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Abstract
Reaction null space (RNS) planning and control of a planar three-link space manipulator’s pregrasping a spinning
target are studied. First, the Lagrange dynamic model of the manipulator was established. Second, the RNS motion
planning algorithm was derived, and the vector norm constraint algorithm of RNS planning was addressed to ensure
certain joint angular acceleration constraints were satisfied. Furthermore, an augmented adaptive sliding mode
controller based on time delay estimation (TDE) was proposed. This controller estimated the unknowns of the
system by TDE technology, in which accurate and complete dynamics were not required, and an adaptive TDE
was introduced to decrease the estimation errors and avoid serious chattering. Finally, numerical simulations were
carried out to verify the effectiveness of the proposed RNS planning and control algorithm.

1. Introduction
With the development of space technology, space manipulator has been used more and more widely [1,
2, 3]. Due to space microgravity, there are strong couplings between the base and the arm. The reaction
forces and torques onto the base caused by the space manipulator lead to the translation motions and
rotations of the base, which in turn affect the manipulation performances of the arm. In order to guarantee
better navigation and communication signal, as well as ensure the solar panels work, certain attitudes
of the base need to be kept. Attitudes of the base can usually be controlled by the active attitude control
system (ACS) [4, 5, 6, 7]. However, the ACS sometimes needs to be shut down to avoid collisions
between the gripper of the manipulator and the handle of the target during the sudden firing of the
thrusters, as well as to conserve fuel. So other techniques are required.

Dubowskys et al. [8, 9] proposed an enhanced disturbance map (EDM) based joint motion plan-
ning strategy to reduce the attitude disturbance of the base caused by the manipulator motion. By a
fixed-attitude-restrict Jacobian matrix (FARJM) based technique, Nenchev et al. [10] conducted zero-
disturbance planning of a space manipulator. Furthermore, Yoshida et al. [11] addressed the redundant
degree of freedom of the space manipulator and realized zero reaction maneuver (ZRM) by introducing
a combined matrix [12, 13]. To the dynamic uncertain system, Nguyen Huynh et al. [14] investigated the
base attitude zero disturbance while the arms moved. And Xu et al. [15] studied a reactionless adaptive
kinematics controller to ensure the base’s attitude controlled and the end-effector to track the desired
trajectory. Zong et al. [16] presented a new dynamic formulation as well as control scheme for space
manipulators to assure the end-effector to track a desired trajectory and to minimize the base disturbances
caused by the arm movements, in which joint controllers were designed without solving for the inverse
kinematics and computing the derivative of the generalized Jacobian matrix.
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Sliding mode control can be applied to control space manipulators [17, 18, 19], in which there are
structured uncertainty (and) or unstructured uncertainty [20]. Moreover, diverse sliding surfaces were
designed [17, 21, 22, 23], and different sliding mode controllers (SMC) were proposed. Bayat [24] com-
bined nonlinear terminal sliding mode control (TSMC) and linear model predictive control (MPC) in
a compound double layer structure to deal with the robust optimal three-axis attitude tracking problem
of spacecraft. Shao et al. [25] proposed a nonsingular terminal sliding mode controller (NTSMC) for
free-floating space manipulators (FFSMs) to improve the transient performance and reduce unexpected
base motion in the presence of disturbance. Zhu et al. [26] investigated the precise and fast trajectory
tracking controller for the free-flying space manipulator, after capturing a space target with uncertain
mass, and proposed a novel adaptive sliding mode disturbance observer (ASMDO) which assured the
estimation error of ASMDO stabilized in finite-time with the bound of the derivative of system uncer-
tainty unknown. Since the time delay estimation (TDE) technique was proposed, more attention is paid
to the TDE-based controller (TDEC) for its low dependence on the dynamics model [27, 28, 29, 30].
However, without taking the compensation of the TDE error into account, there is serious chattering
in SMC [28]. Lee [31] et al. made an experimental study on time delay control of actuation system of
tilt rotor unmanned aerial vehicle. TDE techniques were studied and SMC based on TDE of terrestrial
manipulators were proposed [32, 33]. Jung et al. [34] demonstrated the structural equivalence between
a nonlinear disturbance observer and a time-delay controller (TDC) under the non-model-based control
framework of terrestrial manipulators. Zhang [35] et al. addressed an adaptive fuzzy SMC to control a
free-flying space manipulator. Liang [36] studied a fuzzy wavelet neural network sliding mode controller
for a free-flying flexible joint double-arm space robot based on TDE. And Xie et al. [37] presented a
new adaptive small chattering sliding mode control (SCSMC) scheme that uses reinforcement learning
(RL) and time-delay estimation (TDE) for the motion control of free-floating space robotic manipulators
(FSRM) subject to model uncertainty and external disturbance.

The motion planning strategies [7, 8, 9, 10, 11, 12, 13, 14, 15, 16] were mainly devoted to general
operations of space manipulations, which cannot apply to cases of a space manipulator’s pregrasping a
spinning target. Furthermore, there are no limits and restrictions of the joint angular accelerations, which
need to be considered to accommodate the actual working situations. And in the TDE-based controllers
[31, 32, 33, 34], a fixed inertial matrix estimate is adopted all the time, which may lead to degradation
of the controller for a time-varying task. In this work, RNS planning and control of a planar three-link
space manipulator’s pregrasping a spinning target are studied. First, the Lagrange dynamic model of the
manipulator was established. Second, the RNS motion planning algorithm was derived, and the vector
norm constraint algorithm of RNS planning was addressed to ensure certain joint angular acceleration
constraints were satisfied. Furthermore, an augmented adaptive sliding mode control algorithm based on
TDE was proposed. This algorithm estimated the unknowns by TDE technology, in which accurate and
complete dynamics were not required. An adaptive TDE was introduced to decrease the estimation errors
and avoid serious chattering. Finally, numerical simulations were carried out to verify the effectiveness
of the proposed RNS planning and control algorithm.

2. Dynamic modeling of space manipulators
A planar three-link space manipulator and a spinning target are shown in Fig. 1. The space manipulator
consists of a free-floating rigid base B0 (chaser) and rigid bars B1, B2, B3. P is the target to be cap-
tured. Oxy is the inertial coordinate frame of the system. And the base moves along its trajectory with a
velocity v. It is assumed that the mass center of the whole system and that of the base satellite coincide
for any configuration of the manipulator [38]. Due to the large radius of curvature of the trajectory, the
trajectory in a short period can be approximately regarded as a straight line. The target is a cylindrical
object revolving around its mass center with angular velocity θ̇p, and the distance between its handle and
its mass center is rh. The trajectory of the base is inclined at an angle ψ relative to the x axis, and the
distance between the mass center of the target and the base’s trajectory is d. At the point of interception,
the relative velocity between the manipulator end-effector and the handle of the target is �v. Oixiyi is
the local coordinate frame of Bi(i = 0, 1, 2, 3). O0 is coincident with the mass center Oc0 of B0, Oci is the
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mass center of Bi(i = 0, 1, 2, 3), Oi(i = 1, 2, 3) is the rotational center of the revolute joint between Bi−1

and Bi(i = 0, 1, 2, 3), xi(i = 1, 2, 3) is the symmetry axis of Bi, respectively. Other symbols are defined
as follows:

ei Unit vector along the xi axis;
l0 Distance between points O0 and O1;
li Length of Bi (i = 1,2,3) along the xi axis;
bi Distance between point Oi(i = 1, 2, 3) and the mass center OCi (i = 1,2,3);
mi Mass of Bi (i = 0,1,2,3);
Ji Inertial moment of Bi with respect to its mass center OCi (i = 0,1,2,3);

Oc Mass center of the system;
θ 0 Attitude angle of x0 axis relative to x axis;
θ i Joint angles of Bi (i = 1,2,3);
ri Position vector of the mass center OCi of Bi (i = 0,1,2,3) in (O-xy) frame, ri = [xi yi]T;
Ti The kinetic energy of Bi (i = 0,1,2,3)
˙( ) The first time derivative of ( );
¨( ) The second time derivative of ( );
ˆ( ) The estimate of ( );

[( )] The allowable value of ( ).

From Fig. 1, ri (i = 1,2,3) are

ri = r0 +
i−1∑
j=0

ljej + biei (1)

Differentiating Eq. (1) with respect to time t, ṙi (i = 1,2,3) are

ṙi = ṙ0 +
i−1∑
j=0

ljėj + biėi (2)

Then the manipulator system’s total kinetic energy T is

T =
3∑

i=0

Ti (3)

where Ti = 1

2

⎛
⎝miṙ2

i + Ji

(
i∑

j=0

θ̇j

)2
⎞
⎠.

The microgravity is ignored, and the potential energy of the system V is 0. Then the system’s
Lagrangian L = T -V= T and the Euler–Lagrange dynamic equations of the space manipulator are
derived as [39]

D(q)q̈ + H(q, q̇)q̇ = τ (4)

where q = [ x0 y0 θ0 θ1 θ2 θ3 ]T is the generalized coordinates, D(q) ∈ R6×6 denotes the
symmetric inertial matrix, H(q, q̇) ∈ R6×6 is the Coriolis/centrifugal matrix, τ = [

0 τ T
l

]T ∈ R6×1,
τ l = [τ1 τ2 τ3]T ∈ R3×1, τi(i = 1, 2, 3) is the input torque of joint i.
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Figure 1. A free-floating space manipulator and a spinning target.

3. RNS motion planning of space manipulators
3.1. RNS motion planning algorithm
By partitioned matrix, Eq. (4) is rewritten as[

Dbb Dbl

Dlb Dll

] [
q̈b

q̈l

]
+
[

Hb

Hl

] [
q̇b

q̇l

]
=
[

0
τ l

]
(5)

where Dbb ∈ R3×3 is the base inertia matrix, Dll ∈ R3×3 is the arm inertial matrix, Dbl ∈ R3×3 is the base-
arm coupling inertia matrix, qb = [x0 y0 θ0]T, ql = [θ1 θ2 θ3]T.

Integrating the first row of Eq. (5), the system’s linear momentum P and angular momentum
L [40] are (

P
L

)
=
∫

0dt = Dbbq̇b + Dblq̇l = const (6)

where Dbbq̇b is the base momentum, Dblq̇l is the coupling momentum generated by the arm motion.
Introduce Ll = Dblq̇l and the derivative of Ll is

L̇l = Fl = Dblq̈l + Ḋblq̇l (7)

where Fl is the reaction forces induced on the base from the motion of the arm.
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When coupling momentum is constant, Fl ≡ 0. Then the arm’s motion leads to no reaction force or
torque to the base. When the number of the degree of freedom of the manipulator is greater than that of
the base coordinates, the manipulator joint rates satisfy [40]

q̇l = D+
blLl +

(
I − D+

blDbl

)
ξ (8)

where ( )+ is the pseudo-inverse of ( ), I ∈ R3×3 represents the identity matrix, (I − D+
blDbl) is the mapping

onto the null space of Dbl, and ξ ∈ R3×1 represents an arbitrary vector. This inertial null space is called
the “zero reaction space.” When the coupling momentum Ll = 0, Eq. (9) is obtained(

q̇l

)
RNS

= (
I − D+

blDbl

)
ξ (9)

The base’s attitude is merely considered and the modified coupling inertial matrix D̃bl =
[D34 D35 D36] [32] is defined, then Eq. (9) is transformed into(

q̇l

)
RNS

=
(
I − D̃

+
blD̃bl

)
ξ (10)

The reactionless joint trajectories can be obtained by integrating Eq. (10).

3.2. Vector norm constraint algorithm of RNS planning
ξ can be properly chosen to ensure constraints of the joint angular velocities and joint angular accelera-
tions are satisfied. Define B = (I − D̃

+
blD̃bl) and utilize Eq. (10), joint angular velocities

(
q̇l

)
int

and joint
angular accelerations

(
q̈l

)
int

at the interception point are⎧⎪⎨
⎪⎩
∥∥(q̇l

)
int

∥∥= ‖Bξ‖∥∥(q̈l

)
int

∥∥=
∥∥∥∥dB

dt
ξ

∥∥∥∥ (11)

Extending it to the entire manipulation process, then joint angular velocities (q̇l)RNS and joint angular
accelerations (q̈l)RNS of RNS are ⎧⎪⎨

⎪⎩
∥∥(q̇l

)
RNS

∥∥= ‖Bξ‖∥∥(q̈l

)
RNS

∥∥=
∥∥∥∥dB

dt
ξ

∥∥∥∥ (12)

By Eq. (7), the reaction forces onto the base from the arm are

FRNS = Dbl

(
q̈l

)
RNS

+ Ḋbl

(
q̇l

)
RNS

=
⎛
⎜⎝

Fx

Fy

Tz

⎞
⎟⎠ (13)

where Fx and Fy are reaction forces, Tz is the corresponding reaction torque.

Substituting
(
q̇l

)
RNS

= Bξ and
(
q̈l

)
RNS

= dB
dt

ξ into Eq. (13), then combining Eq. (12), Eq. (14) is
derived ⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∥∥(q̇l

)
RNS

∥∥
2
= ‖Bξ‖2∥∥(q̈l

)
RNS

∥∥
2
=
∥∥∥∥dB

dt
ξ

∥∥∥∥
2

‖FRNS‖2 =
∥∥∥∥
(

Dbl

dB
dt

+ ḊblB
)

ξ

∥∥∥∥
2

(14)
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where ‖‖2 is the Euclidean norm. Then ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∥∥(q̇l

)
RNS

∥∥2

2
= ξ

TA1ξ∥∥(q̈l

)
RNS

∥∥2

2
= ξ

TA2ξ

‖FRNS‖2
2 = ξ

TA3ξ

(15)

where Ai ∈ R3×3(i = 1, 2, 3) are obtained by expanding the right side of Eq. (14). Then ξ can be calculated
by Eq. (15).

The reactionless path of the manipulator can be obtained by integrating Eq. (10) from tf to t0, in which
tf is the time of interception and t0 is the starting time of manipulation. The initial states of the integral
are joint angles of the manipulator at the moment of interception, which should be obtained first. This
can be obtained by inverse kinematics [39].

At the moment of interception, the velocity ve of the end-effector should be the same as the velocity
vh of the target handle. In practice, ‖ve − vh‖ ≤ [�v] is ensured. The end-effector’s velocity is

ve = vO0 + veO0 (16)

where vO0 is the velocity of O0, veO0 is the relative velocity of the end-effector relative to O0.

veO0 = Jq̇θ (17)

where q̇θ = [θ̇0 θ̇1 θ̇2 θ̇3]T, J is Jacobian matrix.

J =
[−l0s0 − lls01 − l2s012 − l3s0123 − l1s01 − l2s012 − l3s0123 − l2s012 − l3s0123 − l3s0123

l0c0 + l1c01 + l2c012 + l3c0123 l1c01 + l2c012 + l3c0123 l2c012 + l3c0123 l3c0123

]
(18)

where s0 = sin(θ0), s01 = sin(θ0 + θ1), s012 = sin (θ0 + θ1 + θ2), s0123 = sin (θ0 + θ1 + θ2 + θ3),
c0 = cos (θ0), c01 = cos (θ0 + θ1), c012 = cos (θ0 + θ1 + θ2), c0123 = cos (θ0 + θ1 + θ2 + θ3).

The velocity vh of the target handle is found from

vh =
[

ẋh

ẏh

]
=
[

ẋP − rhθ̇P sin θP

ẏP + rhθ̇P cos θP

]
(19)

The main steps of the vector norm constraint algorithm of RNS Planning are shown in Fig. 2.

4. TDE-based augmented adaptive sliding mode control design
Introduce matrix DI= diag(DI1, · · · DIi, · · · , DI6), the dynamics Eq. (4) is rewritten as

τ = DI q̈ + h (20)

h = (D(q) − DI) q̈ + H (q, q̇) q̇ (21)

where DI is the estimate of the inertia matrix D, DIi(i = 1, · · · , 6) are given constants.
Define the augmented output error vector

e = qd − q (22)

ė = q̇d − q̇ (23)

where qd = [
x0 y0 θ0 qT

ld

]T and q̇d = [
ẋ0 ẏ0 θ̇0 q̇T

ld

]T are the augmented desired trajectories and
the augmented desired velocities, qld = [θ1d θ2d θ3d]T, q̇ld = [θ̇1d θ̇2d θ̇3d]T. Then the augmented
output error vector e is

e = [
0 eT

l

]T (24)

where el = qld − ql.
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Figure 2. The flow chart of the vector norm constraint algorithm of RNS planning.

The sliding surface s is chosen as

s = ė + �1e + �2ρ (25)

where �1, �2 ∈ R6×6 are positive definite diagonal matrices, �1 = diag(λ11, · · · , λ1i, · · · , λ16),
�2 = diag(λ21, · · · , λ2i, · · · , λ26), λji > 0(j = 1, 2; i = 1, · · · , 6), s = [s1 · · · si · · · s6]T, ρ =
[ρ1 · · · ρi · · · ρ6]T, ρi(i = 1 ∼ 6) are

ρi =
{

sig(ei)
α1i , s1i = 0 ∨ (s1i 
= 0 ∧ |ei| ≥ φi)

η1iei + η2if (ei), s1i 
= 0 ∧ |ei|<φi

(26)

f (ei)=
(

1 + k1i cos

(
πei

2φi

))
sig(ei)

α2i (27)

where s1i = ėi + λ1iei + λ2isig(ei)α1i , 0.5<α1i < 1, 1<α2i < 2, φi are positive constants, sig(ei)αji =
|ei|αji sgn(ei), j = 1, 2, sgn(ei), η1i and η2i are

sgn(ei)=

⎧⎪⎨
⎪⎩

1, ei > 0

0, ei = 0

−1, ei < 0

(28)
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η1i =
⎛
⎜⎝α2i − πk1i

2
− α1i

α2i − πk1i

2
− 1

⎞
⎟⎠ φi

α1i−1, η2i =
⎛
⎜⎝ α1i − 1

α2i − πk1i

2
− 1

⎞
⎟⎠ φi

α1i−α2i (29)

where 0 ≤ k1i <
2(α2i − 1)

π
.

The first time derivative of ρi is

ρ̇i =
{
α1i|ei|α1i−1ėi, s1i = 0 ∨ (s1i 
= 0 ∧ |ei| ≥ φi)

η1iėi + F(ei) , s1i 
= 0 ∧ |ei|<φi

(30)

F (ei)= η2iα2i

(
1 + k1icos

(
πei

2φi

))
|ei|α2i−1ėi − η2ik1isin

(
πei

2φi

)
sig(ei)

α2i
π ėi

2φi

(31)

Then the following approaching law � is proposed

� = K1s − K2sig(s)β (32)

where K1 and K2 are diagonal matrices, K1 = diag(μ11, · · · ,μ1i, · · · ,μ16), K2 = diag(μ21, · · · ,
μ2i, · · · ,μ26), μji > 0(j = 1, 2; i = 1, · · · , 6), 0<β < 1.

By augmentation approach, an augmented sliding mode controller (controller I) is proposed

τ = DIγ + ĥ (q, q̇, q̈)+ [
ςT 0

]
(33)

γ = q̈d + w + K1s + K2sig(s)β + k |w| sgn(s) (34)

where ĥ is the estimate of h, w = �1ė + �2ρ̇, w = [w1 · · · wi · · · w6]T, k = diag(k1, · · · ,
ki, · · · , k6), ki(i = 1 ∼ 6) is given later. The vector ς = [ς1 ς2 ς3]T guarantees that the first three terms
of the vector τ = [0 τ T

l ]T are always 0.
By the adaptive delay estimation technique, ĥ(q, q̇, q̈) is

ĥ (q, q̇, q̈)= ht−L = τ t−L − DI q̈t−L (35)

As the delay time L is short enough, then

h ≈ ht−L (36)

The acceleration q̈t−L is calculated by

q̈t−L = qt − 2qt−L + qt−2L

L2
(37)

The estimation error h̃t is

h̃t = ht − ĥt = ht − ht−L = DI (γ − q̈)+ [
ςT 0

]
(38)

Define the error δ = [δ1 · · · δi · · · δ6]T as

δ = DI
−1h̃t = γ − q̈ + D−1

I

[
ςT 0

]
(39)

So long as Eq. (40) is satisfied, the system is stable.∣∣λi

(
D−1DI − I6

)∣∣< 1 (40)

where I6 is a 6-dimensional identity matrix, λi(D−1DI − I6) is the ith eigenvalue of the matrix (D−1DI −
I6), i = 1 ∼ 6.

In order to decrease the TDE error, a larger constant needs to be chosen for DIi [41]. Larger DIi will
lead to serious chattering. Even worse, Eq. (40) may not be satisfied, which leads to instabilities [29].
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Therefore, the adaptive TDE technology was introduced. Assume D̂ = diag(D̂1, · · · , D̂i, · · · , D̂6) is the
adaptive estimated inertia matrix, the estimate D̂i(i = 1 ∼ 6) are

D̂i = DIi (1 + k2iσi) (41)
where k2i(i = 1 ∼ 6) are positive constants, σi(i = 1 ∼ 6) ≥ 0 are defined later.

Then the augmented adaptive sliding mode controller based on TDE (controller II) is

τ = D̂γ + ĥ (q, q̇, q̈)+ [
ςT 0

]
= D̂

(
q̈d + w + K1s + K2sig(s)β

)+ D̂k |w| sgn(s)+ [
ςT 0

]+ τ t−L − D̂q̈t−L (42)
Substituting Eq. (42) into Eq. (20), then we have

q̈ = DI
−1
(
D̂γ + ĥ(q, q̇, q̈)+ [

ςT 0
]− h

)
(43)

Define the Lyapunov function Vi

Vi = 1

2
si

2 + σ̃ 2
i

2υi

(44)

where υi is a positive constant, σ̃i = σi,max − σi ≥ 0, σi,max is the maximum of σi, i = 1 ∼ 6.
Differentiating Eq. (44) with respect to time t and utilizing w = �1ė + �2ρ̇, Eqs. (25) and (43),

V̇i is

V̇i = sisi +
˙̃σ iσ̃i

vi

= si (ëi +μ1iėi +μ2iρ̇i)+
˙̃σ iσ̃i

vi

= si (q̈id − q̈i + wi)+
˙̃σ iσ̃i

vi

=

⎧⎪⎪⎨
⎪⎪⎩

si

(
q̈id − DIi

−1
(

D̂iγi + ĥi + ςi − hi

)
+ wi

)
+

˙̃σ iσ̃i

vi

i = 1, 2, 3

si

(
q̈id − DIi

−1
(

D̂iγi + ĥi − hi

)
+ wi

)
+

˙̃σ iσ̃i

vi

i = 4, 5, 6

(45)

σi,max is a constant and σ̃i = σi,max − σi, so ˙̃σ i = −σ̇i. Define

σ̇i =
⎧⎨
⎩
υi |s2i| sgn

(
σi,max − σi

)
, σi = σi,max ∨ σi = 0

i = 1 ∼ 6
υi |s2i| sgn(χi − |si|α3i) , 0<σi <σi,max

(46)

where χi and υi are positive constants, α3i > 1. Then s2i satisfies

|s2i| =
⎧⎨
⎩

|si| , |si|α3i >χi

i = 1 ∼ 6
(|si| + ζi)

−1 , |si|α3i >χi

(47)

where ζi is a positive constant.
Then Eq. (47) is discussed by two situations. One is i = 1,2,3, the other is i = 4,5,6.
(1) i = 1,2,3
When i = 1,2,3, si ≡ 0. Then V̇i is

V̇i =
˙̃σ iσ̃i

υi

= − σ̇iσ̃i

υi

=
{− |s2i| sgn

(
σi,max − σi

)
σ̃i, σi = σi,max ∨ σi = 0

− |s2i| sgn(χi − |si|α3i) σ̃i, 0<σi <σi,max i= 1, 2, 3
(48)

=
{−(|si| + ζi)

−1sgn
(
σi,max − σi

)
σ̃i, σi = σi,max ∨ σi = 0

−(|si| + ζi)
−1sgn(χi − |si|α3i) σ̃i, 0<σi <σi,max

≤ 0
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(2) i = 4,5,6
When i = 4,5,6, Eq. (49) is obtained by Eq. (39)

V̇i = si

(
q̈id − D−1

Ii

(
D̂iγi + h̃i

)
+ wi

)
+

˙̃σ iσ̃i

υi

i = 4, 5, 6 (49)

= si

(
q̈id − D−1

Ii D̂iγi + δi + wi

)
+

˙̃σ iσ̃i

υi

By Eqs. (34) and (41), Eq. (49) is transformed into

V̇i = si

(
q̈id − D−1

Ii D̂i

(
q̈id + wi +μ1isi +μ2isig(si)

β + ki |wi| sgn (si)
)+ δi + wi

)
+

˙̃σ iσ̃i

υi

= si

(
q̈id − D−1

Ii DIi (1 + k2iσi)
(
q̈id + wi +μ1isi +μ2isig(si)

β + ki |wi| sgn (si)
)+ δi + wi

)+
˙̃σ iσ̃i

υi

= si

(
q̈id − (1 + k2iσi)

(
q̈id + wi +μ1isi +μ2isig(si)

β + ki |wi| sgn (si)
)+ δi + wi

)+
˙̃σ iσ̃i

υi

= si

(
δi − k2iσiq̈id − k2iσiwi − (1 + k2iσi)

(
μ1isi +μ2isig(si)

β + ki |wi| sgn (si)
))+

˙̃σ iσ̃i

υi

i = 4, 5, 6

= si

(
δmi −μm1isi −μm2isig(si)

β − k2iσiwi − ki(1 + k2iσi) |wi| sgn (si)
)+

˙̃σ iσ̃i

υi

= si

(
δmi −μm1isi −μm2i|si|βsgn (si)− k2iσiwi − ki(1 + k2iσi) |wi| sgn (si)

)+
˙̃σ iσ̃i

υi

= −μm1is
2
i −μm2i|si|β+1 + δmisi − k2iσiwisi − ki(1 + k2iσi) |wi| |si| +

˙̃σ iσ̃i

υi

(50)

where δmi = δi − k2iσiq̈id, μm1i = (1 + k2iσi)μ1i, μm2i = (1 + k2iσi)μ2i. Define ki as

ki = k2iσi

1 + k2iσi

(51)

Then V̇i is

V̇i = −μm1is
2
i −μm2i|si|β+1 + δmisi − k2iσiwisi − k2iσi |wi| |si| +

˙̃σ iσ̃i

υi

i = 4, 5, 6 (52)

σi,max is a constant and σ̃i = σi,max − σi, so ˙̃σ i = −σ̇i. σi ≥ 0, k2i ≥ 0, then k2iσiwisi + k2iσi |wi| |si| ≥ 0,
|δmi| |si| ≥ δmisi. So V̇i satisfies

V̇i ≤ − |si|
(
μm1i |si| +μm2i|si|β − |δmi|

)− σ̃iσ̇i

υi

i = 4, 5, 6 (53)

Obviously 0 ≤ σi ≤ σi,max, so σi is bounded. According to the definition of TDE error Eq. (39), δmi is
bounded. So assume |δmi| ≤ψi, ψi > 0.

When
σ̃iσ̇i

υi

≥ 0, there are two scenarios. (a) σi = σi,max ∨ σi = 0 (b) 0<σi <σi,max and |si|α3i ≤ χi. Then

V̇i is

V̇i ≤ − |si|
(
μm1i |si| +μm2i|si|β − |δmi|

)
(54)

When
σ̃iσ̇i

υi

< 0, obviously 0<σi <σi,max and |si|α3i >χi. Therefore,
σ̃iσ̇i

υi

= −σ̃i |si|, then V̇i is

V̇ ≤ − |si|
(
μm1i |si| +μm2i|si|β − |δmi|

)+ σ̃ |si| (55)
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Figure 3. The operational control strategy of the TDE-based adaptive sliding mode controller.

Define Ai = − |si|
(
μm1i |si| +μm2i|si|β − |δmi|

)+ σ̃i |si|, then Ai is rewritten as

Ai = −|si|
[(
μm1i − (|δmi| + σ̃i) |si|−1

) |si| + μm2i|si|β
]

(56)

Ai = −|si|
[
μm1i |si| +

(
μm2i − (|δmi| + σ̃i) |si|−β

) |si|β
]

(57)

When si 
= 0, either (μm1i − (|δmi| + σ̃i) |si|−1)> 0 or (μm2i − (|δmi| + σ̃i) |si|−β)> 0 satisfy. Then
Ai < 0, so V̇i < 0, lim

t→∞
ei = 0, lim

t→∞
ėi = 0.

The operational control strategy of the proposed TDE-based adaptive sliding mode controller (42) is
shown in Fig. 3.

5. Simulation examples
Simulations are carried out for a free-floating three-bar space manipulator, as shown in Fig. 1. The sys-
tem’s parameters are as follows: m0 = 1430kg, m1 = 35kg, m2 = 22.5kg, m3 = 21.9kg, J0 = 7090kg·m2,
J1 = 0.42kg·m2, J2 = 0.94kg·m2, J3 = 0.63kg·m2, l0 = 0.5m, l1 = 0.35m, l2 = 0.87m, l3 = 0.63m,
b1 = 0.25m, b2 = 0.175m, b3 = 0.315m, v = 1.2m/s, θ0 = −π

6
rad, d = 2.3m, θp = 242◦, ẋP = 0.95m/s,

ẏP = −0.55m/s, θ̇p = 0.13rad/s, [(q̈l)int] = [0.05 0.05 0.05]T(◦/s2).
Assume L = 0.01s, t0 = 0s, tf = 66s, [�v] = 0.02m/s, ξ (0) = [0.03 0.02 0.02]T. The con-

troller parameters are DI = diag (1, 1, 1, 0.4, 0.3, 0.1), �1 = �2 = diag (30, 30, 30, 30, 30, 30),
K1 = diag (2, 2, 2.4, 2, 2, 2.4), K2 = diag(0.012, 0.012, 2.4, 0.012, 0.012, 2.4), α1i = 0.8, α2i = 1.4,
α3i = 2, φi = 0.002, k1i = 0.23, k2i = 0.2, ζ1i = 0.5, υi = 0.1, χi = 0.1, β = 0.9, i = 1, · · · , 6.

Case 1 ψ = −π
6

rad, φ = π

3
, the initial position of the base centroid relative to center of the target is

xP
C0 = −7.67m, yP

C0 = 1.77m.
The simulation results of the RNS planning are shown in Figs. 4–7. Figure 4 shows the reactionless

trajectories of the base centroid, the center of the end gripper. Figure 5 shows the reactionless joint
trajectories, while Fig. 6 shows the reactionless joint angular accelerations. Figure 7 shows the reaction
forces and reaction torque on the base.

The initial state is θ1 = 0.56rad, θ2 = 1.43rad, θ3 = −1.92rad, and the simulation results from the
proposed controller Eq. (47) (controller II) are shown in Figs. 8–13. Figure 8 shows the actual trajectories
of the base centroid, the center of the end gripper. Figure 9 is the actual trajectory of the base’s attitude,
while Fig. 10 depicts the tracking trajectories of joints. Figures 11, 12, and 13 are the estimators of
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Figure 4. The reactionless trajectories of the base centroid, the center of the end gripper (RNS planning,
ψ = −π

6
rad).

Figure 5. The reactionless joint trajectories (RNS planning, ψ = −π
6

rad).
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joint1
joint2
joint3

Figure 6. The reactionless joint angular accelerations (RNS planning, ψ = −π
6

rad).

D4, D5, and D6, respectively. When the end gripper comes into contact with the target handle, �v is
0.0064 m/s. The simulation results from the controller Eq. (33) (controller I) are shown in Figs. 14–17.
Figure 14 is the actual trajectory of the base’s attitude, while Figs. 15–17 depict the tracking trajectories
of joints 1–3, respectively.

Case 2 ψ = −π
9

rad, φ = π

3
, the initial position of the base centroid relative to center of the target is

xP
C0 = −7.67m, yP

C0 = 0.34m.
The simulation results of the RNS planning are shown in Figs. 18–21. Figure 18 shows the reac-

tionless trajectories of the base centroid, the center of the end gripper. Figure 19 shows the reactionless
joint trajectories, while Fig. 20 shows the reactionless joint angular accelerations. Figure 21 shows the
reaction forces and the reaction torque on the base.
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Figure 7. The reaction forces (RNS planning, ψ = −π
6

rad).

Figure 8. The actual trajectories of the base centroid, the center of the end gripper (ψ = −π
6

rad,
controller II).

Figure 9. The tracking trajectory of the base’s attitude (ψ = −π
6

rad, controller II).

Figure 10. The tracking trajectory of joints (ψ = −π
6

rad, controller II).
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Figure 11. The estimator of D4 (ψ = −π
6

rad, controller II).

Figure 12. The estimator of D5 (ψ = −π
6

rad, controller II).

Figure 13. The estimator of D6 (ψ = −π
6

rad, controller II).
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Figure 14. The tracking trajectory of the base’s attitude (ψ = −π
6

rad, controller I).
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Figure 15. The tracking trajectory of joint 1 (ψ = −π
6

rad, controller I).
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Figure 16. The tracking trajectory of joint 2 (ψ = −π
6

rad, controller I).
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Figure 17. The tracking trajectory of joint 3 (ψ = −π
6

rad, controller I).

Figure 18. The reactionless trajectories of the base centroid, the center of the end gripper (RNS
planning, ψ = −π

9
rad).
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Figure 19. The reactionless joint trajectories (RNS planning, ψ = −π
9

rad).
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Figure 20. The reactionless joint angular accelerations (RNS planning, ψ = −π
9

rad).

Figure 21. The reaction forces (RNS planning, ψ = −π
9

rad).

The initial state is θ1 = 1.79rad, θ2 = 0.40rad, θ3 = −1.90rad, and the simulation results from the
proposed controller Eq. (47) (controller II) are shown in Figs. 22–27. Figure 22 shows the actual trajec-
tories of the base centroid, the center of the end gripper. Figure 23 is the actual trajectory of the base’s
attitude, while Fig. 24 depicts the tracking trajectories of joints. Figures 25, 26, and 27 are the estimators
of D4, D5, and D6, respectively. When the end gripper comes into contact with the target handle, �v is
0.0192 m/s. The simulation results from the controller Eq. (33) (controller I) are shown in Figs. 28–31.
Figure 28 is the actual trajectory of the base’s attitude, while Figs. 29–31 depict the tracking trajectories
of joints 1–3, respectively.

Figures 6 and 20 show that the reactionless joint angular accelerations are less than their allowable
values, and Figs. 7 and 21 show that the reaction forces and reaction torque on the base are almost 0.
It can be seen from Figs. 9 and 23 that the base’s attitude changes slightly at the beginning, and then
remains to be −π

6
rad by the controller II. Meanwhile, it can be seen from Figs. 10 and 24 that the

joint angles gradually track the desired reactionless trajectories and that the errors converge to zero after
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Figure 22. The actual trajectories of the base centroid, the center of the end gripper (ψ = −π
9

rad,
controller II).

Figure 23. The tracking trajectory of the base’s attitude (ψ = −π
9

rad, controller II).

Figure 24. The tracking trajectories of joints (ψ = −π
9

rad, controller II).

Figure 25. The estimator of D4 (ψ = −π
9

rad, controller II).
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Figure 26. The estimator of D5 (ψ = −π
9

rad, controller II).

Figure 27. The estimator of D6 (ψ = −π
9

rad, controller II).
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Figure 28. The tracking trajectory of the base’s attitude (ψ = −π
9

rad, controller I).

0 10 20 30 40 50 60 70
–1

0

1

2

3

Time(s)

Desired
Actual

Jo
in

t a
ng

le
 1

(r
ad

)

Figure 29. The tracking trajectory of joint 1 (ψ = −π
9

rad, controller I).
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Figure 30. The tracking trajectory of joint 2 (ψ = −π
9

rad, controller I).
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Figure 31. The tracking trajectory of joint 3 (ψ = −π
9

rad, controller I).

about 2 s by the controller II. From Figs. 14–17 and 28–31, it can be seen serious chattering happens after
20 s, and the reactionless desired joint trajectories cannot be tracked efficiently by the controller I .

6. Conclusions
The Lagrange dynamic model of a free-floating three-bar space manipulator was established. The RNS
motion planning algorithm of the manipulator’s pregrasping a rotating target was derived, and the vector
norm constraint algorithm of RNS planning was addressed. Then an augmented adaptive sliding mode
controller based on TDE was proposed, in which the adaptive estimated inertia matrix was introduced to
decrease the estimation errors and avoid serious chattering and accurate dynamics were not required. The
proposed RNS planning algorithm and the proposed controller ensured that joint angular accelerations
were less than their allowable values and each joint tracked the desired reactionless trajectory with the
base’s attitude reactionless.
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