΩ0 dR = −2

√
νo

λo

√
s + λo

s
√

s

(√
s + λo − √

s
)

sin θ. (C3)
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Using (3.38), we have also that

∫ ∞

0
Ω1 dR = 1

2a2

∫ ∞

0
F+e−aξ dξ − 1

a2

∫ ∞

0
F+ dξ + D0

a
. (C4)

Therefore, we have

L−1[A] = π

ε

[
−2H(T)+ e−λoT/2

(
I1

(
λoT

2

)
+ I0

(
λoT

2

))]

+π

[
−8

√
νoT
π

− 5
λo

√
νo

πT
(1 − e−λoT/2)+ 10

√
νo

πλo
Erf

(√
λoT

)
+ O(ε2)

]
. (C5)

Let us consider the case that the integral region is inside the cylinder, i.e.

B =
∫ 2π

0
sin θ dθ

∫ 0

−∞
L[ωi](1 + εR)2 dR. (C6)

Here, we use the relations of

∫ 0

−∞
Ω−

0 dR =
∫ 0

−∞
∂U−

0
∂R

dR = − 2
λo

√
s + λo − √

s√
s

sin θ, (C7)

∫ 0

−∞
RΩ−

0 dR = −
∫ 0

−∞
U−

0 dR = 2
λo

√
s + λo − √

s√
s

√
νo

s + λo
sin θ. (C8)

Furthermore, we use

∫ 2π

0
sin θ dθ

∫ 0

−∞
Ω−

1 dR

= π

∫ 0

−∞

[
Ds

1eâR − eâR

2â

∫ R

−∞
Fs

−eâξ dξ − e−âR

2â

∫ 0

R
Fs

−e−âξ dξ

]
dR, (C9)

where DS
1 is the sin θ component of D1. Thus, we have

∫ 2π

0
sin θ dθ

∫ 0

−∞
Ω−

1 dR = −π

[
5
2

√
νo

λo

(
1√

s + λo
− 1√

s

)
+
√

νo

s + λo

−1
2

√
νo

s(s + λo)
(
√

s + λo − √
s)
]
. (C10)

Therefore, we can finally arrive at

L−1[B] = −π

ε
e−λoT/2 [I0(λoT/2)+ I1(λoT/2)

]+ 2π

λo

√
νo

πT

(
1 − e−λoT

)

− π

√
νo

πT
e−λoT . (C11)
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