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SECOND-ORDER REFINEMENT
OF EMPIRICAL LIKELIHOOD
FOR TESTING OVERIDENTIFYING
RESTRICTIONS
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Yale University

This paper studies second-order properties of the empirical likelihood overidenti-
fying restriction test to check the validity of moment condition models. We show
that the empirical likelihood test is Bartlett correctable and suggest second-order
refinement methods for the test based on the empirical Bartlett correction and
adjusted empirical likelihood. Our second-order analysis supplements the one in
Chen and Cui (2007, Journal of Econometrics 141, 492-516) who considered
parameter hypothesis testing for overidentified models. In simulation studies we find
that the empirical Bartlett correction and adjusted empirical likelihood assisted by
bootstrapping provide reasonable improvements for the properties of the null rejec-
tion probabilities.

1. INTRODUCTION

Generalized method of moments (GMM) by Hansen (1982) has been a standard
tool for empirical economic analysis. GMM provides a unified framework for
conducting statistical inference when economic models are specified by some
moment conditions. However, the literature indicates that there are considerable
problems with GMM, particularly in its finite sample performance, such as the
bias in point estimation and distortions of null rejection probabilities in hypothesis
testing (see, e.g., the special issue of the Journal of Business and Economic
Statistics, vol. 14).

One well-known problem of GMM-based inference is that the (first-order)
asymptotic null distribution of the overidentifying restriction test based on the
minimized GMM criterion function, often called the J-test, can be a poor
approximation in finite samples. In order to overcome this problem, several
alternative inference methods have been developed. Hall and Horowitz (1996)
proposed a uniform weight bootstrap method by using recentered moment
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restrictions. Brown and Newey (2002) proposed a weighted bootstrap method
based on the implied probabilities obtained from the moment conditions. These
bootstrap methods provide higher-order refinements for the property of null rejec-
tion probabilities of overidentifying restriction tests.

Another approach to tackling this finite sample problem of the GMM-based
overidentifying restriction test is to employ an alternative criterion function to de-
rive a test statistic, such as continuous updating GMM, exponential tilting, and
empirical likelihood (see Kitamura, 2007, for a survey). Among them, empirical
likelihood is an attractive candidate to deal with the distortion problem of the null
rejection probabilities because of its Bartlett correctability, a second-order refine-
ment based on the Edgeworth expansion. Bartlett correctability of the empirical
likelihood-based test is reported in several contexts, such as smooth functions of
means (DiCiccio, Hall, and Romano, 1991) and quantiles (Chen and Hall, 1993).
Also, Baggerly (1998) focused on testing for the mean parameter (i.e., E[X] = 0)
and showed that only empirical likelihood is Bartlett correctable in the power di-
vergence family. Bravo (2004) showed that a bootstrap version of the empirical
likelihood test achieves the same higher-order accuracy as the Bartlett corrected
test. Although the parameters of interest are different, these papers studied Bartlett
correctability of empirical likelihood in just-identified moment restrictions
(i.e., the number of moment restrictions equals the number of parameters). This
paper is concerned with overidentified moment restrictions (i.e., the number of
moment restrictions exceeds the number of parameters), which are common in
economic analysis. Although the second-order analysis becomes substantially
more complicated due to extra systems and terms brought by overidentifying
restrictions, Chen and Cui (2007) tackled this problem and showed that the
empirical likelihood test for parameter hypotheses is Bartlett correctable even if
the models are overidentified.

This paper extends Chen and Cui’s (2007) analysis to the overidentifying
restriction testing problem and studies second-order properties of the empirical
likelihood overidentifying restriction test. Although the basic idea of the second-
order analysis follows from Chen and Cui, the technical detail is case by case and
specific to our test statistic. Indeed Chen and Cui (p. 504) indicated the possibility
of this extension, and this paper formally studies this issue. In particular, we show
that the empirical likelihood test for overidentifying restrictions is also Bartlett
correctable and propose second-order refinement methods for the test based on
the empirical Bartlett correction and adjusted empirical likelihood. Adjusted em-
pirical likelihood (Liu and Chen, 2010) is a modification of empirical likelihood
to avoid nonexistence of solutions for the likelihood maximization problem by
introducing auxiliary observations. Our refinement methods are illustrated by
simulation studies based on a linear instrumental variable regression model and an
asset pricing model. We find that (i) the GMM and empirical likelihood tests based
on the asymptotic critical values show severe overrejections, particularly when the
number of moment restrictions is large, and (ii) an empirical Bartlett correction
and adjusted empirical likelihood assisted by bootstrapping provide reasonable
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improvements for the properties of null rejection probabilities. Since testing for
overidentifying restrictions is a fundamental problem to assess the validity of eco-
nomic theory that precedes parameter estimation and inference, our refinement
methods contribute to enhancing the reliability of empirical economic analysis
based on moment condition models.

In the context of hypothesis testing for overidentifying restrictions, several
papers derive global optimal properties of empirical likelihood-based tests.
Kitamura (2001) focused on the generalized Neyman-Pearson criterion (i.e., com-
parison of decay rates of the type II errors under fixed alternatives subject to a
restriction on the decay rate of the type I errors) and showed that the empirical
likelihood test is generalized Neyman-Pearson optimal. Otsu (2010) focused on
the Bahadur criterion (i.e., comparison of decay rates of p-values under fixed alter-
natives) and showed that the empirical likelihood test is Bahadur optimal. Canay
and Otsu (2011) focused on the Hodges-Lehmann criterion (i.e., comparison of
decay rates of the type II errors under fixed alternatives subject to a size con-
straint) and showed that not only the empirical likelihood test but also the GMM
and generalized empirical likelihood tests are Hodges-Lehmann optimal. These
studies concentrate on global (or fixed alternative) and first-order power proper-
ties and show that the empirical likelihood test satisfies these optimality criteria.
On the other hand, this paper concentrates on second-order null rejection prop-
erties under the null hypothesis and shows that the empirical likelihood test is
Bartlett correctable (i.e., accepts a second-order refinement for the null rejection
property). If the Bartlett correction factor B, for the empirical likelihood test

T, is known, then the corrected test statistic 7, (1 +n! Bc)_1 shows the same
first-order global power properties to the original statistic 7},. Thus, the Bartlett
corrected empirical likelihood test also enjoys the above global optimal proper-
ties. However, if B, is unknown (as is always the case in practice) and is estimated
by B, based on data, then we need to incorporate the large deviation properties
of the estimation error B. — By, and the first-order global power properties of the
corrected test statistic 7}, (14n~" éc)_l require further investigation.

Based on these considerations, we recommend that applied researchers employ
the Bartlett corrected empirical likelihood test (with estimated B.) when from
previous studies the distortion in the null rejection probability is a major concern
for their applications of interest, and employ the uncorrected empirical likelihood
test when the distortion in the null rejection probability is not a serious prob-
lem and better power property is desired. For example, our simulation results in
Section 4 indicate that when the sample size is small and/or the number of mo-
ment conditions is large, the uncorrected empirical likelihood and GMM-based
overidentification tests tend to overreject the null hypothesis. Therefore, in such
situations, we recommend the use of the Bartlett corrected empirical likelihood
test suggested in this paper.

The rest of the paper is organized as follows: Section 2 introduces our setup and
notation. Section 3 presents the main theoretical results: second-order properties
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of the empirical likelihood test statistic and refinements by the Bartlett correc-
tion and adjusted empirical likelihood. Section 4 conducts simulation studies
based on a linear instrumental variable regression model and asset pricing model.
Section 5 concludes. All technical details are contained in the Appendix.

2. SETUP

Our notation closely follows that of Chen and Cui (2007). Suppose we observe a
random sample {X;}!"_, from X e X C R?. Let g : X x ® — R” be a vector of mo-
ment functions, where ® C R” is the parameter space and r > p (overidentified).
We wish to test the validity of the overidentifying restrictions:

Hy:E[g(X,0)]=0 forsomef e ®,
H:E[g(X,0)]#0 foranyf € 0. (€))]

If the null hypothesis is uniquely satisfied at some 0y € ® (i.e., the model is
correctly specified and the parameter is point identified at 6), then we can es-
timate the true parameter value 6y by GMM or generalized empirical likelihood
and also conduct hypothesis testing on 6y by the Wald, Lagrange multiplier, or
likelihood ratio type tests. In contrast to Chen and Cui, who focused on parame-
ter hypothesis testing (i.e., HJ : 6 = c against H : 0 # ¢), this paper studies
second-order properties of the empirical likelihood test for the overidentifying
restrictions Hy against Hj. We consider the following setup adopted by Chen and
Cui. Let g (X,0) = (g1 (X,0),...,¢" (X, 9))/ and |-| be the euclidean norm.

Assumption 1. {X;}? | isii.d.

Assumption 2. E[g (X,0)] = 0 is uniquely satisfied at ) € ©, @ is compact,
V = Var (g (X, 6p)) is positive definite, and G = E [%} has the full column
rank.

Assumption 3. There exists a neighborhood N of 8y such that for each
j=1,...,r, g/ (x,0) is continuously third-order differentiable in & € N almost
surely and the derivatives are bounded by integrable functions over N

Assumption 4. E [|g (X, 60)|"°] < oo and limsupy,_, . |E [exp (ir' g (X, 60))]|
< 1.

The same comments as in Chen and Cui (2007) apply here. Assumption 1
excludes dependent data. An extension to time series data is beyond the scope
of this paper. The first condition in Assumption 2 says that the overidentification
null hypothesis Hy is satisfied and the true parameter value 6y is point identified.
The last condition in Assumption 2 excludes weak identification (or weak instru-
ments) in the sense of Stock and Wright (2000). If Assumption 2 does not hold and
G drifts to the zero matrix at the /n-rate (so-called weak identification asymp-
totics), the first-order asymptotic null distribution of the overidentification test
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statistic typically becomes nonstandard. Assumption 3 is on smoothness of the
moment functions. This assumption excludes, for example, quantile regression
models. Assumption 4 imposes bounded moments and a Cramér condition used
to establish the validity of the Edgeworth expansion. It is known that the Cramér
condition is satisfied when the distribution of g (X, 6y) has a nondegenerate and
absolutely continuous component (see, e.g., Hall, 1992, pp. 65-67). This require-
ment is typically satisfied when X is continuous and g (x,6p) is smooth in x.
For example, Assumption 4 can be verified for the simulation design in Section
4 motivated by an asset pricing model, and linear instrumental variable regres-
sion models with normal errors, regressors, and instruments. However, when the
distribution of g (X, 6p) has no absolutely continuous component, a conventional
argument to verify the Cramér condition is not applicable in general, and the
validity of the Cramér condition becomes questionable or at least hard to verify.!

We now introduce the empirical likelihood test statistic for Hy. Let T be an
r x r orthogonal matrix satisfying

TV=12GU = (A Opx(r—p)) -

where U is a p x p orthogonal matrix and A is a p X p nonsingular diagonal
matrix. We orthogonalize the moment functions as w; () = TVl 2g (Xi,0) so
that E [w; (6o) wi (60)'] = I. The empirical likelihood overidentifying restriction
test statistic, proposed by Qin and Lawless (1994), can be defined as

n
— 1 — ] / .
T = i 0) =pin2 Y log (1+40) s ©)

where 4 (0) solves Y, % = (0 with respect to 4 for a given value of 6.

From Qin and Lawless (Cor. 3), we can see that 7}, —d> 22 (r — p) under Hj.

The rest of this section presents an expansion formula for 7,, derived by Chen
and Cui (2007). Let § = argmingee ¢ (0) and A= /1(9). The first-order conditions
for (1/,0") are written as Q(4,0) = 0, where

1y wi @) 1 & X (wi 0)/30)
n A 2w 0) n A 1+ 2w 0) )

Q(4,0) = (

Thus, the fourth-order Taylor expansion of o, 0) = 0 around (1,0') =
(Orx 1»00) and inversions yield expansion formulas for 7 and 0 — 0. By insert-
ing those formulas to the fourth-order Taylor expansion of 7, =2%"_, log(1+

Y w; (é)) around A'w; (é) = 0, Chen and Cui obtained an expansion formula
for T,. To present the formula, define # = (/1/,9’)/, S=E [%?7’,60)}, al = jth
element of a vector a,
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@itk = [ @)+ wi* @0)]

. 1 & : . o
At de — ; z wi]l @) -~ wijk (o) — a1k,
i=1
ki
T -
i — g1 * Q10,00 i
T m— ,
Mjy Nk
Pn — alw] (60) o U)k (0()) . ot wP (60)
8(9,1 69][ 89kl aHk aepl "'59p,l )
L1 dwl @) e @) oM’ @)
= = 80;, ---00;, 0, - - 96k, 80y, -+~ 30,,
_yjajl-~-]'I;k,k1‘..km;,,,;p,pl ,,,,, P

BJ>J1

y Jodtediskoki e Kims s paplseees

m

Cj’jl o Jiskoky e Kms s P1sees Pa

n

Hereafter, the ranges of the superscripts are fixed as g,h,i,j € {l,...,r},
k,l,m,ne{l,...,p},and q,s,t,u € {1,...,r + p}. Also, by the convention, re-
peated superscripts are summed over (e.g., B/ A/ = Z]’:] B/ AJ). Based on this
notation, Chen and Cui’s expansion formula for 7,, is presented as

n~'T,=—2B/ A/ — B/ B/ +2C" B B"+ka i 4 %ﬂj’“q,b’”k’”y J-k g« B4 Bs B!
_I[))j,uq B“ B Br+k,s Bsy J.k _ﬁr+k,uq B“BY Ci,kBi _ Bj BiAji

— %aﬁth B B" 4207+ {BjB’+k — Bl BIBR(2 j r4k]
+ %ﬂj,ququ B[, +k]}
+y j,kl{_BjBr+kBr+[ + B/ prtkprtlapga (3, j,r +k,r+1]
_ %ﬁj,qur—&-kBrHBquB’ ik +1]}— cikigigrkgr+i

3 4
+ 744 B B B+ BS 42y Sk gi gi gh grk 4 BI B BIAII (2, 0]

B lﬁL“qB”BqBiAji 2 Jil+ lyj;k,lmBjBH-kBr-i-lBr-i-m
2 b b 3
+2y j;fJ{BfB"Bf“ — BIBI BTt g1 4 L pretua pi i pu g
2

. 1 . .
—B"t'BIBIMBI2, j,i]+ E/31’“‘1159“3‘119’3’“ [2,j,i]}
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+2BJ giprH il (yj;i,lk+yj,l;i,k> BJ Bi g+ pr+k
+2¢/"BJ B B"1 B4 — g1 pJ-ud g g4 gi ph — %aﬁthj B'B"B*
+0, ()
=Li+-+L3z+ 0, (n‘S/Z), @)

where [2, j,i] means the sum of two terms by exchanging the superscripts
i and j, and [3,j,r +k,r +1] means the sum of three terms by exchanging
the superscripts j, r +k, and r +1 (e.g., B/ B"KB™t4BI[3, j r4+k,r+1] =
BJ Brtkpr+laga 4 prtkgr+i pi-a pq 4 gi g+l pr+k.a pa) Compared to Chen
and Cui, who investigated the second-order properties of the empirical likelihood
ratio test statistic £ (c) — 6’(9) for the parameter hypothesis HOP 1 0y = c, this
paper studies second-order properties of 7, = ¢ (é). Except for the basic ideas,
the second-order analysis below is specific to our setup and different from Chen
and Cui.

3. MAIN RESULTS
3.1. Signed Root Expansion and Cumulants

Hereafter, the ranges of the superscripts are fixed as a,b,c,d,e, f €
{1,...,r — p}. To study the second-order properties of 7,, based on the expansion
in (2), we first find a signed root expansion in the form of

n—lTn = (R +R2+R3)P+a (R +R2+R3)P+a +0, (n—S/Z) .

where R| = 0,,(n“1/2), Ry = Op(n_l), and R3 = 0,,(n_3/2). By collecting the
terms of order 0, (n~") in (2), we have R’ RV = L 4 L. Using the formulas

p+a
R]

in Appendix A.1, is obtained as

RI™ = Apta, 3)

By collecting the terms of order O, (n~>/2) in (2), we have 2RV Ry = L7 +
Le+ Lo+ Lis+Los. Let UA™! = (wkl)pxp. Using the formulas in Appendix
A.l, Rg *4 is obtained as

Ré’“ = — lAP+bAP+a p+b 4 lap+a ptb pte gp+b gpte _ Kl oprak gl
2
+ %wkmwlny p+a,k1AmAn +wlmy p+a;p+b,lAp+bAm. @)

Also, by collecting the terms of order O,(n~2) in (2), we have 2RV RY e

p+a pp+a 6 11 23 33 :
Ry "Ry =% 3Lj+ X 0L +X13L + X5 Lj. Thus, after tedious
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calculations in Appendix A.3, Ré’ *% is obtained as in Appendix A.2. Based
on the signed root expansion obtained above, we compute cumulants of
R = R| + Ry + R3. Observe that E[wa] =0and E[Rf“] =n"1uP*e where

1 . 1
pta _ _ _,pta p+b p+b wkly l;p+a,k + =y p+a,klwkmwlm. 5)

a 6 2

Since all terms in Rf * are product of three zero mean averages, it holds

E[RY +a] = O(n~?). Thus, the first-order cumulant is

cum(R”"’“) =E[Rp+“] =n~luPti4 0 (n_z) ) (6)
In Appendix A.4, we show that the second-order cumulant is

cum (Rp+“, Rp+f) =p~lgprartl L2 aPtartf 4 o (n_3> . )
Appendixes A.5 and A.6 show that the third and fourth cumulants satisfy

cum (P4, RV RPH) = 0 (n7), cum (RIF, RIHY, RITE, RIF)

=0 (n™). ®)

3.2. Second-Order Properties and Bartlett Correction

Based on the cumulants for the signed root expansion obtained in the previous
section, we can apply a conventional argument to derive the Edgeworth expansion
and Bartlett correction for the empirical likelihood test statistic 7}, (e.g., DiCiccio
etal., 1991). Let ¢, and f,_, (-) be the (1 —a)th quantile and probability density
function of the y 2 (r — p) distribution, respectively. Also define the Bartlett factor
as

p+a  pra | Ap+a pta
po= , )

where 1Pt and AP P+ gre defined in (5) and (7), respectively. Let B, be a
J/n-consistent estimator of B.. The main results are summarized as follows.

THEOREM 3.1. Under Assumptions 1-4,
(i) Pr{Ty < cay =1—a—n""co fr—p(ca) B+ O (n7?),

(i) Pr{T, <cu (14+n"'B)} =1—a+0 (n72),

(iii) Pr{Tn <¢, (1+n_1l§c)} =l—a+0(n?2).
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Theorem 3.1 says that (i) the error in the null rejection probability of the em-
pirical likelihood test using the asymptotic critical value ¢, is of order O (n™"),
(ii) the error can be reduced to order O (n_z) by the Bartlett correction, and
(iii) replacing the Bartlett factor B, by a v/n-consistent estimator B, has no effect
at the order of n=2 (see DiCiccio et al., 1991, for instance).

In practice, B, has to be estimated. The method of moments estimator of B,
can be obtained by substituting all the population moments involved by their cor-
responding sample moments. However, particularly when the moment function
g (X,0) is nonlinear in , the Bartlett factor B, takes a complex form and the
method of moments estimator can be less practical and precise. Chen and Cui
(2007) employed a uniform weight bootstrap method using recentered moments
(Hall and Horowitz, 1996) to estimate the normalized factor f. = 1 + n~'B. in
the case of parameter hypothesis testing for overidentified models. We suggest
a slightly different procedure to estimate f. based on the implied probability
bootstrap (Brown and Newey, 2002), which resamples from a distribution that
imposes the moment restrictions instead of the empirical distribution. The proce-
dure to estimate S, is as follows.

1. Using 6 and 1, calculate the implied probabilities
R 1
Pi = < NN
n (1 + g (Xiﬁ))

fori=1,...,n.

(10)

2. Draw n i.i.d. observations {X ; b}?zl with replacement from the multino-
mial distribution with Pr{X = x;} = p; and calculate the empirical likeli-
hood test statistic 7,7 based on {X;?}"_ 2

3. Repeat Step 2 B times to obtain Tn*’l, ..., T*B . Estimate S, by
. 1 &,
fo=——"-Y T (U8
‘7B (r—p) ;Z‘l !

The critical value for T}, is set as ¢, [;’c.

Brown and Newey (2002) argued that this version of bootstrap can provide an
asymptotically efficient estimator of the distribution of overidentification test
statistics. The asymptotic property of this procedure is presented as follows.

THEOREM 3.2. Under Assumptions 14,

Pr{T,, < caﬁc} —l—a+0 (n_3/2).
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Compared to Theorem 3.1(i), this theorem says that the error in the null rejec-
tion probability of the empirical likelihood test can be reduced to order O (n~/?)
by the bootstrap approximation to f. = 1 +n~!B.. Compared to Theorem 3.1
(i) and (iii), the asymptotic error increases from O (n~2) to O(n~3/?). This is
due to the use of /n-consistent estimator ﬁc of f.. The proof of this theorem
is similar to that of Chen and Cui (2007, Thm. 3), which employs the uniform
weight bootstrap with recentering.

3.3. Refinement by Adjusted Empirical Likelihood

Liu and Chen (2010) proposed an adjustment for the construction of empirical
likelihood to avoid non-existence for the solution of the likelihood maximization
problem (i.e., the case where the linear space spanned by {g(X[,é) };.1:1 may
not contain the origin in finite samples). In our context, the adjusted empirical
likelihood test statistic can be defined as

n+1
T =min2 Y log (1422 0) w; ),
i =min Ziog +24(0) wi (9)
where w,11(0) = =¥ w; (0) is a pseudo observation and 24(0) solves
Z;’:ll %% = 0 with respect to A. If a, > 0, the linear space spanned by
{w; (0)};’:11 always contains the origin and thus the test statistic 7, always exists.

By a similar argument to Liu and Chen combined with the results in Section 3.1,
the signed root expansion of TnA is obtained as

pta pta
n‘lTnA:<R1+R2+R§‘) (R1+R2+R§‘) +0,,(n_5/2>,

where R? =R3;— %Rl with a, =a+ 0, (n_l/z). By setting a = %, the same
calculations in Section 3.1 with R3A imply that the Bartlett correction factor in (9)
will be zero. This result is summarized in the following theorem.

THEOREM 3.3. Under Assumptions 14,

) (T} <0} =1=at 0 () ifan =%,
(i) Pe{T S ca} = 1=k 0 (1) ifan =" +0, (1717)

Theorem 3.3 says that (i) by setting a,, = %, the adjusted empirical likelihood
test with the chi-square critical value achieves the same higher-order precision
as the Bartlett correction in Theorem 3.1(ii); and (ii) estimation of B, by a
J/n-consistent estimator has no effect on the error in the null rejection probability.
Similar to the case of the Bartlett correction in Section 3.2, the correction factor
B, can be estimated by the method of moments or bootstrapping. If B, is obtained
by the method of moments, then mild conditions guarantee the /n-consistency
for B.. However, if we employ a bootstrap approximation for f. based on
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either the uniform weight bootstrap (Chen and Cui, 2007) or implied probability
bootstrap in Section 3.2 and estimate B. by B, = n(,b’L — 1), then B, is not
J/n-consistent in general (even though [)’c is /n-consistent for f.). In a simu-
lation study below, we find that the value of B, varies in a wide range across
simulations compared to the value of ﬁc.3

4. SIMULATION

This section conducts simulation studies in order to evaluate finite sample
properties of the second-order refinements proposed in the last section. We con-
sider two simulation designs: a linear instrumental variable regression model
(Section 4.1) and a nonlinear moment restriction model (Section 4.2). Under
the null and alternative hypotheses, we compare rejection frequencies of four
overidentifying restriction tests: (i) the J-test based on generalized method
of moments (GMM),* (ii) usual empirical likelihood test (EL),> (iii) Bartlett
corrected empirical likelihood test (BEL), and (iv) adjusted empirical likelihood
test (AEL). To implement BEL, we obtain an estimator ﬁc for the correction factor
p. = 1+n"!B. by using the implied probability bootstrap method suggested in
Section 3.2. To implement AEL, we estimate B, by E’C = n(ﬁc — 1). The num-
ber of bootstrap replications is 199. All results are based on 1,000 Monte Carlo
replications.

4.1. Linear Instrumental Variable Regression

We first consider the linear instrumental variable regression model,

Y = W00+ U,
Wi =Ziz + Vi, (12)
fori =1,...,n, where 7 = (c,...,c) and Z; ~ N (0, I,). The error terms are

generated as (U;, Vi) = (e, peri + /1 — p2ea;), where €); and €; are inde-
pendent and drawn from three distributions: for j =1 and 2, €;; ~ N (0,1)
(normal case), 7 (5) /+/5/3 (standardized t (5) case), and { y*(3) —3} /+/6 (stan-
dardized y?(3) case). The moment restrictions to estimate €y are written as
Elg (X;,00)]=E[Z; (Y; — W;0p)] = 0. We set 8y = 0 for the true parameter value
of interest. For each Monte Carlo replication, we set the value of ¢ to fix the value
of the concentration parameter 6> = 7’ (Zl'-'z 1 Zi Zl/) 7 (given the realized values
of Z;).

First, Tables 1-3 report the rejection frequencies of four tests at the 5% nominal
significance level for the cases of normal, standardized ¢ (5), and standardized
%2 (3), respectively. We set n = 200 for the sample size, r = 2, 5, and 10 for the
number of instruments, p = 0.2 and 0.8 for the degree of endogeneity, and > = 20
and 100 for the concentration parameter. Our findings are summarized as follows.
First, compared to the nominal level, the rejection frequencies of GMM and EL
can be large when the number of moment restrictions r is large. Therefore, in this
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TABLE 1. Rejection frequencies of tests at 5% level with n = 200 (normal case)

p) 52 r GMM EL BEL AEL
0.2 100 2 0.049 0.057 0.053 0.045
100 5 0.041 0.054 0.048 0.040

100 10 0.037 0.099 0.058 0.031

20 2 0.039 0.042 0.049 0.041

20 5 0.040 0.051 0.056 0.047

20 10 0.034 0.075 0.049 0.031

0.8 100 2 0.045 0.047 0.053 0.048
100 5 0.051 0.068 0.053 0.047

100 10 0.047 0.092 0.055 0.027

20 2 0.062 0.048 0.047 0.037

20 5 0.095 0.061 0.061 0.053

20 10 0.125 0.080 0.050 0.020

TABLE 2. Rejection frequencies of tests at 5% level with n = 200 (standardized

t (5) case)
p) 52 r GMM EL BEL AEL
0.2 100 2 0.041 0.047 0.046 0.042
100 5 0.047 0.071 0.056 0.046
100 10 0.039 0.110 0.060 0.012
20 2 0.050 0.049 0.058 0.055
20 5 0.040 0.056 0.052 0.042
20 10 0.026 0.082 0.054 0.015
0.8 100 2 0.057 0.060 0.048 0.046
100 5 0.045 0.071 0.057 0.043
100 10 0.054 0.127 0.064 0.009
20 2 0.049 0.047 0.050 0.040
20 5 0.077 0.059 0.051 0.041
20 10 0.129 0.124 0.066 0.016

example the first-order asymptotic approximations for the J-test and its empirical
likelihood analog are less precise. Second, improvements by BEL and AEL in
the null rejection frequencies, are reasonable. For example, in the normal case
(Table 1), the rejection frequency varies between .034 and .125 for GMM and
between .042 and .099 for EL, while it varies between .047 and .061 for BEL and
between .020 and .053 for AEL. Third, comparing BEL and AEL, BEL shows
slightly better performance in the null rejection frequencies, particularly when r
is large. Based on an inspection of simulation outputs, we conjecture that this
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TABLE 3. Rejection frequencies of tests at 5% level with n = 200 (standardized
22 (3) case)

p) 52 r GMM EL BEL AEL
0.2 100 2 0.048 0.056 0.058 0.052
100 5 0.042 0.076 0.062 0.044

100 10 0.032 0.126 0.060 0.013

20 2 0.046 0.047 0.056 0.053

20 5 0.035 0.058 0.048 0.044

20 10 0.039 0.092 0.057 0.019

0.8 100 2 0.055 0.061 0.057 0.052
100 5 0.049 0.077 0.054 0.041

100 10 0.048 0.125 0.063 0.011

20 2 0.058 0.051 0.051 0.044

20 5 0.082 0.084 0.064 0.053

20 10 0.139 0.129 0.066 0.015

difference is partly due to the lack of stability of the estimates of B, to implement
AEL (compared to the estimates of S, to implement BEL). Finally, in general,
the results are similar for the different distributions of the error terms. For the
nonnormal cases, all tests generally reject the null hypothesis slightly more often
than the normal case.

Next, we examine how the rejection frequencies of these tests vary with the
sample size. Our theoretical results in Section 3 indicate that the discrepancies
between the actual rejection frequencies and the nominal level of BEL and AEL
will decay faster than those of GMM and EL as the sample size increases. Figure 1
reports the plots of the rejection frequencies of four tests with the 5% nominal
level for sample sizes n =30, 50, 70, 100, 200, 500, 700, and 1000 (with r =5,
p = 0.8, and 6*> = 20). We can see that as predicted by the theoretical results, the
convergence speeds of the rejection frequencies of BEL and AEL to the nominal
5% level are faster than those of GMM and EL. In particular, the convergence
speed of the rejection frequency of GMM is slow.

We report additional simulation results in a working paper version of this paper
(available at http://cowles.econ.yale.edu/P/cd/d17b/d1791.pdf). The main find-
ings are summarized as follows.

e We investigate the null rejection properties of these tests when the concen-
tration parameter &% is close to (or equal to) zero, i.e., weak instruments. We
find that the rejection frequencies of BEL and AEL are very robust against
small nonzero values of 52, and that all tests underreject the null hypothesis
for the case of 6% = 0. Although it is beyond the scope of this paper, it is
interesting to provide some theoretical explanation on this phenomenon.
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FIGURE 1. Rejection frequencies for different values of sample sizes withr =5, p = 0.8,
and 6% = 20.

e We examine the properties of these overidentifying restriction tests as
pretests for parameter hypothesis testing. Guggenberger and Kumar (2011)
provided theoretical and simulation evidence for size distortion of a two-
stage approach to test a parameter hypothesis, where we test the overidenti-
fying restriction Hy in the first stage and then test the parameter hypothesis
in the second stage if H is not rejected. We consider four overidentifying
restriction tests for Hp, followed by corresponding parameter hypothesis
tests for HOID : 6o = 0, and investigate frequencies of the event “not reject-
ing Hp in the first stage but rejecting HOP in the second stage” under the
data generating process Y; = W;6y + cZ1; + U; with different values of c.
In this particular setup (which does not necessarily characterize the finite
sample size of the two-stage tests), we find that the frequencies for this
event can be higher than the nominal level for all the two-stage tests, and
that the difference among EL-, BEL-, and AEL-based two-stage tests is
small.

e We analyze the power properties of the proposed tests under the data
generating process Y; = W;0y+0.1Z1; + U;, where Zy; is the first ele-
ment of Z;. In this setting, we compare the calibrated powers of GMM,
EL, BEL, and AEL (i.e., the rejection frequencies of these overidentifi-
cation tests where the critical values are given by the Monte Carlo 95%
percentiles of these test statistics under the data generation process in
(12) satisfying Hp), and find that all tests show similar calibrated power
properties.
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Overall, the simulation results for the linear instrumental variable regression
indicate that BEL and AEL have more attractive null rejection properties than
EL and GMM and have comparable power properties to EL and GMM.

4.2. Nonlinear Moment Restriction

We next consider a simulation design in Liu and Chen (2010) motivated by an
asset pricing model, which is a multivariate version of Hall and Horowitz’s (1996)
simulation design. Let X = (X1, X2,..., X,)’ be a vector of mutually indepen-
dent random variables, where X1, X2 ~ N (0,02) and X3,..., X, ~ x?(1). The
moment restrictions are written as

m (X, 6)
Xom (X, 0p)
Elg(X,0)]=E | (X3—1)m(X,6) | =0, (13)

(X, = 1)m (X, 00)

where m (X, 0) = exp (—4.502 -0 X1+ X2) —|—3X2) — 1. We treat ¢ as a given
normalizing constant and treat # as an unknown parameter to be estimated from
(13). These restrictions are satisfied at §y = 3 for any ¢ > 0.

First, Table 4 reports the rejection frequencies of the four tests at the 5%
nominal significance level. We set ¢ = 0.2 for the standard deviation of X and
X2, n =100 and 200 for the sample size, and r = 2, 3, 5, and 7 for the number
of moment restrictions. Our findings are summarized as follows. First, compared
to the nominal level, the rejection frequencies of GMM and EL can be quite large,
particularly when the number of moment restrictions r is large. It should be noted
that GMM shows serious distortions in the null rejection frequencies even when r
is as small as 3. Therefore, in this example the first-order asymptotic approxima-
tion for the J-test is less precise. Second, improvements by BEL and AEL in the
null rejection frequencies are reasonable. The rejection frequency varies between

TABLE 4. Rejection frequencies of tests at 5% level with ¢ = 0.2

n r GMM EL BEL AEL
100 2 0.040 0.063 0.056 0.052
3 0.135 0.105 0.074 0.047
5 0.244 0.161 0.077 0.016
7 0370 0.255 0.087 0.000
200 2 0.048 0.054 0.054 0.052
3 0.106 0.069 0.057 0.048
5 0.243 0.114 0.072 0.035
7 0326 0.167 0.089 0.008

https://doi.org/10.1017/50266466612000369 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466612000369

SECOND-ORDER REFINEMENT OF EMPIRICAL LIKELIHOOD TEST 339

0.2

o
@

Rejection frequency
=)

0.05

0 . . . . . . . . .
30 100 200 300 400 500 600 700 800 900 1,000
Sample size

FIGURE 2. Rejection frequencies for different sample sizes with ¢ = 0.2 and r = 3.

.040 and .370 for GMM and between .054 and .255 for EL, while it varies between
.054 and .089 for BEL and between .000 and .052 for AEL. Finally, comparing
BEL and AEL, BEL shows better performance in the null rejection frequencies,
particularly when r is large. Similarly to the instrumental variable regression case,
we conjecture that this difference is partly due to the lack of stability of the es-
timates of B, to implement AEL (compared to the estimates of S, to implement
BEL).

Second, we examine how the rejection frequencies of these tests vary with the
sample size. Our theoretical results in Section 3 indicate that the discrepancies
between the actual rejection frequencies and the nominal level of BEL and AEL
will decay faster than those of GMM and EL as the sample size increases. Figure 2
reports the plots of the rejection frequencies of four tests with the 5% nominal
level for sample sizes n = 30, 50, 70, 100, 200, 500, 700, and 1000 (with ¢ = 0.2
and r = 3). We can see that, as predicted by the theoretical results, the convergence
speeds of the rejection frequencies of BEL and AEL to the nominal 5% level are
faster than those of GMM and EL. In particular, the convergence speed of the
rejection frequency of GMM is slow.

Third, in order to investigate the power properties of the proposed tests, we
consider the two data generation processes as alternative hypotheses:

Case 1: X1, Xo ~ N (0.05, (0.2)2) L X3~ 22 (D),
Case 2: X1, X2 ~ N (o, (0.3)2) L X~ 2.

Under these data generation processes, we specify the moment functions as

g(X,0)=(m(X,0),Xm(X,0),(X3—1)m(X,0)), where
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FIGURE 3. Calibrated power for Case 1.

m(X,0) = exp (—4.5 (0.2)2 —0(X1 + X2) + 3x2) —1

We can see that, for both cases, there is no 6 that satisfies E[g (X,0)] = 0. For
both cases, we investigate the calibrated powers of GMM, EL, BEL, and AEL
(i.e., the rejection frequencies of these overidentification tests where the critical
values are given by the Monte Carlo 95% percentiles of these test statistics under
the data generation process X1, X2 ~ N (0, (0.2)2) and X3 ~ x2(1) satisfying
Hy). Figures 3 and 4 report the calibrated powers with sample sizes n = 100,
200, 300, 400, 500, and 600 for each case. For Case 1, EL, BEL, and AEL show
superior calibrated power properties than GMM. For Case 2, EL and BEL have
better power than AEL and GMM. Lower calibrated power of GMM is partly
due to the overrejection properties of GMM under Hy as illustrated in Figure 2
(which typically yield large critical values to compute calibrated power). For both
cases, BEL is slightly less powerful than EL. Since BEL has better null rejection
properties than EL (see Figure 2), these power properties characterize a trade-
off between the null rejection and power properties of EL and BEL. For Case 2,
AEL tends to have lower calibrated power than BEL and EL, and shows similar
properties to GMM. We find that this decay of power in AEL is partly due to the
lack of stability of the estimates of B to implement AEL.’

We report additional simulation results in a working paper version of this paper
(available at http://cowles.econ.yale.edu/P/cd/d17b/d1791.pdf). The main find-
ings are summarized as follows.

e We investigate the null rejection properties of these tests when the matrix

G=E [%{9/9@)} is close to the zero matrix, i.e., weak identification (Stock
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FIGURE 4. Calibrated power for Case 2.

and Wright, 2000). In the above setup, we can confirm by Monte Carlo inte-
gration that the scalar u =nG’V~!G typically gets smaller as ¢ increases.
Thus, we evaluate the rejection frequencies of the above tests for different
values of o. We find that all tests overreject the null hypothesis when ¢ is
large (i.e., the degree of concentration u is small), and that the rejection
frequencies of BEL and AEL are closer to the nominal size than those of
GMM and EL. In particular, the rejection frequency of BEL is remarkably
robust against large values of .

e We examine the properties of these overidentifying restriction tests as
pretests for parameter hypothesis testing. We consider the above overiden-
tifying restriction tests for Hy followed by corresponding parameter hy-
pothesis tests for H(f’ : 6y = 3, and investigate frequencies of the event
“not rejecting Hy in the first stage but rejecting HOP in the second stage”
under the data generating process X1, X2 ~ N (0, (co)?) and X3, ..., X, ~
22 (1) with different values of ¢. In this particular setup (which does not
necessarily characterize the finite sample size of the two-stage tests), we
find that the frequencies for this event are typically higher than the nominal
level for the GMM-based two-stage test and lower than the nominal level
for the other tests. Also, the differences among EL-, BEL-, and AEL-based
two-stage tests are small.

Overall, our simulation results are encouraging. BEL and AEL have more attrac-
tive null rejection properties than EL and GMM. Based on the power properties,
we particularly recommend the use of BEL.

https://doi.org/10.1017/50266466612000369 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466612000369

342 YUKITOSHI MATSUSHITA AND TAISUKE OTSU

5. CONCLUSION

In this paper we show that the empirical likelihood test for overidentifying
restrictions is Bartlett correctable and propose second-order refinement methods
based on the empirical Bartlett correction and adjusted empirical likelihood.
Simulation results suggest that the empirical Bartlett correction and adjusted em-
pirical likelihood assisted by bootstrapping exhibit better null rejection properties
than the conventional GMM and empirical likelihood tests using the first-order
asymptotic approximation. It is interesting to extend this research to a time series
context and nonsmooth moment functions (e.g., quantile instrumental variable
regression).

NOTES

1. For example, Hall (1992, Sect. 5.5.1) argued that a random variable %]I{lX —c| < h} used
for the uniform kernel density estimation does not satisfy the Cramér condition. See also Horowitz
(1998) and Whang (2006) on this issue in the context of quantile regression, where g (X,6y) =
Z(t—1{Y < Z'8p}) for X = (¥,Z')" and 7 € (0, 1). In particular, these papers verified the Cramér
condition for a kernel smoothed version of the moment function g (X, 6p).

2. Since this multinomial distribution satisfies the overidentified moment conditions (i.e.,
21'.':] pig(X;, é) =0), we can use the original moment functions without recentering.

3. For the uniform bootstrap approximation, Liu and Chen (2010, pp. 1355-1356) estimated B, by
using the median of bootstrap resamples of 7;, (with recentered moments), while they reported that
the estimates for B, are unstable even after this modification.

4. The version of the J-test statistic considered here is J = miny {Z;-’zl g(X;, 0)}/ [ l’f= 1

5 A—1 5 . .
8(Xi.0)g(X1,0)'17" {S]_1 ¢ (X;.0)}. where § = argming {S7_, ¢ (X;.0)} { ), 8 (X;.0) } is
the GMM estimator with the identity weight matrix (thus 6 is consistent to estimate 6 and asymp-
totically normal under Assumptions 1-4). For the linear instrumental variable regression model, ¢
corresponds to the two-stage least square estimator.

5. To compute the empirical likelihood statistic, 7, = minge@ 23/ log (147 () g (X;,0))

where y (0) solves 3! %%%) =0 with respect to y, we adopted a nested algorithm. For each
@, the computation of y (#) (called the inner loop) is implemented by a quasi-Newton method based on
Bruce Hansen’s MATLAB code (available at http://www.ssc.wisc.edu/~bhansen/progs/elikem.zip).
For the minimization with respect to 6 (called the outer loop), we employed a derivative free optimiza-
tion algorithm based on the fminsearch function in MATLAB (because 6 is scalar for both simulation
designs).
1 (x 1430 2) g N .
6. Note that E[m(X,Ts)} = mfexp e dxy—1=0forany ¢ > 0, and X is

independent from other variables.

7. For example, in Case 2 with n = 200, the bootstrap estimates of . and B, range from 0.86 to
3.71 and from —13.73 to 271.18, respectively. In Case 2 with n = 500, they range from 0.79 to 2.87
and —104.81 from 938.26, respectively.
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APPENDIX

A.1. Basic Formulas. LetUA™! = (wkl ) . From Chen and Cui (2007), we have
pPxp
the formulas

yi*Bi =0, yIkpil = clk, ylkpi-pta —q,

Bk,l Bk,p-‘rb Bk,r+l
pp+al gpta,p+b gp+a,r+l
Brtkl pgr+k.,p+b pr+k,r+l

a)mkcl,m wmkcp+b,m 0
Alpta Ap+ta p+b —_cprtal

wkm (wnmcl,n _Aml) wkm (wnmcp-i-b,n _Amp+b) wkmcm,l
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ﬂl,p+a p+c

ﬂp+a,p+b p+c

ﬁl,p+a r+n _

lgr+k,r+m r+n

ﬁr+k,p+a p+c

ﬂr+k,p+a r+n

lBr+k,r+m pte

_ _wol (V p+c;p+ta,o +7y p+a;p+c,o) , ﬂl,r+m pte _ V p+c, om_
— _2aP+a p+b p+c, ﬂp+a,r+m ptec _ y ptc;pta,m +y p+a;p+c,m’
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A.2. Expression of R3. Ré’ + s written as

R§7+a _ wklwmncn,kcp+a,mAI + lwklcp+h,kAp+a p+bAl 160 wmlcp+a kcp+b mAp+b
: 2 2
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_ <1yp+c;p+a,l +yp+a;p+c,l) wlnA[H—b p+cAnAp+b +wlmcp+a;p+b,lAm Ap+b
2
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2
mkakara p+bcp+c,m Ap+bAp+c _ ga)lmocpﬂl p+b p+ccp+c,1Am Ap+b

A.3. Derivation of R3. We first evaluate the terms in 216=3 L+ 2}1:10 L+ iji 13Lj
+ 213»125 L;. Note that the terms Ls, Lg, L11, L19, and L cancel each other since
ﬁj,uq {_Br+k,sBsyj,k —|—Cj’kBr+k +Bj,sBs _AjiBi}Bqu =0,
from the formulas in Appendix A.1. The other terms are written as follows.
L3+ Lo+ Li7+ Loy
— Zwkla)mn Cn,ka+a,m Al ppta + Zwklcp+b,kAp+a p+bAlAp+a
+wklwmncp+a,kcp+a,mAlAn _wklwmlCp+a,kcp+b,mAp+aAp+b
4 APFa pre pgptb pe gpta gp+b 4 o Kl oDk gptal gpta gp+b.

Ly=— %wkl (V ptbiptak o yp+a;p+b,k)

% {2alp+cp+d T (}’ pd;pte,m | y p+c;p+d,m) } APFaAp+b gptc gp+d
+wklwmo (V p+a; p+e.k +y p+c;p+a,k)

« {wnly p+b,nm _ (yl,m;P+b+ yl;p-i-b,m) } A0 APFa AP+ g Pt

+wklwm0y p+akm {2a1p+b pre _ ol (V preiptban 4 y p+b;p+c,n) }

x AC APTa pP+b pp+c

_’_2wklwmvwnv’y p+a,km {woly p+b,on _ (V L,n;p+b +y l;p+b,n) }

xAl)Az)’Ap+aAp+b

_ %wklwmownv (V p+b;pta.k +yp+a;l7+b,k) yl,mnAoAuAp+aAp+b

_wkly p+u,kmyl,mnwmu Auwnu/Av/wov“Au”Ap+a'
Liz= _wknwlowvmym,lep+a,vAnAoAp+u _wknwloyp+b,k1Ap+b pFapn g0 pp+a
_wkmwloa)nvy p+a,klcp+b,nAm AC A +2wkmwlo (wnm Cp+b,n _ Amp+h)

X7 p+a,kleAp+aAp+b _zwkvwlnwmoy p+a,klcu,mAnA0Ap+a'

L= %womwknwlvym,kl (V p+b;pta,o +yp+a;17+b,o) A" AV ADFa AP+D

+wkmwlny p+c,klap+a p+b ptepm AnAp+aAp+b
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—}-womwk”wl”/w""”},m,kly[7+a,rmAnAn’An”Ap+a

+wkmwlownvy p+b,kl (V p+b.n;p+a +7 p+b;P+a,n) AM A0 AV AP

+ lwkowlvwmv/wnv”y p+a,kly pta,mn go gv Av’Au”
2

+wkowlvwmv’wnv”y p+a,kly o,mnADAD’Av”Ap+a

—I—a)koa)lvy pta,kl {2a0p+b ptc _ o (V pte;ptbn 4 y p+b;p+c,n) }

x AV APTaAP+D gpte

_zwkawlvwnv’y pta.kl {wmay p+b.mn _ (y omiptb u;p+b,n) }

XAUAU/AP-FGAP-FIJ'
Lis+Ljg= Wk glocpakl gn go gpta 4 gAp+a ptb ptc gpta gp+b g ptc
3

Lig=— lwakwo’k (V ptbiptao p+a;p+b,o) (V p+dipte,o’ | y p+c;p+d,o’)
4
x APTaAP+b gptc pp+d
_wokwg/kwlm (V p+b;p+a,o +7 p+a;p+b,0) y p+c,0’lAmAp+aAp+bAp+c

/
_wokwo kwlnwmv y p+a,0ly

—gPte pta ptb,pte ptc ptd gpta pp+b gptc pp+d

p+b,0’mAn AV APFa Ap+D

_oglm (y p+dlipte o p+d;p+c,l) o PHd pra p+b gm gp+a g p+b g pte
—gbtepta p+by p+c,1mwlnwmoAnAoAp+aAp+b
_ gl gmo (y prelipta p+C;p+a,l) (y premiptb 17+c;p+b,m)

x A AC APTAAPFD
_wlowmvwnv’ (}’ p+b.l;p+a +y p+b;17+a,l) y p+b,mnAuAvAv’Ap+u

_ %a)lv wmz)’wnn”wnn”’y p+a,lmy pta,no gv AI)/AD”ADW.
Loo+Lys = _zwklyp+a;p+b;p+c,kAlAp+aAp+bAp+c

_ lwknwloa)mvy p+ask,Im AT AC AL

Loys = zwlmyp+a;11+b,l (wnmcp-i-c,n _Am,p+c) APFa gp+b gptc

_zwlnwmoyp+a;p+h,lcn,mA0Ap+aAp+b.

Lyg= wloy p+a;p+b,l {2a0p+c p+d — o (V p+d;p+c,n +7 p+c;p+d,n)}

XAp+aAp+bAp+cAp+d
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_zwlowmvy p+a; p+b,l {wnay p+c,nm _ (}’ p+c;om + yu;p+c,m)}
x AV APFAAPFD gp+e

+wloa)mvwnn’y p+a;p+b,ly o,mn Al)Al)/Ap-l—a APTD

Ly = _zwlnwmkyk;p+a,lcp+b,mAnAp+aAp+b _zwlny p+c;p+a,lAp+c p+bAnAp+aAp+b
_zwlnwmoy p+b;p+a,lcp+b,mAnAuAp+a _ 2wlnwmky p+a;k,lcp+b,mAnAp+aAp+b

—2(!)[”}) p+a;p+b,[Ap+b p+cAnAp+aAp+c _2a)ln(umoy 17+a;p+h,lAnA0Cp+b,mAp+a.

Log = kM ykiptail (y preiptbio p+b;p+c,0) AM APFa gPFb gpte
+2wokwmnwloyk;p+d,ly p+a,0mAnA0Ap+dAp+a

+2wlmy ptdip+a,l , p+d p+b ptc gm g p+a gp+b gptc

420 gl0y PHeptal (y premip+b o, p+c;p+b,m) AN A0 APFa ADFD
+y p+b;p+u,ly p+b,mnwm0wnvwlv’AoAu AU/Ap—Hz

+y p+a;k,lw0kwlm (V p+c;p+b,o +7 p+b;p+c,0) AmAp+aAp+bAp+c
+2w0kwmnwloy p+a;k,l y
+2wlmy pta;p+b.l , p+b pt+c p+d gm gp+a g, p+c gp+d

p+b,0mAnAoAp+aAp+b

+2a)mna)loy p+a; p+b,l (}’ ptbmipte | y p+h;p+c,m) A AO APFa Pt

+a)m0a)m’a)l“/y p+a;p+b,ly p+b,mnAoAvAv/Ap+a.

Lyg+L3p= 20lMm CP+a;ptb,l gm gpta 4 p+b

_lm gkn (y pa;prbik p+a,l;p+b,k) A AN APFa ADFD
L3 = — 2@k gkpta p+bptcm g pta gp+b g ptc
— g PFa p+b ptc gptc p+d gpta pp+b pgp+d
— 2@t PFa p+b pcoptel gm g pta gp+b.

Ly = wokakp+a p+b (V p+d;p+c,o +y p+c;p+d,o) Ap+aAp+bAp+cAp+d
+2w0kwlmakp+a p+by p+c,olAm Ap+aAp+bAp+c
4 ogPte pta p+b o ptb pte ptd gp+a gp+b ppt+c gp+d
+wlnwm0y p—i—c,lmap—i-c p+a p+hAnAoAp+aAp+b
+20'™ (y p+dlpte y p+d;p+c,l) o Pd pta ptb gm gpta pp+b pp+c

Ly =— %ap+a p+b ptc pd pp+a gp+b gptc gr+d
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Combining these results, we obtain the expression for 2]6:3 L;+ 2} ! 1oLlj+ ij.iw L;+
E?izs L;. By subtracting Rg +a Rg *4 from this expression, we obtain 2R§ ta Rf +a,
which yields the expression of Rg % in (A.1).

A.4. Second-Order Cumulant of R. In this section, let “[2]” mean “[2,a, f]” for
a, f €{l,...,r— p}. Observe that

cum (RP¥, RIS ) = [RPHRPHS | - [RPH] E[RPH]
_ —lsp+a p+ ptapp+f pta ppt+f pta pp+f
=n~lorta Pl w [RETRV | L [RETRI | 1214 [RETR]T | 21
—n"2yuprayrtf 4o (n—3). (A2)
The second term of (A.2) is
n?E[RETRYH ]

— lap+a p+f p+b p+b _ lap+a p+b pte,p+f p+b pte
4

+ iap+a p+b p+bap+f p+c ptc _ 15p+a p+f
36 4

+ol (éy prakilp+f prb pb o 4 %y prakip+bglp+f pbpy)

1 .
— Ly PHbkiptagle] peb [2]>

km  Im (V pta,k;p+fil _

+ kMg p+b,l;p+a, p+f.k;p+b 2]

7 v

, , 1
+y p+b,l,p+ay p+b.kip+f _ -

+wklwmn (V p+a,k;ly p+f.m;n +7 p+a,k;ny p+d,m;l)

g Pkl pf p+b p+b [2])

kg g (_%y prakil, pfanki (o], prakki, p+fomil [2])

+% (wkmwlmwklmlwllml 4 kMl g i +wkmwlnwk1nwllm)
< yp+a,klyp+f,k111 +0 (n—l) '

The third term of (A.2) is

22K [Rg-i-a R{H‘f} __ %ap+a p+b p+b p+f + %5p+a p+bsp+b p+f

+ lap+u p+b p+c,ptb pt+e p+f
3

w W o

. . 1
_yl,p+f,p+a,kwkl+Eyp+a,kl km In_mnp+f

+y P+a;p+b,lwlmamp+b p+f +0 (n_l) .
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The fourth term of (A.2) is
n?E[RYH R
— ol gy (yn,k;p+fy pra.mil 4 yn,k;ly p+a,m;p+f)

1
2

1 : :
— oMl am (y praksptfm ., prakip+b

) 14

4y Prakipts, p+b,m;p+b)

+

oo | W

4 gPtapteptf ptb ptb pte _ spta p+f)

+ i (y pHfkspral o, pbkiptb,lpt+a p+b o p+bkip+f ,lp+a p+b)

T+ okl (y pHbip+fik p+f;p+b,k) alPHa prb | ko, presprek lpta p+f

1
_ L ml

p+a; p+b.k (
2

v 7

1
— Mgty

2

4

4 _gPbtapte p+fap+c p+c pte _ 3
9

—a

_%wklwnly p+a,kmy p+f.on +a)kly p+f.km
x yl,m;p+a + yl;p+a,m + %wklyl,mnyp+a;p+f,k

4o (y p+b.kily pta p+b p+f o, prbkip+f  pta p+b l)

p+b,m;p+f

(ap+u pte pre p+f 4 g pta ptb pte, ptb pte p+f

pHbip+fim 4 p+f;p+b,m)
p+a;p+f,ky preiptem §ap+a p+b pte, p+b pte p+f
9

p+a p+b p+b p+f

349

+ M " +%ap+a p+f ptey premn _ %y p+a;p+f.mn _ %y pHa,m;p+fin

+1ypraiptem (y pHfipten 4, 17+C;[J+f,n)

+1yprepramy, prfipten

oy

kn_In_om, m,kl p+a,u;p+f+lwkn In, p+b.kl
4

——w"w" o
) 7 14

+wkma)nmwloy p+a,kly p+finso _ wknwloy

aPta ptb p+f

pta.kl mop+f

_a)kva)lnwmny p+a,kly 1),n;p+f+ %wknwlny p+a,kl;p+f+ap+a p+b p+b p+f

T oM g {y paip+b,l (y prfniptb 4 p+h,n;p+f)

4y PraPELL, p+c,n;p+6}

_ Zwlm (V p+a;p+b,lamp+b p+f +7 p+a;p+f,lamp+c p+c)

_ wlnwmoy p+a,p+f,ly n,m;o

_a)lna)mk (yk;p+a,l + yp—i-a;k,l) y p—i—f,m;n_wlnwmny p+a;p+h,lyp+h,m;p+f

1
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_wmk {akp+u p+b (V p+f.m;p+b +7 p+b,m;p+f) +akp+a p+fy p+c,m;p+c}

2 . :
_ Ea)lmy p+c,l,map+a p+f p+c

5

+0 (n_l) .
Combining these results,

cum (Rp+“,Rp+f) =n~lptartf L =2 artartf 4 o (n_3) ,

(2ap+” p+b ptec, prb pre p+f o pra p+f ptegpte ptd p+d)

where
APtap+f _ lap+a p+f p+b p+b _ lap—i-a p+b pte,p+f p+b pte
2 3

1 . ..
p+a p+f p+cap+b p+b p+c +wklyl,p+f,l7+a,k 2]

—-——a

_ %wkmwlny pta.kl ymn p+f [2]

+wlm (V p+bip+b.l m pta p+f _ %V p+fip+b,l, m p+a p+b> 2]
+ofmeim (_y prakip+fl éy bk pta ptf p+b)

_ %wkly p+b.kil  p+a p+f p+b _ a)kly pta;p+fik gl p+b p+b 2]

+wk1wmnwvny p+a,u;ly p+ f.km [2]—%wkmwl"a)k/mwl/ny p+a,kly pfET

+wk1wmly pta;p+b.k,, p+b,m;p+f

14

A.5. Third-Order Cumulant of R. Using the results to derive the first- and second-
order cumulants, the third-order cumulant is written as

cum (Rp+a’Rp+b’Rp+d)
—F [Rp+a R[H—bRp-i-d} —E[RPHI)E [Rp+bRp+d] 3]
+2E [RPH)E [RPHP | E[RPH]
—F [R{H_QR{]—H’R{]—H{} _E [R§+a] E [Rf+be+d} 3]
+E[RETRIT R 314+ 0 (n7Y), (A3)
where B [RP ] B [RPHPRPT] (3] = E[RPH]E [RPH RPH] 4 B [RPH| B [RPT

RPT| 4+ E RP+d] E {RP“‘RPH’ ] and other terms are similarly defined. The first term
of (A.3)is

n2E [Rf+aR{)+bR{7+d:| _ ap+a p+b p+d +0 (n—l) ]

https://doi.org/10.1017/50266466612000369 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466612000369

SECOND-ORDER REFINEMENT OF EMPIRICAL LIKELIHOOD TEST 351

The second term of (A.3) is
n?E[RET BRI R
— _{éap+a p+by p+by +wklyl;p+a,k _ %V p+a,klwkmwlm}5p+b p+d+ 0 (n_l).

The third term of (A.3) is

1

1
n2E [Rg'me—H’Rf—"d] —_ gmp+a p+b p+d _

—o

6
wkly p+a,k;15p+b p+d + %V p+a,klwkmwln5mn5p+b p+d

+0 (n7").

Combining these results, we obtain cum (RP+”, RPTb, Rp+d) =0 (n_3).

pta p+by p+by sp+b p+d

A.6. Fourth-Order Cumulant of R. In this section, let
t| = aPta ptb ptcptd

= opta ptbsptc p+d | sp+a ptesp+b p+d | sp+a p+d sp+b ptc

b b b p4c p+d b p+b b d
r = qPTa pEb1 prbiy ptb pre prd o, p+b ptby p+bryp+a pre ptd
> p+b b b p+d d p+b b b p+c
+qPte ptor ptbyg pta ptb prd o prd pby ptbig pta p+b ptc
1y = aPta p+b ptby, prc p+d p+bi |, p+a p+c prbi  p+b p+d p+b
_|_ap+a p+d p+b1ap+b p+c p+by

Using the results to obtain the first-, second-, and third-order cumulants,
cum (Rp+a, RPTD RPHE, Rp+d)
) [RP+aRp+bRP+CRP+d] _E [RP+aRP+b] E [Rp+cRp+d] 3]
—E[RPT]E [RP+bRp+cRp+d] [4]+2E [RPT4] E [Rp+b] E [Rp+cRp+d] (6]
—6E [RPH]E[RP] E[RPH]E [RPH]
) [Rf+aRf+bR{)+cR{)+d} _E [R{)+aR{7+b} E [Rf+cR{)+d] 3]
+E [R§+0Rf+hR{7+CR{7+d} [4]—E [Rg_meH_h} E {R{H_CRfH_d] [12]
+E [R£’+“R5+bR{’+CR{’+d] [6]—E [RSJ”’RQ’H’} E {R{J+CR{J+d] (6]
+E [R§+aRf+be+ch+d] [4]—E [Réa-‘raRf-&-b] E {RfﬂRerd] [12]
—E[REF B [RP R RI (41— [RYT B[RV RY TR (12)
+28 [RYY B [REY | B [RIT R 1614 0 (7). (A4)
The first term of (A.4) is

SE [R{)+aR{7+bR{7+CR{]+d] _ gPraptbpteptd | (n—l) .
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The second term of (A.4) is
BOE [Rf+aRf+b] E {Rf‘i‘CRf"l‘d] [3] = oP+a pHbgpte ptd 4 spta ptesptb p+d

+oPta pHd sp+b pte | o (n—l) )
The third and fourth terms of (A.4) are

2 R =0 1
=—06n+2np— ét3 + §t4 + %y pakl g km gim ; p+b pte ptd 4
—ok {yp+a,k;lap+b pte ptd 4 " prakip+blp+e p+d
4y Prakpteylptb pd o prakptd;lp+b p+c} [4]
+{V prasp+d.l lm mp+b ptc y pra;pe,l lm  mp+b p+d
-y Praspeblofmgmere rd b gg 4 0 (n 7).
The fifth and sixth terms of (A.4) are
R e B I
=3n-n+ éls - §t4 + la)k[ (y prakily ptb pre prd oo ptbkil g pta pte p+d) (6]

9 3
+ %wkl ()/ p+a,k;p+calp+b p+d +y p+a,k;p+dalp+b p+c +y p+b,k;p+calp+u p+d
+y p+b,k;p+dalp+a p+c+) [6]
_ %wkl (V p+c,k;p+aalp+b p+d +y p+c,k;p+ba1p+a p+d +y p+d,k;p+aalp+b p+c
+y p+d,k;p+balp+a p+c) [6]

+wklw/nl (V p+a,k;p+cy p+b,m;p+d +y p+a,k;p+dy p+b,m;p+c
+7 p+c,k;p+ay p+d,m;p+b +y p+d,k;p+ay p+c,m;p+b) [6]

kI ml +a,k; p+c +d,m;p+b +a,k; p+d +c,m;p+b
— o™ (Vp p yP p +}1P p yP p

+y p+c,k;p+ay p+b.m;p+d +y p+d,k;p+ay p+b,m;p+c) [6]

_ éwkmwlm (}/ p+a,klap+b p+c p+d +y p+b,klap+a p+c p+d) [6]+ O (n—l) )
The seventh and eighth terms of (A.4) are
PR [RYRITRIYRY T 141 - B [REFRPTTE[RYTRIT 112)

1
=2 — ~t 0(_1).
1 94+ n
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Using the results to derive the first, second, and third cumulants, the last three terms
of (A.4) are of order O(n_4). Combining these results, we obtain cum(RP1¢, RPTb,
RPFC RPFTdYy = 0(n~*).

A.7. Proof of Theorem 3.1. In Section 3.1, we have
7T = (Ry+ Ry + R3)PF (Ry + Ry + Ry) T+ 0 (n73/2),

where R{, Ry, and Rj3 are given by (3), (4) and (A.1), respectively. The first four cumulants
of R = R| 4+ Ry + Rj3 are given by (6), (7), and (8), respectively.

Once we expand n~1T, in (2) and compute its cumulants, the derivation of an Edge-
worth expansion for the distribution of 7}, is exactly the same as that of Chen and Cui
(2007, Thms. 1 and 2).

A.8. Proof of Theorem 3.2. The proof is similar to that of Chen and Cui (2007,
Thm. 3). Pick any 7 € R. Theorem 3.1(i) implies

PrTy < 1) = Frop () =™t p 1) B+ 0 (n72),
where Fy— ) is the cumulative distribution function of the ){2 (r — p) distribution. Let T,*

be a bootstrap resample of 7}, using the implied probabilities { Di }?=1 in (10). By applying
the same argument in Brown and Newey (2002, pp. 510-511) (i.e., applying the same

argument for Theorem 3.1(i) to 7, given the original sample X,, = (X1,..., X)), we can
obtain
Pr{T; <t|Xy}=Frp () =0 Bltfr—p () + O, (n_z) , (A.5)

where éL* is a bootstrap counterpart of B, obtained by replacing all population moments
with the weighted averages based on {ﬁi Hl:] . Since (i) ﬁ’c is a simulation estimator
of E [Tn* ’ Xn] (where the error by simulation is asymptotically negligible for suitably
chosen B), (i) (r — p) VE [ T;¥| X ] = 1 +n7  BY + 0p(n=3/2) by (A.5), and (iii) B} =
Bc+0p (n_l/ 2) by Brown and Newey (2002, Thm. 1), we obtain

fo= 1407 B+ 0p ().

Therefore, an application of the delta method (Hall, 1992, Sect. 2.7) yields

Pr{T,, < caﬁc} :Pr{Tn <cq (1+n_]BC)}+0 (n_3/2) —l—a+0 (n—3/2).
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