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Abstract

Two fourth-order difference approximations for fractional derivatives based on
Lubich-type second-order approximation with different shifts are derived. These
approximations are applied to the space fractional diffusion equation with the
Crank–Nicolson scheme. Here, we analyse the stability and convergence of these
schemes and prove that they are unconditionally stable and convergent for a fractional
order α ranging from 1 to 2. Numerical examples are presented to show that both
schemes converge, and we obtain the correct convergence rates and unconditional
stability.
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1. Introduction

Difference approximations for fractional derivatives have gained popularity as shown
in [10, 13, 18] and the references therein. The left (−) and right (+) Riemann–Liouville
(R-L) fractional derivatives are defined, as in [15], by

Dα
x∓f (x) =

(±1)n

Γ(n − α)
dn

dxn

∫
Ix∓

(±(x − ξ))n−α−1f (ξ) dξ,
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2 W. A. Gunarathna, H. Nasir and K. Nafa [2]

where Γ denotes the Gamma function, Ix− = (−∞, x], Ix+ = [x,∞) and the integer n is
the ceiling of α satisfying n − 1 ≤ α < n.

The corresponding Grünwald difference (GD) approximations for Dα
x∓f (x) are

defined by

δαx∓,h,rf (x) =
1
hα

∞∑
k=0

g(α)
k f (x ∓ kh), (1.1)

where

g(α)
k = (−1)k Γ(α + 1)

k! Γ(α + 1 − k)
, k ≥ 0

are the coefficients of the power series expansion of the generating function
W1(z) = (1 − z)α and h is the subinterval size of the equi-spaced discretization
Ih,x∓ = {xk = x ∓ kh|k = 0, 1, · · · } of the interval domain Ix∓.

The GD approximation is of first-order accuracy, but when applied to the fractional
diffusion equation (FDE), displays unstable solutions even for implicit Euler and
Crank–Nicolson (CN) numerical schemes, although these methods are unconditionally
stable for classical integer-order diffusion equations. To overcome this difficulty, a
shifted Grünwald difference approximation (SGD) was introduced by Meerschaert and
Tadjeran [11], for the fractional derivative R-L, and is given by

δαx∓,h,rf (x) =
1
hα

∞∑
k=0

g(α)
k f (x ∓ (k − r)h). (1.2)

The SGD approximation in (1.2), with shift r = 1, restores the stability of the methods
mentioned above with the same first-order accuracy.

For higher order approximations, Meerchaert et al. [17] used an extrapolation
improvement for space discretization to obtain second-order accuracy for solving the
FDE. Nasir et al. [12] obtained second-order accuracy through a noninteger shift
r = α/2 in (1.2), displaying super convergence. Convex combinations of various shifts
in (1.2) were used to obtain some second-order approximations [18]. These are called
the weighted and shifted Grünwald difference (WSGD) approximations. A third-order
approximation through WSGD was not successful as it fails to give desired stability
for 1 < α ≤ 2 [18]. However, it is shown in [9] that the unconditional stability for
the third-order method is possible for a restricted range of the fractional order α.
A fourth-order approximation was obtained by Hao [8] through a quasi-compact
difference approximation (QCA) on a WSGD approximation.

All the above higher-order approximations were obtained directly from the
first-order Grünwald formula (1.1) only with the Grünwald generating function
W1(z) = (1 − z)α with various shifts.

Earlier, Lubich [10] derived some higher-order Grünwald type difference (GTD)
approximations in terms of some generating functions of the form, for order p,
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[3] Fourth-order methods for fractional diffusion problems 3

Wp(z) =
( p∑

k=1

1
k

(1 − z)k
)α

, 1 ≤ p ≤ 6. (1.3)

In these cases, the coefficients g(α)
k in (1.1) are replaced by the coefficients of the power

series expansions of Wp(z) to obtain order p approximations without shift. In fact, these
higher-order generating functions were presented in [10] to be used in a convolution
quadrature formula for fractional integrals where α < 0.

Applying these generators for fractional derivatives, however, suffers from the
same stability difficulties in solving the FDE. Shifted formulae with these generating
functions reduce the approximation order to one and hence become uninteresting. Ding
and Li [4, 5] used a second-order Lubich-type approximation with shift r = 1 for the
left and right fractional derivatives to approximate Riesz derivatives.

Nasir and Nafa [14] constructed a new set of Lubich-type generating functions for
approximation orders that will retain the order with any shift r. These generating
functions are also in the form of fractional-order power of a polynomial with
coefficients dependent on α and shift r. For the latest review of recent difference
approximations for fractional derivatives, we refer to [3].

Among these generating functions, the second-order generating function W2,r(z)
is found to be reliable for 1 ≤ α ≤ 2 for stability and consistency. A theoretical
justification and numerical verification for this approximation are given in [14]. Using
this second-order generating function, Nasir and Nafa [13] obtained a third-order
approximation using the QCA approach that turned out to be unconditionally stable
for the CN scheme for the fractional diffusion equation. An explicit formulation for
the generating function of the SGD for any order p and any arbitrary shift r is given by
Guranthna et al. [6].

Gunarathna et al. [7] constructed order-4 approximations using both WSGD and
QCA approaches and the second-order Lubich-type generating function W2,r(z). In
this paper, we analyse the stability and convergence of these fourth-order methods for
the FDE with constant diffusion coefficients combined with the CN scheme, and prove
that they are unconditionally stable.

The paper is organized as follows. In Section 2, the previous work of constructing
higher-order generating functions are summarized. In Section 3, the new set of
fourth-order approximations is derived. In Section 4, the derived approximations
are applied to space-fractional diffusion problems with the CN numerical scheme.
Stability and convergence of the schemes are analysed in Section 5. Numerical results
are presented in Section 6 and conclusions are drawn in Section 7.

2. Grünwald-type approximations

In this section, we summarize the theory developed in [14] for constructing
generating functions for SGD approximations of fractional derivatives with arbitrary
orders and shifts.
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Let f (x) be defined in an infinite interval (−∞, a] or [a,+∞). For a sequence of
generic real weights {w(α)

j } with generating function

W(z) =
∞∑

j=0

w(α)
j zj, (2.1)

define the left and/or right GTD formula with shift r as

Δαh∓,rf (x) =
1
hα

∞∑
j=0

w(α)
j f (x ∓ (j − r)h), (2.2)

where h is the subinterval size of a uniform partitioning of the domain of f (x)
into (infinite) subintervals. For simplicity of presentation, we do not distinguish the
sequence of weights and its generating function.

DEFINITION 2.1. Let W(z) and Δh∓,rf (x) be given as in (2.1) and (2.2), respectively.

(a) W(z) is said to approximate the left and right fractional derivatives Dα
x∓f (x) at x

with shift r in the sense of Grünwald if

Dα
x∓f (x) = lim

h→0
Δαh∓,rf (x).

(b) The GTD in (2.2) is consistent of order p ≥ 1 with Dα
x∓f (x) if

Δαh∓,rf (x) − Dα
x∓f (x) = O(hp).

We denote the generating function for an approximation with order p and shift r
as Wp,r(z), and the approximation operator as Δαh∓,p,r. An equivalent characterization of
the approximating generator Wp,r(z) for order p ≥ 1 and shift r is given by the following
theorem.

THEOREM 2.2. Let n = [α] + 1, m be a nonnegative integer, f (x) ∈ Cm+n+1(R) and
Dk

xf (x) = dkf (x)/dxk ∈ L1(R) for integers k, 0 ≤ k ≤ m + n + 1. Also, let the series
of the generating function Wp,r(z) given in (2.1) be absolutely convergent in a
neighbourhood of the origin and

Gr(z) :=
1
zα

Wp,r(e−z)erz

be analytic. Then, Wp,r(z) approximates the left and right fractional differential
operators Dα

x∓ with order p and shift r, 1 ≤ p ≤ m, if and only if

Gr(z) = 1 +
∞∑

l=p

alzl = 1 + O(zp) (2.3)

and

Δαh∓,p,rf (x) = Dα
x∓f (x) + hpapDα+p

x∓ f (x) + hp+1ap+1Dα+p+1
x∓ f (x) + · · · + O(hm), (2.4)

where al ≡ al(r,α).
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[5] Fourth-order methods for fractional diffusion problems 5

An immediate consequence of this is the following consistency condition for the
approximation.

COROLLARY 2.3. If a generating function Wp,r(z) approximates the fractional differ-
ential operator Dα

x∓, then Wp,r(1) = 0.

Using these results, Nasir and Nafa [14] constructed, by algebraic manipulations,
generating functions that approximate the fractional differential operators Dα

x∓ with
order p and shift r by considering fractional order powers of polynomials

Wp,r(z) = (b0 + b1z + · · · + bpzp)α,

where the coefficients, bj ≡ bj(α, r), are to be determined from the condition (2.3).
For a second-order approximation (p = 2), W2,r(z) = (b0 + b1z + b2z2)α is obtained

with

b0 =
3
2
− r
α

, b1 = −2 +
2r
α

and b2 =
1
2
− r
α

. (2.5)

We then have from (2.4), when f (x) ∈ Cn+4(R),

Δαh∓,2,rf (x) = Dα
x∓f (x) + h2a2Dα+2

x∓ f (x) + h3a3Dα+2
x∓ f (x) + O(h4),

where the coefficients a2, a3 of the first two leading error terms are given by

a2(r) =
α

6
(−3λ2 + 6λ − 2) and a3(r) =

α(−4λ3 + 12λ2 − 11λ + 3)
12

,

where λ = r/α.
Note that the second-order generating function with the coefficients in (2.5) reduces

to the second-order Lubich generating function W2(z) in (1.3) when there is no shift
(r = 0). We have from (1.3),

W2(z) =
( 2∑

k=1

1
k

(1 − z)k
)α
=

(
(1 − z) +

1
2

(1 − z)2
)α
=

(3
2
− 2z +

1
2

z2
)α

.

Hence, we may regard W2,r(z) as a shifted form of W2(z). The coefficients w(α)
m of

the generating function W2,r(z) =
∑∞

m=0 w(α)
m zm can be computed from the J.C.P. Miller

formula,

w(α)
0 = bα0 , w(α)

1 = αbα−1
0 b1,

w(α)
m =

1
mb0

[(α + 1 − m)w(α)
m−1b1 + (2(α + 1) − m)w(α)

m−2b2], m = 2, 3, . . . .

Nasir and Nafa [13] used this second-order approximation to compute solutions
for the space-fractional diffusion problems. They also constructed a third-order
approximation using the QCA approach based on this second-order approximation.
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3. Fourth-order approximations

In this section, we study the two fourth-order approximations for the fractional
derivatives using the second-order shifted form presented in [7].

The approximations are obtained by combining the WSGD and QCA approaches.
We present the construction for the left fractional derivative, as analogous construction
also applies to the right fractional derivative.

For two distinct integer shifts r1 and r2, define an operator

Bα
h−,(r1,r2) = λ1Δ

α
h−,r1,2 + λ2Δ

α
h−,r2,2,

where the coefficients λ1 and λ2 are to be determined.
The generating function for Bα

h−,(r1,r2) is given by

W(z) = λ1W2,r1 (z) + λ2W2,r2 (z).

Expanding the WSGD generating function

G(z) = λ1
1
zα

W2,r1 (e−z) + λ2
1
zα

W2,r2 (e−z)

= (λ1 + λ2) + (λ1a2(r1) + λ2a2(r2))z2 + (λ1a3(r1) + λ2a3(r2))z3 + O(z4),

and imposing conditions

λ1 + λ2 = 1, (3.1a)
λ1a3(r1) + λ2a3(r2) = 0, (3.1b)

we get

G(z) = 1 + ã2(r1, r2)z2 + O(z4), (3.2)

where ã2(r1, r2) = λ1a2(r1) + λ2a2(r2).
Solving the system (3.1), we get expressions for λ1 and λ2:

λ1(r1, r2) =
−a3(r2)

a3(r1) − a3(r2)
, λ2(r1, r2) =

a3(r1)
a3(r1) − a3(r2)

, a3(r1) � a3(r2).

With the choices of shifts (r1, r2) = (1, 0) and (1,−1), these weights and coefficient
ã2(r1, r2) reduce to

λ1(1, 0) =
3α3

11α2 − 12α + 4
, λ2(1, 0) = − (α − 2)(α − 1)(3α − 2)

11α2 − 12α + 4
,

ã2(1, 0) =
−4α3 + 15α2 − 8α
6(11α2 − 12α + 4)

,

(3.3)
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and

λ1(1,−1) =
(α + 1)(α + 2)(3α + 2)

2(11α2 + 4)
, λ2(1,−1) =

−(α − 2)(α − 1)(3α − 2)
2(11α2 + 4)

,

ã2(1,−1) =
−4α4 + 31α2 − 12

6α(11α2 + 4)
,

(3.4)

respectively. In what follows, we refer to approximations (3.3) and (3.4) as QCA1 and
QCA2, respectively.

From (3.2) and (2.4),

Bα
h−,(r1,r2)f (x) = Dα

x−f (x) + h2ã2(r1, r2)D2+α
x− f (x) + O(h4)

= [I + h2ã2(r1, r2)D2
x]Dα

x−f (x) + O(h4),

= PxDα
x−f (x) + O(h4), (3.5)

where Px = I + h2ã2(r1, r2)D2
x , D2

x = d2/dx2 and I denotes the identity operator.
Using the discretization of the domain with uniform subintervals of size h,

the second derivative D2
x is approximated by the second-order central difference

approximation

δ2
hf (x) =

1
h2 (f (x − h) − 2f (x) + f (x + h))

so that

D2
xf (x) = δ2

hf (x) + O(h2)

and Px is approximated by

Pxf (x) = (1 + h2ã2(r1, r2))(δ2
h + O(h2))f (x) + O(h4)

= Phf (x) + O(h4), (3.6)

where Ph = I + h2ã2(r1, r2)δ2
h.

From (3.5) and (3.6), with (r1, r2) = (1, 0), (1,−1), the fourth-order approximations
for the operator PhDα

x− are given by

Bα
h−,(r1,r2)f (x) = PhDα

x−f (x) + O(h4), (r1, r2) = (1, 0), (1,−1). (3.7)

4. Approximation of fractional diffusion equation

For an application of our proposed higher-order approximation formula in (3.7), we
consider the numerical approximation of the space fractional diffusion equation in the
domain [a, b] × [0, T]:

∂

∂t
u(x, t) = K1Dα

x−u(x, t) + K2Dα
x+u(x, t) + f (x, t), x ∈ [a, b], t ∈ [0, T], (4.1)
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with the initial and boundary conditions:

u(x, 0) = s0(x), x ∈ [a, b],
u(a, t) = ψ1(t), u(b, t) = ψ2(t), t ∈ [0, T],

where u(x.t) is the unknown function to be determined; K1, K2 are nonnegative constant
diffusion coefficients with K1 + K2 � 0, that is, not both are simultaneously zero;
f (x, t) is a known source function.

The function u(x, t) is zero-extended outside the space domain interval [a, b] so that
the left and right fractional derivatives are applicable.

The space domain [a, b] is partitioned by uniformly spaced N + 1 points with
sub-interval size h = (b − a)/N. The time domain [0, T] is discretized similarly by
M + 1 points with subinterval length τ = T/M. These form a uniform mesh on the
two-dimensional domain [a, b] × [0, T] with grid points (xi, tm), 0 ≤ i ≤ N, 0 ≤ m ≤ M,
where xi = a + ih and tm = mτ. We also introduce the following notation:

um
i = u(xi, tm), tm+1/2 = 1

2 (tm+1 + tm), f m+1/2
i = f (xi, tm+1/2),

Um = [um
0 , um

1 , . . . , um
N]T and Fm+1/2 = [f m+1/2

0 , f m+1/2
1 , . . . , f m+1/2

N ]T .

Pre-multiplying (4.1) by Ph, at time t + τ/2,

Ph
∂u(x, t + τ/2)

∂t
= K1PhDα

x−u(x, t + τ/2) + K2PhDα
x+u(x, t + τ/2) + Phf (x, t + τ/2).

Using the second-order approximations

∂u(t + τ/2)
∂t

=
1
τ

(u(x, t + τ) − u(x, t)) + O(τ2),

u(x, t + τ/2) =
1
2

(u(x, t + τ) + u(x, t)) + O(τ2),

the FDE at (xi, tm+1/2) gives the CN scheme:

Ph
1
τ

(um+1
i − um

i ) =
1
2

Lh(um+1
i + um

i ) + Phf m+1/2
i + O(τ2 + h4), (4.2)

where Lh = K1Bh−,r1,r2 + K2Bh+,r1,r2 .
Rearranging this,

(
Ph −

τ

2
Lh

)
um+1

i =

(
Ph +

τ

2
Lh

)
um

i + τPhf m+1/2
i + O(τ3 + τh4)

and the corresponding matrix form

(Pα − DLα)Um+1 = (Pα + DLα)Um + τPαFm+1/2 + O(τ3 + τh4), 1 ≤ m ≤ M, (4.3)
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where D = (K1 + K2)I,

Lα =
τ

2

[ K1

K1 + K2
(λ1A2,r1 + λ2A2,r2 ) +

K2

K1 + K2
(λ1A2,r1 + λ2A2,r2 )T

]
,

and Pα = Tri[ã2, 1 − 2ã2, ã2] is a tridiagonal matrix of size N + 1 corresponding to Ph,
and ã2 ≡ ã2(r1, r2).

Now, let Ûm = [ûm
1 , ûm

2 , . . . , ûm
N−1]T be the solution of (4.3) after neglecting the error

terms, where the entries ûm
i become the approximate values of the exact values um

i .
Also, let P̂α and L̂α be the reduced matrices from Pα and Lα, respectively, by deleting
the first and the last rows and columns, and F̂m+1/2 be the reduced vector obtained from
Fm+1/2 by removing its first and last entries. After imposing the boundary conditions,
(4.3) reduces to the ready-to-solve form

(P̂α − DL̂α)Ûm+1 = (P̂α + DL̂α)Ûm + τP̂αF̂m+1/2 + b̂m, m = 1, 2, . . . , M,

where the column vector b̂m = L̂0(um+1
0 + um

0 ) + L̂N(um+1
N + um

N) and L̂0 and L̂N are
respectively the first (0th) and last (Nth) column vectors of the matrix Lα reduced as
before.

4.1. DTTS iteration To solve the linear system

(Pα − DLα)w = F,

we re-write the matrix Pα − DLα as

Pα − DLα = D(σPα − Lα) − (σD − I)Pα.

Then, the fixed-point iteration can be formed as in [16],

D(σPα − Lα)wk+1 = (σD − I)Pαwk + F.

Choose σ such that the matrix σPα − Lα is diagonally dominant.

5. Stability and convergence

In this section, we analyse the stability of the numerical schemes constructed in
Section 3. We closely follow the analysis of Hao et al. [8].

Let Vh = {v = (v0, v1, . . . , vN)|vi ∈ R, v0 = vN = 0} be the space of grid functions
in the computational domain in space interval [a, b] with N uniform subintervals of
size h. Define a difference operator on the components of vector v ∈ Vh by

vi+1/2 =
1
2

(vi+1 + vi) and δhvi−1/2 =
1
h

(vi − vi−1).

Also, consider a sequence um = (um
0 , um

1 , um
2 , . . . , um

N−1, um
N) of vectors in Vh. Let

um+1/2 =
1
2

(um+1 + um) and δτum+1/2 =
1
τ

(um+1 − um).
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For any u, v ∈ Vh, define the discrete inner products and norms as

(u, v) = h
N−1∑
i=1

uivi, ‖u‖ =
√

(u, u),

(δhu, δhv) = h
N−1∑
i=1

(δhui−1/2)(δhvi−1/2), |u|1 =
√

(δhu, δhu).

Let P be a self-adjoint difference operator on Vh and the norm ‖u‖2P = (Pu, u) be
equivalent to the norm ‖u‖. That is, there exist positive constants μ1 and μ2 such that

μ1‖u‖ ≤ ‖u‖P ≤ μ2‖u‖. (5.1)

Then, we have the following theorem.

THEOREM 5.1. Let P be a self-adjoint difference operator on Vh satisfying the
inequality (5.1) and A be a negative-definite operator. Consider the discrete problem
defined on Vh.

Find vm = (vm
0 , vm

1 , vm
2 , . . . , vm

N−1, vm
N) ∈ Vh that satisfies the system of difference

equations with the given initial and boundary conditions:

Pδτvm+1/2 = Avm+1/2 + 
Sm,

v0 = v0(xi), 0 ≤ i ≤ N.
(5.2)

Then,

‖vm‖ ≤ 1
μ1

(
μ2‖v0‖ + τ

μ1

m−1∑
l=0

‖
Sl‖
)
,

where 
Sl = [Sl
0, Sl

1, Sl
2, . . . , Sl

N−1, Sl
N]T .

PROOF. Since the operator A is negative definite, we have (Avm+1/2, vm+1/2) ≤ 0.
Applying inner product on (5.2) with vm+1/2 gives

(Pδτvm+1/2, vm+1/2) = (Avm+1/2, vm+1/2) + (Sm, vm+1/2) ≤ (Sm, vm+1/2).

Also,

(Pδτvm+1/2, vm+1/2) =
(
P

1
τ

(vm+1 − vm),
1
2

(vm+1 + vm)
)

=
1
2τ

((Phvm+1, vm+1) − (Phvm, vm))

=
1
2τ

(‖vm+1‖2P − ‖vm‖2P)

=
1
2τ

(‖vm+1‖P − ‖vm‖P)(‖vm+1‖P + ‖vm‖P). (5.3)
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Again,

(Pδτvm+1/2, vm+1/2) ≤ (
Sm, vm+1/2) ≤ ‖
Sm‖‖vm+1/2‖

≤ 1
μ1
‖
Sm‖‖vm+1/2‖P

≤ 1
2μ1
‖
Sm‖(‖vm+1‖P + ‖vm‖P). (5.4)

The inequality relating (5.3) and (5.4) reduces, for 0 ≤ m ≤ M − 1, to ‖vm+1‖P ≤
‖vm‖P + (τ/μ1)‖
Sm‖. Summing this for the first m inequalities,

‖vm‖P ≤ ‖v0‖P +
τ

μ1

m−1∑
l=0

‖
Sl‖, 1 ≤ m ≤ M − 1.

The equivalence of the two norms then gives

‖vm‖ ≤ 1
μ1

(
μ2‖v0‖ + τ

μ1

m−1∑
l=0

‖
Sl‖
)
.

This completes the proof. �

THEOREM 5.2. Let u ∈ L1(R). Then, the Crank–Nicolson scheme (4.3) using the
approximation of the generating function W2,1(z) for the SFD is unconditionally stable
if and only if the matrix P−1

α Lα is negative definite.

PROOF. It is enough to prove that the spectral radius of the matrix M = (I − Bα)−1

(I + Bα) satisfies ρ(M) ≤ 1, where Bα = P−1
α Lα and ρ(M) is the spectral radius of M.

Note that for any eigenvalue λ(Bα)(� 1) of Bα, (1 + λ(Bα))/(1 − λ(Bα)) is an eigenvalue
of M. Thus, λ(Bα) ≤ 0 if and only if |1 + λ(Bα)| ≤ |1 − λ(Bα)|, if and only if

ρ(M) ≤ max
λ

∣∣∣∣∣1 + λ(Bα)
1 − λ(Bα)

∣∣∣∣∣ ≤ 1. �

Our analysis of stability follows the following lemmas on square matrices.

LEMMA 5.3. For a complex square matrix A, let H = (A + A∗)/2 be the Hermitian
part of A. For any eigenvalue λ(A) of A,

λmin(H) ≤ �(λ(A)) ≤ λmax(H),

where�(λ) is the real part of λ and λmin(H) and λmax(H) are respectively the minimum
and maximum eigenvalues of H.

We further require the following on Toeplitz matrices.

DEFINITION 5.4. A function G(x) =
∑∞

n=0 tnxn is called the generator of a Toeplitz
matrix T = [ti−j] if
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12 W. A. Gunarathna, H. Nasir and K. Nafa [12]

tn =
1

2π

∫ π

−π
G(x)einx dx.

LEMMA 5.5. (Grenander–Szego) Let the generator G(x) of a Toeplitz matrix T be a
2π-periodic continuous real-valued function. Then,

Gmin ≤ λmin(T) ≤ λmax(T) ≤ Gmax,

where Gmin, Gmax denote the minimum and maximum values of G(x), respectively, in
[−π, π]. Moreover, if Gmin < Gmax, then all eigenvalues of T satisfy Gmin < λ(T) < Gmax

and furthermore, if Gmin ≥ 0, then T is positive definite. Analogously, if Gmax < 0, then
T is negative definite.

LEMMA 5.6. If G(x) is the generating function for a Toeplitz matrix T = [ti−j], then
G(x)eirx is the generating function of the shifted Toeplitz matrix Tr = [ti−j+r].

PROOF. Let Tr = si−j be the Toeplitz matrix for the generating function G(x)eirx. Then,

sn =
1

2π

∫ π

−π
G(x)eirxeinx dx =

1
2π

∫ π

−π
G(x)ei(n+r)x dx = tn+r.

The result follows with n = i − j. �

LEMMA 5.7. The generating functions of the matrices A2,r and AT
2,r corresponding to

the approximation operators Δh−,r,2 and Δh+,r,2 of the second-order approximation with
shift r are given by W2,r(e−ix)eirx and its conjugate W2,r(eix)e−irx, respectively.

PROOF. The matrix A2,r is Toeplitz given by A2,r = [ti−j] = [wi−j+r]. Now,

1
2π

∫ π

−π
W2,r(e−ix)eirxeinx dx =

1
2π

∞∑
k=0

∫ π

−π
wke−ikxei(n+r)x dx = wn+r.

The result follows with n = i − j. A similar argument follows for the AT
2,r as well. �

Note that the two generating functions are mutually conjugate. We further establish
the following results on the generating function. For analytical simplicity, we write the
generating function W2,r(z) in factored form as

W2,r(z) = (1 − z)α(b0,r − b2,rz)α,

where b0,r = 3/2 − r/α and b2,r = 1/2 − r/α.

LEMMA 5.8. Let W2,r(z) = [(1 − z)(b0,r − b2,rz)]α and Gr(x) = W2,r(e−ix)eirx. Then,

�(Gr(x)) = Rr(x) cos(Zr(x)), 0 ≤ x ≤ π, (5.5)

where

Rr(x) = (2 sin(x/2)Sr(x))α ≥ 0,

Sr(x) =
√

b2
0,r − 2b0,rb2,r cos(x) + b2

2,r ,

https://doi.org/10.1017/S1446181125100230 Published online by Cambridge University Press

https://doi.org/10.1017/S1446181125100230


[13] Fourth-order methods for fractional diffusion problems 13

Zr(x) = αθr(x) + α
π − x

2
+ rx

and θr(x) = tan−1
( b2,r sin(x)
b0,r − b2,r cos(x)

)
, −π

2
≤ θr(x) ≤ π

2
. (5.6)

PROOF. Note that

b0,r − b2,re−ix = (b0,r − b2,r cos(x)) + iβ sin(x) = Sr(x)eiθr(x),

where

Sr(x)2 = b2
0,r − 2b0,rb2,r cos(x) + b2

2,r and tan(θr(x)) =
b2,r sin(x)

b0,r − b2,r cos(x)
.

Now, for the factor (1 − e−ix) in Gr(x) (with b0,r = b2,r = 1), we have the radial
function S(x) given by S(x)2 = 2 − 2 cos(x) = 4 sin2(x/2) and the angular function φ(x)
given by

tan(φ(x)) =
sin(x)

1 − cos(x)
= cot(x/2) = tan((π − x)/2),

which yields φ(x) = π − x/2.
Therefore,

Gr(x) = (1 − e−ix)α(b0,r − b2,re−ix)αeirx

= (2 sin(x/2))αeαi(π−x)/2Sr(x)αeαiθr(x)eirx

= Rr(x)ei(αθr(x)+α(π−x)/2+rx)

= Rr(x)eiZr(x).

Hence, we have the generating function in polar form

Gr(x) = Gr(α, x) = Rr(x) cos(Zr(x)) + iRr(x) sin(Zr(x)),

where Rr(x) = (2 sin(x/2))αSαr (x). The real part of Gr(x) is then given by (5.5). The
proof is now complete. �

LEMMA 5.9. For the QCA1 and QCA2 operators of order 4 presented in Section 3, we
have the following for 1 ≤ α ≤ 2:

(a) 1
12 ≤ a2(r1, r2) ≤ 1

5 for (r1, r2) = (1, 0) and (1,−1);
(b) the operator Ph(r1, r2) is positive definite, self-adjoint and satisfies

1
5‖v‖ ≤ (Phv, v) ≤ 9

5‖v‖.

PROOF. (a) It can be easily observed from (3.3) that

1
12 ≤ a2(1, 0) ≤ 1

6 <
1
5 and 1

12 ≤ a2(1,−1) < 1
5 .
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(b) Defining the central difference operator δ2
h by

δ2
hvi =

1
h2 (vi+1 − 2vi + vi−1) with u−1 = uN+1 = 0,

we have

(δ2
hv, u) =

1
h2

N∑
i=0

(vi+1ui − 2viui + vi−1ui)

=
1
h2

N∑
i=0

(viui−1 − 2viui + viui+1) = (v, δ2
hu).

Also,

(δ2
hv, v) =

1
h2

N∑
i=0

(vi+1vi − 2vivi + vi−1vi)

≤ 1
h2

N∑
i=0

(1
2

(|vi+1|2 + |vi|2) + 2|vi|2 +
1
2

(|vi−1|2 + |vi|2)
)
=

4
h2 ‖v‖

2.

We then have (Phv, v) = ((I + h2a2δ
2
h)v, v) = (v, v) + h2a2(v, δ2

hv) = (v, Phv). Thus, Ph
is self-adjoint. Further,

|(Phv, v) − (v, v)| = h2a2|(δ2
hv, v)| ≤ h2 1

5
4
h2 (v, v) =

4
5
‖v‖2.

Hence, (1/5)‖v‖2 ≤ (Phv, v) ≤ (9/5)‖v‖2 and thus, Ph is positive definite. This com-
pletes the proof. �

5.1. Stability analysis We establish that CN-QCA1 and CN-QCA2 approximations
are unconditionally stable for 1 ≤ α ≤ 2.

The approximation matrix of CN-QCA1 is A2,1,0 = λ1,(1,0)A2,1 + λ2,(1,0)A2,0 with
corresponding generating function given by

Gc,(1,0)(α, x) = λ1W2,1(e−ix)eix + λ0W2.0(e−ix),

where the convex weights λ1(1,0) and λ2,(1,0) are given in (3.3). The real part of this
generating function is

�(Gc,(1,0)(α, x)) = (2 sin(x/2))α[λ1Sα1 (α, x) cos(Z1(α, x)) + λ0Sα0 (α, x) cos(Z0(α, x))].

Let Hc,(1,0)(α, x) = λ1Sα1 (α, x) cos(Z1(α, x)) + λ0Sα0 (α, x) cos(Z0(α, x)). For α = 1, we
see that the convex weights have the values λ1 = 1, λ0 = 0. Also, for r = 1, since
b0 = −1/2 and b2 = 1/2, we have from (5.6),

tan(θ1(α, x)) = − sin(x)
1 + sin(x)

= tan(−x/2) resulting in θ1(α, x) = −x/2.
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Thus, Z1(1, x) = −x/2 + (π − x)/2 + x = π/2 and so, cos(Z1(1, x)) = 0 and
Hc,(1,0)(1, x) = 0 for all x ∈ [0, π]. Therefore, we obtain �(Gc,(1,0)(1, x)) = 0 for all
x ∈ [0, π].

However, for α = 2, we again have λ1 = 1, λ0 = 0 and for r = 1, we have
b2 = 0. Therefore, θ1(2, x) = 0. Now, Z1(2, x) = 2(π − x0/2 + x = π and
Hc,(1,0)(2, x) = −S2(2, x) < 0 for al x ∈ [0, π]. Hence,

�(Gc,(1,0)(2.x)) = (2 sin(x/2))2Hc,(1,0)(2, x) < 0 for all x ∈ [0, π].

Showing that Hc(1,0)(α, x) is decreasing in the region 1 < α < 2 for any x is
mathematically cumbersome. Therefore, we use the contour plot of Hc,(1,0)(α, x) shown
in Figure 1. It follows from the figure that Hc,(1,0)(α, x) < 0 for all x ∈ [0, π]. Since
sinα(x/2) > 0 for all 0 < x ≤ π, we see that �(Gc,(1,)(α, x)) is negative. As the real
part of the generating function Gc,(1,0)(α.x) is differentiable, it remains negative in the
region (see also the surface plot in Figure 1). Thus, QCA1 is unconditionally stable for
any α lying in the interval 1 ≤ α ≤ 2.

The generating function corresponding to the approximation matrix
A2,1,−1 = λ1A2,1 + λ−1A2,−1 of CN-QCA2 is

Gc,(1,−1)(α, x) = λ1W2,1(e−ix)eix + λ−1W2,−1(e−ix)e−ix,

where the weights λ1 and λ−1 are given in (3.4).
The real part of the generating function is then

�(Gc,(1,−1)(α, x)) = (2 sin(x/2))α[λ1Sα1 (α, x) cos(Z1(α, x))

+ λ−1Sα−1(α, x) cos(Z−1(α, x))].

Let Hc,(1,−1)(α, x) = λ1Sα1 (α, x) cos(Z1(α, x)) + λ−1Sα−1(α, x) cos(Z−1(α, x)). Then, for
α = 1, we have λ1 = 1 and λ−1 = 0. Hence, the same analysis for CN-QCA1 is applied
by using the contour plot of Hc,(1,−1)(α, x) over the same rectangular region displayed
in Figure 2. Hence, we conclude that Hc,(1,−1)(α, x) is also nonpositive in the region for
all 1 ≤ α ≤ 2 and 0 ≤ x ≤ π. It follows that CN-QCA2 is unconditionally stable for all
1 ≤ α ≤ 2.

5.2. Convergence Here, we analyse the convergence of the CN-QCA1 and
CN-QCA2 methods. First, observe that as the diffusion constants K1 and K2 are
nonnegative, and the operators Δαh−,2,r and Δαh+,2,r are negative definite [14], the operator
Lh is negative definite.

THEOREM 5.10. The numerical solutions governed by the CN-QCA1 and CN-QCA2
schemes with the given boundary and initial conditions converge for 1 ≤ α ≤ 2.

PROOF. Let em = Um − Ûm
be the error vector of the solution, where u and

Ûm
are respectively the exact and approximate solution vectors of the diffusion
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FIGURE 1. Contour and surface plots of Hc,(1,0).

problem (4.1). Then, from (4.2), we obtain the following for the error component em
i of

em = [em
0 , em

1 , . . . , em
N]T :

Ph
em+1

i − em
i

τ
= Lh

em+1
i + em

i

2
+ O(τ2 + h4))

for all i = 0, 1, . . . , N. Denoting the residue term O(τ2 + h4) by Sm
i , and noting that

δτe
m+1/2
i = (em+1

i − em
i )/τ and em+1/2 = (em+1

i + em
i )/2,

Phδτem+1/2 = Lhem+1/2 + Sm, em
0 = 0, em

N = 0, e0
i = 0,

where Sm is the residue vector given by [Sm
0 , Sm

1 , . . . , Sm
N]T for all i,= 0, 1, . . . , N,

m = 0, 1, . . . , M.

https://doi.org/10.1017/S1446181125100230 Published online by Cambridge University Press

https://doi.org/10.1017/S1446181125100230


[17] Fourth-order methods for fractional diffusion problems 17

FIGURE 2. Contour and surface plots of Hc,(1,−1).

We know that, in view of part (b) of Lemma 5.9, Ph is self-adjoint and, in fact, Lh

is negative definite. Now, Theorem 5.1 implies that

‖em‖ ≤ 25τ
m−1∑
l=0

‖Sl‖ ≤ 25τ
M−1∑
l=0

‖Sl‖ ≤ 25τM
√

h
√

Nc(τ2 + h4) = Kτ
√

h(τ2 + h4),

where Kτ is a positive constant, which establishes the convergence as h and τ tend to
zero. The proof is now complete. �

6. Numerical results

To assess the convergence and performance of the CN-QCA1 and CN-QCA2
methods introduced in Section 5, we consider the following one-dimensional fractional
diffusion test problem (4.1).
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TABLE 1. Convergence of CN-QCA1 for the Test problem with m = 4.

m = 4 α = 1.2 α = 1.5 α = 1.9
CN-QCA1 N ‖un − Un‖∞ Order ‖un − Un‖∞ Order ‖un − Un‖∞ Order

p, q = 1, 0

22 1.6968 × 10−04 – 1.8134 × 10−04 – 1.5810 × 10−04 –
23 1.4048 × 10−05 3.59 1.5324 × 10−05 3.56 1.3541 × 10−05 3.55
24 1.0555 × 10−06 3.73 9.8893 × 10−07 3.95 8.5481 × 10−07 3.99
25 6.6379 × 10−08 3.99 5.0076 × 10−08 4.30 4.7600 × 10−08 4.17
26 4.0035 × 10−09 4.05 2.5887 × 10−09 4.27 2.7316 × 10−09 4.12
27 2.5413 × 10−10 3.98 1.8020 × 10−10 3.84 1.6078 × 10−10 4.09

p, q = 1,−1

22 2.8523 × 10−05 – 2.8523 × 10−05 – 2.2278 × 10−05 –
23 1.2327 × 10−06 4.53 1.2327 × 10−06 4.53 8.5806 × 10−07 4.70
24 6.4138 × 10−08 4.26 6.4138 × 10−08 4.26 4.0769 × 10−08 4.40
25 3.1151 × 10−09 4.36 3.1151 × 10−09 4.36 2.0034 × 10−09 4.35
26 1.6473 × 10−10 4.24 1.6473 × 10−10 4.24 1.1118 × 10−10 4.17
27 9.4768 × 10−12 4.12 9.4768 × 10−12 4.12 6.6462 × 10−12 4.06

Test problem: Let

G(x, m,α) =
Γ(m + 1)
Γ(m + 1 − α)

(xm−α + (1 − x)m−α),

s0(x, m) = xm(1 − x)m, and constant diffusion coefficients K1 = K2 = 1,

f (x, t) = −e−t
(
s0(x, m) +

m∑
j=0

(−1)j
(
m
j

)
G(x, m + j,α)

)
,

u(x, 0) = s0(x, m), u(0, t) = 0 and u(1, t) = 0.

The exact solution to this problem is u(x, t) = s0(x)e−t.
The computation of approximate solutions for the above problem was performed

with various computational domains of different grid sizes with N space discretization
points and M = N2 time discretization points. The numerical results for m = 4, 6, 2 and
3, are displayed in Tables 1–4, respectively. Clearly, for m = 4, m = 6 and 1 ≤ α ≤ 2,
both approximations have the order of convergence four, which confirms the analysis
of the methods given in Section 5.

We have computed the order of convergence for m = 2 and m = 3, and the
fourth-order methods have regularity issues near the boundaries and the order of
convergence is reduced to the degree m of the exact solution s0(x). This phenomenon
has been observed by many researchers [1, 2, 16] and the way around this is under
investigation.
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TABLE 2. Convergence of CN-QCA2 for the Test problem with m = 6.

m = 6 α = 1.2 α = 1.5 α = 1.9
CN-QCA2 N ‖un − Un‖∞ Order ‖un − Un‖∞ Order ‖un − Un‖∞ Order

p, q = 1, 0

22 1.7394 × 10−05 – 2.8523 × 10−05 – 2.2278 × 10−05 –
23 1.2984 × 10−06 3.74 1.2327 × 10−06 4.53 8.5806 × 10−07 4.70
24 6.3839 × 10−08 4.35 6.4138 × 10−08 4.26 4.0769 × 10−08 4.40
25 3.8371 × 10−09 4.06 3.1151 × 10−09 4.36 2.0034 × 10−09 4.35
26 2.3401 × 10−10 4.04 1.6473 × 10−10 4.24 1.1118 × 10−10 4.17
27 1.4545 × 10−11 4.01 9.4768 × 10−12 4.12 6.6462 × 10−12 4.06

p, q = 1,−1

22 1.0802 × 10−05 – 3.2279 × 10−06 – 1.6430 × 10−05 –
23 1.9305 × 10−06 2.48 1.5492 × 10−06 1.06 9.5898 × 10−07 4.09
24 9.9688 × 10−08 4.28 1.0781 × 10−07 3.85 5.6274 × 10−08 4.09
25 5.7921 × 10−09 4.11 6.0171 × 10−09 4.16 2.5501 × 10−09 4.46
26 3.6797 × 10−10 3.98 2.9986 × 10−10 4.33 1.2221 × 10−10 4.38
27 2.2810 × 10−11 4.01 1.5993 × 10−11 4.23 6.7091 × 10−12 4.19

TABLE 3. Convergence of CN-QCA1 for the Test problem with m = 2.

m = 2 α = 1.2 α = 1.5 α = 1.9
CN-QCA2 N ‖un − Un‖∞ Order ‖un − Un‖∞ Order ‖un − Un‖∞ Order

p, q = 1, 0

22 8.9247 × 10−04 – 1.9337 × 10−03 – 22 2.4031 × 10−03 –
23 1.8443 × 10−04 2.27 3.6688 × 10−04 2.40 5.8249 × 10−04 2.04
24 4.0407 × 10−05 2.19 7.8069 × 10−05 2.23 1.4241 × 10−04 2.03
25 9.3393 × 10−06 2.11 1.7841 × 10−05 2.13 3.5138 × 10−05 2.02
26 2.2301 × 10−06 2.07 4.2461 × 10−06 2.07 8.7216 × 10−06 2.01
27 5.4261 × 10−07 2.04 1.0334 × 10−06 2.04 2.1721 × 10−06 2.01

p, q = 1,−1

22 2.4031 × 10−03 – 1.4260 × 10−03 – 2.2858 × 10−03 –
23 5.8249 × 10−04 2.04 3.0161 × 10−04 2.24 5.5253 × 10−04 2.05
24 1.4241 × 10−04 2.03 6.9044 × 10−05 2.13 1.3600 × 10−04 2.02
25 3.5138 × 10−05 2.02 1.6853 × 10−05 2.03 3.3730 × 10−05 2.01
26 8.7216 × 10−06 2.01 4.1578 × 10−06 2.02 8.3953 × 10−06 2.01
27 2.1721 × 10−06 2.01 1.0313 × 10−06 2.01 2.0938 × 10−06 2.00

We have also implemented the DTTS iteration method discussed in Section 4.1
as described in [16]. The number of iterations for σ = 1 is two for all cases, for
a tolerance of Tol = 10−7, and the solutions are the same as those obtained by the
LU-decomposition.
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TABLE 4. Convergence of CN-QCA2 for the Test problem with m = 3.

m = 3 α = 1.2 α = 1.5 α = 1.9
CN-QCA2 N ‖un − Un‖∞ Order ‖un − Un‖∞ Order ‖un − Un‖∞ Order

p, q = 1, 0

22 7.2343 × 10−04 – 6.7149 × 10−04 – 6.1816 × 10−04 –
23 3.8029 × 10−05 4.25 3.2445 × 10−05 4.37 2.9661 × 10−05 4.38
24 2.9019 × 10−06 3.71 4.2425 × 10−06 2.94 1.2182 × 10−06 4.61
25 2.5570 × 10−07 3.50 4.4260 × 10−07 3.26 1.6874 × 10−07 2.85
26 2.8032 × 10−08 3.19 4.6696 × 10−08 3.24 2.1017 × 10−08 3.01
27 3.0605 × 10−09 3.20 5.1974 × 10−09 3.17 2.5668 × 10−09 3.03

p, q = 1,−1

22 1.1113 × 10−03 – 7.7608 × 10−04 – 6.4821 × 10−04 –
23 7.3965 × 10−05 3.91 6.1844 × 10−05 3.65 3.9823 × 10−05 4.02
24 5.4415 × 10−06 3.76 4.4211 × 10−06 3.81 1.5086 × 10−06 4.72
25 4.6460 × 10−07 3.55 5.5608 × 10−07 2.99 2.1043 × 10−07 2.84
26 6.7185 × 10−08 2.79 6.0765 × 10−08 3.19 2.7697 × 10−08 2.93
27 9.0948 × 10−09 2.89 6.7685 × 10−09 3.17 3.4277 × 10−09 3.01

7. Conclusion

Two fourth-order approximations for the Riemann–Liouville fractional derivatives
are constructed using a second-order shifted Lubich-type approximation introduced by
Nasir and Nafa [13]. These approximations are used with the Crank–Nicolson scheme
to approximate the solution of a one-dimensional fractional diffusion problem. The
results found for the test problem show that both schemes converge and the order of
convergence is equal to four. Furthermore, the analysis given in this paper for the
construction of higher-order methods has the mathematical merits of being involving,
sound and interesting. Also, it sheds light on the use of this class of methods.
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