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Defining trigonometric functions via complex
sequences

JAN GUSTAVSSON and MIKAEL P. SUNDQVIST

1. Introduction

In the literature we find several different ways of introducing
elementary functions. For the exponential function, we mention the
following ways of characterising the exponential function:

(a) exp(x) = lim (1 + f) [1,2];
n—> +oo n
ok

) expl) = Z o [3], also for complex values of x;
k=0

(c) x — exp(x)is the unique solution to the initial value problem [4]
uwx) = u, u) = 1;
x1
(d) x — exp(x)istheinverse of logx = J. " dt [5];
1

() x — exp(x) is the unique continuous function satisfying the
functional equation f(x + y) = f(x)f(y) and f(0) = 1 [6]; the
corresponding definition is done for the logarithm in [7];

(f) Define a” for rational r, and then use a continuity/density argument [8].

All of them have their advantages and disadvantages. We like (a) and (c),
mostly because they have natural interpretations, (a) in the setting of
compound interest and (c) being a simple model of many processes in
physics and other sciences, but also because they are related to methods and
ideas that are (usually) introduced rather early to the students.

One drawback with (c) is that the existence and uniqueness theorems
are usually not at hand.

When it comes to introducing the trigonometric function sine (similarly
for cosine), we mention:
(i) the geometric definition from a right-angled triangle or via the unit

circle [8, 9];
.. . exp (ix) — exp (—ix)
(i) sinx = , [B1;
2i
2k +1

(i) sinx 2 ( ) o , [10];
(iv) x — sinx is the unique solution to the initial value problem

uwx) +ukx) =0, u() = 0,4 (0) = 11[4, 11];

« 1
(v) x — sinxis the inverse of arcsin (x) = f ?zdt, continued in a
0 -t

symmetric/periodic manner [12].
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Students seem to be familiar with the first two geometrical definitions
from high school. We like (ii), since it connects a trigonometric function
with the exponential function, and (iv), since it is an important model
appearing in various applications, describing oscillations.

The aim of the present article is twofold. Firstly, we want to define the
trigonometric functions sine and cosine in a way that is motivated by the
differential equation in (iv), and connected to the exponential function.
Secondly, our aim is that the definition should only use very simple
concepts, so that it could appear early in the curriculum of a calculus class.

Using the Euler method of numerically solving the differential
equations in (c) and (iv), we are naturally led (see Section 2 below for
details) to the sequences (E,) and (S,,):

En=(1+§), Sn:(1+n) _.(l_n). (1)

n 2i

We define exp (x) for real x as the limit of (E,) as n — oo. This is pretty
standard, so we only sketch a method of doing it in Section 4. Next, the
sequence (S,) suggests that to find a solution of the differential equation (iv)
we should study the sequence (E,), but for complex x. This is done in
Section 5, and our main task is to prove convergence. Once that is done, the
expected properties follow rather easily.

The idea of defining a complex exponential function via the sequence
(E,) is of course not new, see for example [13, p. 166]. However, we have
not seen the motivation from the sequence (S,) above, and the basic methods
of proving convergence before, without discussing the argument of complex
numbers or angles. In Section 6 we define the trigonometric functions (via
(i1)), and get immediately several of their natural properties from the
corresponding properties of the complex exponential function. For the sake
of completeness, we also give the usual geometric interpretation of the
trigonometric functions on the unit circle, together with a definition of 7.

2. Motivation

The most basic method to find numerical approximations of differential
equations is the Euler method. If we want to approximate the solution to the
differential equation

W@ - flu®), w0 = u,
on the interval [0, x], we first divide the interval into n equally large
subintervals, t, = kx/n, 0 < k < n. Here, h = x/n is called the step
size. Next, we approximate u’(f) with its difference quotient
(u(t + h) — u(r))/h. Moreover, for k > 1, we let u; denote the
approximate solution at t = #;. The Euler technique gives

{Mo = u(0),

U1 = U + Wf (4, w), k > 0.

https://doi.org/10.1017/mag.2016.4 Published online by Cambridge University Press


https://doi.org/10.1017/mag.2016.4

TRIGONOMETRIC FUNCTIONS VIA COMPLEX SEQUENCES 11

Example 1: To find an approximate solution to the differential equation
e = e(), e(0) = 1. (2)
on the interval [0, x] with step size h = x/n, we solve
i1 = e + hey = (1 + h)ey, ep = 1.

Using induction, or some other method, to solve recurrence equations, we
find that

e = (1 + b = (1 +i)k.

In particular, the solution at the endpoint x is approximated as

ex) = e, = (1 + f)n. 3)

n
In Figure 1, we have plotted the approximative sequence (e); - 1 to (2) in the
case n = 10 (left) and n = 100 (right), in the interval [0, 1]. We have also
plotted the exact solution of (2), and we see that as n increases the
approximate solution gets closer to the exact solution. This motivates the
definition of the sequence (E,) in (1).

Example 2: The Euler method works also on systems of differential
equations. Thus, if we want to solve the differential equation

s7(t) + s(t) = 0, s(0) = 0,5(0) = 1, 4)
then it is appropriate to introduce c (+) = s'(¢). Then ¢’ (¢) = —s(¢), and
¢ (t) will necessarily satisfy

(@) + c(t) =0, c(0) = 1, (0) = 0. &)

3 4
2 4
1 4
0 0.5 10 0.5 1

FIGURE 1: The approximation of the solution to ¢’ (t) = e(t), e(0) = 1 on the
interval [0,1], with ten subintervals. The exact solution is plotted in grey. Right: The
same, but with 100 subintervals.

Moreover, we get the first order system
s (1) | c®
cwWl |=s@]
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This time, with s; and ¢, the approximate solutions at #;, we get

RN MRS N e

The matrix above has eigenvalues 1 + hi with eigenvectors (¥i, 1)
respectively. This means that we can find constants g and b such that

{Sﬂ _a(l + hi)k[_l} + b - hi)k[l}.
C 1 1
Inserting k = 0O,

1 1 1

soa = b = 1. Thus, we can write s; and c; as

_ 1+ hiY¥ — (1 — hi)t _(+ hi + (1 — hi)t

Sk Ck

21 2
Fork = n, we get
1+ 9" — (1 — x4y
S(x):snz( ) '( ) ©)
2i
and
1 + 49 1 — 4y
e s D -y o

2i
In Figure 2 we have plotted the approximative sequences (s;); - of (4)
in the case n = 100 (left) and n = 1000 (right), in the interval [0, 10]. We
have also plotted the exact solution of (4) in grey, and we see that as n
increases the approximate solution gets closer to the real solution. This
motivates the study of the sequence (S,) in (1), and thus, the study of the
sequence (E,) for complex x.

(1) ...... . i /-\
N

FIGURE 2: The approximation of the solution of s”(¢) + s(¢#) = 0, with initial
conditions s (0) = 0, 5’ (0) = 1, in the interval [0, 10], using 100 subintervals. The
exact solution is plotted in grey. Right: The same, but with 1000 subintervals.

Motivated by these examples, we continue to define the exponential
function, first for real arguments, and then for complex ones. Then we
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define sine and cosine in terms of the complex exponential function, and
verify that they indeed satisfy the corresponding initial value problem.
Before doing so, we mention some tools that we believe the reader/student
will have met before, and that we will use below.

3. Prerequisites

Here we list some results that we will use, and believe that the
university student is, or at least could be, familiar with.

Axiom 1: A bounded monotone sequence converges.

n
Result 1: Let a, > 0 and let there be a constant C such that z a; < C for
k=1

alln € N. Then lim 2 ay, exists.

n— +oo k=1

Result 2: Let a; € C, and let there be a constant C such that z lai] < €
k=1

foralln € N. Then lim Zak exists.

n—+e -1

Result 3 (The Bernoulli inequality): Letx > —1andn € N. Then
1+x" =21+ nx

Result 4 (The arithmetic-geometric mean inequality): Let n € N and a,,

a, ..., a, be non-negative real numbers. Then

1/,,<a1+a2+ ..t oa,
< .

(a3 ... ay)
n

This inequality is easily proved. One nice approach that fits this
presentation is given in [14].

4. The (real) exponential function

The exponential function for real arguments has been discussed in many
places before. We give some details of one way to define it, from which
many of its properties follows directly.

Theorem 1: Letx e R.Then,ifn > |x|,

n n+1
X X 1 1
I +—-) <|I+ < 7 S .
n n+1 (1 - 75) (-3
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Proof: 'The first inequality follows from the arithmetic-geometric mean
inequality

1x(1+£) <
n

1 4 )\ +1 n-1

M) — (1 + g ) .
n+1

The second one follows by writing

X n+1 X n+1 X2
(e ) (-2 =(1-—
n+ 1 n+ 1 (n + 1)?

The third one follows from (8) by replacing x with —x.

n+1

We conclude that for all x € R, the limit lim (1 + f) exists, by
n

n—> +oo
Axiom 1 and Theorem 1, and make the following definition.

Definition: We define the real exponential function,exp : R — R, as

exp(x) = lim (1 + )—C)n.

n— +oo n
2\ x\" . . o
From |1 - — (1 + ) (1 - —) and the Bernoulli inequality, valid if
n n n
x| < n,
2\" 2
1>(1-%) >1-%
n? n

It follows that
exp () exp(—x) = 1,
and in particular that exp (x) # 0. It also follows that

exp(x) = ! = lim (1 - {) .
exp (—x) n— +eo n

Next, we note that exp (x) > Oforallx e R,since (ifn > [x])

exp (x) = (1 + )_c) = 0.
n

The Bernoulli inequality also implies that expx expy = exp(x + y), via
the two inequalities (again, we assume that n is sufficiently large)

(1+%‘;)”(1+%)"=[1+1 xy ]”>1+ xy
(1 + 22y nn+ (x+y n+x+y

and (the equality here follows from the one in the previous formula, just by
changing n to —n)

(1——(—%)”_ 1 1
( _[1+L Xy ]n<1+ Xy

nn-(x+y) n—(x+y)
https://doi.org/10.1017/mag.2016.4 Published online by Cambridge University Press
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Also, forn > |x

b}

expx>(1+{) > 1+ x,
n

and since the left-hand side and right-hand side are independent of n, the
inequality expx > 1 + x follows. In the same manner we get differentiability
of exp. Indeed, if n» € Nand0 < |h| < 1,

n —n 1
h<(1+ﬁ)—1<exph—l<(1—ﬁ) -1<—

n n 1-h

so the value of (exph — 1)/his between 1 and 1/(1 — h), and thus

ok
1-h

-1
lim &PA-1
h—0

It follows directly that the derivative of expx is expx,

exp(x + h) — expx exph — 1

lim = expx lim ———— = expux.
h—>0 h ho0 h

One conclusion from this is that the exponential function is monotonically

increasing, and differentiating once more, we find that it is convex.

Moreover, it satisfies the initial value problem (2).

We conclude this section by noting that since the exponential function is
monotonically increasing it is invertible, and we define the logarithm by
y = logx if, and only if, x = expy. The usual properties of log follow
easily, and we do not give the details, but mention that at this point it is a
good idea to define a” fora > Oandb € Rasa’ = exp(b loga).

5. The complex exponential function

We will base the definition of the complex exponential function on the
following limit.

Theorem 2: Letz € C. Then the limit

lim (1 + 5)
n—> +oo n

exists.

We emphasise again, that for purely imaginary z the existence of the
limit above is easily found if we are familiar with both the absolute value
and the argument of a complex number (see [13]). We assume that only the
absolute value is known. We divide some calculations needed in the proof of
the theorem into two lemmas.
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Lemma 1: Let0 < j < k be integers. Then

k|1 k-1 1
= - ; -2 0.
I K J Jk-1Y
Proof: The stated inequality is equivalent to
k-1, 17

T

Now, the left-hand side equals (1 — E)f and the right-hand side equals
1 — £. The inequality thus follows from the Bernoulli inequality.

Lemma?2:1Letz € Candletk > 2 be an integer. Then

: | 2 R
(1+—)—(1+ ) ——(1+—) .
k k-1 k k-1
Proof: We write, using the binomial theorem,
k k-1 k k-1 _
(1+£)_(1+ z ) =Z—k+22’{(l?)lj—(k,l) ! }
k k-1 [ AV JoJk -1y
Here, we have used that the first two terms of the sum (corresponding to

j =0 and j = 1) cancel. The expression in brackets is non-negative
according to Lemma 1, so the triangle inequality gives

‘(1 ¥ %)k‘(l = 1)H < 'Z—':ﬁw{(f)é _(k; 1)<k—1 w}'

Using the binomial theorem again, we find that the right-hand side equals
) N
(1+—) —(1+—) .
k k-1

We are now ready to give a proof of Theorem 2.

k

<(1+

Proof of Theorem 2: Letz € C be fixed. We use a telescoping sum,

(R I ol [ (R N (R I

Using Lemma 2 on the terms in the brackets, we find that

n 2\ , k1 |Z| k |Z| k-1

Sl -z Tzl - )
k k-1 k k-1

k=2
https://doi.org/10.1017/mag.2016.4 Published online by Cambridge University Press
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1+M -1 -

< exp|z| -1- |Z|
Thus, according to Result 2, the limit

n k k-1
z z
lim E[(l+—)—(1+ ) }
N> e fon k k-1

exists, which implies that the sequence n — (1 + )" converges.

Remark: The above calculation also give the inequality

‘(1+E)—l—z
n

foralln € N.
We extend the exponential function so that it is defined on C.

<

1+H)—1—|z| )
n

Definition: Forz € C, we let

expz = lim (1 + E) .
n

n—> +oo

Before we turn to the trigonometric functions, we give some properties
of the complex exponential function.

Theorem 3: Letx € R,z € Candw € C. Then
@ lexp(iv)| = 1,
(b) expz = expz,

(c) expzexpw = exp(z + w) (in particular expz exp(-z) = 1),

(d) (expz)" = exp(nz),

(e) The mapping x — exp(ix) is differentiable, with D exp(ix) = i exp(ix).

Proof:
(a) We estimate the absolute value,

n/2 n? 1/@n)
B I (N
n n? n?

1/(2n) X2
< (exp(¥) " = eXP(%),

and the right-hand side converges to exp0 = 1 as n — +oo, so the
property follows from the sandwich theorem for sequences.

1 <

https://doi.org/10.1017/mag.2016.4 Published online by Cambridge University Press


https://doi.org/10.1017/mag.2016.4

18 THE MATHEMATICAL GAZETTE

(b) This follows directly from the fact that the conjugate of (1 + 2)" is
(1 +2)".

n
(c) We use the binomial theorem, and write

(1+E)(1+K) =(1+Z+W+¥)
n n n n

z+w\" < (n z+w\" T 2w\
=(1+ )+2 (1+ ) (—2)
n oi\k n n
Our task is to show that the sum converges to zero as n — +oo.
Indeed, we factor out %, and get,asn — +oo,
k
|z + w|) (|zw|)
n

*(n z 4+ w\" K zw\
S = G < 2D
1(1+|z+w|+|zw|)

n
n n

N

< 1 exp(lz + w| + |zw]) = o.
n

(d) This follows immediately from the last item upon induction.

(e) Leth # 0 bereal. We write the difference quotient
exp(i(x + h)) — exp (ix) exp(ih) — 1

" = exp(ix) 3

We are done if we can show that the quotient has limiti as i — 0. We

use (9) with z = ih, to get
1 n
< —[(1 + @) -1 - |h|]
|h| n

’(1 +h) -1
h
explh — 1
H) = =2 -
- [ |n

Asn — Hoo,
exp(ih) — 1
h

which tends to zero as £ tends to zero.

— Il < exh _1’
| < gy lexplil -

Remark: With a similar argument we could show that z — expz is
complex differentiable, and hence holomorphic on all of C, but that lies
outside the scope of our aim.

6. The trigonometric functions

According to our plans, we now define the trigonometric functions in
terms of the complex exponential function.
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Definition: Forx € R, we let

iX) + - SN i
cosx = exp () zexp( zx)’ sinx = exp (ix) Z'GXP( zx).
i

We first note that cosO = 1 and sin0 = 0, and given the definition of
exp z for complex z the definitions above agree with the suggestion we got
from solving the corresponding differential equations with the Euler
method, (6) and (7). It is a good exercise for the students to verify all the
properties listed below.

Theorem 4: Let x and y be real numbers. Then
(@) cosx € Randsinx € R,

(b) Dcosx = —sinux,

(c) Dsinx = cosux,

(d) x — sinxis a solution of (4),
(e) x — cosxis a solution of (5),

(f) Re(exp(ix))

cos X,

(g) Im(exp(ix)) = sinx,

(h) exp(ix) = cosx + i sinx,

(i) cos’x + sin’x = 1,

(G) cos(x + y) = cosx cosy — sinx siny,
(k) sin(x + y) = sinx cosy + cosx siny,
@ x—xé < sinx < x,ifx > 0,

2

(m) 1 - % <cosx <1-7%

X
+ 5.

o

Proof: All of these properties except the last two follow directly from the
corresponding properties of the exponential function, given in Theorem 3.
From (i) it follows that 1 — cosx > 0. By differentiating x — sinx and
evaluating at x = 0, we find that the right-hand inequality in (1) is valid for
x > 0. In the same manner, since D (cosx — (1 — %xz)) = X — sinx, we
find that the left-hand inequality in (m) is valid for x > 0. Now,
D(sinx — (x — &%) = cosx — (1 — x?) implies the left-hand inequality
in () for x > 0, and finally, D(1 — % + 4 — cosx) = sinx — (x — %)
implies the right-hand inequality in (m) for x > 0. We finally comment that
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(m) is valid for all x € R, since the functions involved are even, while the
inequalities in (1) are reversed for x < O since the functions are odd.

The following lemma shows that cosine eventually has a positive zero.
Our proof is inspired by [10].

Theorem 5: The function x — cosx has a positive zero.

Proof: According to Theorem 4(m), we find that cos2 < 1—-2 + 2 = -1

Since cos0 = 1, and x — cosx is continuous, the existence of a positive
zero follows from the intermediate value theorem.

We denote by 7 the smallest positive zero of x — cosx, and we stress
that this is in fact a definition of the constant 5.

Theorem 6: Both sine and cosine are periodic, with smallest positive period
2m.

Proof: We note that it also follows that sinj > 0 and, thus by (i) in
Theorem 4 that sin§ = 1. Now, the addition formulas give

T . . T
Cos|Xx — E = SImJx, and sm(x — 5 = — COSXx.

These formulas completely determine the values of cosine and sine in the
interval [%, 7], which in turn gives the values in [, 377] and [377, 27], and

cos(x — 4%) = sin(x — 3%) = —cos(x - 2%) = —sin(x - %) = COSX,

so 2m is a period for cosine. Likewise for sine. Since cosine is decreasing
from 1 to 0 and sine is increasing from O to 1 in the interval [0, 7] we can
study the sign changes in the intervals [0, 7], [%, z], [7, ¥] and [, 27],

and it follows that the smallest period of sine and cosine is 2.

Theorem 7: If z € C, with |z| = 1, then there exists a unique t € [0, 27)
such that z = exp(it) = cost + i sint.

Proof: We complete the proof of existence in the case Rez > 0 and
Imz > 0. The other cases are similar.

Since 0 < Rez < 1 it follows that there exists a unique ¢ € [0, Z]
such that cost = Rez. But since (Rez)* + (Imz)*> = 1 and cos’t + sin’t = 1
and sint > 0 for ¢ e [0, %] it follows that Imz = sin¢#, so
z = cost + i sint = exp(if).

The uniqueness follows by the signs of sine and cosine in the four
different quadrants.

Next, we consider the complex number exp (iT), where T € [0, %]
This corresponds to a point on the unit circle, in the first quadrant. A
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parametrization of the part of the unit circle connecting (1, 0) with exp (iT)
isgivenby t — exp(it),0 < ¢t < T.This curve is simple by Theorem 7.

Theorem 8: The arc along the unit circle from the point (1, 0) to the point
exp (iT) has length T.

The proof usually requires integrals which we at this point do not
handle. Thus, let us explain what we mean by arc length. Let n € N, and
let 0 =t <t <t, < ... <t, =T be a partition of the interval
[0, T]. A polygon with corners in the points exp (i) will then have length

l, = Z |exp(itk) — exp(ity_y)
k=1
We define the length / of the arc described above (see Figure 3) to be the
least upper bound of all sums of the type /,, where the number of dividing
points of the partitions as well as the lengths of the intervals may vary.

——_exp(iT)

X
N

!
\ /’

|54

FIGURE 3: The unit circle

Proof of Theorem 8: First, since

exp(ity) — exp(ity_y) = exp(i L +2tk_1)[exp(i L _2tk_1) - exp(—i%)}

we find, by (a) in Theorem 3 and (1) in Theorem 4,

|exp(itk) - exp(itk,1)| =2 sin(tk_%) <t — tiq.
Thus, foralln € N,

[, < i(tk —tio) =T.
On the other hand, by (1) in Th(li,;rlem4 again, witht = 3(t; — t,_ ),

1 te — b
ty — tho1 — ﬁ(l‘k - tk,l)S < 2sin(%),

s0, by summing,
1 n

T - th — i) < 0,
24k§1(k kl)
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If we add a point to a partition, we will, by the triangle inequality increase
the length of the polygon train. Thus, given ¢ > 0, the least upper bound
will be attained when the lengths of the subintervals are all less than e.
Since, for such a partition,

n

0 < Z(tk — o) <& Z(fk ~ti1) = €T,
i1

k=1
we find that

82
T(l——)<£’n<T.
24

But € was arbitrary,so/ = T.

Finally, for 0 < T < 27 we define the angle a (in radians) asa =/ =T,
according to Figure 3. The students should now feel that they are on safe
grounds again. We comment that this might be a good place to discuss

complex numbers in polar form, z = |z|é = || exp (ia).
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The answers to the Nemo page from November 2015 on conic sections were:

1. Tan McEwan The Innocent

2. Keith Douglas How to Kill

3. Emily Dickinson Let us Play Yesterday

4. Coventry Patmore Deliciae Sapientiae de Amore

5. George Canning and John Frere  The Loves of the Triangles Canto II

6. Thomas Hardy Far from the Madding Crowd Chapter 15

Congratulations to Henry Ricardo and Nigel Derby (who mentioned that
he uses the last quote in class to explain asymptotes to his students) for
identifying all these quotations. Also apologies to Lawrence Smallman for
omitting his name from the list of correct solvers in November 2015.

The theme this time is mathematics as solace. The quotations on
page 33 are to be identified by reference to author and work. Solutions are
invited to the Editor by 31st May 2016.
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