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Abstract
Machine learning (ML) has revolutionized disciplines within materials science that have been able to generate sufficiently large datasets to
utilize algorithms based on statistical inference, but for many important classes of materials the datasets remain small. However, a rapidly
growing number of approaches to embedding domain knowledge of materials systems are reducing data requirements and allowing broader
applications of ML. Furthermore, these hybrid approaches improve the interpretability of the predictions, allowing for greater physical insights
into the factors that determine material properties. This review introduces a number of these strategies, providing examples of how they were
implemented in ML algorithms and discussing the materials systems to which they were applied.

Introduction
Many important materials are defined by a single underlying
interaction or force, which allows modeling using analytical
expressions having relatively few parameters. Examples
include ferromagnets, where the magnetism is described by
the exchange interactions between spins[1] and elastomers,
where the resistance to deformation is due to polymer chain
entropy.[2] In contrast, the properties of complex materials are
determined by multiple competing forces, the interplay of
which lead to a rich diversity of physical properties and
performance characteristics. Complex materials, such as com-
plex fluids,[3] metal alloys,[4] and catalysts,[5] are ubiquitous,
but predicting their properties remains a significant challenge.

Machine learning (ML) is a diverse collection of powerful
techniques utilized to identify relationships in data, allowing
for modeling and optimization of complex systems. With rap-
idly growing datasets available, ML has become a robust meth-
odology applied across many materials disciplines and has been
increasingly incorporated in conjunction with the Materials
Genome Initiative.[6–8] However, the traditional methods of
ML are based only on statistical inference, requiring large data-
sets to develop predictive models that connect composition and
processing with properties. While some disciplines within mate-
rials science, such as metallurgy[9] or heterogeneous catalysis,[10]

have developed methods for high-throughput experimentation to
produce sufficiently large datasets, most disciplines still use tradi-
tional methods of materials preparation and analysis, precluding
the use of ML methods designed for Big Data.[11,12]

While, in the case of systems described by an exactly known
relation, a physical law is better utilized, in complex systems, a

single physical relation may not exist, but several relations
could underlie the system. These constituent physical relations
can be utilized in conjunction with ML to learn the interplay of
interactions within these complex systems, and with the
increasing use of data-driven approaches, science has utilized
traditional ML to predict molecular solubility,[13–15] discover
new thermodynamically stable materials,[16] and determine
highly accurate interatomic potentials.[17] While a simple, sin-
gle physical law could be learned through statistical inference
techniques with a small dataset of, say, 10 datapoints, systems
defined through several complex relations can require the use
Big Data in the range of thousands or more datapoints to accu-
rately model. In general, the amount of data needed depends on
the ratio of datapoints to the number of features. If a small num-
ber of features can effectively model the data, then fewer data-
points are needed. However, as the complexity of the system
increases, the higher number of features needed to model the
system would require a higher number of datapoints to effec-
tively model.

It is still possible to use the tools of ML on small datasets,
but this requires the development of hybrid algorithms that
embed domain knowledge in order to develop predictive mod-
els that relate system variables to system responses, thus nar-
rowing the search space that data-driven models must
explore. In the context of materials science, domain knowledge
can take a number of forms, and here four different types are
surveyed: (i) physicochemical properties, (ii) similarity, (iii) sys-
tem properties, and (iv) physical laws and empirical equations.
This review will discuss these types of domain knowledge as
well as specific examples of how they are implemented in ML
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algorithms. Finally, a prospectus on how these approaches can be
used in the important problem of transfer learning to bridge across
multiple systems will be presented.

Response surfaces and machine
learning
The general task here is to understand how changes in experi-
mental or system variables change the properties of the system.
For complex systems, high costs and time demand limit data
collection to small datasets,[18] with examples including adhe-
sives, agrochemicals, pigments, paints, coatings, lubricating
oils, paper, and pharmaceuticals, all of which have limitations
in the amount of data that can be acquired under realistic
resource assumptions.[19,20] Design of experiment (DOE)
approaches are a common tool for estimating the response sur-
face of such systems based on the incomplete exploration of the
variable space. In the DOE approach, system features are sys-
tematically varied, so that outputs can be mapped as a contin-
uous response surface. These observations allow the
discovery of correlations between features and produce a func-
tion that can be subsequently optimized.[21] A common method
utilized with the DOE is a full-factorial design. In this
approach, each of the k-factors (features) are tested at n levels.
For example, if n = 2, the design will measure the value of the
response as maximum and minimum values of each feature
against the maximum/minimum values of every other feature
resulting in 2k simulations being performed. The benefits of
DOE allow for correlations between features to be discovered
and a response surface to be mapped, but disadvantages of
the approach include limits to the non-linearity of the surface
being mapped, exponential growth of the system with increas-
ing feature size, and large uncertainty of the surface response
mapping in areas that are untested, as illustrated schematically
in Fig. 1. Establishing a technique to embed domain knowledge
would allow for the response to be better predicted between test
points by training the algorithm to understand the relationships
between system variables and how they determine system
responses.

ML techniques are applied across systems as diverse as clin-
ical medicine, facial recognition, self-driving automobiles, and
scientific fields such as cheminformatics and bioinformatics.
The development of such diverse uses of ML has been predi-
cated on using Big Data (datasets routinely including millions
of points) enabled by acquisition over large populations, such
as high-throughput measurements.[22] In recent advances, ML
techniques utilizing image recognition for detecting melanoma
have outperformed medical experts in diagnosing.[23] Where
sufficient data are present, ML algorithms have the capability
of learning relationships between inputs and outputs; however,
unlike human learning, traditional ML techniques relying on
raw features perform poorly at determining relationships utiliz-
ing small datasets.[24] Foundational research has previously
been applied toward developing a general unified theory of
learning in conjunction with ML and emphasized the need
for the development of multi-strategy techniques for learning

on various types of data, but these have not been widely imple-
mented for use in small datasets.[25]

Fields such as cognitive neuroscience, which began incor-
porating early ML techniques to model human learning as
early as the 1960s,[26] have attempted to better predict the rela-
tionship between inputs and outputs by explicitly including
causal relations, allowing algorithms to learn on small
data.[24,27] For example, recent research has demonstrated
human-level performance for “one-shot” recognition of hand-
written characters on sparse datasets. Causal knowledge was
included through parsing characters into the training set by
each “pen stroke,” allowing the model to take into account
how the characters were drawn to identify each character.[28]

The causal relationships create a hierarchical model where
domain knowledge can be explicitly included or learned to
be included in future models. This approach relates the inputs
of a system to a middle layer as opposed to traditional ML
where inputs are related through statistical inference in hidden
layers (which may or may not be explicitly included in the algo-
rithm) as shown in Fig. 2.

However, incorporating domain knowledge into ML algo-
rithms needs to be performed in a way which does not block
the discovery of unexpected solutions. An heuristic example
of this is the statement that “trucks can’t drive over water,”
but this domain knowledge ignores the possibility of the
water freezing in winter.[29] Translating real-world phenomena,
such as temperature variations, into ML problems requires
expert knowledge so as to not eliminate possibilities that
could be discovered using data-driven approaches.[30]

Research areas in which small datasets are commonly gen-
erated face two challenges in adopting ML techniques. The
first, as discussed, is the challenge in making accurate predic-
tions using methods based strictly on statistical inference.

Figure 1. Illustration of two possible response surfaces that fit the four
points of a training set shown as green circles. The red concave surface
represents a simple model from the DOE where the response surface was
modeled with a second-order polynomial. This approach fails to capture
complex underlying interactions, which could take place throughout the
domain space, as shown in blue.
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The second is that experimental design in a laboratory setting
tends to be sequential and driven by intuition, and experimental
parameters naturally tend toward values that lead to maximiz-
ing (or minimizing) an objective function. This artificially lim-
its the dataset to a narrow section of the input variable space
and does not adequately train the algorithm on the range of sys-
tem responses that can be generated, limiting as Jain et al.
described, the “completeness” of the dataset.[31] These point
to the importance of embedding domain knowledge in ML
algorithms to use causal relationships as hypotheses. While
incorporating causal relationships to human learning is difficult
to formalize,[27] extensive and formalized knowledge of them
are the basis of scientific model building. Through an expert’s
appropriate incorporation of domain knowledge, a hypothesis-
space of the domain knowledge can be created on which to
train.[32] From this perspective, ML can be an effective tool
for the unbiased analysis of complex material systems with
small datasets.

Here, we discuss methods of embedding physical knowl-
edge into ML algorithms. Instead of experimentally defined
descriptors being directly used as the sole inputs for ML,
selected inputs also include physical factors modeling the sys-
tem. This embedded knowledge can take the form of correlative
relations, such as identifying similarity metrics, empirical rela-
tions in the form of physical equations, or embedding exact
relations such as invariance properties. It will be shown that
by embedding ML algorithms with these techniques, small
data can be utilized to effectively model a complex material
system.

Methods
ML encompasses many varying algorithms. To provide an
understanding to some of the basic algorithms being surveyed
through this review, an overview of these methods will be
provided.

Cross-validation
ML centers on the development of algorithms that improve in
the performance of a given task with experience.[22]

Experience, in terms of scientific research, is synonymous
with acquiring experimental or computational data. A collec-
tion of inputs, sometimes termed features or descriptors, is uti-
lized to improve the prediction accuracy through ML, and to
establish a relation between inputs and outputs, a direct relation
in the form of a regression can be predicted. There are numer-
ous variations of regression methods used in ML, and each
attempt to achieve the same goal: establishing an accurate
model of the response surface for a complex system on test
data. To establish a best-fit to unseen (test) data, regression
models have their parameters learned on training data through
a process called cross-validation as shown in Fig. 3.
However, validity of the model is not assessed until it is applied
to new data, and this also requires that it has an appropriate
level of complexity. As illustrated in Fig. 3, while training
error decreases monotonically with model complexity, the
accuracy of predictions on test data reaches a minimum at inter-
mediate complexity – overly simple models do not predict
training or test data, but overly complex models are only
valid on training data. Data-driven approaches require both
the optimization of model parameters and model complexity.
These basic criteria also hold true when domain knowledge is
incorporated.

Linear regression
Ordinary linear regression is a well-known statistical technique
that fits a linear model to a dataset. A common approach to opti-
mizing the fit of data to a linear regression is through minimiz-
ing the sum of squared residuals, or the sum of squared distance
between a datapoint and the best-fit line. These linear
least-squares regressions have a trivial solution for the
β-coefficients where the equation for a line is:

Y = Xb (1)

and where the β-coefficients corresponding to a minimized sum
of squared residuals are:

bOLS = argmin ‖Y − Xb‖22 (2)

Figure 2. The traditional model directly predicts the outputs from the inputs with learned causal relationships. The hierarchical model allows for the
incorporation of domain knowledge through human input before predicting outputs.
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The trivial solution to β is:

b = (X ′X )−1X ′Y (3)

Linear regressions can also be regularized and include addi-
tional parameters which are optimized through cross-
validation. The least absolute shrinkage and selection operator
(Lasso) was originally developed in 1996 by Tibshiranit.[33]

Similar to ordinary linear regression, Lasso finds the minimized
sum of squared residuals with an additional penalty term penal-
izing the L1 norm, or sum of the absolute value of
β-coefficients:

bLasso = argmin ‖Y − Xb‖22 + l‖b1‖ (4)

The lambda parameter is learned through cross-validation
and the value assigned to predicting the lowest test error is
selected. At this point, non-important features have their
β-coefficients reduced to zero and are eliminated from the cal-
culated equation. If the penalty term in Lasso is set to zero, the
regression is reduced to an ordinary linear regression where all
β-coefficients contribute to the final calculated equation.

Neural networks
Neural networks, a robust form of ML sometimes referred to as
deep learning networks, are algorithms used for pattern recog-
nition and regression.[34] These networks are composed of mul-
tiple layers of neurons: an input layer, hidden layer(s), and an
output layer. The output of each neuron is passed to those in
the next layer with an associated weight. The hidden layers
and output layer also contain associated activation functions
that are tuned while learning relationships between the input
and the output using the training data. Activation functions
can either be linear or nonlinear, with a common nonlinear
choice being a sigmoid function. After the initial input is
forward-processed through the network, the output is compared
to the target (correct) output value, and the associated error is
calculated between the target value and the output value from
the neural network. A methodology known as backpropagation
is then applied to minimize the error, updating the weights
between neurons. Through these updates, the error is mini-
mized to an optimal value determining the best-fit curve to
the data. By increasing the number of neurons and activa-
tion–function complexity in the network, the complexity of
the regression increases. Figure 4 provides a schematic of a

Figure 3. (a) The first step of cross-validation is to partition the complete dataset into both a training set in which parameters will be optimized against and a
validation set in which error between experimental data and predicted regression is compared. (b) This shows an example of a k-fold cross-validation where the
training set is split into training and test folds. Each subset of the sample is treated as a test fold through one of the iterations and an optimum parameter is
chosen which minimizes the test error. (c) The parameter chosen falls in between a regime of underfitting and overfitting, where underfitting only exhibits small
correlation to the dataset and overfitting minimizes the training error but begins to show an increase in test error. This optimized parameter would provide the
most accurate fit to the validation set.
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two-layer network (perceptron) and a representation of a higher
complexity network.

Random forest
Random forests are made up of an ensemble of decision trees,
and for regression purposes, the output of all these trees has an
average taken to produce a singular best-fit regression for the
entire collection of trees. Each tree is split utilizing bootstrap-
ping, a technique of resampling the dataset many times, with
replacement, to test on each tree.[35] Each bootstrap tree is
split on the collection of all features utilizing a random subset
of the features with replacement for every split. The special
case where the random subset of features is equal to the total
number of features is known as bagging.[36] A recursive binary

process of splitting, where the feature to split on is determined
through splitting on the feature which maximizes the reduction
in some metric such as the sum of squared errors, is continued
at each node either until reaching a user-specified end or until
complete separation has occurred.[37] To control overfitting,
the maximum depth of the trees along with post-processing
methods, such as pruning, can be utilized. The number of
trees can also be controlled and is typically enough when the
prediction made by the forest is approximately equal to the pre-
diction of a subset of the forest.[38] Regression trees work
through recursive partitioning and therefore an exact function
cannot be fit to the model. The predictions to the regression
are determined the ensemble averaging of each tree in a random
forest as shown in Fig. 5.

Figure 4. (a) A simple neural network is known as a perceptron. This perceptron is made up of an input layer connected to an output layer through a linear
activation function. A method of backpropagation, stochastic gradient descent, is shown where α is the learning rate hyperparameter, which controls how fast
the weights are updated with the associated error through every iteration. The perceptron shown is the same as performing ordinary linear regression. (b) This
shows a more complex network with an included hidden layer. This hidden layer takes inputs and feeds them into an activation function before predicting an
output.

Figure 5. A collection of n decision trees are created according to bootstrap and bagging techniques. The yellow path in each tree corresponds to the same
predicted output. The ensemble average of these collected outputs corresponds to the final prediction as produced from a random forest regression.
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Bayesian probability and Gaussian processes
A Gaussian process (GP) is based on the concept of including a
Bayesian probabilistic approach. Bayesian probability deter-
mines the posterior probability of an event based on the probabil-
ities of the factors constituting the event – prior probabilities and
likelihood of these occurring as shown in Fig. 6.

The posterior probability is updated as part of the GP result-
ing in a regression with error terms represented across the range
of the regression. While regression and neural networks are
parametric approaches, in that the shape of the curve being fit
to the data is defined, GP is a non-parametric approach, mean-
ing that the best shape and the best fit curve are both learned
through the regression process.[39] As a GP is a Bayesian
approach, the entire process is defined by a mean and covari-
ance function. While a Gaussian distribution is defined over a
set of vectors, a GP is defined over a set of functions, that is:

f � GP m,
∑( )

(5)

where the optimized function, f, is distributed as a GP across the
mean function μ and the covariance function ∑. Multiple
covariance functions can be utilized, but the chosen function
is a method of relating similarity. Covariance provides insights
into how related two variables are through utilizing varying
similarity metrics such as linear, squared exponential, periodic,
or any combination of covariance functions, the covariance
function learns similarity through mathematically representing
assumptions about the function being learned.[40] Utilizing the
prior mean and covariance, an infinite number of possible func-
tions is introduced to the feature space of the data. As data are
introduced to the GP, the mean and covariance are updated at
that point with the associated covariance function defining
the error in areas without training data introduced, that is:
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where a joint distribution is created between the function fitting
the training data, f, and the function fitting the test data, f*, across
the normal distribution across these functions. As the training
function f is known, the conditional distribution, ( f*|f ), can be
updated to solve for the new mean and error in the updated func-
tion.[39] Upon cross-validation, optimized parameters in the
covariance function are selected defining the smoothness of
the function and error between the training points.

Applications to material systems
Embedding physicochemical properties
In predictive models of molecular materials, quantum chemical
(QC) parameters have been used to solve chemical
Hamiltonians,[41] learn force field parameters,[42] represent
crystal structures,[43] and predict heats of formation.[44]

Embedding physical knowledge with QC inputs improves pre-
dictive capabilities of ML algorithms and accelerates calcula-
tions,[45] but these calculations add computationally intensive
steps in ML analysis. However, more accurate descriptors can
enable the use of simpler ML tools and smaller datasets.

The two important ML methodologies utilized in this paper
were linear regression and artificial neural networks (ANNs),
which both permit embedding of physicochemical properties
to improve predictive capabilities. Linear regression is consid-
ered to be a simpler formalism, but its performance can rival
that of the more complex ANNs when provided with a more
accurate feature set. QC calculations,[46,47] such as electronic
charge distribution, dipoles, vibrational frequencies, and reac-
tivity, have been used to increase the accuracy of predictions
on ionic liquids. Mehrkesh and Karunanithi[48] utilized
QC-predicted descriptors of the symmetrical value, which
describes packing density between anions and cations, as
well as the distance between anions and cations, anion volume
and surface area, and the dielectric energies of anion and cation
liquids along with the temperature as a system condition. Each
of these properties relates to important factors that impact the
mobility of ions within a complex ionic liquid. Values of vis-
cosity were aggregated from 20 sources for a total of 131
data points, where 48 were used to train and the rest were uti-
lized as a validation set. In this work, multivariate linear regres-
sion was implemented to establish the best fit to the data.

The predicted equation for predicting ionic liquid viscosity
was:

ln (h) = 16.5s+ 2.2Rt + 0.01VolA − .03AreaA
− 0.03T − 15.8DiA − 48.1DiC − 15.0

(7)

where η is the ionic liquid viscosity, σ is the symmetrical value,
Rt is the distance between anions and cations, VolA is the anion
volume, AreaA is the anion surface area, T is the temperature, and
Di is the dielectric energy for both the anion and cation. An aver-
age relative error comparing to the validation set was found to be
7.40%. These results were found to decrease error from 18.0%
on the same group of tested compounds that were considered
from purely thermodynamic considerations.[49]

Figure 6. Bayes’ theorem states that the posterior probability of a hypothesis
occurring given data can be calculated through the prior probability a
hypothesis is true before collecting data, the likelihood that the data are
collected given that the hypothesis is true, and the probability of collecting
that data under all possible hypothesis.
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Using more complex ANNs, Fatehi et al.[50] utilized data
purely from chemical structures using the features of molecular
weight and structural information along with the pressure and
temperature as inputs to a neural network to predict the viscos-
ity of ionic liquids without QC features. Experimental data
were aggregated from 28 sources encompassing 736 individual
datapoints over a range of experimental conditions. An ANN
was utilized to relate the model weights and structural features
to the viscosity for six families of ionic liquids. For the ionic
liquid system, 44 combinations of neural networks with a vary-
ing number of hidden neurons and activation functions were
tested. The most accurate neural network was selected, having
an average error of 1.31% on the validation set, which was 10%
of the original data withheld.

In comparing different approaches to modeling the same
system, Kalidindi and De Graef[51] have discussed the need
for standardization and for data-driven protocols for the trans-
ferability of system models, which is the capability of learning
on one system and applying the learned model to a separate sys-
tem. The different approaches presented by Fatehi et al. and
Mehrkesh et al. utilized different datasets. While Fatehi et al.
utilized a larger dataset and a robust ANN, the QC embedded
system fromMehrkesh et al. worked on a smaller set of training
data only utilizing a linear regression. Despite this, it was found
that the linear regression model, embedding QC features, fit the
data well and was able to extrapolate among multiple types of
ionic liquid systems. Still, no testing on a standardized dataset
for comparison was performed. Creating methods that allow for
the comparison of the same systems or allow for transferability
between systems is a necessary step forward. A recent approach
to resolve this issue has utilized statistical methods to determine
the best points to collect data, so that small data can be utilized
for valuable analysis.[12] Through embedding physicochemical
properties, linear regression on a small dataset was able to pre-
dict ionic liquid viscosity with low validation error, establish-
ing that ML can effectively embed physical features as inputs.

Embedding similarity
Similarity is a measure of how well common features will relate
to a common output. For example, comparing similar
sequences found in the protein database with the sequences
of a protein of unknown structure has allowed for the improved
prediction of secondary protein structures.[52] Similarity can be
embedded within ML frameworks through the use of a metric,
and some common metrics utilized to determine similarity
include distance metrics such as Euclidean or Manhattan dis-
tance or through cosine similarity. Choosing the appropriate
metric to properly model the system being studied also requires
expert knowledge to effectively embed the physical properties
of the system being studied.

Similarity at a molecular scale operates under the assump-
tion that the more similar molecules are, the closer their struc-
ture–property relation is.[53] Hansen solubility is one such
property based on underlying assumptions of similarity, and
both traditional and QC-embedded ML approaches have been

utilized in the prediction of Hansen solubility. Hansen
Solubility Parameters (HSPs) are an extension of the
Hildebrand solubility parameter, which define the intermolecu-
lar attraction between molecules as the square root of the cohe-
sive energy density.[54] The more similar the parameters are the
higher the likelihood of compounds being soluble, an extension
of the “like dissolves like” definition of solubility. To better pre-
dict the solubility of compounds, Hansen split the Hildebrand
parameter into three metrics: the dispersion parameter δd, the
polar parameter δp, and the hydrogen-bonding parameter δh
where the sum of these three parameters is equal to the
Hildebrand parameter.[55] Hansen empirically fit a model
where the solubility of a system can be determined through a
similarity metric, the relative energy difference (RED):

RED = Ra

Ro
; R2

i = 4d2d + d2p + d2h (8)

If RED is <1 then the substances are considered to be mis-
cible, and at >1 they are insoluble. Hansen solubility is widely
utilized during the design of new drugs and other material for-
mulations along with predictions for the χ parameter in Flory–
Huggins polymer solution theory.[56] Various statistical
approaches have been utilized in predicting Hansen solubility.
Much the same as viscosity, one such approach utilizes the con-
cepts of group contribution methods and chemical struc-
ture.[57,58] In a recent study, Sanchez-Lengeling et al.
embedded physical knowledge through the algorithm in the
prediction of HSP.[15] The model features included direct inputs
through chemical structure in terms of chemical fingerprints,
and QC determined data including charge density, electrostatic
quantities, and molecular shape and size information. Domain
knowledge was embedded into the system in knowing that HSP
values are based on similarity metrics. To embed this concept
into the model, structural, charge density, electrostatics, and
molecular shape information were each placed into their own
respective vectors. Euclidean distances were then determined
as a measure of similarity through the use of the sum of four-
squared exponential covariance function for each of the four
vectors utilizing a GP regression. GPs are a useful method of
ML and have the added advantage of including rigorous uncer-
tainty estimates for the predictions.[59] In most ML algorithms,
error analysis is commonly based on calculating the mean
squared error of how well the trained regression fits the valida-
tion set. Within GP, error analysis is achieved through applying
uncertainty to the predicted regression surface itself.
Considering that most scientific relations are assumed to follow
normal distributions, this creates an automatic connection with
standard research practices.

It was found that through embedding similarity through use
of a squared exponential covariance function to model similar-
ity between molecular properties, the GP model utilized by
Sanchez-Lengeling et al. was able to predict the Hansen param-
eters, such as a R2 of 0.70, an average accuracy of 80%, and an
average modeling error of 2.58 MPa0.5 between predicted and

812▪ MRS COMMUNICATIONS • VOLUME 9 • ISSUE 3 • www.mrs.org/mrc
https://doi.org/10.1557/mrc.2019.90 Published online by Cambridge University Press

https://doi.org/10.1557/mrc.2019.90


actual Hansen values. In terms of determining a RED ratio, this
is a model capable of many correct predictions. The GP was
compared to other ML methods in this paper such as Kernel
Ridge, Lasso, and a Regularized Greedy Forest. The GP tech-
nique that embedded the similarity metric outperformed all of
these techniques in the prediction of each of the solubility
parameters. This technique illustrates that even inclusion of
expected correlative relations, in this case similarity between
inputs, can be utilized in a model.

A second example within materials science which utilizes
similarity to improve ML results is predictions made on cluster
expansions. Cluster expansions are widely used for the predic-
tion of material properties which display substitutional disor-
der, such as crystals. However, when studying low symmetry
systems such as nanoparticles, the computational cost involved
in density functional theory (DFT) calculations, which need to
take into account many-body interactions, have limited capabil-
ity in quickly predicting properties of the material. This has led
to the importance of developing ML algorithms which can
accurately measure cluster expansions for various materials
on small datasets.[60]

Mueller and Ceder[61] applied a Bayesian method to cluster
expansions in order to embed physics. The coefficients for the
cluster expansion are known as effective cluster interactions
(ECIs). The aim of cluster expansion techniques is to predict
the appropriate ECI values that best reproduce the property
value. The authors utilized a Bayesian approach to apply a pri-
ori belief on the nature of the ECIs. Three separate conditions
were embedded into algorithm:

1. Property predictions should be close to that predicted by a
simple model.

2. The greater number of sites in a cluster and the greater dis-
tance between sites should lead to a smaller ECI.

3. ECIs for similar clusters should be similar values.

To satisfy the first condition, the prior mean of the ECIs are
set to zero. The second condition is satisfied through the use of
a Gaussian distribution to model the ECIs with a variance
assigned as a decreasing function of the number of sites in a
cluster and distance between clusters. Finally, the third condi-
tion is satisfied through the use of a second prior distribution
where the variance is the function of similarity between clus-
ters, where the more similar the clusters are the closer the pre-
dicted ECIs. The above three conditions were applied utilizing
Bayes’ theorem to derive a maximum-likelihood estimate for
the ECIs. Various functions were utilized as a representation
for updating the variance.

Ten thousand cluster expansions of 201-atom cuboctahedral
Ag–Au nanoparticles were created for testing. It was found that
the best results on test data were still obtained utilizing the larg-
est set of candidate clusters and training set size. However, in
the absence of these large datasets (as could be the case for
complex nanomaterials with computational limits to DFT cal-
culations), the best regularization functions embedding similar-
ity performed half to two times better while only utilizing half

the training data compared to cluster expansions where similar-
ity is ignored. The use of physically meaningful prior distribu-
tions successfully limited the size of data needed for effective
modeling.

Embedding system properties
Physical systems operate under a set of laws that govern their
responses, and these laws remain true for any physical system.
Data representation, a form of converting raw data into suitable
features, becomes an essential component to quickly and accu-
rately utilize ML.[62] As opposed to being learned through data-
driven approaches, embedding these system properties into ML
has been shown to improve results on smaller material datasets.
Stress–strain relationships are an essential part of understand-
ing material deformation. In solid mechanics, one such field
studied is crystal elasticity. Utilizing molecular dynamics
(MD), stress–strain relations of crystal deformation can be pre-
dicted with high precision,[63] and the Cauchy–Born model
establishes a relation between atomic pair potentials and contin-
uummodels for elastic deformation in crystals.[64] Ling et al.[63]

utilized high-throughput MD analysis of 15,000 data points to
performML analysis in determining crystal deformations under
applied loads. All simulations were performed on a nickel crys-
tal at 0 K, and the results predicted agreement with the Cauchy–
Born rule for homogenous deformations on a perfect crystal.
Under these assumptions, the system can be treated as having
invariant properties. For crystal deformations, invariant proper-
ties imply that the system does not change upon rotation around
the tensile stress axis, only stretching. The strain energy func-
tion, W, is the function of the deformation gradient, F, which
is a nine-component tensor composed of the derivatives of
atomic positions in a material to their reference positions.
The strain energy function can be differentiated with respect
to F in order to determine the strain, and the goal of this ML
regression was an attempt to discover the function W, relating
material deformation to strain.

Two separate approaches were explored in this work: a tra-
ditional one based on statistical inference and a physically
embedded approach. Knowing that invariance properties are
essential to the behavior of the system, both approaches built
assumptions of invariance into the training set, already demon-
strating the importance of expert knowledge applied to material
systems. The traditional ML approach artificially increased the
number of training examples through manually transforming a
system’s rigid body or cubic rotations; this will not change
the output of the model – as rigid body and cubic rotations
are invariant properties – but the artificial rotations allow the
model to learn on more examples to recognize the invariance
through training. For this procedure, the nine components of
F were utilized as inputs. This deformation technique of artifi-
cial rotations has been utilized in prior ML algorithms in order
to recognize handwritten images.[65] The artificial deformation
is introduced through the nine components of F as features mul-
tiple times from multiple angular orientations of the same struc-
ture. This allows the algorithm to learn invariance properties on
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its own. The hierarchical approach utilized a symmetry basis set
of six invariant relationships, based on the two invariance prop-
erties of W for a cubic crystal. Kambouchev et al.[66] deter-
mined the six basis set equations which fully define the
invariance of rigid body rotations, and other rotations and
inversions based on the cubic symmetry group. Ling et al. uti-
lized these equations to embed the invariance properties of F
into the model in order to learn W from a causal, physics-based
relationship as opposed to artificial deformation of the data.
These six invariant properties were utilized as inputs into the
ML algorithms.

To assess the effectiveness of embedded similarity, two ML
algorithms were utilized for regression: neural networks and
random forests. Both the neural network and random forest
models were trained to find the strain energy function, W, by
utilizing the nine components of F or the six-component invari-
ant vector as inputs and the stress as the output. After testing
both types of invariance, the approach embedding rigid body
and cubic invariance was shown to have lower validation
error than any of the traditional ML approaches for 2D and
3D transformations. Training on embedded domain knowledge
arrives at an error <3% compared to MD simulation. Ordinary
linear regression of the physics-embedded data itself only per-
formed 7% worse than the next most accurate neural network
model trained with traditional techniques. Another issue that
became apparent was the extremely large data size of random
forests trained with the traditional approach, which was large
enough that it could not be trained on 3D transformation
data. It also had a significant impact on the training times for
both random forests and neural networks with a traditional
method trial time of 434 h in the neural network as opposed
to 0.6 h in the invariant neural network. Embedding system
properties was thus shown to improve training time and reduce
error as compared to purely data-driven learning.

Although not strictly a material property, it is important to
mention that the same authors and others also looked at turbu-
lence modeling. Similar procedures were followed as to pre-
dicting strain in materials. A basis of invariants was modeled
under physical assumptions that certain changes in orientation
do not affect Reynolds stress anisotropy. One approximate
method of calculating Reynolds stress is through the
Reynolds-averaged Navier Stokes (RANS).[67] Recent research
has focused on improving RANS measurements through the
incorporation of ML techniques by including what is called
physics-informed ML (PIML) and has shown success com-
pared to traditional techniques.[68,69]

Embedding physical equations
The methods reviewed up to this point have looked at QC prop-
erties that can be obtained in a high-throughput approach and in
embedded invariance properties, which are well defined to a
system. For systems with physicochemical relations that are
not well defined, selections of appropriate descriptors allow
for causality to be discovered. Ghiringhelli et al.[70] applied
this principle towards discovering physical causality through

the use of a feature selection for predicting energy differences
in semiconductors. This was performed through the utilization
of Lasso.

Due to the L1 penalty term, Lasso has the benefit of provid-
ing a natural method of feature selection as non-important fea-
tures are suppressed to zero. Lasso performed as well as more
advanced ML techniques in predicting the same energy differ-
ences in semiconductors with fewer descriptors.[70] The benefit
of feature selection in materials allows for easy optimization of
the discovered equation and a possibility to reduce tests to only
those necessary for successful ML to be performed on a system.

A combination of the prior reviewed approaches for embed-
ding domain knowledge into systems has led to another ML
approach, hierarchical machine learning (HML). Unlike
PIML, HML incorporates physical domain knowledge through
utilizing equations to predict the physical interactions that
determine the properties or responses of a complex material
system. True for all methods of embedding domain knowledge,
the appropriate selection of physical interactions driving a sys-
tem must at least include the essential descriptors behind any
experiment. HML is a methodology that has been successfully
implemented to extremely small datasets with the appropriate
descriptor selections. The first implementation of HML, as
described by Menon et al.,[71] embedded domain knowledge
into polymer dispersants to probe their effect in a cement-based
system. Magnesium oxide is a popular nonsetting model of
portland cement and dispersant design was the first system
modeled using HML.[72] The generic model of an HML system
is shown in Fig. 7.

A polymer dispersant used in cement systems is known as a
superplasticizer. Superplasticizers are utilized to reduce yield
stress without an increase in water addition, which reduces
strength.[73] Individual measurements of adsorption (θ), zeta
potential (ζ), sedimentation experiments (s), intrinsic viscosity
(η), and the osmotic second virial, A2, were performed. Each of
these individual measurments was related to the associated
force through physical equations, which define how superplas-
ticizers reduce yield stress within cementitious systems. For
example, an increase in viscous force was assumed to vary lin-
early with free polymer concentration (co) so that:

hpol = co(1− u) hpol( x
Q
)

[ ]
(9)

where [hpol( x
Q
)] is parameterized in terms of polymer structure.

Similar approaches were performed to represent measured
properties in terms of physical interactions as shown in
Fig. 8. A library of 10 polymers was utilized for the training
set. Each polymer was parameterized in terms of their chemical
group composition. Upon representing each polymer in terms
of their respective force interactions through connecting the
bottom to middle layer, an input of these interactions along
with their squared and cross-terms was included in order to
increase the system dimensionality and incorporate multi-
physics interactions into the hypothesis-space of the material.
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The selected regression technique utilized was a regularized
linear regression, Lasso.

Lasso has the added benefit of a natural form of feature
selection in order to reduce the final predicted regression to a
line of only the physical interactions most contributing toward
dispersibility effects. The predicted equation resulted in an
equation for yield stress:

Dt = −0.26z2 + 1.93h+ 0.13p2

− 1.00 hp+ 1.40hs+ 0.03pz
(10)

After solving for the regression, optimization was per-
formed in order to parameterize chemical composition in
terms of superplasticizer structure. The optimized polymer
structure was found to correspond with a novel polymer, a
polycarboxylate-grafted lignosulfonate. The synthesized poly-
mer approached reductions in yield stress similar to those of
the leading class of superplasticizers, polycarboxylate ethers,
showing that embedded physical equations within ML are
capable of learning fits and optimizing systems.

In a continuation of this research, HML was also shown to
recognize subtle fluctuations in superplasticizer action for var-
iations in the MgO system. Metakaolin (MK) is a calcined clay
additive for improved cement strength. However, MK
decreases cement workability.[74] As a follow-up to the MgO
study, MK-Portland Cement (MK-PC) systems were studied
to design an effective dispersant utilizing HML.[75,76] A similar

Figure 8. The degree of polymer adsorption, θ, onto cement particles is calculated through a Freundlich fit to experimental data at various polymer
concentrations, Ci. The adsorbed polymer, where negatively charged polymer chains attract to the positively charged portion of cement particles, induces
dispersion through both electrostatic effects, ζpol, as fit to zeta potential measurements and electrosteric effects, spol, as fit to sedimentation experiments. Free
polymer induces solvent-mediated dispersing effects through both osmotic forces, πpol, as fit utilizing the second virial (A2) as calculated through vapor pressure
osmometry measurements and viscous forces, ηpol, as fit to intrinsic viscosity measurements.

Figure 7. Akin to the hierarchical approach shown in Fig. 1, HML
parameterizes a complex system in terms of either system structure or
formulation. A bottom layer of observed features is directly measured. This
bottom layer is related to the middle layer through embedding domain
knowledge into the system through physical equations. This bottom to
middle layer allows for the embedding of system physics without it having to
be learned in a blackbox approach. The middle layer is utilized as inputs into
the statistical learning techniques, such as Lasso, with cross-terms included
so that multi-physics interactions are accounted for. After learning, an
equation based on physical interactions utilizing ML the upward movement is
complete. The predicted equation can be reparamaterized in terms of the
initial material structure or formulation on the bottom layer and optimized, as
shown by the downward arrow.
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set of procedures was followed for the ML algorithm and opti-
mization followed on the resulting force-driven equation as pre-
dicted by Lasso. The resulting Lasso equation discovered for
slump (a direct measurement of yield stress) was:

SMK-PC = 1.11h− 0.55z+ 0.36zsMK + 0.12hsPC (11)

It is interesting to note that in both systems, an increase of
viscous force, η, was an important determinant in maximizing
the slump. Primary mechanisms of superplasticizers focus
mainly upon the electrostatic forces, ζ, and electrosteric forces,
s.[77] Upon optimization, a novel styrene sulfonate-methacrylic
acid-poly(ethylene glycol) methacrylate copolymer was syn-
thesized. In line with the Lasso prediction, this optimized poly-
mer resulted in having a higher intrinsic viscosity than any of
the training set. The discovery of forces being more important
than thought through human intuition illustrates one benefit of
incorporating domain knowledge into a system. The synthe-
sized polymer came close to the performance of commercial
PCEs in MK-PC systems, but interestingly had poor perfor-
mance within pure PC. This demonstrates that HML was able
to account for the changes in the underlying forces of

dispersion caused by the addition of MK showing one of the
benefits of incorporating physical equations into the algorithm.

Future directions
It has been shown that embedding domain knowledge into
material systems allows learning physical interactions on
small datasets. This knowledge can be incorporated into ML
algorithms through the use of the correct data representation
as shown in Fig. 9. One future prospect in research to allow
improvement and usefulness will be on transfer learning.
Transfer learning would allow for learning on one system sim-
ilar to another and have the added benefit of increasing the size
of the dataset through learning on similar systems. Figure 10
shows the theory consistent between physical and statistical
relationships.

For systems following similar physical relations, introduc-
ing statistics from prior ML studies could easily be remodeled
in the new system. Figure 11 shows an adapted schematic from
Hutchinson et al.[78] showing three techniques of transfer learn-
ing. This methodology has already been studied in QC applica-
tions of ML where small molecules were studied to understand
relations in larger molecules, an example of multi-task transfer

Figure 9. A common representation for a material or formulation is as a vector representing the structure or makeup of the system. The original vectors for
materials m and n are shown through the four pathways of data representation which were discussed in this review for embedding domain knowledge into
complex material systems to form transformed vectors m′ and n′. Method 1 represents the materials in the form of computational or experimental properties, P
(x), for the original material. Method 2 represents the vectors through finding a (di)similarity metric to compare the two. Method 3 represents the vectors through
a direct transformation of the x components in order to embed properties such as invariance. Method 4 represents the original material in terms of physical
interactions utilizing known physical equations. These transformed vectors are utilized as the features for ML techniques to learn an associated output.
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learning.[78,79] The ultimate goal for such studies with proper
relations being embedded or learned through ML would be a
universal reactive force field.[80] QC has also utilized
approaches of difference transfer learning where computational

and experimental outputs are compared to predict a system out-
put. Learning on the difference allows for variables to be found
to fit a closure model. Such learning techniques have been stud-
ied on the prediction of turbulence flow.[81]

Figure 10. The goal of modeling a complex system is to predict the best relation possible. Knowing the physical laws of the system and interactions between the
features allows an analytical model to be proposed based on physics alone, as shown on the horizontal axis. Statistics can also allow for the prediction of a good
model if sufficient data are collected as is shown on the vertical axis. For many complex systems, neither of these is achievable. By having a combination of both
physical and statistical modeling, a good model is able to be predicted and illustrates the importance of embedding physical knowledge into a system.

Figure 11. Schematics for three types of transfer learning. (a) Multi-task transfer learning is when one model is learned to fit multiple systems. (b) Latent variable
transfer learning is a technique where a latent domain variable is learned on one system and included as a feature for predicting the output of another system.
(c) Difference transfer learning is a technique where training data are relabeled as the difference between features and a model is learned from this difference.
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One issue that needs to be resolved in transfer learning is
ensuring proper physics are embedded as the system is
changed. Akin to the example of the truck driving across a
river in winter, crystal deformations vary from a Cauchy–
Born relation as temperature changes. These simulations were
all performed at 0 K, and utilizing the regression obtained
through training would result in poor deformation prediction
at higher temperatures. It would be necessary to embed domain
knowledge, which predicts a temperature relation. Utilizing a
latent variable transfer learning approach could be one possibil-
ity in accomplishing this, as temperature effects could be
learned through a latent variable. Determining the appropriate
transfer learning approach for each domain knowledge ML
technique may be a system-independent approach that again
may require prior human knowledge with test and error
approaches. If the physics in the interactions within the com-
plex system do not change, multi-task learning may be the
best technique to utilize. If the underlying physics do change,
then other transfer learning techniques may need to be
considered.

Conclusion
In the utilization of ML for science, physical theories can be
utilized to improve models in conjunction with data as opposed
to being relearned through only the incorporation of data. ML
approaches for physical systems have quickly developed to
incorporate scientific fields. Starting with purely statistical anal-
ysis of raw data, techniques have progressed over time to
include expert knowledge, incorporate physical parameters as
features, incorporate metrics of correlation between data, dis-
cover physical laws which model simple systems, and now
approach a level as to embed multiple physical laws to predict
outputs from complex systems. With complex materials being
expensive, time-intensive systems on which to test, methods
to improve the cost-effectiveness and reduce the time to find
an optimized system are essential. Deploying these hybrid
physical–statistical approaches, more accurate modeling and
relationships can be extrapolated and understood using domain
knowledge-embedded machine learning.
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