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MULTIPLE DRAWING MULTI-COLOUR
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NABIL LASMAR,* Institut Préparatoire aux Etudes d’Ingénieur
CECILE MAILLER,** University of Bath
OLFA SELML*** Faculté des Sciences de Monastir

Abstract

A classical Pélya urn scheme is a Markov process where the evolution is encoded by a
replacement matrix (R;, j)1<;, j<d. At every discrete time-step, we draw a ball uniformly
at random, denote its colour ¢, and replace it in the urn together with R. ; balls of
colour j (forall 1 < j < d). We study multiple drawing Pdlya urns, where the
replacement rule depends on the random drawing of a set of m balls from the urn (with
or without replacement). Many particular examples of this situation have been studied in
the literature, but the only general results are due to Kuba and Mahmoud (2017). These
authors proved second-order asymptotic results in the two-colour case, under the so-called
balance and affinity assumptions, the latter being somewhat artificial. The main idea of
this work is to apply stochastic approximation methods to this problem, which enables
us to prove analogous results to Kuba and Mahmoud, but without the artificial affinity
hypothesis, and, for the first time in the literature, in the d-colour case (d > 3). We also
provide some partial results in the two-colour nonbalanced case, the novelty here being
that the only results for this case currently in the literature are for particular examples.
Keywords: Multiple drawing Pélya urn; limit theorem; stochastic approximation;
reinforced process; discrete-time martingale
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1. Introduction

1.1. Classical Polya urns

Pdlya urn schemes are the simplest example of a stochastic process with reinforcement.
Understanding these objects is thus the first step in understanding many more intricate models
such as reinforced random walks, preferential attachment networks, interacting urn models,
and so on. Furthermore, reinforced stochastic processes appear in a wide range of applications;
in biology (for example, ant movement, reinforced branching processes), finance and clinical
trials, and computer science (preferential attachment networks are used to model the complex
networks such as the internet, the World Wide Web, or social networks). We refer the reader to
Pemantle’s survey [19] for an overview of both the mathematics and applications of reinforced
processes.

The classical Pélya urn, first introduced by Eggenberger and Pélya [7], is described as
follows. An urn contains initially one white ball and one black ball. At each discrete time-step,
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a ball is picked uniformly at random and then returned to the urn together with another ball of
the same colour. Many generalisations of this model have been studied in the literature; namely,
urns with more than two colours, or with different, possibly random, replacement rules.

The methods used to study Polya urns are quite varied: following the seminal work of
Athreya and Karlin [2], one successful approach is to embed the urn process in continuous
time using exponential clocks and then apply martingale arguments. This method can be very
effective; see, for example, [9] and [10]. The main difficulty is to make them applicable to the
discrete-time framework.

Following the work of Flajolet et al. [8], analytic combinatorics have been used to study
Pélya’s urn schemes (see [17] and [18]). The main advantage of this method is that, when
successful, it yields results for fixed finite time and not only asymptotically when time goes
to oo as in the embedding-in-continuous-time method. The major drawback is that this method
is often nontractable as it relies on solving a nonlinear differential system.

Finally, stochastic approximation (or stochastic algorithms) provides a powerful toolbox to
prove strong laws of large numbers and central limit theorems for the composition of a Pélya
urn. This method relies on discrete-time martingale methods; a good introduction to stochastic
approximation can be found in Duflo [6]. The literature on stochastic algorithms is very wide;
in the urn context, stochastic approximation has already been used, for example, by Laruelle
and Pages [14] in the study of P6lya urns with random replacement rules. In this paper we apply
the stochastic approximation results of Renlund [20] and Zhang [22] to a model of multiple
drawing Pdlya urns.

1.2. Multiple drawing Pélya urns

In this paper we focus on the multiple drawing generalisation of Pélya urns: instead of
choosing the replacement rule according to the random drawing of one ball in the urn, we pick
at random a handful of balls (more precisely, a fixed number m of balls), and the replacement
rule then depends on the colours of these m balls. This model has numerous applications, such
as degrees in increasing trees and preferential attachment networks (see [12]), leaves in random
circuits (see [12]), and tournaments a la rock—paper—scissors (see [16]).

Many particular examples have been studied in the literature, mostly in the two-colour case;
see, for example, [1], [4], [S], and [13].

In the recent works of Kuba and Mahmoud [11] and Kuba and Sulzbach [12], the authors
considered the general case of two-colour Pélya urns with multiple drawing and proved third-
order asymptotics of the composition of the urn under two hypothesis. The standard balance
hypotheses means that the total number in the urn is deterministic. The affinity hypothesis
is the assumption that, if we denote by W, the number of white balls in the urn at time n,
then there exist two deterministic sequences (a,),>0 and (8,),>0 such that, for all integers n,
E[Wur1 | Ful = oy W, + Ba.

1.3. The main contributions of this paper

The main idea of this paper is to apply the stochastic approximation methods to the multiple
drawing problem. Our main motivation for doing this was Laruelle and Pages’ [14] successful
application by these techniques to the classical Pdlya urn model with random replacement
matrices.

Using these methods we prove results in the d-colour (d > 2) multiple drawing case. In
the d > 3 case, to the best of the authors’ knowledge, these are the first general results in the
literature. In the d > 2 case, our results are analogous to [11], but importantly do not require
the somewhat artificial affinity hypothesis.
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Furthermore, we prove partial results for the two-colour nonbalanced case; these are the
first results in the literature for this situation, apart from the study of particular examples in, for
example, [1].

1.4. Definition of the model and main assumptions

The model we study is defined as follows. An urn contains balls of d > 2 different colours.
At time 0, the urn contains Up ; > 0 balls of colour i for all 1 <i < d. We assume that the urn
is originally nonempty; namely, Zle Up,; > 0. We fix an integer m > 1 and a replacement
rule R: 29 — 74 where

d
E,(,fl) = {(vl,...,vd) e N?: Zvi =m}.
i=1
We denote by Ry, ..., Ry the coefficient functions of R. At each (discrete) time-step n > 1,
we draw m balls in the urn with or without replacement, and denote by &, ; the number of balls
of colour i among these m balls. Let &, = (§,.1, ..., &n.4). Conditionally on &, = v, we then
add into the urn R; (v) balls of type i for all 1 < i < d. More precisely, we have

U,=U,-1+R(&,) foralln>1,

where U, ; is the number of balls of colour i in the urn at time n, and U, = (Up 1, ..., Uy q).
We denote by 7, the total number of balls and Z, ; = U, ;/T, the proportion of balls of
type i in the urn at time n. Note that, with this notation, in the with-replacement case,

d

Py(v) :=PEpt1 =v | Fu) = < " )l_[z:l}ii’

Ul, ..., U4 il

while in the without-replacement case,

Tn -1 d Uni
Pn(v)::P($n+1=U|5fn):(m> H( >

()
i=1 !

In the literature, it is often assumed that the urn is balanced, meaning that, for all v € Z,%d),

r(v) := Z;izl R;(v) = S, where S is a positive integer. Without this assumption, we need to
control the speed of convergence of T, /n to its limit, and this is not yet understood for m > 2
(i.e. in the multiple drawing case). It is also standard to assume that the urn is tenable, meaning
that balls not in the urn are never needed to be removed: we give necessary and sufficient
conditions for the tenability to be achieved. Since these assumptions will be used throughout
this paper, we denote them as follows.

(B) Forallv € Zﬁfl), r(v) := Zle R;(v) =S.
(T) The urn scheme is tenable.

Although the tenability assumption is natural (an alternative would be to work conditionally
on the event that no impossible configuration can occur), we believe it is an interesting and
challenging open question to remove the balance hypothesis altogether. Note that in the classical
m = 1 case, strong results can be proved without the balance assumption (see [9]); the reason
being that the urn scheme embedded in continuous time is a multi-type Galton—Watson process,
which is no longer the case when m > 2. Although our main results for d-colour urns require
the balance assumption, we are able to prove partial results for two-colour nonbalanced urns.
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The following function from @ = {(x1,...,x9) €10, 174 Zflzl x; = 1} onto {(xq, ...,
Xq) € R?: Z?:l x; = 0} (two (d — 1)-dimensional spaces) and its zeros will play a crucial

role in this paper (recall that r(v) := Z?:l R; (v)):

d
o= Y <v1 m vd)(l_[xl})i)(R(v)—r(v)x).
BREHALS

UEE,(,(,D

We will specifically focus on the stable zeros of 4, i.e. the zeros at which all eigenvalues of Vi
(the Jacobian matrix of &) have a negative real part.

In this paper we focus on the renormalised composition vector Z, := (Z, 1, ..., Zn.d)-
In view of the definition above, the process (Z,),>0 is a Markov process that depends on two
parameters, the initial composition Zj and the replacement function R. Before stating them
in full detail, in the remainder of this section we summarise our main results. We prove the
following results for balanced urns.

e The limit set (see Definition 1) of the renormalised composition vector Z,, is almost surely
a compact connected set of ¥ @ stable by flow of the differential equation x = h(x) (see
Theorem 1(i)). Note that, given a function £, it is a nontrivial question to determine the
compact connected sets stable by the flow of X = h(x) (we provide some examples in
Section 4). Also, the limit set of Z,, a priori depends on the initial composition vector Z.
Reducing the number of colours to d = 2 makes the matter much simpler and, in this
particular case, we state almost sure convergence to a constant vector 6 as long as the
function % is not constant equal to O (see Corollary 1(i)).

e Assuming that Z, converges almost surely to a stable zero of &, we prove convergence
of the fluctuations around this almost sure limit (see Theorem 1(ii)).

e When i = 0 (we call this case the diagonal case), we prove almost sure convergence of
the renormalised composition vector to a random vector Z, (see Theorem 2).

In the two-colour nonbalanced case, we prove almost sure convergence to a zero of A (as
long as h # 0), and some partial result for the fluctuations around this almost sure limit (see
Theorem 3).

1.5. Main result for d-colour balanced urns

Definition 1. (See, for example, [19, Definition 2.11].) Given a stochastic process (I1,),>0,

we define its limit set as
L(IT) := ﬂ U I,,.

n>0m=n

Theorem 1. (Balanced and tenable d-colour urns.) Under assumptions (B) and (T), we have
the following.

(1) The limit set of the renormalised composition vector Z, = (Zy 1, ..., Zy.q) is almost
surely a compact connected set of £ stable by the flow of the differential equation x =
h(x). Ifthere exists 6 € =D such that h(0) = 0 and, foralln > 0, (h(Z,), Z,—6) < 0,
then Z, converges almost surely to 6.
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(i1) Assume that there exists a stable zero 6 of h such that Z, converges almost surely to 6
when n goes to co. Let A be the eigenvalue of —Vh(0) with the smallest real part, let

d
r= % 3 ( " ><]‘[ ei”f)(R(v) — SO)(R(v) — SO)".
UEEY(S) VUly,..., Vg ie1

Then if Re(A) > S/2 then /n(Z, —0) — N(0, X) in distribution when n — 00,

where
Y Vh®) id ! Vh®) id
)y _/0 (exp((T+§>u>> Fexp((T—i-E)u) du

with id’ denoting the identity matrix. Assume, additionally, that all Jordan blocks of
Vh(0) associated to A are of size 1. Then

e ifRe(A) = S/2, then /n/logn(Z, —0) — N (0, X) in distribution when n —

00, where
, 1 flog" Vh®) id !
Y = lim exp[| ——+ = Ju
n—oo logn Jg S 2

X Fexp((@ + §>u> du;

e if Re(A) < S/2 then nReWN/S(Zz, — 0) converges almost surely to a random
variable.

Remark 1. (i) The fact that both Z, and 6 are in (@ implies that the matrix X satisfies
>1,...,DH =0.

(i) When applying this theorem to particular examples, the difficulty is to understand the flow
of the differential equation x = h(x). It is, in general, nontrivial to describe the limit set of
(Zy)n=0 (see, for example, [16] where this was carried out for one particular example), and
this limit set is a priori not a point and depends on the initial composition Zy. The strength
of our result is that, if one can prove, for a particular replacement rule and for one particular
initial composition vector Zy, that the renormalised composition vector Z, converges almost
surely to a stable zero of /&, then the fluctuations are given relatively easily by Theorem 1(ii).
We provide numerous examples in Section 4.

In order to discuss our main result, we first apply it to the well-known particular case of
m = 1. Inthis case, the replacementrule is encoded by areplacement matrix R = (R; j)1<i, j<d-
At every time step, we pick a ball uniformly at random from the urn, denote by i its colour,
and return it to the urn together with R; ; balls of colour j forall 1 < i, j < d. Note that
this translates into our framework as Rj(e;) = R;j forall 1 < i, j < d (where ¢; is the
vector with coordinates that are all equal to 0 except the ith, which is equal to 1). We thus
have h(x) = (R — Sidg)x. If we assume that R is irreducible and that the urn is tenable, the
Perron—Frobenius theorem implies that S is the spectral radius of R, the multiplicity of S as an
eigenvalue of R is 1, and there exists an eigenvector @ associated to S with coordinates that
are all nonnegative and such that Z?=1 w; = 1.
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In particular, o is the unique zero of 4 on £ (%), and the eigenvalues of R — Sidy restricted to
»@ all have negative real parts. Thus, @ is a stable zero of A, and, for all x # @, (h(x), x —
w) = ((R— Sidy)(x — @), x — @) < 0. Theorem 1(i) applies and we obtain almost sure
convergence of Z, to @ and Theorem 1(ii) applies straightforwardly, reproving some standard
results from the literature (see [9]).

By analogy to the classical m = 1 case, we can say that the cases for which Z, does not
converge to a constant vector or converges to a constant vector that depends on Z; are the
nonirreducible cases. Unfortunately, we are not yet able to give a nice characterisation of
these cases in terms of the replacement function R. From Theorem 1(i) we obtain a sufficient
condition; namely, if there exists a zero 6 of & such that (h(x),x —6) < O for all x € ON
then Z,, converges almost surely to 6 (for all choices of Zg satisfying (T)). Note that, in the
classical setting of m = 1, the nonirreducible cases are also more intricate; see [3] for the
d-colour balanced and triangular case and [10] for two-colour triangular urns.

In the case when 4 = 0, which we call the diagonal case (although in [11] and [12] it is
termed friangular — we choose to change the terminology so that it is coherent with the m = 1
case), we prove the following theorem.

Theorem 2. (Diagonal balanced case.) Under assumptions (B) and (T), if h = O then Z,
converges almost surely to a random vector Z~, when n tends to oo.

1.6. Main results for the two-colour case

In the two-colour case, the renormalised composition vector Z, of the urn at time n is
characterised by its first coordinate since Z, 1 + Z, 2 = 1. Thus, it is enough to study the first
coordinate and the problem becomes unidimensional and easier. We introduce the simplified
notation for this special case.

In the two-colour case, we say that the urn contains white balls and black balls. We denote
by W, and X,, = W,,/T,, respectively, the number and the proportion of white balls in the urn
at time n. The replacement function can be seen as a replacement matrix

a bo
aq b]
R = . 9
am by
where the a;’s, and b;’s are integers (such that a¢; + b; = S for all 1 < i < m under

assumption (B)). At each (discrete) time-step n, we draw m balls from the urn with or without
replacement, and denote by ¢, the number of white balls among these m. Conditionally on
¢n = k, we then add into the urn a,,—; white balls and b,,,_; black balls (we retain the notation
of [11] and [12]).

Note that, with this notation, in the with-replacement case,

Pt =k | F) = <’Z)X,’§(1 — X))k

and in the without-replacement case,

’

Wn Tn - Wn m—
PGy =k | F) = (m)( il Ik

k (Tn)m

where (n); =n(n —1)---(n — g + 1) for all integers g and n.
The following result is a corollary of Theorem 1.
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Corollary 1. (Two-colour balanced urns.) Assume that d = 2, (B) and (T) hold, and let

m

g@) =) (’")xk(l — 0" (an—k — 52).

k=0 k

(1) If g & O then there exists a random variable 0, € [0, 1] such that the proportion of white
balls in the urn at time n, denoted by X,,, converges almost surely to 0,. Furthermore,
we have g(0,) = 0 and g’ (0,) < 0 almost surely.

(ii) Furthermore, conditionally on 0,, the following hold with A = —g'(6,)/S and

1 <\ (m _
r=o > <k>ef(1 — 0" @y — 56,)% :
k=0

e ifA > % then /n(X, —6,) — N(0,T/(2A — 1)) in distribution when n — oo;
e ifA= % then «/n/logn(X, —6,) — N (0, ") in distribution when n — oo;
e ifA < % then n™ (X, — 0,) converges almost surely to a finite random variable.

In the two—colour case, we are also able to obtain some partial results about the nonbalanced
case. The following result is not a corollary of Theorem 1, which only applies to balanced urn
schemes. Note that in the nonbalanced case, we need a stronger assumption than the tenability
assumption: we are only able to study urns under the assumption that the total number of balls
in the urn grows linearly in n, i.e. liminf,,_, o 7,,/n > 0. A way to ensure that this holds is, for
example, to assume that ming<x <, (ax + bx) > 1.

Theorem 3. (Nonbalanced two-colour case.) Assume that liminf, o, T,/n > 0 and let

m

HOEDD (’")xka =" (1 = Ok = Xbp—).

k=0 k

(1) If g # O then there exists a random variable 0, € [0, 1] such that the proportion of white
balls in the urn, denoted by X,, converges almost surely to 0,. Furthermore, we have
2(0,) = 0and g'(6,) < 0 almost surely.

(i1) Conditionally on 6,, let

m
w:=Y ’")95(1 — 0" emr,

k=0 k

where ¢; := a; + b forall 0 <i <m,

H(x):=Y_ (rZ)xk(l — )" (1 = X)am—t — xbm—i)?,
k=0

and MC 0.
* H *
o O HO
w w
Assume that 62 > 0. Then, ifA > %
o2
Jn(Z, —6,) —> N(O, ™ 1) in distribution when n — 0.
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Remark 2. Note thatin both Corollary 1 and Theorem 3, part (i) yields almost sure convergence
to arandom variable 6, which belongs to the set of zeros of the function g (respectively, g). The
fact that g (respectively, g) is a nonzero polynomial function ensures that this set is a set of at
most m isolated points of [0, 1]. If g admits a unique zero 6 in [0, 1] such that g’(6p) < 0, then
the proportion of white balls converges almost surely to this zero independently of the initial
composition of the urn; we provide examples in Section 4. This particular case is what we
called the irreducible case when discussing Theorem 1(i). If g admits at least two such zeros,
then the almost sure limit of X, depends on the initial composition Xg; we refer the reader to
Example 4.1.5 for such a case.

1.7. Outline of the paper

In Section 1.8 we state an algebraic necessary and sufficient condition for the urn to be
tenable: it is a straightforward generalisation of the two-colour case studied by Kuba and
Sulzbach [12, Lemma 1]. Section 2 contains the proofs of Theorems 1 and 2. In Section 3 we
treat the two-colour balanced case and state the proof of Corollary 1. In Section 4 we provide
numerous two-colour and three-colour examples and show how to apply our main results to
them. Finally, in Section 5 we treat the two-colour nonbalanced case and provide the proof of
Theorem 3 as well as some examples.

1.8. Tenability

Here we state a lemma in order to provide necessary and sufficient conditions for tenability.
This lemma and its proof are very similar to those stated in [12] in the case of two-colour urns.
The proof in the d-colour case is very similar to the d = 2 case and does not give additional
insight. Therefore, we do not detail it.

Lemma 1. Consider the urn process with initial composition Uy and replacement unctlon R.
Forall 1 <i <d, we denote by v; the greatest common divisor of {R; (v): v € E \ {me;}}.
For all integers £, we denote by [£]; the remainder of division of £ by v;.

e In the with-replacement case, the urn scheme is tenable if and only if, for all 1 < i <
d, R;(v) > 0 forallv # me;, and R;(me;) > 0 or —R;(me;) is a divisor of Uy ; and v;.

o [nthe without-replacement case, the urn scheme is tenable if and only if, forall 1 <i < d,
R;(v) > —vj forall v # me; and

R;(me;) € [—m, o0]

U ([—m —vi+1,—m)
N{¢ e —N: [Uoili € {[—1i, [—€+ i, ..., [m +v; — 11i}}).

2. Law of large numbers and central limit theorem for balanced urn schemes

2.1. The balanced urn scheme as a stochastic algorithm

Lemma 2. Under assumptions (B) and (T), the renormalised composition vector of the urn at
time n, denoted by Z,, satisfies the following recursion:

1
Zyy1 =2y + T (h(Zy) + AM, 1 + gp41),

n+1
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where
d
m .
o=y (vl vd)(]"[xf’)(R(v)—r(v)x) and  AMyi1 = Yo —ElYyi1 | 5]
vesd N
with

Y1 = R(En1) — r(Ent1) Za,

where &, 1 denotes the (random) vector of balls drawn at time n + 1, and, finally, &,41 = 0
in the with-replacement case and €,41 an F,41-adapted term satisfying €, — 0 almost surely
when n tends to oo in the without-replacement case.

Proof. Recall that U,4+1 = U,, + R(&,+1) and T,,+1 = T,, + r(€x+1), implying that

U, R U
Zn+1_Zn= n+ ($n+])__n

Tn+l Tn
1 Ty + r(&nt1)
= U, R - U,
Tn+l< n+ (§n+l) T, n
1
= T (R(&nt1) —rnt1)Zn)
n+1
1
= (ElYn+1 | Ful+ AMy41).
Tn—i—l

Note that, in the with-replacement case,
EYyq1 | Ful = Z Py(v)(R(v) —r(v)Zy,) = h(Zy),
ve}],(f)

since P, (v) = ( vl,T, Ud) ]_[fl:1 Z;}’ ;» which concludes the proof of the with-replacement case.

In the without-replacement case,

Hf’lzl (UJ“)
EYuri | Fal = ) —— = (RO) = r()Zy) = h(Zy) + ens1,
vesi® m
with
H?:l (Uz;”) m d Vi
Entl = (——( ) zny.)(R(w—r(v)zn)
* veX,Ei” (Z;;l) Vi, ..., Vg 111 :
T2 TS0 Zoi — /T (&
> ( )(mv)—r(v)Zn)( e —l—[Zni,-)-
vezg® DM [Tj=o (1 = j/Tw) i=1

For any two sequences of real-valued random variables (A,),>0 and (By),>0, we denote A, =
O (B,) if and only if there exists a deterministic constant M such that, foralln > 1, |A,| < M B,
almost surely. Using the fact that Z,,; < 1 almost surely forall 1 <i < d andn > 0, and that

T, = Ty +nS — oo when n goes to oo, we have, for all v € E,gf),

i—1 .
[T 1020 Zai — /T li[Z . 0( 1 )
[T/ (1 = j/Ty) Ly A

https://doi.org/10.1017/jpr.2018.16 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2018.16

Multiple drawing multi-colour urns 263

where the deterministic constant in the (@ term depends on v; since there is a finite number of
elements in X ,(,,d ) , we can take the maximum of these v-dependent constants so that the constant
in the O term above does not depend on v. We thus have, using, in particular, the fact that || Z,, ||
is bounded by 1 since Z,, € ¥ @ (we use the L2-norm, i.e. forall u € RY, |ju|? := Z?:l uiz),

a 1 a
[1zi+o (fl) -1z
i=1

i=1

lenpill < Y <v1 " vd>(llR(v)ll+|r(v)|||Zn||)

vez

<d” max ([|R@)] + Ir(v)l)(9<Ti>

veX), n

=0 ! 1
= (i) M

almost surely when n goes to co. We find, in particular, that €, — 0 almost surely when n
goes to oo, which concludes the proof of the without-replacement case. |

2.2. Strong law of large numbers (proof of Theorem 1(i))

As mentioned in [19], there are few results for the almost sure convergence of d-dimensional
(d = 2) stochastic algorithms; ; [19, Section 2.5] is dedicated to such higher-dimensional
stochastic algorithms. Different versions of the following theorem (originally due to Robbins
and Monro [21]) exist in the literature; the version we state here is a combination of [6,
Theorem 1.4.26] and [14, Theorem A.1], which are both stated in dimension d > 2. We also
refer the reader to [19, Corollary 2.15], also stated in the multi-dimensional case.

Theorem 4. Consider the sequence of random vectors (6,,),>0 defined by the following recur-
sion:
On-+1 = On + VYnt1f On) + Yns1(AMy11 + Eny1)  foralln > no, ()

where f: R — R? is a differentiable nonnull function, 0y is a deterministic vector, and, for
all n > ny, AM,, is an F,-increment martingale and &, is an F,-adapted remainder term.
Assume, in addition, that

8 =50, supE[||AM,i1 |2 F] < 400,

n>0

A.S. . ..
where ‘—’ denotes almost sure convergence, and that (y,),>1 is a sequence of positive real

numbers satisfying
Zyn =00 and Zynz < 4o00.

n>0 n>0
Then the limit set of (6n)n>0 (see Definition 1) is almost surely a compact connected set stable
by the flow of the differential equation x = f(x).
If, in addition, f is uniformly bounded, and admits a zero 6 such that, for all n, (f (6,), 6, —
0) < 0, 8, converges almost surely to 0.

This theorem then applies to our particular case, in the balanced case only (since otherwise,
the sequence (y;,), is random and not deterministic), and leads us to the proof of Theorem 1(i).

Proof of Theorem 1(i). In view of Lemma 2, and since we assume that the urn is balanced,
the vector Z,, satisfies recursion (2) with y,, = 1/T,, = 1/(Ty + nS), and f = h adifferentiable
function, AM,H_ | = AM,4| an F,-martingale difference, and £,+] = ,+] a remainder term
tending to O when n tends to co.
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It only remains to check that sup,, o E[|AM;41 I | .1 < 4+o00. Recall that AM, | =
Yo — ElYyy1 | £, where Y, i1 = R(Eyy1) — SZ,. If we let |R|| := max__sw RO,
then, foralln > 0, || Y411l < [|R] + S, implying that | AM,,4+1|| < 2(J|R|| + S) almost surely.
In particular, we have sup,,~.o E[[| AM, 11 12 | Fu] < +o0.

Finally, note that f = & is uniformly bounded by || R|| + S. We can thus apply Theorem 4,
which concludes the proof. O

2.3. Central limit theorem (proof of Theorem 1(ii))

To prove Theorem 1(ii), the idea is again to apply standard theorems from the stochastic
algorithms literature. We state here a weak version of a result by Zhang [22]. We also refer the
reader to Laruelle and Pages [14, Theorem A.2] (there are different versions of this paper and
we refer the reader to [15] for the most recent publication).

Theorem 5. Assume that 0, satisfies recursion (2) with y, = 1/n and that there exists 0 € R4
a stable zero of f such that 8, converges to 0 with positive probability. Also assume that, for
some § > 0,

sup E(I| AMy 11117+ | ) < +oo,
n>0
E(AMnHAM,’lH | F,) — T, n — oo almost surely,
where T is a deterministic symmetric positive semi-definite matrix and, for some n > 0,
n 2B &1 17 Lg,—oy<ny | Fal >0, n — oo, 3)
where 14 is the indicator function on the event A. Let A be the eigenvalue of —V f(0) with the

largest real part. If we assume that 0, converges almost surely to some deterministic limit 0,
then we have the following.

° IfRe(A) > % then /n(6, —0) — N (0, f]) in distribution when n — oo, where

+
$ =/ Oo(e(Vf(G)Jrid/Z)u)tfwe(Vf(G)+id/2)u du.
0

Assume, additionally, that f is twice differentiable, and that all Jordan blocks of V f(0)
associated to A have size 1. Then we have the following.

° IfRe(A) = % then /n/logn(6, —0) — N (0, fl) in distribution when n — oo, where

1
/« ogn(e(Vf(9)+id/2)u)tfe(Vf(9)+jd/2)u du.
0

o If Re(A) < % then nRe(A)(Gn — 0) converges almost surely to a finite random variable.

Remark 3. Note that assumption (3) is not stated as such in [14] and [22], in which the
assumption depends on the values of Re(A). We leave it to the reader to check that (3) is
stronger than the assumptions of [14] and [22], but since it holds in our particular case, we only
state this weaker version.

Applying this result to our framework leads us to the proof of the second claim of Theorem 1.
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Proof of Theorem 1(ii). Recall that (see Lemma 2 for details)

Zny1—Zn=

(h(Zn) + AMpi1 + €nt1)-
n+l1

We also have T,, = Ty + nS (by assumption (B)), which yields

1
Zyyl — Zp = m(h(zn) + AMy 1 + €py1)
1 n+ DS
—1)(h(Z AM, .
+(n+l)S<T0+(n+l)S >( (Zp) + n+1+51+1)

1 ~ ~
= (f(Zp) + AMyyq + Enyr),
n+1

where f = h/S (note that this function is infinitely differentiable), AMn+1 = AM,4+1/S, and
En+1

En+1
S <1+TO/(n+1)S )(f(ZHAM”“JF S>

This last equality implies that, almost surely when » tends to oo,

Jonsrl < il +<9< )
S n

Recall that in the with-replacement case, ¢, = 0 for all integers n. In the without-replacement

case, we have already proved that ||e,|| = O(1/T,) = O(1/n) (see (1)), implying that ||&,| =
O(1/n), and

§n+1 =

w3 2B 212 16, -1} | Fn1] = O~ %) = 0

almost surely when n tends to oo for all n > 0.

We have already mentioned that A M, is almost surely bounded by 2(||R|| + §), and, thus,
sup,~o E[| AM,1 11+ | #,] < +00 almost surely for all § > 0.

Finally, note that

E[AMy 1AM,y | Fol = ElYui1Yyy | Fal = ElYq | FRIEY, | ]
= 3 PR — SZ)(R() — SZ,)'

veE(d)

- Z Py (v) Py(w)(R(v) — SZp)(R(w) — SZy,)".
v,weZ,(,f)

Since Z, — 0 almost surely, we have, in both the with- and without-replacement cases,
Pa) = (," ) [T, 6" almost surely, implying that

N 1
E[AM 1AMy | Fal = EIAM i AM) | 1 5 T,

where
d
$Sr=3" ( " )(]‘[ Ql.v’)(R(v) — S0)(R(v) — S6)'
veE,(nd) Vly ..., Ug bl
m m d
_ Z ( )( )(]‘[ Qi"i+wi>(R(v) — S0)(R(w) — SO)
v,wez‘,(f) Ul,...,04 wi, ..., Wy e
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d
> ( " )(]‘[ ei“f)(R(v) — SO)(R(v) — SO)' — h(O)h(9)'
Vls ey Va) Ny

UEE,(;{)
m d
=Y ( )(]‘[ 91.”">(R(v) — SO)(R(v) — SO)',
ue):,(,f) VUly,..., VU4 il

since h(0) = 0. Note that I" is the limit of a sequence of symmetric positive, semi-definite
matrices, and, as such, it is also symmetric positive and semi-definite. Therefore, Theorem 5
applies, which concludes the proof. ]

Remark 4. The result obtained in [22] also permits us to treat the cases of Re(f\) < §/2
when the Jordan blocks associated A are not all of size 1. The asymptotic renormalisation then
depends on the size of the largest blocks of V f(6) associated to A. Applying this stronger
version to our framework would result in a generalisation of Theorem 1 to these cases. Since this
generalisation is quite technical to state and since most of the examples fall under Theorem 1
as it is, we do not provide more details.

2.4. The diagonal case (proof of Theorem 2)

Before proving Theorem 2, we provide a simple characterisation of the diagonal balanced
urn schemes.

Lemma 3. Under assumption (B), the function h is identically null on ‘¥ if and only if there
exists an integer o such that S = mo and

R(v) =ov forallv e Z,(,f). “)

Proof. First note that, straightforwardly, the fact that there exists an integer o such that
S = mo and such that (4) holds implies that 2 = 0.

The reverse implication is less straightforward. First note that, for all 1 <i < d, h(e;) =
R(me;) — Se; = 0, implying that R(me;) = Se; forall 1 <i <d.

We reason by induction and prove that there exists o such that R(v) = ov for all vectors
vE E,(f ) having at most k nonnull coordinates. Note that if this result holds, it implies that
o = S/m and, thus, that m divides S (take v = e; + (m — 1)e, and recall that Ry (v) = o is
an integer).

Assume that this holds for some integer k < m, R(v) = ov for all vectors v € E,(,,d> having
at most k nonnull coordinates. We prove that this property extends to vectors with at most k + 1
nonzero coordinates. Without loss of generality, we can focus on vectors v € E,(,f ) such that the
last d — k — 1 coordinates are equal to 0, which is actually the set Z,Sfﬂ) (with a slight abuse of
notation since these vectors are still d-dimensional). Let x = xje1 + - - - + Xgr1€k+1 € HION
we have, by assumption,

m k+1
> < ><]_[ x;’f>R(v) = Sx. (5)
Uez)gf"'l) v1, "'9vk+l i=1
First note that, for all k + 2 < j < d, we have

3 (v m )(lﬁx;’f)Rj(v)=o.

y 1sov s Vk41 -
UEZ‘,(,FFI) i=1
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Note that the tenability assumption implies that R;(v) > O for all v ¢ {mey, ..., mey} (see
Lemma 1). Moreover, we have proved that, for all | < i < d, R(me;) = Se;, implying, in
particular, that Rj(me;) > O forall 1 < j < d. Therefore, the sum in the above display is a
sum of nonnegative terms. The fact that it is equal to O therefore implies that all its terms are
null, and, thus, that R;j(v) = 0 (= ov;) forall k +2 < j < d. It remains to prove that the
same equality, namely R;(v) = ov;, holdsforall 1 < j <k + 1.

Note that

k+1
m i
t R —
)3 (1’ ka)(nxl )< W) — ov)

UEE,(,{‘H) Ulyeeny Pl
k41
m
= Z (ul vk_H)(l_[x l{v,;éO})(R(v)—gv)
vzt N

since all v € E,(,f +D having at least one null coordinate satisfy R(v) = ov by the induction
hypothesis. Therefore, (5) implies that

k+1

m
Sx = Z (vl,.. vk+l)<l_[xllvl;é0}>(R(v)_GU)

vz

k+1 ‘
o 3 (0 ()
2(k+1)

i=1

Note that, forall 1 < j <k 41,

5 5 m k+1
m _ . 7 _Ui
x,a (x1 4+ -+ xX41) —xjaxj( Z (Ul,”"ka)(ilj[xl ))

pex kD 1
k+1
m v;
= 2 [T+ )vs.
1, Vk+1 :
vez’(ﬂkﬂ) i=1
implying that
k+1
m v
mi= 3 Icam
Ul, .« vy Ukt1 ; ’
vezf+ i=!

Therefore, (6) implies that

Sx:Z(

vkt

k+1
m .
Vi R(v) — ,
vk+1)<1_[xl {UﬁéO})( A

Vly e v vy X
1 i=1

and, thus, for all x = xje; + - - - + Xg+1€k+1 € HON

m k+1
Z ( )(thl{vﬁ'/:o)(R(v)—O‘v)—O
1 » Vk+1

= \VL, -
e kD =1
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Takex, =1 € (0, 1) andx; = (1 —1)/k foralli € {1,....k+1}\{p}. Toallv € T4, we
associate bijectively the couple (v, v;), where v), is the pth coordinate of v and v* » € E( )

m— Up
is the vector with k coordinates vy, ..., Vp—1, Vp41, ..., Vkt1. With this notation, we have
m £\ .
0= Z o) (=" R, @) = ovy)
T \VIs e Ukt
vEXL

m—uvp

L) (Rp(v) —ovp) Z ( Evp>(—t)l

[l
M§
N
(o4
3
N
—
-

m u
m m—uvp
=) T (Rp(v) —ovp) (=D,
Z Z (vl,---,ka)(“—Up) g
implying that, forall 1 < u < m,

u
> (m__””)k—%<—1Y““p > ( " )(RPOD——JUP):()
ot u—vp . E,(flup U1y eves Uktl

For u = 1, this equation yields that R,(v) = o for all vector v such that v, = 1. Using the
above equation for u = 2, one can then induce that R,(v) = 20 for all vector v such that
v, = 2, and, inductively, prove that R,(v) = o v, for all l<p<k+1

Together, for all v € Z(k+l) we have R(v) = ov, which concludes the proof. ]

Proof of Theorem 2. We have (since we assume that the urn is balanced)

1
Z =Z —(AM, ,
n+1 n+ ot 1)S( 1+ Entl)
where we recall that AM,,; is the increment of a martingale and ||&,+1]| = O(1/n) almost

surely when n tends to co. We infer that, forall 1 <k <d,

n—1 n—1

AM; ik Eit1,k
-7 }: }:—’. 7
Znk = Zok + T+(t+1)S+ To+ G+ 1S @

Note that the last sum of (7) converges almost surely since either &; = 0 for all i, or |&; x| <
lleill = O(1/i) almost surely. The first sum in (7) is a martingale and its quadratic variation is
given by
n—1 2
E[AM: | i1
Hyo= Y ok
S T+ +DS)

Recall that AM 1Lk is almost surely bounded by 4(||R| + S)2 implying that H,, is almost
surely convergent when n goes to co. Therefore, the martingale itself, i.e. the first sum in (7)
converges almost surely to a finite random variable. In conclusion, Z, converges almost surely
to a random vector Zo. U
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3. The two-colour particular case

Proof of Corollary 1. (i) Inthe two-colour balanced case, the renormalised composition vec-
tor Z,, of the urn at time n is actually characterised by its first coordinate since Z, 1 + Z, 2 = 1.
Thus, it is enough to study this first coordinate, and the problem becomes unidimensional and,
thus, slightly easier. Although Corollary 1 could be deduced from Theorem 1, we provide
a stand-alone and much simpler proof: we apply directly a result about one-dimensional
stochastic algorithms (see [19, Corollary 2.7 and Theorem 2.9]). Let

m

m _
g(x) := Z <k)xk(l — )" Kap_i — Sx).
k=0
Then . X,)
g

Xpy1 — Xn = ;(Tn + AMy41 + 8n+1>,

where 1
AMn—H = g(Yn—H - E[Yn+l | $n])v
with Y41 1= apm— — S§Z,, and where ¢,+1 = 0 in the with-replacement case and &,
§n+l

satisfies |e,| = @ (1/n) almost surely when n tends to oo in the without-replacement case.

Since g(x) is a polynomial, either it is identically null or it has isolated zeros. The g = 0
case is called the diagonal case and is treated separately. If g # O then g has at most m
zeros on [0, 1]. In view of Corollary 2.7 and Theorem 2.9 of [19], we can conclude that X,
converges almost surely to one of the zeros of g where g’ is nonpositive, depending on the
initial composition of the urn. This proves Corollary 1(i).

(ii) If we assume that X,, converges almost surely to some stable zero 6, of g, then we can apply
Theorem 5. We have

m
E[(AMy11)* | F,] — T = % > (’Z)ei‘ (1= 0" (am—r — 56.).
k=0

Finally, let A = —g’(0,)/S, and the following central limit theorem holds:

o if A > % then /n(X, —6,) = N (0,T'/(2A — 1)) in distribution when n — oo;

o if A = } then \/n/Togn(X, — 6.) — N (0, ) in distribution when n — o0;

o if A < % then n® (X,, — 6,) converges almost surely to a random variable.
This concludes the proof of Corollary 1. ]

Diagonal case. In the two-colour case, assuming that both the urn is balanced and that g = 0
implies that there exists an integer ¢ such that

mq 0
(m—1Dg q
0 mq

This case was treated by Kuba and Mahmoud [11] and Kuba and Sulzbach [12].
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4. Examples

4.1. Two-colour examples

The first four examples are two-colour examples: we thus apply Corollary 1 to them. We
choose to focus on nonaffine examples to which the results of Kuba and Mahmoud [11] do not
apply; note that affine models correspond to the case when g is linear.

Example 1. Take
1 2
R=1|2 1
1 2

In this case, g(x) = (1 +x)(1 —2x) with a single zero in [0, 1] at 1 5. Thus, almost surely when
n goes to 0o, the proportlon of white balls in the urn at time n converges to 5 2 In this particular
case, S =3,and A = —¢ ( )/S =1 > 5. One can check that I' = andsince2A —1 =1,
we have, by Corollary 1(ii),

36’

Vn(X, —3) = N(1, lﬁ) in distribution when n — 0.
Example 2. Take
4 0
R=1]1 3
1 3

In this case g(x) = (I —x)(1 — 3x), with two zeros in [0, 1] at 1 and 3 L Note that g =2
and g ( ) = —2, thus, almost surely when n tends to oo, the proportlon of white balls in the
urn converges to % Note that A = —g’ (%) /S = % Also, one can check that I = %, which
implies, by Corollary 1(ii), that

1 1
" Xpn—=)—=> N1, — in distribution when n — oo.
logn 3 18

Example 3. Take
7 1
R=1|3 5
1 7

Then g(x) = 2x%> — 4x + 1 and this polynomial has a unique root in [0, 1], given by 6, =
1 — +/2/2. Applying Theorem 1(i), we find that the proportion of white balls X,, converges
almost surely to 1 — +/2/2. Moreover, A = —g'(1)/8 = +/2/4 < 1. Thus, by Corollary 1(ii),
there exists a random variable W such that

nv2/4 ( X, —

%) — W almost surely when n — oo.

Example 4. Take

R =

— W O\

0
3
5

In this case, g(x) = (x — 1)?, implying that 1 is the unique zero of g in [0, 1]. Thus, the
proportion of white balls in the urn converges almost surely to 1. We have g’(1) = 0, in
which case we are unable to apply Corollary 1(ii): we have no information about the speed of
convergence of the proportion of white balls to its limit.
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0 50 100 150 200

FIGURE 1: A hundred realisations of the urn process of Example 5, all starting at (4, 6) and running for
200 steps. We see that each trajectory converges to one of the two stable zeros of g, namely, % and 19—0.

Example 5. We consider an example for which m = 3:

82 9
91 0
R=10 o
9 82

In this case S = 91 and g(x) = —200(x — )(x 2)(x — ) admits three zeros on [0, 1],
namely 10 2, and 2 15- Note that g ( )>0 Whlle 10 and £ 75 10 are stable zeros of g. Therefore
the proportion of white balls in the urn converges to some random variable 6,, and 6, € { 00 T q}
almost surely (see Figure 1). Note that g ( ) = g( ) = —64 implying that A = 91 > 5.
Therefore, one can check that /n(X, 9 ) converges in distribution to a centred normal
distribution of variance 6‘;133410.

Note that although we know that X, goes almost surely to a random variable X, with
support at {%, 1% }, itis an open problem to determine the distribution of X, and it is expected
that this distribution depends on the initial composition of the urn Xj.

4.2. Three-colour examples

For all three-colour examples, we use a computer algebra system to help with the calculations.
Note that it is, in practice, more difficult to apply Theorem 1(i) than Theorem 1(ii); the strategy
is to first find the zeros of the function /4, then calculate the Jacobian of 4 at these zeros, extract
their spectrum and isolate the zeros whose Jacobians only have negative eigenvalues. In all
the examples below, there is at most one such zero and it is our candidate for the limit of the
normalised composition vector Z,; if there is no such zero, we can say no more about the
considered urn (see Example 10) except that its limit set is a compact connected set stable by
the flow of x = h(x).

Once we have a candidate 6 to be the limit of Z,,, we need to check that (h(Z,), Z,—6) <0
for all n. The way we do this is by proving that (h(x), x —8) < 0 for all x € @ that is not a
zero of h. This is the most intricate part. All the examples below are stated for m = 2, since it
implies that (h(x), x —0) is a polynomial of order at most three and the set where it is negative
can be calculated exactly (we do this with a computer algebra system).
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Finally, we prove that Z,, never reaches the other zeros of 4, which proves convergence to 6
by Theorem 1(i). Applying Theorem 1(ii) to obtain the fluctuations is then straightforward.

Example 6. We consider the three-colour urn scheme defined by the following replacement

rule:
R(2,0,0) = (1,0,0), R(0,1,1) =(1,0,0),
R(0,2,0) = (0, 1,0, R(1,0,1) = (0,1, 0),
R(0,0,2) =(0,0,1), R(1,1,0) = (0,0, 1)

In this case,
x% + 2x9x3 — X1
h(x) = x% + 2x1x3 — X2
x32 + 2x2x3 — X3

The function % (x) admits four zeros on the simplex ES), given by (1, 0, 0), (0, 1, 0), (0, 0, 1),
and (%, %, _%).

We recall that the function £ is a function from =@ onto {(x1, x2, x3) € R?: x| +x24+x3 =
0}, two spaces of dimension two, therefore, the Jacobian matrix of / at any point of £ @ isa2x2
matrix. The eigenvalues of the Jacobian matrix of 4 at the first three zeros mentioned above are 1
and —3. The eigenvalues of Vh(%, %, %) are —1 (with multiplicity 2), thus, this zero is stable
and is our candidate to be the almost sure limit of Z,,. We actually have Vh(%, %, %) = —id,.

One can check that the only solutions of (h(x),x —68) = 0 on O where § = (%, %, %),
are the four zeros of h. Since 6 is a stable zero of A, (h(x), x — 0) < 0 in a neighbourhood
of 6, and, thus, by continuity, (h(x), x — 6) < 0 for all x in £ such that & (x) # 0.

Finally, note that Zy # (1, 0, 0) implies that Z,, # (1, 0, 0) for all » > 0, and similarly for
(0, 1,0) and (0, 0, 1). Thus, Theorem 1(i) applies and we see that Z,, converges almost surely
tof = (%, % %) (if the urn contained balls of more than one colour at time 0).

We now apply Theorem 1(ii). One can check that

(2 -1 -
r=-[-1 2 -1 (8)
9\Z1 -1 2
and

+o00
T = / (e "?id)' T (e */%id) du = T.
0

Finally, note that the eigenvalue of —Vh(6) with the smallest real partis A = 1 > §/2 = %

We have 2Re(A)/S — 1 = 1, implying that
Vn(z, = 1) — N(0,I) indistribution when n — oo,
where 1 = (1, 1, 1) and " given by (8).

Since Z, and % are in the simplex > @ we know that ¥ = I' are of rank at most two, and
that, in particular,

(1,1, D) =rd,1, 1)) =0,

which can indeed be checked using (8).
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Example 7. See Figure 2. Consider the three-colour urn scheme defined by the following
replacement rule:

R(2,0,0) = (2,0,0), R©,1,1) = (0,1, 1),
R(0,2,0)=(1,0,1), R(1,0,1) = (0, 2,0),
R(0,0,2) = (1,1, 0), R(1,1,0) =(0,0,2)

In this case,
2x12 + x22 + xg —2x1
h(x) = | x3(4x1 + 2x2 + x3) — 2x2
x2(4x1 + x2 + 2x3) — 2x3

One can check that /1 (x) admits two zeros on the simplex 253), given by (1, 0, 0) and (%, %, %).
The eigenvalues of the Jacobian matrix of 4 at (1,0, 0) are 2 and —6. The eigenvalues of
Vh(%, %, %) are —2 and — %, thus, this zero is stable and is our candidate to be the almost sure
limit of Z,,.

Using computer algebra software, we can also check that the only solutions of (4 (x), x—0) =
0 are (1,0,0) and 6 = (%, % %). Since 0 is a stable zero, (h(x),x — 6) is negative in a
neighbourhood of 6, and, by continuity, it is negative on £ \ {(1, 0, 0), 6}.

Note thatif Zy # (1,0, 0) then Z,, # (1,0, 0) foralln > 0. We can thus apply Theorem 1(i)
and conclude that if Zg # (1, 0, 0) then Z,, converges almost surely to 6 = (%, %, %).

We now apply Theorem 1(ii). We calculate that

L2 -1 - L2 -1 -
r=|-1 3 —2f. ==5|-1 19 6| 9)
S\o1 22 3 S\Z1 6 19

Finally, note that the eigenvalue of —Vh(6) with the smallest real partis A :=2 > §/2 =1,
implying that, since 2Re(A)/S — 1 =1,
Vn(z, - (%, %, %)t) — MN(0,X) in distribution when n — oo,

where ¥ is given by (9). (Again, one can check that, as expected, (1, 1, 1)" =0.)

PR D

\
\
\
\
N

S
V7

FIGURE 2: Two realisations of the urn of Example 7 starting respectively from (10, 3, 3) and (2, 6, 20),
and running for 400 steps. The arrows are the vector fields associated to & on the simplex ©; one can,

in particular, see that (1, 0, 0) is indeed an unstable zero while (%, % %) is stable.
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R =
N\
\

N T T T T
N\
\

m————

.............

FIGURE 3: Two realisations of the urn of Example 8 starting respectively from (3, 10, 3) and (2, 5, 20),
running for 400 steps (left) and 4000 steps (right). Both realisation converge to the stable zero (é, %, %);
one can compare the speed of convergence with the faster Example 7 shown in Figure 2.

Example 8. See Figure 3. Consider the three-colour urn scheme defined by the following
replacement rule:

R(2,0,0)=(3,0,0), R,1,1) =(3,0,0),
R(0,2,0) = (0,3, 0), R(1,0,1)=(,1,1),
R(0,0,2) = (0,0, 3), R(1,1,0) =(, 1, 1).

In this case,
Bx% 4+ 2x1x + 2x1x3 + 6x2x3 — 3x
h(x) = 3x§ + 2x1x2 4+ 2x1x3 — 3x2
3x§ + 2x1x2 4+ 2x1x3 — 3x3

One can check that 4 (x) admits four zeros on the simplex 2(3), given by (1,0, 0), (0, 1, 0),
(0,0, 1), and (%, %, é). The eigenvalues of Vi at the first three zeros are —2 — /13 and
—2 + /13. The eigenvalues of Vh(%, %, %) are —1 and —%. Thus, 6 = (%, %, %) is a stable
zero of h.

We also check that the only solutions of (h(x), x —8) = 0 on £ are the zeros of 4. Using
the fact that (h(x), x — 0) < 0 on a neighbourhood of 6, thus, on the whole domain except at
the zeros of &, and using the fact that Zy # (1, 0, 0) implies Z,, # (1,0, 0) for all n > 0 and
similarly for (0, 1,0) and (0, 0, 1), we can apply Theorem 1(i) to find that the renormalised
composition of the urn Z,, converges almost surely to 6 = (%, %, %) (if the urn contained balls
of more than one colour at time 0).

We can now apply Theorem 1(ii). Note that, in thiscase, A =1 < §/2 = %, and the Jordan
block of VA () associated to 1 has size 1 (since VA has two distinct eigenvalues given by —1
and —%), implying that nl3(z, — (%, %, %)’ ) converges almost surely to a random variable W.

Example 9. Consider the three-colour urn scheme defined by the following replacement rule:

R(2,0,0) = (0,0, 2), R(0,1,1) = (0,1, 1),
R(0,2,0) =(0,0,2), R(1,0,1) =(1,0, 1),
R(0,0,2) = (0,0, 2), R(1,1,0) = (1,1, 0).
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We have
X1X2 + x1X3 — X1
h(x) =2 X1X2 4 X2X3 — X2
X% 4 x5 4 X3 4 x1x3 + X0x3 — X3
The function & admits a unique zero on the simplex 2(3), given by (0, 0, 1). The eigenvalues
of Vh(0, 0, 1) are 0 (with multiplicity 2).

We can solve explicitly (h(x), x — (0,0, 1)) on »® and check that (0,0, 1) is the only
solution. Also, (h(1,0,0), (1, 0,0)—(0, 0, 1)) = —4. By continuity, (k(x), x—(0,0, 1)) <0
for all x € =3\ {(0, 0, 1)}. Thus, Theorem 1(i) applies, and the renormalised composition
vector Z, converges almost surely to (0, 0, 1). Nothing can be said about the rate of convergence
since VA (0, 0, 1) admits zero as an eigenvalue (and Theorem 1(ii), thus, does not apply).

Example 10. (Rock—paper—scissor game [16].) Consider the three-colour urn scheme defined
by the following replacement rule:

R(2,0,0) =(1,0,0), R©O,1,1) = (0, 1, 0),
R(0,2,0) =(0,1,0), R(1,0,1) = (0,0, 1),
R(0,0,2) = (0,0, 1), R(1,1,0) =(1,0,0).

This urn scheme was studied by Laslier and Laslier [16] as a model for the famous rock—paper—
scissors game; the first colour represents scissors, the second paper, and the third rock, and
the replacement rule encodes the standard rules of the game (scissors wins against paper, paper
wins against rock, and rock wins against scissors). We have

x1(x1 +2x2 — 1)
h(x) = [ x2(x2 +2x3 — 1)
x3(x3 +2x; — 1)

The function A admits four zeros, being (1, 0, 0), (0, 1, 0), (0, 0, 1), and (%, _%, %), but none of
them are stable.

In [16, Theorem 7] it was proved that the composition vector does not converge when n goes
to 0o, but is concentrated on a cycle instead. Therefore, our Theorem 1 does not apply, further
than saying that the limit set of (Z,),>0 is a compact connected set.

The authors also studied what they call a three-alternative scheme, in which a sample of
three balls is sampled at every time step, and the replacement rule depends on the order of
sampling of these balls: if one samples (scissors, rock, paper), we obtain

(scissors against (rock against paper)) = scissors against paper = scissors,
while for the sample (paper, scissors, rock), we have
(paper against (scissors against rock)) = paper against rock = paper.

In the rock—paper—scissor game, we see that an interesting extension of our model is to sample
an ordered set of balls (or rather a sequence of balls) at each step and make the replacement
rule depend on this sequence of m randomly sampled balls.

5. The two-colour nonbalanced case (proof of Theorem 3)

We have shown in this paper how stochastic algorithms can be used as a powerful tool to
study multiple drawing Pélya urns. Our main achievement is to remove the affinity assumption
that was previously made in the literature (see [11]) and, thus, considerably increase the number
of urn schemes to which the strong law of large numbers and the central limit theorem apply.
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The main open question is how to generalise these results to the nonbalanced case: we show
in this section how to prove Theorem 3.

There are two main difficulties occurring when treating the unbalanced case. First, there are
very few results in the literature on stochastic algorithms that allow the sequence (y,,),>0 to be
random (which is the case when the urn is nonbalanced since y,, = 1/T,,). Second, we need to
control the speed of convergence of the total number of balls divided by n, i.e. T;,/n to its limit.

To prove Theorem 3, we apply the work of Renlund [20]. In this work, a strong law of
large numbers and a central limit theorem were proved, but only in the case when the stochastic
algorithm (6,),, >0 is one-dimensional, which is why this result can only be applied to two-colour
Pélya urn schemes.

5.1. Estimates for the total number of balls in the urn

Proposition 1. If X, converges almost surely to a limit 0, then the sequence T, /n converges
almost surely to

" m _
w = Z <k>ef(1 — 9*)m k(am—k + bn—k).
k=0

Proof. In this proof we use the notation EE; for the expectation conditionally on the canonical
filtration ¥;. Write

Tyt1 _ T, Cm—{nq
n—+1 n—+1 n—+1

To - "
+ Z(cm7§i+1 - Ei [Cmfg,»ﬂ ]) + m Z IEi [cm7§i+1]a (10)
i=0

n+1 n+1i=0

where we recall that ¢; 4 is the number of white balls sampled at time i 4+ 1. Note that

m m
k _ k _ .
Eilcm 1= (l.)Xf(l—Xi)m fem =Y (i>95(1—9*)’" Yewr=w, i— 00,

k=0 k=0

and, thus, by Cesaro’s lemma, almost surely,

1 n
Z]Ei[cmffiﬂ] - w, n — 0o.
n+1 =

Moreover, AD; 1 = cm—¢;,, — Eilcm—¢,,] is a martingale difference sequence such that

<D>”—1nE<AD- 2_1"E2 E; 2
== ) ElAD)’ )=~ ) [Eilep g, ] = Eilen—g., ']
i=0 i=0
Note that
Eilcp ¢, ] = Bilem—g,, I’
m m m m 2
=y <k)c3nkxf(1 — X))k~ (Z (k>cm_kxff(1 - X,')m_k)
k=0 k=0
m m m m 2
= <k>c,2n_kef(1 —0,)"k — (Z <k>cmkef(1 —9*)"1—") N
k=0 k=0
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thus, by Cesédro’s lemma, (D), /n converges to the same limit, and, by [6, Theorem 1.3.17],
we find that D,,/n — 0 almost surely when n tends to co. Therefore, by (10), 7;,/n converges
almost surely to w. ]
5.2. The associated stochastic algorithm

As already mentioned in Section 3, in the two-colour case, we can reduce the study to the first
colour since B,, + W, = T,,, and the associated stochastic algorithm is thus one-dimensional.

Lemma 4. The proportion of white balls in the urn at time n, denoted by X, = W,/ T,, satisfies
the following recursion:

1
Thp

Xpp1 =X, + (g(Xn) + AMyq 1+ €py1),

where €41 is F,-measurable and goes almost surely to 0 as n goes to oo. Then

F(x) = (1—x) ]; (’Z)amkxk(l —x)y"k —x g (’Z)bmkxku — K,

and
AMn-H = Ipn41 _E[Yn—H | ~7‘vn]

with
Y”+1 = am_{n-%—l - Z” (am_Cn+l + bm_Cn+l )
The proof of this lemma is omitted since it is very similar to the proof of Lemma 2.
5.3. Law of large numbers

In view of Lemma 4, we can apply the following result of Renlund [20].

Theorem 6. Assume that the sequence (X,,),>0 satisfies

Xnt1 = Xn = Va1 (f (Xn) + Var 1), (1)

where (Yy)n=1 and (V,)p>1 are two F,-measurable sequences of random variables and f is
a continuous function from [0, 1] onto R such that f(0) > 0, f(1) < 1, and f # 0. Assume
that, almost surely,

C1l 2 T 2
;SJ/nS;, Vil < Ky, |f(Xn)|§Kfs IE[Vn+1Vn+1 | J'n]|§KeVn,
where the constants cy, c2, Ky, K ¢, and K, are positive real numbers. Then 6, := lim;,_, 1 X,

exists almost surely, f(6,) =0, and f'(6,) <O.

This result allows us to prove Theorem 3(i).

Proof of Theorem 3(i). In view of Lemma 4, the proportion X,, of white balls in the urn
satisfies

|
Xpr1 =Xy + T (&(Xy) + AM; 1 +ep11),

n+1

which is the same as (11) with f = g, V,41 = AM,4+1 + &n+1, and y,41 = 1/T,,41. Note
that, by the tenability assumption (see Lemma 1), g(0) = @, > 0 and g(1) = —bg < 0 as
requested in Lemma 4.

https://doi.org/10.1017/jpr.2018.16 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2018.16

278 N. LASMAR ETAL.

By assumption, it follows that lim inf,,_, 5, 7, /7 > 0, implying that there exists a constant ¢
such that 7, > cn forall n > 0. If we let C = max|<k<n cx then we have, almost surely, cn <
T, < Ty 4+ Cn, implying that there exist two constants ¢; and ¢, such that c;/n <y, < c2/n
almost surely for all n > 0.

Recall that AM,, 1| = Y41 —E[Y,41 | F,], where Y11 = g(X,,). Note that the function g
is continuous and, thus, bounded on [0, 1], implying that |AM, 1| < 2max,11&. Also,
ent+1 — 0 almost surely when 7 tend to oo, implying that this sequence is bounded. Thus,
there exists K, such that |V,| = |[AM, + ¢,| < K, foralln > 1.

For all n > 0, we have |g(X,)| < max[o,1] &, and, finally, since 7,41 > c(n + 1) almost

surely, we have
1 c
B i1 Vagt | Fall = —E[(l—ﬂ>vn+1 ?n]
Tn Tn+1

_ Ellent+1| | Fal + LE[ Ceypn Va1
Tn Tn Tn+l

5|

where we have used the fact that E[AM,+1 | F,] = 0. Recall that ¢, = 0 in the with-
replacement case, and |&,| = O(1/T,) in the without-replacement case. Also recall that, by
assumption, To + cn < T, < Ty + Cn, implying that there exists a constant K, such that
IE[vit1 Var1 | Full < Kvyn2 as requested in Lemma 4.

We can thus apply Lemma 4, which proves Theorem 3(i). ]

5.4. Central limit theorem

Our aim in this section is to apply Renlund’s [20] central limit theorem for stochastic
algorithms. This result is expressed as follows.

Theorem 7. (See [20].) Let (X,)n>0 satlsfy (11) and 9* be a stable zero of f. Conditionally
on the event {X,, — 0,}, let y, := nynf(X,, 1), where f(x) —f(x)/(x — 0,), and assume
that y, converges almost surely to some deterministic limit y.

() Ifp > L and if El(ny, Vi)? | Fail — 02 > 0, then Jn(X, — 6,) — N(0,0%/(2p
— 1)) in distribution when n — oQ.

(i)) #f9 =3, Ann)(3 = %) = O, and E[(ny, V) | Fuo11=>02 > 0,n — 0o, then

/li(xn —6,) = N(0,0%) in distribution when n — .
nn

Renlund also proved the following result.

Theorem 8. (See [20].) Let (X,)n>0 be a sequence of random variables that satisfies (11),
and 0, be a stable zero of f. Conditionally on {X, — 0.}, assume that there exists y € (0, %)
such that, almost surely when n tends to oo,

o A 1
Yn —VY = (9<|Xn — 0. + ;)
Then n” (X, — 6,) converges almost surely to a finite random variable when n tends to oo.

Theorem 6(i) applies to our framework and allows us to prove Theorem 3(ii).

https://doi.org/10.1017/jpr.2018.16 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2018.16

Multiple drawing multi-colour urns 279

Proof of Theorem 3(ii). The idea of the proof is to apply Renlund’s result to the stochastic
algorithm of Lemma 4. In this case, y,, = (n/T,)8(Xn-1)/0x — Xn—-1), f = &, and V;, =
AM,, + ¢,. First note that, since g is a polynomial, it is, in particular, differentiable in 6,, and,
thus, conditionally on {X,, — 6.}, we have

g(Xn—l) — _g/(e*)
9* - anl

Moreover, Lemma 1 yields that y,, — —g'(6,)/w =: A. We now turn our attention to
n(AM, + &,)\>
_ Fu-1l.
Ty

Note that 7;,/n — w almost surely, &, — 0almostsurely, and AM,, = Y,,11 —E[Yy41 | Fu-1]-
A simple calculation (using g(6,) = 0) then leads to

2
E[("(AMn + 811))
T,

We can thus apply Theorem 7, which concludes the proof of Theorem 3(ii). ]

E[(nyn V) | Fao1]l = E[(

57,1_1] — —2H(9*) almost surely when n — oo.
w

As we now see, we need information about the speed of convergence of 7, /n to its limit in
order to solve the two remaining cases: A = % and A < % And, in view of Theorem 8, it would

be enough to prove that
1
= (9<|Z,, — 0. + —).
n

Unfortunately, we are not yet able to prove this statement.

Tn
— —w
n

5.5. Examples

Theorem 3 already permits us to treat some particular cases of nonbalanced Pélya urn
processes. In this section we provide examples to which our result applies, but also some
examples that do not fall into our framework, either because A < % oro? =0.

Note that in all examples given below, ming<x<m, cx > 1 (recall that ¢y = ai +by), implying,
in particular, that lim inf,,_, o, T,,/n > 0, as required in Theorem 3.

Example 11. Take

2 1
R=|1 1
1 2

In this case, g(x) = (1 — x)3 — x3, and this function admits a unique zero at 6, = % This

particular case thus falls under Theorem 3 and X,, converges almost surely to % We also have

w= % and g/(%) = —%, implying that A = % > % Finally, note that H(%) =10%= %, and

=z,
20— 1= % meaning that
ﬁ(Xn — %) — N(O, 11—0) in distribution as n — oo.

Example 12. Let a and b be two distinct integers, and let a,,—_; = a(m — k) and b,,,_; = bk
for all 0 < k < m. This example was studied in [1], where it was proved that X, converges
almost surely to v/a/(v/a + +/b), and that

ﬁ(X,, — %) — a\/<0, 3(«/_%) almost surely as n — oo. (12)
a m(y/a
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This result can be reproved as a corollary of our main results. One can check that
g0 = mla(l —x)* — bx?],

with a unique root in [0, 1] at 8, := /a/(a + \/E). Thus, Theorem 3(i) yields the almost
sure convergence of Z, to ,. Moreover, g’'(0,) = —2m+/ab and w = m+/ab, implying that

A = 2. Finally,
b)3/? Vab
H(g*):&, azz—a, 2% —1=3,
(va + vb)? m(y/a + /b)?

which, applying Theorem 3(ii), yields (12).

Example 13. Let a and b be two distinct integers, and let a,,_; = ak and b,,,_; = b(m — k)
for all 0 < k < m. This example was studied in [1], where it was proved that, if a < b
(respectively, a > b), X, converges almost surely to O (respectively, 1) when n tends to oo, and

n~bx, — ¥ almost surely,

where W is an absolutely continuous random variable (in which the first and second moments
are calculated).
We now attempt to apply our results. We see that

gx)=m(a —b)x(1 —x).

This polynomial admits two zeros, 0 and 1. Note that g'(0) = —g'(1) = m(a — b). Thus,
by Theorem 3(i), if @ < b then X,, converges almost surely to 0, and if @ > b, X,, converges
almost surely to 1. In both cases,

w = max(a, b)m,

and, thus, A = |a — b|/max(a, b). Also note that in both cases, H (6,) = 0, which means that

o2 = 0. Even in the cases when A > %, this example does not fall into our framework since
2

o°=0.
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