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A Cesaro-like operator from a class of
analytic function spaces to analytic
Besov spaces

Pengcheng Tang

Abstract. Let y be a finite positive Borel measure on [0,1) and f(z) = Y52, anz" € H(D). For 0 <
a < oo, the generalized Cesaro-like operator €4 is defined by

o n D(n—
UNGIOEDY (HZH

n=0

uk)z", zeD,

where, for n > 0, u, denotes the nth moment of the measure y, that is, y, = fol du(t).
For s > 1, let X be a Banach subspace of H(ID) with A§ ¢ X c B. In this article, for 1 < p < oo, we

characterize the measure y for which C,,4 is bounded (re;p. compact) from X into the analytic Besov
space Bj.

1 Introduction

LetD = {z € C : |z| < 1} denote the open unit disk of the complex plane C and H(D)
denote the space of all analytic functions in D. H* denote the set of bounded
analytical functions on .

The Bloch space B consists of those functions f € H(ID) for which

1fll = 1£(0)] +sup(1 - [21*)If" (2)] < oo

For 1< p < oo, the analytic Besov space B, consists of those functions f € H(ID)
such that

£, =171+ ([ IF @I Q-1 2da@) <o

where dA(z) = @ is the normalized area measure on D. When p = 2, then B, is just
the classic Dirichlet space D. If 1 < p; < p, < oo, then B, ¢ B, ¢ B. It is known that
the analytic Besov spaces are Mobius invariant and the Bloch space B is the largest
Mobius invariant space.
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A Cesaro-like operator 1211

The space B; consists of f € H(ID) such that

Iflls, = [F@1+1£ @)1+ [ If"(2)ldA() < oo.

The space B is the smallest M6bius invariant Banach spaces of analytic function in D
and B; ¢ H™. See [32, Chapter 5] for the theory of these spaces.

Let 0 < p < oo, the classical Hardy space H? consists of those functions f € H(D)
for which

||f||p = sup Mp(r>f) < 0o,

0<r<1

where

27 . 1/p
My )= (5 [ IFGeIpde) o< p <o,
Mao(r, f) = sup | £(2)].

|z]=r

Let1< p < ooand 0 < a < 1, the mean Lipschitz space A% consists of those func-
tions f € H(ID) having a non-tangential limit almost everywhere such that w, (¢, f) =
O(t*) ast — 0. Here w, (-, f) is the integral modulus of continuity of order p of the
function f(eig). It is known (see [11]) that A% is a subset of H? and

Aﬁ:(feH(]D)):Mp(r,f’):o(l)l_a), asr—>l).

a-r
The space A% is a Banach space with the norm || - || A? given by
[ flaz = 1£(0)] + 08;131(1 =) My (r, f).
It is known (see, e.g., [8]) that
A‘; ¢B. 1< p<oo.

For f(z) = ¥pep anz" € H(D), the Cesaro operator € is defined by

e(f)(2) = f;(lﬂkzk) 2eD.

The boundedness and compactness of the Cesaro operator C and its generalizations
on various spaces of analytic functions such as Hardy spaces, Bergman spaces,
Dirichlet spaces, the Bloch space, Q, spaces, mixed norm spaces have been widely
studied. See, e.g., [1, 2, 10, 19, 24-26, 30]. We refer the reader to the recent survey [22]
for more on Cesaro operator.

Recently, Galanopoulos et al. [13] introduced a Cesaro-like operator C, on H(ID),
which is a natural generalization of the classical Cesaro operator C. They considered
the following generalization: For a positive Borel measure y on the interval [0,1) they
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define the operator

Cu(f)(2) = i( tn Zn:f(k))zn = fol {Ethdy(t), zeD

n=0 =
where y, stands for the moment of order n of y, that s, y,, = fol t"du(t). They studied
the operators C, acting on distinct spaces of analytic functions (e.g., Hardy spaces,
Bergman spaces, the Bloch space, etc.).

The Cesaro-like operator €, defined above has attracted the interest of many
mathematicians. For instance, Jin and Tang [18] studied the boundedness (resp.
compactness) of €, from one Dirichlet-type space D, into another one Dg. Bao et al.
[4] studied the range of C, acting on H*. Blasco [6] investigated the operators
€, induced by complex Borel measures on [0,1), and extended the results of
[13] to this more general case. Galanopoulos et al. [12] studied the behavior of
the operators C, on the Dirichlet space and on the analytic Besov spaces B,.
Recently, Bao et al. [3] have complectly characterized the measure y such that
€, is bounded (resp. compact) on the Dirichlet space. The reader is referred
to [5, 7, 14, 28, 29, 31] for more on Cesaro-like operators on spaces of analytic
functions.

In [4], Bao et al. introduced a more general Cesaro-like operator. Suppose that
0 < a < o0 and y is a finite positive Borel measure on [0,1). For f(z) = ¥ ov a,z" €
H(D), they defined

ChalNE@) =Y (”” > m )Z el

n=0 k=0

A simple calculation with power series gives the integral form of €, 4 as follows.

f(t2)
CuaN@) = [ D du)

For1<s < oo, let X be a Banach subspace of H(ID) with Aj c X c B. There are
many well known spaces located between the mean Lipschitz sp;ce A5 and the Bloch
space B. In [4], the authors investigated the range of C, , acting on H . They proved
that if max{1, 2} <s < oo, then C,,«(H*) c X if and only if 4 is an a-Carleson
measure. Zhou [31] considered the same problem for the measure y supported on .
Guo etal. [17] investigated the boundedness (resp. compactness) of €, , acting from X
to weighted Bergman spaces A‘Z. Galanopoulos et al. [15] characterized the measure
u such that €, . is bounded from weighted Bergman space A‘; to A when1<p <
q < oo and 8 > —1. Sun et al. [27] studied the boundedness (resp. compactness) of the
operator C, ; acting from B, to X. It remains open to characterize the boundedness
and the compactness of C, , from B, to B, when p >1and p # 2. The Besov spaces
B, and Bloch space B are Mobius invariant and the Bloch space B can be regarded as
the limit case of B, as p — +o0. The purpose of this article is describe the measure u
such that the operator €, , is bounded (resp. compact) from X to B, for 1 < p < oo.
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Our main results are included in the following.

Theorem 1.1~ Suppose 0 < a < 00,1< s < 00 and max{l, -} < p < oo. Let y be a finite
positive Borel measure on [0,1) and X be a Banach subspace of H(D) with A} c X c B.

Then the following statements are equivalent.

(1)  The operator C, 4 is bounded from X to B,,.
(2)  The operator C, o is compact from X to B,,.
(3) 'The measure u satisfies

8

(n+1)P*ublogl (n +2) < oo.
0

n

For p =1, we have the following corollary.

Corollary 1.2 Suppose 1< a < 0o and 1<s < oco. Let y be a finite positive Borel
measure on [0,1) and X be a Banach subspace of H(D) with A} c X c B. Then the

following statements are equivalent.

(1)  The operator C, 4 is bounded from X to B,.
(2) The operator C, , is compact from X to By.
(3) The measure u satisfies

S (n+1)* ", log(n +2) < oo.

n=0

(4) The measure u satisfies

1 logﬁ
]; (1o () <o

When p = 2, the space B; is the classic Dirichlet space D, so we have the following
corollary.

Corollary 1.3 Suppose 1 < a < oo and 1< s < oco. Let u be a finite positive Borel
measure on [0,1) and X be a Banach subspace of H(D) with A5 c X c B. Then the

following statements are equivalent.
(1)  The operator C, , is bounded from X to D.

(2)  The operator C,, o is compact from X to D.
(3) The measure y satisfies

S (n+1)> "yl log®(n +2) < co.
n=0

Throughout the article, the letter C will denote an absolute constant whose value
depends on the parameters indicated in the parenthesis, and may change from one
occurrence to another. We will use the notation “P < Q” if there exists a constant
C = C(:) such that “P < CQ,” and “P 2 Q” is understood in an analogous manner. In
particular, if “P < Q” and “P 2 Q,” then we will write “P x Q”.
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2 Preliminaries

To prove our main results, we need some preliminary results which will be repeatedly
used throughout the rest of the article. We begin with a characterization of the
functions f € H(ID) whose sequence of Taylor coefficients is decreasing which belong
to BP. For a proof, see, e.g., [16, Theorem 3.10] and [20].

Lemma21 Letl<p<ooandf(z)=Y,,anz" € H(D). Suppose that the sequence
{an}p2o is a decreasing sequence of nonnegative real numbers. Then f € B, if and

only if

oo
> nPal < oco.
n=1

The following lemma contains a characterization of L?-integrability of power series
with nonnegative coefficients. For a proof, see [21, Theorem 1].

Lemma 2.2 Let0< f3,p < oo, {A,}52, be a sequence of nonnegative numbers. Then

1 = P o 4
f (l—r)Pﬁ_l(Zl,,r”) dr x 22_"”; >k
0 n=0 n=0 kel,
where Iy = {0}, I, = [2"1,2")nN forn e N.

The following lemma is a consequence of Theorem 2.31 on page 192 of the classical
monograph [33].

Lemma 2.3
(a) The Taylor coefficients a, of the function

1 2
= Y
f(Z)—(l_Z)ﬂIOg Z,ﬁ>0,yeR,ze]D

1-
have the property a, < nf~'(log(n +1))?.
(b)  The Taylor coefficients a, of the function

2
f(z) =log’ TR A 0,zeD
-z
have the property a, < n"'(log(n +1))?~%.
We also need the following estimates (see, e.g., [23, Proposition 1.4.10]).

Lemma 2.4 Let a be any real number and z € D. Then

, " 1, if a<l,
/1
o 2 i -
fo 1o < |08 F  Fasl
. i 1
EEDEAL L
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The following lemma is useful in dealing with the compactness. The proof is similar
to that of [9, Proposition 3.11]. The details are omitted.

Lemma 2.5 Let p>1, s>1, X be a Banach subspace of H(D) with A c X c B.

Suppose that T is a bounded operator from X to B,. Then T is compact lf;l}’ld only if
for any bounded sequence { fi } in X which converges to 0 uniformly on every compact
subset of D, we have limy .o || T(fx)||5, = 0.

Proofs of the main results

We now present the proofs of Theorem 1.1.

Proof of the implication (1) = (3)  Since the definition of the space B; is slightly
different from B, when p > 1, we split the proof into p =1 and p > L.

Casel: p=1

Assume that €, ,, is bounded from X to By. Let g(z) = log 1 = Y32, % It is easy
to check that g € A c X. This implies that C,, (g) € Bi. For z € D, by the definition

of C,, o we get

Cua(8)"(2) = 2((” +2)(”+1)“”+2’§: Fl;(;q);n2+ Zk +k")")k)

For 0 < r < 1, by Hardy’s inequality we have that

M(r, C’H,a(g)”) 2 i ((”"‘2 l"ﬂ+2% FE:;Zn2+ 2k +k0)(')k)r

n=0

It follows that

12 gllx 2 1Cua()ln = [ 1€0a(8)"(2)ldA()

1
:2[ My(r,Cpa(g)")rdr
0
1% 2 T(n+2-k+a)
> n+l1
N/o ,;)((””)“"”Zr(a)(wz k)'k)r dr

2 T(n+2-k+a)

g Z Hns2 Z “T(a)(n+2-k)k’

Using the Stirling’s formula, we get

L T(n+2-k+a) "E(n+3-k)*!

,; C(a)(n+2-k)k ™ kzl k
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For n > 1, simple estimations lead us to the following

n+2 (n+3-k)* 1 = n+2 (n+3—k)“_1
(3l (z 5 1)k

k=1 [n+2
"+2 1 n+2

A(,m)wlzf 1S (hizope
+1k:["T“]H

< (n+1)*og(n+2) +(n+1)*"
< (n+1)*log(n +2).

Therefore,
i 2 T(n+2-k+a)
1>
NZ M2 4 () (n+ 2- k)l
2y (n+ 1)“_1/4,, log(n +2).
n=0
Case2: p > 1.

~

Let g be the conjugate index of p, that is, % + é = 1. It is known that (B,)* = B,
(see [32, Theorem 5.24]) under the paring

(F,G) = fDF’(z)G’(z)dA(z), FeB, GeB,
This means that C, , is bounded from X to B, if and only if
[(Cu,a(F), G)| < |IF||x|Gl|B, forall F € X, G € B,.

Now, suppose that €, , is bounded from X to B,,. Take g(z) = 3,2, g(n)z" € B, and
the sequence of its Taylor coefficients is a decreasing sequence of the nonnegative real

numbers. Let f(z) = log ;1= = 3,_; = € X, we have that

(Crua () &) S I £1IxIIg]l5, -

A simple calculation shows that

>, " I(n-k+a) \_
(Cpall = S (32 7 S Nt
This implies that

1 k+0£) q-1

(Coal)rg)l = S ntu (zw)g(n)nqm.

n=1 k=1

By Lemma 2.1, the sequence {§(n)n‘%1 }o2, € 1. The well known duality (17)* = 1P

yields that
1 " I'(n-k+a) )}oo
niu, _— Elp.
{ ¢ (%F(a)(n—k)!k
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Using the estimate Y7 _, rr(”7k+a)

OIS (n+1)*'log(n +2) we deduce that

Z(n+l VP P logf (n+2) < oo.

Proof of the implication (3) = (2)  Let { fi };2, be a bounded sequence in X which
converges to 0 uniformly on every compact subset of . Without loss of gener-
ality, we may assume that f;(0) = 0 and sup,, ||f]|x <1 It suffices to prove that
limy o0 [|Cpa (fi)lIB, = 0 by using Lemma 2.5. As before, we divide the proof into

p=landp>1L
Casel: p> 1.
Assume that 7% (n +1)?% 1yl log? (n +1) < oo, then
o = 2"-1
S(n+1)P T ublogf(n+1) =Y | Y (k+1)P* "yl logf (k +1)
n=1 n=1 \ k=271
2 2" ub, logh (2" +1)
n=1
0o 2n+1_1 . p
227N (k1) Py log(k+1) |
n=1 k=2n
This shows that
0o 2n+1_1 . P
S 27N (k+1)* P pglog(k+1) | < oo.
n=1 k=2n

By Lemma 2.2 we have that

1 o0 L p
/0 (1-r)P? (Z(n +1)* 7, log(n + l)r") dr

oo 2n+1 1 p
X 22”(1’1)( > (k+1)" Pyklog(k+1))

k=2"

Therefore, for any € > 0 there exists a 0 < ry < 1 such that

1 00 L p
6)) / (l—r)Pz(Z(nJrl)“Pyklog(k+1)r") dr<e.
To n=0
It is clear that

lualidll, = ([ + [ ) Ieualh @P Q=) dAG)

=Tkt Joke
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By the integral representation of C, , we get

@ awe- [ B [ D 0.

tZ) o tz)(x+l

Cauchy integral theorem implies that the sequence {f]}72, is also converge to 0
uniformly on every compact subset of D. Thus, for |z| < rq we have that

AN Ifk(tZ)I

Crua(fr) (2)] S t
| u, (fk) (Z)| |1 tZ|"‘ |1 ‘(X+1 ‘H( )
1 1
S () [ due
N‘vsv“ilio(|fk(w)|+|fk(w)|) o 0= tre)™n u(t)
S ‘Sl‘lp (Ife W)+ [fe(w)]) -
wl<rg
It follows that
Jik = 0, (k— o0).
Next, we estimate J; x.
Since X c B, we have
3) [fi(2)] 5 log - e| and [ ()] 5 | forall k>1z¢D.

By (2) and (3), Minkowski inequity, Lemma 2.4 we get
| rotfl(tre'?) tfi(tre'?)
M ’e « ) = f k - -
P(r U, (fk) ) { 0 (1_ tre;@)zx (1_ trel@)terl
2m 1 1 i Pd@ %
< - t
~ fo (.A (1-tr)[1 - treif)e u ))
27 logl - p »
a t)| 40
{f (.[ [1- tre'9|"“rl au( ))
1 1 2m do %
< - du(t
N/(; 1-tr ([0 |1—tre’9|P“) u()
1 e 27 40 7
1 f : du(t
" [o %1 1 ( o |1- tre’9|1’(“‘+1)) u(t)

< folH(t,r)dy(t),

du(t)

%
Pd@}
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where
log =
_ %% H’l -, if p>—,
H(t,r)={ Q=) «
bl e 1
1-tr
, if p=—.
1-tr P o
Lemma 2.3 yields that

My(r €yl )5 [t I(e) % 301 +1)" g+ 1)
This together with (1) implies
Bi= [ Cual ) @P (- [ dAGz)
s [ =M€ (fi) Yer

S [1(1 —r)P2 (i(n + 1)“7%;4,4 log(n + l)r")p dr
0 =
SeE 0
Consequently,
tim 1€, (), = 0.

Case2:p=1
When p =1, Lemma 2.3 shows that the condition Y52, (1 +1)* 'y, log(n +2) <
oo is equivalent to fol lg% tl;i du(t) < co. Hence, for any ¢ > 0 there exists a 0 < to < 1

such that

log 1%
(1 t)¢

By the integral representation of €, , we have

5 Coulf)"(2) = f (tzf’/(tz) 2012 f'(tz) . a(“+1)t2f(tz))dy(t).

(1-tz)*  (1-tz)o (1- tz)«+?

(4)

du(t) <e.

For 0 < r < 1, we have

Mi(r €ua(£)) % sup (R OD]+ 00|+ et [

|w|<to

_du(t)
to r)uc+2

fm Gl I/ o /(G RN

to |1— treff|e |1 treffa+l |1 - treif|o+2

Since {fx} ¢ X c B, we see that

(6) I (2)] S ( | 2 forall k>1.
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The assumption of p means that & > 1. By Fubini’s theorem, (3), (6), and Lemma 2.4,
we have

[ et )

to [L—trei®|e |1 treff|a+l |1 - treif|a+2

du(t)do

</1f2” ! N ! AL S=72 PO
~Jt (1—tr)21—treff|  (1-tr)[1 - trei®|etl |1 - treif|o+2

g1 _ o 1-tr
f = r)n H (0

Hence,

-/to<|z\<1 |@,4,a (fk)”(z)|dA(z)
:ZAI Ml(T, eﬂ’tx(fk)”)fdr
lo
S sup (If (W)l + [ fr(w)] + [ fi( w)|)+f f 0 g1 80 g (t)dr

+1
|w|<to tr )a

s sup (/O + L0+ D + [ Tog % [ G=ircduo)

[w|<to

0g 15
< sup (O + I+ ) + [ 55 du)
< sup (/00 O+ () +

The uniform convergence of { f; } on compact subsets of D implies that

flzl Cua(fi)"(2)ldA(2) 5 sup (Ifi' ()| + [ fg (W)l + [fi(w)]) > 0, ask 0.

[w|<ty

Since fi(0) =0, so we have that [Cp a(fi)(0)] +|Cpa(fik)'(0)] = |fi(0)] =0 as

k — oo.
Therefore, we deduce that

’}Ln;lo l1Cua (fi)[5, = 0.
Thus, the operator C, 4 is compact from X to B;. [ ]
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