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Abstract

Credibility theory provides a fundamental framework in actuarial science for estimating policyholder
premiums by blending individual claims experience with overall portfolio data. Biihlmann and Bithlmann-
Straub credibility models are widely used because, in the Bayesian hierarchical setting, they are the best
linear Bayes estimators, minimizing the Bayes risk (expected squared error loss) within the class of linear
estimators given the experience data for a particular risk class. To improve estimation accuracy, quadratic
credibility models incorporate higher-order terms, capturing more information about the underlying risk
structure. This study develops a robust quadratic credibility (RQC) framework that integrates second-
order polynomial adjustments of robustly transformed ground-up loss data, such as winsorized moments,
to improve stability in the presence of extreme claims or heavy-tailed distributions. Extending semi-
linear credibility, RQC maintains interpretability while enhancing statistical efficiency. We establish its
asymptotic properties, derive closed-form expressions for the RQC premium, and demonstrate its supe-
rior performance in reducing mean square error (MSE). We additionally derive semi-linear credibility
structural parameters using winsorized data, further strengthening the robustness of credibility estimation.
Analytical comparisons and empirical applications highlight RQC’s ability to capture claim heterogeneity,
offering a more reliable and equitable approach to premium estimation. This research advances cred-
ibility theory by introducing a refined methodology that balances efficiency, robustness, and practical
applicability across diverse insurance settings.

Keywords: nonparametric premium estimation; parametric credibility; quadratic loss; robust quadratic credibility;
semi-linear credibility; winsorized data

1. Introduction

In actuarial science, credibility theory plays a central role in premium estimation by integrating
individual claims experience with information from the broader portfolio. Originating from early
actuarial efforts to reconcile individual risk assessment with collective experience, it provides a
statistically grounded approach for balancing sensitivity to recent data with the stability of esti-
mates. Early contributions to limited fluctuation credibility, such as those by Mowbray (1914)
and Whitney (1918), laid the foundation for more advanced credibility methods by introducing
techniques to account for risk heterogeneity while maintaining estimation stability.

A major advancement in credibility theory came with the development of greatest accu-
racy credibility, which minimizes the squared-error loss of linear estimators when estimating an
insured’s pure risk premium and serves as the cornerstone of classical credibility models. Notable
contributions include those of Keffer (1929), Bailey (1943, 1950), who pioneered early credi-
bility models, and Bithlmann (1967, 1970), Bithlmann & Straub (1970), whose work led to the
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establishment of the Bithlmann and Bithlmann-Straub credibility models. These models assume
an optimal linear structure, combining individual and collective experience. However, as noted
by Yan & Song (2022), Bithlmann’s linear Bayesian credibility estimators lack robustness and are
highly sensitive to heavy-tailed excess claims, potentially leading to significant estimation errors
when approximating a nonlinear Bayesian credibility estimator.

Building on the foundational work of Bithlmann (1967) and Bithlmann & Straub (1970),
researchers have developed credibility methods from various perspectives. Kiinsch (1992) intro-
duced a linear credibility estimator in which claims are replaced by a robust M-estimator, while
Gisler & Reinhard (1993) examined the application of robust credibility within the general
Biithlmann-Straub model. Pitselis (2008) applied robust statistical methods to regression credibil-
ity estimation using the influence function approach of M-estimators. The asymptotic optimality
of pure robust credibility was later established in Pitselis (2013). Further, robust estimators have
been extended naturally to credibility theory for generalized mixed linear models (see, e.g., Nelder
& Verrall, 1997; Garrido & Zhou, 2006; Lai & Sun, 2012; Erdemir & Sucu, 2016), strengthening
their applicability in actuarial science.

Overall, the credibility theory literature has mainly focused on estimating the hypothetical
mean for each risk group and, in turn, the expected pure premium. That is, it has been centered
on mean estimation. However, focusing only on the mean may place less importance on the vari-
ability of observed losses. For example, the role of variance is seen in the well-known variance
premium principle, which satisfies several desirable properties (Dickson, 2017, Chapter 3), while
Hong & Martin (2017) address this issue in a more general framework by modeling the entire pre-
dictive distribution using a Dirichlet process mixture of lognormal models, rather than focusing
solely on moments such as the mean or variance. Chen et al. (2020) provide empirical evidence
that both mean and variance shape credibility risk premiums, with variance proving more volatile
than traditionally assumed. From the perspective of premium principles, Yong et al. (2024) stud-
ied a credibility framework based on the variance premium principle, where the goal is to estimate
both the mean and variance instead of only the mean.

The linear credibility model, referred to as semi-linear credibility, for transformed loss data
was first studied by De Vylder (1976), with further discussion in Bithlmann & Gisler (2005).
Credibility models incorporating data trimming (Kim & Jeon, 2013) and winsorization (Zhao
& Poudyal, 2024) can also be classified as semi-linear credibility. Semi-linear credibility explic-
itly incorporates the relationship between original and transformed data, improving estimation
robustness. However, this study focuses on pure robust linear credibility and derives an explicit
formula for its asymptotic properties. In the context of data truncation techniques in credibility
theory, Cheung et al. (2022) proposed a satisficing approach to develop semi-linear credibility for
heterogeneous risks.

Building upon the transition from linear to more complex credibility models, Le Courtois
(2021), with further insights from Hong & Martin (2021), introduced the g-credibility estima-
tor based on observed ground-up losses, rather than transformed data. The phrase “ground-up”
loss refers to the individual loss amount that is assumed to be unaffected by policy modifications
or data transformations; see, for example, Klugman et al. (2019, p. 186, Section 9.7) and Poudyal
& Brazauskas (2022, Section 2). By incorporating quadratic term adjustments (hence the term
q), this approach enhances premium estimation accuracy by capturing nonlinear dependencies
in claim data. This manuscript extends the g-credibility framework to transformed data, address-
ing an important gap in credibility estimation and forming the core contribution of this work,
whereas Le Courtois (2021) considered g-credibility only for ground-up loss data. Specifically, we
propose a quadratic credibility model that integrates both ground-up and robustly transformed
data, referred to as robust quadratic credibility (RQC). To our knowledge, this is the first study
to develop a second-order credibility framework that systematically incorporates transformed
data, enhancing robustness in quadratic credibility estimation. The RQC framework embeds
robust winsorized moments within the quadratic credibility model. RQC stabilizes and improves

https://doi.org/10.1017/51748499525100201 Published online by Cambridge University Press


https://doi.org/10.1017/S1748499525100201

304 Qian Zhao and Chudamani Poudyal

premium estimation accuracy by transforming ground-up loss data and applying second-order
polynomial adjustments, particularly under heterogeneous risks. This framework extends the
semi-linear credibility methodology originally introduced by De Vylder (1976), while maintaining
interpretability and statistical efficiency.

We establish the asymptotic properties of the proposed RQC estimators, derive closed-form
expressions for premium calculations, and compare their performance against classical and semi-
linear credibility models. Our results show that RQC reduces mean squared error (MSE) relative to
classical credibility, g-credibility, and semi-linear credibility, while capturing claim heterogeneity
more effectively.

The remainder of the paper is organized as follows. Section 2 introduces the RQC framework,
outlining its motivation and theoretical foundation. The classical credibility models are revis-
ited, followed by an extension that integrates robust estimators into quadratic credibility models.
Section 3 presents two parametric examples — Exponential-Inverse Gamma and Lognormal-
Normal models - demonstrating the applicability of RQC. The theoretical formulations are
examined alongside estimation of credibility structural parameters, with explicit derivations of
key quantities such as variance-covariance structures and credibility factors. Section 4 extends
the analysis to nonparametric examples, reinforcing the robustness of RQC without assuming
specific distributional forms. Section 5 evaluates RQC in practical actuarial contexts through
analytical comparisons and applications to real-world insurance datasets, highlighting its advan-
tages in achieving a more robust and equitable premium determination and performance of RQC
taken against outlier. The empirical analysis assesses the practical implications of the proposed
model and benchmarks its predictive performance against conventional credibility approaches.
Finally, Section 6 summarizes the main findings, discusses their relevance to actuarial practice,
and outlines potential directions for future research.

2. Robust g-credibility

Consider the risk class random variable ® (Bithlmann & Gisler, 2005, p. 12) with prior probabil-
ity density (or mass) function 7 (). For a particular policyholder, that is, conditional on ® =0,
assume we have observed n independent and identically distributed (i.i.d.) past-claim observations
X116, X516, ..., X, |0. Consequently, the marginal variables Xj, . . ., X, are exchangeable and
identically distributed, though not necessarily independent; see, e.g., Hong & Martin (2020) and
Le Courtois (2021). Then, an actuary is interested in setting a premium rate to cover X, for the
next policy period for that particular policyholder. First, we note that the classical linear credibility
problem is defined as:

2
n
PROBLEM 1: minR Py, Pi:=Ex,., |:ot + Z Bi Xi — Xn+1j| , (1)

o, Pi € .
Bi P

where Ey, ., (the subscript Xj.,41 will be dropped when clear from the context) denotes
expectation with respect to the joint distribution of X, . . ., Xj,, and Xj,11.

Building on this framework, the g-credibility model proposed by Le Courtois (2021) introduces
an additional term to capture quadratic information, {Xiz},-zlm, formulated as:

2
n n
PROBLEM 2: énin " Py, Py:=Ex,., |:oz + Z Bi Xi + Z Vi X,-z _Xn+l:| )
o, Pi,Yi € ; ;
i=1 i=1

The primary motivation behind the credibility model (2) is to incorporate quadratic terms

into the credibility framework. This approach integrates both linear and quadratic information,
enhancing credibility estimation. Hong & Martin (2021) further explored the relationship between
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this quadratic estimator and the classical Bithlmann methodology, emphasizing its potential to
improve the estimation accuracy by accounting for nonlinear dependencies in the data.

2.1 General structure

Being a loss random variable, we assume that the support of X is [0, 00). Let Y = f(X) denote a
robust transformation of the ground-up loss X, where f : [0, o0) — [0, 00) is an arbitrary, non-
degenerate function representing a general transformation of the loss variable X. Using this
transformation, the optimization problem for estimating the robust credibility premium under
the semi-linear credibility, see, e.g., Bithlmann & Gisler (2005, Definition 5.1, p. 126), framework
is defined as

2
n
PROBLEM 3: a)rgigR P3, P3:= Ey,, x,,, |:ot + ; BiYi— Xn+l:| . (3)

Robust credibility methods based on trimming (Kim & Jeon, 2013) and winsorizing (Zhao &
Poudyal, 2024) can be viewed as special cases of Problem 3, where X}, is replaced by its trimmed
or winsorized counterpart, Y, 4.

The classical credibility model described in Problem 1 and the g-credibility model outlined in
Problem 2 rely on the first and second moments of ground-up losses. These approaches are sus-
ceptible to contamination by outliers, potentially leading to sensitivity in the credibility premium.
Semi-linear credibility, as formulated in Problem 3, aims to provide a more stable linear premium
structure. However, to the best of our knowledge, the g-credibility model in Problem 2 has not
yet been investigated with transformed data Y = f(X). Therefore, the primary motivation of this
study is to address this gap by replacing the moments of ground-up losses with the correspond-
ing moments of robustly transformed data, Y = f(X), and to extend the credibility framework by
incorporating quadratic terms of the transformed losses into Problem 3. Accordingly, the desired
optimization problem is defined as

2
n n
PROBLEM 4: ﬂmin . Py, Py:= Ey,, x,, |:a + Zﬁ,- Y + Z yi Y7 —Xn+1i| . @
o, pPi, Vi € . .
i=1 i=1

As the transformed variables, we note that Y; |6, Y, |6, ..., Y, |0 are iid. The corre-
sponding marginal variables Y;’s are also identically distributed as Xj’s. Consequently, under
a symmetric quadratic loss function and equal exposure weights (i.e., no observation-specific
weights), the optimal coefficients are index-invariant; that is,

pr=--=B=B and y=---=y,=y.
Then, Problem 4 becomes
. én)l/ne " Ps, Ps5:= Ky, X, {[a + nﬂ? + nyﬁ — Xn+1]2 }, (5)
where
if\kzz an:Y-k, k>1, with {’\1:2 Y. (6)
mi l -

Then, the solution of this problem produces the estimator of X,;; and is summarized in
Theorem 1.
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We now introduce the following notations for the ground-up loss random variable X and its
corresponding transformed variable Y:

a=Var(E[Y |0]), b=Cov(E[Y?|6],E[Y |6]), c=Var(E[Y?]|6)]),
d=Var(E[X | 0]), e=Cov(E[Y | 0], E[X | 0]), f=Cov(E[Y?|6],E[X | 6]),
g:E[(Cov(Yz,YW)], h=E[Var(Y?|06)], v=E[Var(Y|0)], (7)
I=E[Cov(Y?%, X |6)], k=E[Cov(Y, X |0)], u=E[Var(X|0)],

uy =E[E[x 6], uy=E[E[Y|6]] uy =E[E[Y? |6]].

Lemma 1. With the notation introduced in Eq. (7) and for ﬁ’ k> 1, defined in Eq. (6), assume
that Y? # Bo + B1Y almost surely (a.s.). Then, the following moment relations hold:

(i) Var(M)=a+ -,
n
(ii) Var(Y?)=c+ b,
(iii) Cov(¥,Y2)=b+ £,
Var(Y) Con(Y,Y?)

o~ _— | is positive definite.
Cov(Y, Y2) Var(Y?)

(iv) The covariance matrix, X, = |:

Proof. See Appendix A.1. O

Theorem 1. The robust credibility premium that minimizes the expected quadratic loss function
defined in Problem 4, based on the nondegenerate transformed data Y = f(X) satisfying Y # Bo +
B1Y a.s., is given by

ﬁrqc = M%{ + 21 (? = ,u;) + 2 ({/3 - M%f), (8)
where
vmpk—npl —nd, po N Sb ) o Jnaty) —elibtg)
(na+ v)(nc+ h) — (nb+ g)? (na+v)(nc+ h) — (nb+ g)?
zy =np, z=ny,
where the common denominator in both B and y is strictly positive by Lemma 1.
Proof. See Appendix A.2. O

Note 1. For the linear term only, the result of Theorem 1 reduces to the semi-linear credibility pre-
mium structure but with a different zy. This corresponds to Problem 3 and is presented in Theorem
5.2 of Biihlmann & Gisler (2005, p. 126).

When comparing the credibility models (2) and (4), it becomes evident that (4) represents
a robust extension of (2), achieved by employing the robust transformation Y = f(X) of the
ground-up loss random variable X. This transformation incorporates robustness directly into the
credibility framework, making (4) better equipped to handle outliers and extreme values in the
data. Consequently, the robust credibility premium derived from (4) is expected to exhibit greater
stability and reduced sensitivity when compared to the credibility premium associated with
Problem 2, ensuring improved reliability in premium estimations under varying data conditions.

With the robust g-credibility premium structure given in Eq. (8), we also summarize other
credibility premium structures here for completeness.

Solving Problem 1, the resulting classical credibility premium is then calculated as
na

ﬁcc=ﬂ§+z(§—l/«§(), Zzna—i-v'

9)
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Similarly, solving Problem 2, the corresponding g-credibility premium is then calculated as

’ﬁqc=u)1(+z1 ()?—,u%)—f-zﬁﬁ—,ui), (10)
where for the right winsorizing proportion g = 0, Theorem 1 yields
_n [a(nc + h) — b(nb +g)]
"~ (na+v)(nc+h) — (nb+g)*’
n (bv — ag)
2= tatv)(nc+ h)— (nb+g)?

This result coincides exactly with Proposition 1.1 of Le Courtois (2021).
Finally, solving Problem 3, the corresponding semi-linear credibility premium is then calcu-
lated as

<1

ne

/ﬁslc:“)l(‘i‘z(?_:“%/)’ z= (11)

C na+v
More discussion can be found in Bithlmann & Gisler (2005).
Note 2. Eq. (9) is a special case of Eq. (11) with Y = f(X) = X.

We now calculate the mean square error (MSE) of the RQC premium structure given in
Eq. (8).

Proposition 1. The MSE for a new observation, X1, with RQC premium as given in Eq. (8), is
given by

MSEqu = MSE Prqc, Xn+1) =d +u— z1e — sz. (12)

Alternatively, the MSE can also be expressed in terms of the hypothetical mean p%(0)=
E[Xy+1 0] as

MSEpge = MSE (Prgc, 1x(0)) =d — z1e — zof. (13)

Proof. See Appendix A.3. d

For the classical Buhlmann credibility whose premium structure is given in Eq. (9), the
corresponding MSE is given by

MSEcc = MSE (Pec, Xny1) =d +u — zd. (14)

For the g-credibility considered in Le Courtois (2021) with the premium structure given in
Eq. (10), the MSE is calculated as

MSEqc = MSE (Pqc, Xn41) = d + u — z1e — 25f, (15)

where z; and z; are defined in Theorem 1 with (p, q) = (0, 0).
Similarly, for the semi-linear credibility with the premium structure given by Eq. (11), the
corresponding MSE is given by

MSEgc = MSE(Pgjq, Xn1) = d +u — ze. (16)

Proposition 2. As discussed in Remark 1.7 of Le Courtois (2021) and Proposition 2 of Yong et al.
(2024), it follows that

MSEqu < MSESZC < MSECC and MSEqu < MSEqC < MSEC(;, (17)

MSEyg < MSE < MSEc, and MSEyq. < MSEg. < MSEq. (18)

Proof. See Appendix A.4. d
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2.2 Data winsorization

The estimators derived from winsorized data exhibit greater robustness to outliers compared to
their standard counterparts. They are extensively utilized in the analysis of both life and non-life
insurance products; see, for example, Valdez et al. (2014), Hwang et al. (2017), and Lobo et al.
(2024).

In this paper, we consider the robust transformation Y =f(X) of the underlying random
variable X. Specifically, f(X) represents the winsorized transformation, where observations are
adjusted based on left and right winsorizing proportions. For given proportions 0 <p,q <1
with p <1 — g, the transformed data are obtained by applying 100p% left- and 100gq% right-
winsorization, leading to the following representation:

“p); for X < F~1(p),
Y=fX)=1{X; for F71(p) < X < F1(1 —q), (19)
F1(1—gq); forx>F1(1-gq).

The proportions p and g can be controlled by the researcher. That is, the winsorization pro-
portions p and g are selected subjectively, which can also be viewed as hyperparameter tuning, as
discussed in Poudyal et al. (2025, Section 2.2) for a similar choice, and must be chosen in align-
ment with the modeling objectives. Since there is no universal rule for selecting (p, ), the choice
is context-dependent and guided by the specific inferential or practical goals of the application.
This approach is consistent with the broader L-estimation literature, where the weight function is
typically chosen based on inferential goals rather than formal optimization; see Brazauskas et al.
(2009, Section 2.3) and Serfling (1980, p. 263). The choice of p and g has a significant effect on risk
control and the resulting credibility premium.

For any positive integer k, the winsorized mean or moments are derived as the expectation
of Y*. That is,

1—
E[Y*|6] = pF [F’l(p)]k-i-f ) du+q* [Fa -l (20)
p

The corresponding empirical winsorized moments, which serves as an estimate of the population
winsorized moments in Eq. (20) and is equivalent to Eq. (6), is now given by

n—[nq] .

Z 6= X i+ D X+ [ngIXG, gy |»  Y'i= YasinEq.(6).
i=[np]+1
21
where [ ] denotes the greatest integer part.

2.3 Asymptotic properties

We now summarize the asymptotic distributional properties of Y* from Eq. (21). By Serfling
(1980, p. 264), the first sample winsorized moment in Eq. (21) can be written as

R
Y:;ZK( +1)h(X1n +Zcm i’le]:”)’

i=1

where ¢, ¢, are nonzero constants, and

1; ifnp; <x<npy,
K(x:{ #1 P2

0; otherwise,

(22)

and np,, is the winsorized point. Chernoff et al. (1967) prove that Y is AN (1 ) where the
mean

https://doi.org/10.1017/51748499525100201 Published online by Cambridge University Press


https://doi.org/10.1017/S1748499525100201

Annals of Actuarial Science 309

1 2
o= / KWHwdu+ Y cih(p), (23)
0 i=1
and the variance
1
o= / o (u)du, (24)
0

where
1
a(u)=$|: / K(r)H,(r)(l—r)dr—l—;c,-(l— pDH (pi),  H(u)=F'(u).

For the winsorizing proportions (p;, ;) and (pj, g;), there are six possible combinations. For
further details, we refer the reader to Poudyal (2025), Zhao et al. (2018). Among the six possible
scenarios, we consider the most natural combination of winsorizing proportions for the RQC
structure, as formulated in Problem 4, which is given by

Ofpjfpi<l—qi§l—q]'§1. (25)

Theorem 2. The k-variate vector (\/ﬁ({/\l — M%;(@)), /(YR — ,ué‘,(@))) converges in distri-
bution to the k-variate normal random vector with the mean 0=(0,...,0) and the variance-

covariance matrix X :=[6§]§‘j=1 with the entries

l_qj 1—qi ’ ’
03 = / / Hi(r)Hj(S) [min {r, s} — rs] drds
pj pi

+ [22H () = 2H)(1 = 9] A+ PHI(L = gD H[(1 — g) — pFHi(p)H (p)
, 1—g; , 1—gj
+ piH; (pi) Hj(s) ds + q;H;(1 — q;) Hj(s) ds
pi 1—q;

— [P = M) + (1~ g | /p e as
:
+ [PH () + ai(1 = @)H(1 - 99 |Hi(1 - )
- [Pi(l _Pi)H;(Pi) + q?HQ(l - qz')]PjHj(Pj)
+ pi(1 = PP H (pi)H; (py) + pa Hi(p)H, (1 — ) + p}a H,(1 — 4) H; ()
+4i(1 — q)q?H,(1 — g)H;(1 — qp), (26)
where Ay = peHe(ps) + [5 " Hels) ds + qeHe(1— q0),  x € {irj}.

Proof. Following Chernoff et al. (1967, Remark 9) and using the variance formula from
Eq. (24), 05 can be expressed as

1
o = fo ai(w)aj(u)du

o ! , /
- :1_u[ / KAr)H,-(r)(l—r)dr+zci(1—pi>Hi(p,»>]

pizu

1
[ / Ki($)H(s)(1 = s)ds+ _ ¢i(1 — pj)H]f(pj)]}du

pjzu
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1 1 )
:/O a _lu)z |:/ Ki(r)H;(r)(1 — r)dr/ Kj(s)HJf(s)(l —S)dsi|du

u

1 1 1 , /
+/0 a0 _/u Ki(r)H;(r)(1 — r)dr x Z ¢i(1 —pj)Hj(Pj)]du

pjzu

1 1 1 , ’
+/0 m _/; Kj(S)Hj(s)(l — s)ds x Z ci(1 —Pi)H,-(Pi)i|du

pizu

Lo / :
+/0 m Z ci(1 — pi)H;(pi) x Z ¢i(1 _Pj)Hj(Pj)i|du

- pizu pjzu

=Qp+ Q2+ Q3+ Qy, (27)

where €1, Q3, Q23, 24, represent the first, second, third, and fourth terms, respectively.
For the winsorizing proportions satisfying inequality (25), we consider the following

notations:
Ai=pi(1 —pDH(p)),  Bi=q H;(1—q), Aj=p;(1 _Pj)I'I}(Pj)’ Bj = quH],'(l - g

R(r) S(s)

RN=HnA-n), S&=HE1-5 RO=g_ 5 SO=g_=

Then, it follows that

l_qj 1—g; ’ ’
Q :/ / H;(r)H;(s) [min {r, s} — rs] dr ds
pj i

1—q;

= piHi(p)Hj(pj) + qiHi(1 — g)Hj(1 — q;) — AiAj + / ] H;(s)Hj(s)ds,

pj

Pi Aj+ B 1—g; Pi Bj 1=g;
sz/ 2/ R(r) drdu-i—/ 2/ R(r) dr du
o (I1—u) Di pi (1—u) pi
B T Ry drd
+ /p,- TEE /u (r)drdu

Di pi 1—-gi 1-gi 1—-gi
:( J Aj+ Bj)/ R(r) dr—I—Bj/ / Ry (r) dr du.
1—pj 1—pi pi pi Ju

1

= [P2H)(0) — FH (1 — g | A+ PH(1 — a)H (1 — q)) = pHi(p)H, (),

Pi A; +B; /qu Pi A+ B (179
Q3 = — S(s) dsdu-i—/ / S(s) dvdu
’ /0 (1—w? J,, b =2 ),

B TG dsd
+/p,- (l—u)Z/u (s)dsdu
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pj 1= pi pl=gj
=1 s (Ai +B) / S(s) ds + (Ai + Bi) / / S, (s) ds du
. b S

] Pj
l1—gq; rl—g;
+ B; / / S«(s) ds du.
i u

. 1—q;
=P (a+B) / " S(s) ds
1 —pj p;

pi N Di l—qj
+ (Ai + B,-) |:/ / S« (s) duds + / / S«(s) du dsj|
pi Ypj pi Ypi

J g)

1—qi ps 1=gj rl-ai
+ B, / / S.(s) du ds + / / S (s) du ds.
pi pi I—qi Jpi

, 1—gj , 1—gq;
— piH.(p1) / H(s) ds+ iH.(1—q) [ Hs) ds
pi 1—qi

[ / / T lqu
ol = p)H.L(p) + CH.(1 — ) / Hi(s) ds
_ A

+ _P%H;(Pi) +qi(1 — Qi)H;(l - qz‘)_ g;iHj(1 — gj)

—|pi(1 _Pi)H;‘(Pi) + q,'zH;(l —qi) | piH;(p))

Pj
A;+B;)B ! ! du—+ B; B o ! d
+(Ai+ i)j/p.m“Jﬂj/pi =

1 —pi—qi
(1—pi)gi

pj
= A;i+B)A;+B)+ —— =1
1_Pj( B, + ])+(1_Pi)(1_17j)

= pi(1 — p)p?H;(pi)H, (p)) + p?q/ H,(pi) H;(1 — q;) + p? a7 H; (1 — ) H(py)

(Ai +Bi) Bj + B; B;

+qi(1 — g H; (1 — g)H;(1 — gp).
Finally, aijz. = Q) + Q3 + Q3 + 4, provides the desired expression of Eq. (26).
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O

For each fixed 6 € ©, let the mean and variance of Y* be denoted by u@(@) and v%(0),

respectively. Using these definitions and the result of Theorem 2, we obtain

Vi (T = ud(@) ~ AN (0,v10)) and  /n(Y2 - 13(6)) ~ AN (0,76)).

(28)

Further, using the asymptotic result from Theorem 2 along with the inequality condition

provided in (25), we can derive the conditional variance and covariance, in particular,

Cov(Y, Y? | 6) is Eq. (26) with p; =pi=p.qi=qi=q Hi= (F~D, Hj= (F1H?,
Var(Y? | 6) is Eq. (26) with p; = pj = p, qi = qj = ¢, Hi = (F"1)%, Hj = (F 1),
Cov(X, Y | 0) is Eq. (26) with p; = p, pj=0,q; = q,qj =0, H; = (F~!), H;= (F7}),
Cov(X, Y? | 6) is Eq. (26) with p; =p,pj=0,9i=¢,q;=0,H; = (F~1?, Hj= (F7Y).

https://doi.org/10.1017/51748499525100201 Published online by Cambridge University Press


https://doi.org/10.1017/S1748499525100201

312 Qian Zhao and Chudamani Poudyal

We conclude this section with the following lemma, which plays a crucial role in constructing
the RQC premium for winsorized data.

Lemma 2. Assume that E[|X;|¥] < 0o, k=1,2, 3, 4. Since Y is a winsorized version of X, Eq. (19),
then E[|Y;|F] < 00, k=1, 2, 3, 4. And as narrowoo, we have

(i) EIE[Y]] = u},
(i) nE[Var[Y]] — v,
(iii) Var[IE[Y]] —aq,
(iv) Cow(Y, uy(8)) — Cov(uy(8), uy(9) = a,
(v) Cov(Y2, uy(6)) — Cov(ug (60), ny(0) =0,
(vi) Var[E[Y?]] -6
(vii) Cov(uy(6), Y) = Cov(uy(6), 1}(6)) =e,
(viii) Cov(uk(8), Y2) — Cov(uk(0), n(0)) =f.

Proof. See Appendix A.5. O

Note 3. The semi-linear credibility elements in Eqs. (11) and (16) can also be derived using the
results of Lemma 2.

Next, we will see how this robust credibility premium works on parametric models.

3. Parametric examples

This section examines the proposed RQC premium structure using two parametric models:
Exponential-Inverse Gamma and Lognormal-Normal. The Exponential-Inverse Gamma combi-
nation is a conjugate prior pairing; thus, the classical credibility result aligns with the traditional
Bayesian outcome. This makes it a suitable benchmark for comparing the results obtained through
the RQC approach with those from the most widely used credibility method. While the normal-
normal combination is another classical conjugate prior, the positive nature of the loss data
necessitates modeling the loss component with a lognormal distribution instead of a normal one.

3.1 Exponential-inverse gamma model

Let X1 |0,...,X, |6 be independent and identically distributed (i.i.d.) random variables, follow-
ing an Exponential distribution with mean of 6. And the parameter 6 is Inverse Gamma(c, )

distributed with mean of

. Now, the credibility premium for the Exponential-Inverse

o —
Gamma model is derived as follows.
For loss random variable X | & ~ Exp(6), we have F(x|0) =1 — e */? = w and the quantile
function F~!(w) = —6 log (1 — w). First, we note that for k=1,2, 3, 4;
/ (log u)k du = u(log w)* — ku( log W) 1 k(k — Du( log u)k—2
—k(k — 1)(k — 2)u(log u)* =3 + k(k — 1)(k — 2)(k — 3) + Constant.
Based on Eq. (20), we calculate the first four moments of the hypothetical mean

1—¢q
puy () =—0 :P log(1 —p) +/ log(1 — w)dw + qlong}
p

=—0 {plog(1 — p) +q(1 —logq) — (1 — p)[1 —log(1 — p)] + g logq}
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=—0{log(1 —p)+q— (1 —p)}

{p<p>}
my (p,q)

= 6 mi(p, q),
1—q
1y (6) =6 {P [log(1 — p)]° +/ [log(1 — w)]* dw + q (logq)z}
p

=6*{pllog(1 — p)J’ + (1 — p)[log1 ~ )]
+2(1 = p)[1 —log(1 — p)] — g(log 9)* — 2q(1 — logq) + ¢(log q)z}
=6” {[log(1 — p)J* +2(1 = p)[1 ~ log(1 — )] - 2q(1 ~ log )
= 0% my(p, q),
13(0) = —93{p [log(1 —p)] + fp o [log (1 —w)]’ dw + q (log q>3}
=—6*{(10g (1= p))’ = 3(1 = p)(log (1 - p))* + 6(1 — p) log (1 - p)
—6(1 —p) +3q(log g)* — 6qlogq+6q}
= 0% ms3(p, q),
uéw):e“{p[log(l —p)]‘*+/plq [log (1 —w)]" dw + q (log q)4}
= 94{(1055 (1-p)* —4(1 = p)(log (1 — p))* + 12(1 — p)(log (1 — p))?

—24(1 — p) log (1 — p) +24(1 — p) + 4q(log q)3 — 12¢(log q)2 +24qlogq — 24q}

= g4 ma(p, q)-
Besides, the derivatives of quantiles are
1 1 1 0

/ _ —1 ! _ _ _ —
How = [F7 )] = F(F-Y(w)) F (=6 log (1 —w)) B 56—7’91"%(1’“ Cl-w

o 2F Y (w) —20log(1—w)  —20log(l —w) 260%1og (1 — w)

= F(F~Y(w)) - F (9 log (1 — w)) 0% _ =flogl-w) - l—w

Hy(w) = [(F~' ()]

e

For the process variance and covariance, Zhao et al. (2018) have proved that for a location-scale
or log-location-scale family distribution, and p; = p; = p, qi = gj = g, Eq. (26) leads to

Var(Y | 0) = 92{7112(17, q) — mi(p, q) +2 [m1(p, q) (A — B) + B(—log q) — A(—log (1 — p))]

A2 B?
-(A-B>2+_+_}
P9 ,

p
1-p’

= 0%v1(p, q), where A =p? H;(p)/@: B=g* H,l(l —q)/0=q.
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Var (Y*16) =94{m4(p, 9) — ma(p, @)* + 2[m>(p, 9)(C — D) + Dlog? (q) — Clog® (1 — p)]

2 D2
—(C—D)2+C—+—}
pq

= 0% (p, q),

2 2log (1 —p) 2 2 log (q)

1-p
Cov (Yz, Y| 9) =63 {m3( ,q) — my(p, @ma(p, q) + mi(p, q)(C — D) + D(—log (¢))

— C(—log (1 —p)) + ma( ,q)(A—B)—i—Blog2 (9 —Alog2 (1—p)
AC BD

—(A—B)(C—D)+—+—}
p q

where C=p H(p)/@2 andD:qu/z(l— q)/0% =

= 0313 P, 9.
When we consider the covariance of original value X and robust version Y, we have

1 1
Cont,X10) =pH,(p) [ H©ds+ati1-q) [ Hods
p I—q

1
~[po-pH@+ -0 [ o

1 pl-
+/ / o H (r)H (s) [ min {r,s} — rs] dr ds
0 Jp

— 1 1 !
:02{ P / log(l—s)ds—/ log(l—S)ds+(P+q)/ log (1 — ) ds
1-pJp 1—q 0

1-
/ / E —— [ min {r, s} — rs] drds}
b 1—rl1-—s

= 62 va(p,q), where Hj(r) = Flir)=-90 log (1 —r), Hi(s) = —0 log (1 —s).

—26%log (1 — —2621
(Cov(Yz,X|9)= M[ —6log(1—s)ds+gq %@ —6log (1l —s)ds
_ g
—292log(1 -p) . ,—20%log(q) !
—[pQ1 +q —6log (1 —s)ds
l1—p q 0
1 2 _
—}—/ / —26"log(1—1) 6 [ min {r, s} — rs] drds
0 1—r 1—s

2log (1 — '
93{ 08 ( P) log(l—s)ds+210g(q)/ log (1 — ) ds
1—g
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1
— [2plog (1 — p) + 2qlog (9)] /0 log (1 —s)ds

1 op1- —
_// T2log(1—r) 1 [min{r,s}—rs]drds}
0 Jp

1—r 1—s

= 0°v5(p, q), where Hy(r) = [F'(r)]* = 6% log® (1 — r), Hj(s) = F'(s)
= —0log (1 —s).

When o > 4, using the moment formula of an Inverse Gamma distribution, we derived the
collective premium, variance/covariance of hypothetical means, and the expectation of process
variance/covariance for this Exponential-Inverse Gamma model. See details in Appendix B.1.

Speaking of the connection between non-robust parameters and robust parameters, when
(p, q9) — (0, 0), the values m;(p, q) =1, ma(p, q) =2, ms(p, q) = —6, ma(p, q) —>2§,\v1(p, q — 1,
va(p, @) = 20, v3(p, q) = —8,va(p, q) — 1, v5(p, q) — 4, and the winsorized mean Y converges to
the original sample mean X. Then, the RQC factors z; and z; become conventional g-credibility
factors.

Fixed p = 0, we demonstrate the impact of the right-winzorizing proportion ¢ (to take against
extremely large loss) on the QRC estimation of this combination. As g increases from 0 to 1,
the structural parameters discussed above are visualized in Figure 1. The prior distribution of
the Inverse Gamma is set with parameters « =5 and 8 = 2. The similarity between v and k, as
well as between g and /, raises the question of whether this behavior is influenced by the con-
jugate prior. As the right winsorizing proportion g increases, all structural parameters exhibit
a decreasing trend. When comparing the transformed variable Y with the original variable X,
the variance of the hypothetical mean (VHM) for Y declines more rapidly than that for X. For
instance, b =E[Cov(Y?, Y | 0)] approaches 0.15 when g =0.125, whereas [ = E[Cov(Y?, X | 6)]
remains around 0.2. In addition, while Y? exhibits a curved pattern, Y follows a more linear
trend. The change in the expected process variance (EPV) is notably more significant than that
in the VHM.

Similarly, the credibility factors z; and z; are visualized in Figure 2. The coefficient z; begins at
approximately 1 and consistently increases as g grows. Meanwhile, z; remains close to 0, suggest-
ing that the first moment contributes substantially more to the premium credibility model than
the second moment. However, when q approaches 0.7, z; exhibits a sharp increase, indicating
unreliable factor estimation when the remaining sample size of original values becomes too small.
Furthermore, z; extends beyond the range [0, 1], and z; can take both positive and negative values,
further highlighting the instability in factor estimation under extreme winsorizing proportions.

3.2 Lognormal-normal
In contrast to the Exponential-Inverse Gamma model that belongs to the shape-scale family, we
pick up Lognormal-Normal (the typical log-transformation of location-scale family distributions)
in the second illustration and show the general application of the proposed approach.

For loss random variable X | & ~ LogNormal(9, 02), and 6 ~ Normal(u, v*), we have the cdf of

conditional distribution
1 —6
F(x|0)= @ (L)
o

where —00 < 0 < 0o and o > 0. This parameter setting guarantees the existence of the mean and

variance. And the quantile function F~}(w) = HHo @ W),

From Appendix B.2, we have

/u [F_l(w)]k dw = F0+3K% ¢ (@ (@) — ko).
0
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Variables Var/Cov of Mean Expectation of Var/Cov Expectation of Mean
A,B Cov(E[A | 0],E[B | 6)]) E[Cov(A, B | 6)] E[Var(A|0)]
05
0.08 03 -
0.06 '
0.2 ~> 03
vy © 0,04 > 3 0
’ 0.1 '
002 0.1
0.00 0.0 0.0
0.00 0.25 050 0.75 1.00 000 025 050 075 1.00 000 025 050 075 1.00
q(p=0) qa(p=0) q(p=0)
008 03
0.06
0.2
v X ® 0.04 x
’ 002 0.1
0.00 0.0
0.00 0.25 050 0.75 1.00 000 025 050 075 1.00
q(p=0) q(p=0)
20 0.6
15 K 0.4
019 < g
Y2, v? 5 0.2
05 '
0.0 0 0.0
0.00 025 050 075 1.00 000 025 050 075 1.00 000 025 050 075 1.00
q (p=0) q (p=0) q (p=0)
03
1.0
0.2
) o )
Y2 Y 04 05
0.0 0.0
0.00 025 050 075 1.00 000 025 050 075 1.00
q(p=0) q(p=0)
03
1.0
02 _
, -
Y X 04 05
0.0 0.0
0.00 025 050 075 1.00 000 025 050 075 1.00
q(p=0) q(p=0)

Figure 1. Exponential (0)-inverse gamma (5, 2) using winsorized data. Fix p =0, as g increases, left column shows the vari-
ance or covariance of mean under risk parameter 6; middle column panel shows the expectation of variance or covariance
under risk parameter 6; right column panel shows the expectation of mean under risk parameter 6.

Then, Eq. (20) leads to the hypothetical moments

_ 1—q _
u%(@):ee peafb Lp) +/ el

p

) gy 4 geo @ 1-9)

=& [per® P 137 [0 (071 — ) — o) — & (071 p) — 0) ] + g7 09

= eeml(p, q)-
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—2e-08
10
- o —3e-08
N N

5 —4e-08

-5e-08
000 025 050 075 1.00 000 025 050 075 1.00
q (p=0) q (p=0)

Figure 2. Exponential (9)-inverse gamma (5, 2). left panel shows the values of z; for different ¢'s with p = 0; right panel shows
the values of z, for different g’s with p = 0.

15 0) = {pe® P 4 27 [0 (971 - ) — 20) — & (&7 (p) — 20) ] + g0
= ' my(p, q).

M%(9) — o {Pe3a®_1(17) + /207 [<I> ((D—l(l g — 30) _® (CD_l(p) _ 30)] 4 qe3o<1>_1(1—q)}
= ems(p, q).

1y ©) = {pel® 0 17 [0 (0711 — ) — d0) — & (67 (p) — d0)] + g 9|
= e49m4(p, q).

In addition, the derivative of LogNormal quantile functions is
-1

And based upon Eq. (26), the conditional variance and covariance are given by

Var(Y | 6) = ¢ {mz(P’ Q) —mi(p.q) + Z[ml(P> Q) (A—B)+B(e”® ' 1-9) _ A(e("bfl(f’))]
A% B?
—(A—B)2+—+—}
p q
= e?v1(p, q), where A =p2G,(p), B= qu,(l —-q)

Var (Y?6) =" {m4(p, @) = ma(p, @) + 2 ma(p, (C — D) + D ® 179) — (2P|
2 2
—(C—D)2+C—+D—}
P4

= e'%v,(p, q), where C= 2pze(’¢7l(P)G/ (p), D= 2qze‘7¢71(17‘1) G/(q),
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Cov (Y%, Y 6) = 639{"”(1), 9) — mi(p, ma(p, @) + mi (p, g)(C — D) + D(e® 179

— Qe P+ may(p, q)(A — B) + B P10y — A(27®' )
AC BD
—(A—B)(C—D)+ —+—}
p q
= evs(p, q),

1 1
Cov (Y,X|6) =pH;(p) / Hj(s) ds + qH:-(l )
p 1

Hj(s) ds
q
1
~[p0 - pH @)+ PH (- 9] fo Hi(s) ds
1 pl-
+/0 /p ! H;(r)I-I}(s) [ min {r, s} — rs] drds

1 1
— % {pG/ () / O ds 1+ G (1 - g) @O gy
p 1—q

1 1
—Ip(1 = p)G () + PG (1 — ] fo 07O g

1 pl-
+/ / ! G/(T’)G/(S) [ min {r, s} — rs] dr ds}
0 Jp

= ¢ v4(p, q), where H(r) = 66+U®71(r))1—1j(5) — o)
1
Cov (YZ,X | 9) =p 269+0¢_1(P)H ) / 69+U<I>_1(s) ds
p

1
_}_qzee-&—adfl(l—q)H’(l _q)/ 69+0<I>’1(s) ds
1—¢q

1
_ [P(l _p)260+a<l>71(p)H/(p) + q2260+(7<1>71(1—q)H/(1 _ q)] / e@+a<l>’1(s) ds
0

1 1—q _ , ,
—}—/ / 2007 gy (r)H (s) [ min {r, s} — rs] drds
0 Jp

1 1
— 639{2peocl>l(p)G (p)/ eocl)*l(w) ds + zqegqu(l_q)G/(l . q)/ eaﬁb’l(s) ds
1
_ |:2P(1 _p)eaqu(p)G’(p) + zqzeaqu(]fq)G/(l _ q)] / eaqu(s) ds
0

1 17q -1 / /
+ f / 27 DG ()G (s) [min {r, s} — rs] dr ds}
0o Jp

= 6391/5(]), q), where Hy(r) = e29+20®71(r), Hj(s) = HHo®T),

Therefore, if the risk parameter 6 is normally distributed with mean of x and variance of v,
the structural parameters for credibility premium are listed in Appendix B.3.

As seen in Figure 3, all the structural parameters exhibit a decreasing curvature as g increases
between 0 and 1, indicating a consistent trend across different parameter settings. A significant
difference between v and k becomes evident when g > 0.75, suggesting that higher winsorizing
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Variables Var/Cov of Mean Expectation of Var/Cov Expectation of Mean
A, B Cov(E[A | 0],E[B | 6]) E[Couv(A, B | 0)] E[Var(A | 0)]
5e+01 8e+00
9e+01 7e+00
o 4e+01 5 66400
vy 6e+01 > 3 5000
’ 3e+01 4e+00
36+01 e
3e+00
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
q(p=0) q(p=0) q(p=0)
3.0e+01
fe<02 25e+01
8e+01 2.0e+01
o X
Y./ X 66+01 1.5e+01
1.0e+01
4e+01
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
q(p=0) q(p=0)
206406 2.0e+06 2.0e+02
1.50+06 1.5e+06 1.5e+02
o c Rty
1.0e+06 1.0e+06 1.0e+02
2 y2
Y4y oot
50605 5.0e+05 506401
0.0e+00
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
q(p=0) q(p=0) q(p=0)
1.0e+04
4e+03
7.5e+03
Q 5.0e+03 o 3e+03
Y2Y
2.5e+03 26403
0.0e+00
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
q(p=0) q(p=0)
1.0e+04 46403
7.50+03 30403
2 7 5.0e+03 " 2003
Ye X *
2.56+03 Te+03

0.00 0.25 050 0.75 1.00
a(p=0)

0.00 025 0.50 0.75 1.00
a(p=0)

Figure 3. Lognormal (9, 0.4%)-normal (1.5, 12) using winsorized data. Fix p = 0, as g increases, left column shows the variance
or covariance of mean under risk parameter 6; middle column panel shows the expectation of variance or covariance under
risk parameter 6; right column panel shows the expectation of mean under risk parameter 6.

proportions have a notable impact on the relationship between variance and covariance structures.
Additionally, both v and g reach their minimum values before increasing again as g approaches 1,
highlighting a non-monotonic pattern in their behavior. When comparing the transformed vari-
able Y with the original variable X, the variance of the hypothetical mean decreases more
rapidly for Y than for X. For example, as q increases to 0.5, a = Var[E(Y | 8)] nearly reaches
7, whereas e = Cov[E(Y, X | €)] remains around 9, further illustrating the differential impact of
winsorization on these structural parameters.
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0.0e+00
2.56+00
-2.5e-04
2.0e+00 s 0od
N NI
1.5e+00 -7.5e-04
1.0e+00 ~1.0e-03
000 025 050 075 1.00 000 025 050 075 1.00
q (p=0) q (p=0)

Figure 4. Lognormal (6, 0.4%)-normal (1.5, 12) using winsorized data. Left panel shows the values of z; for different s with
p = 0; Right panel shows the values of z, for different g’s with p = 0.

The credibility factors z; and z,, as visualized in Figure 4, can be described similarly to those in
the Exponential-Inverse Gamma model shown in Figure 2.

4. Nonparametric estimation

We illustrate the ideas with a simple Bithlmann-type model and we consider individual claim
losses (Xj;) in the structure. Suppose there are r(r > 1) groups of risks in a portfolio and the num-
ber of observations n; varies between risks. Then for ith group, we have the risk parameter 6;, and
the loss vector X; = (Xi1, .. ., Xin;)» i=1,...,7

It is assumed that for each group i, Xj; share the identical risk parameter 6; and it does not
change over time. Then, the hypothetical mean E[Xj; | 6;] = ux(6;) and process variance Var(Xj; |
6;) = v(6;). Under each risk parameter ¢;, the conditional Xj; | 6; are assumed to be independent
and identically distributed. Our objective is to estimate the risk premium for each group i, using
the robust credibility approaches. And then determine the total premium for the entire portfolio.

Let Yj; be the winsorized version of Xj; by Eq. (19). Then, as the number of observations
n; — 00, the empirical hypothetical mean converges to the parameters such that

o 2 Yi
M(;): =

i

— py(6h) (29)
Besides, the empirical estimate,’ﬁgk), of process variance vk(6;) are empirical estimate of Eq. (24).
All these lead to the robust version of empirical structural parameters for the entire portfolio.

We categorize the expectation of hypothetical mean (EHM), expectation of process variance
or covariance (EPV), and variance or covariance of hypothetical moment (VHM) into three dis-
tinct groups. The empirical estimates of these structural parameters, as introduced in Eq. (7), are
denoted

)

EHM Y=
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~

Y X (v 1)

EPV v= )
N-—r
i o\2
= Z::I 27:1 (Xij _Xi)
= o ,
. —~\2
B N-—r ’
X L (-7 (- T)
&= N )
’k‘_ Z;:l Z]n;1 (Yi' - Yi) (Xij —X,-)
= - )
7 2in1 ZJnél (Yé - Y?) (Xij — Xi)
= T ’
o 32
Y (=Y = (-1
VHM a= 1 1 r 2 >
N—-x D=1 1
o~ N2 .
X (¥ -12) - h
c= ’
N- ﬁ i
- a0 _
d= Yiin (Xi—X)"—(r—1u
N-— % Yin
N- % i
S Siom (Yi—Y) (X —X) - (r— Dk
N— g Xin ’
? Y (le - Y2> ()?z —)?) — (-1l
N- 1%1 Yin

where N:= )i, n,.

Note 4. All the VHMs are max {VHM, 0}. Thus, if one of VHMs is 0, then the corresponding
credibility factors z; and z, are 0. In this scenario, the entire process does not provide a good
experience.

Therefore, the credibility factors for Group i are
&(ni¢ + h) —f(niiJ +29)
(nia + D) (nic + h) — (nib + §)2’
fnia+9) — e(nib + §)
(ni6 + (e + h) — (n;b + §)2’

21, = N

22,i = ni
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Table 1. Summary statistics of 6 policies

Policy Size Min Mean Median Max

1 34 214,266 367,613 330,245 880,000
. T 201’015 B ﬁié,éo.g. I 297623 B 1,646.,3.3.3
3 S 208’415 - 595’402 - 319’141 . 2’485’646
4 8 201,232 567,279 565,936 1,005,186
6 . T 210’000 B 671’737 B 475000 B 3,000,000

and the corresponding credibility premium is estimated by
Pi= W+ 21 (?i - ,u%,) + 22, (Y,2 - M%) .

We study the use of these estimators via a real data analysis in the next section.

5. Real dataillustration

For numerical illustration, we conduct a real data analysis using the Switzerland insurance com-
pany dataset from Bithlmann & Gisler (2005, p. 124), which has also been analyzed in Yong et al.
(2024).

The summary statistics of each type of property are listed in Table 1. It is clear that the loss
data of each Policy resembles a right heavy-tailed distribution. Thus, we will see how the upper
winsorizing proportion g can take against the extreme claims and affect the credibility premium
ultimately. We set g = (0.05, 0.10, 0.15, 0.20) in robust winsorizing, and then derive the structural
parameters for the above-mentioned property funds through the procedure discussed in Section 4.
The collective premium for each class are displayed in Table 2. And one performance indicator,
the root mean square error RMSE = +/MSE, is defined and utilized to compare the accuracy of
the estimation. In particular, a byproduct of RQC, robust semi-linear credibility using winsorized
data has been derived by Eq. (11).

The RQC framework, within each policy, follows a clear pattern in which small values of g (such
as ¢ =10.05,0.1, 0.15) lead to a reduction in RMSE, while large values of q (such as g = 0.2) cause
an increase. A similar trend is observed in the semi-linear credibility model. Policy 5 consistently
has a significantly higher premium across all credibility methods, regardless of the winsorizing
proportion g. When g = 0.05, the RQC premiums are generally at least as stable as those under
the semi-linear credibility model, whereas an opposite trend appears when g = 0.10. The empirical
results further validate the theoretical findings, particularly the inequality relations established in
Proposition 2:

MSEqu < MSESIC < MSE¢c and MSEqu < MSEqC < MSEc.

In particular, when g is small, MSEqC exhibits a decreasing trend, reflecting an improvement
in predictive accuracy. However, as g increases beyond a certain threshold, the MSE begins to
rise, indicating a potential loss of efficiency due to excessive winsorization. In Policy 3, premium
estimates under both RQC and semi-linear credibility remain unchanged for a fixed winsorizing
proportion q. Compared to g-credibility, a small adjustment in the right winsorizing proportion
increases the premiums of Policies 3 and 6 while slightly reducing the premiums of other policies.
Within the RQC framework, the credibility factors z; and z;, despite differing in scale, maintain a
balancing effect in credibility contribution. A negative z, requires a sufficiently large z; to balance
the trade-off between first- and second-moment experience information contributions, thereby
ensuring robustness in credibility estimation.
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Table 2. Estimated credibility factors (z; and z;), premiums (p), and RMSE under robust g-credibility (RQC), g-credibility,
semi-linear credibility (SLC), and classical structures

RQC Estimate Policy 1 Policy 2 Policy 3 Policy 4 Policy 5 Policy 6
g=0.05 7 1.2700 1.1260 1.1987 0.6990 0.8753 1.1578
2,(107) —0.2967 —0.2738 —0.2863 —0.1804 —0.2217 —0.2795

p(millions) 04243 04783 05408 05724 06310  0.6046

g=0.10 4l 0.5580 0.5346 0.5485 0.3932 0.4621 0.5411
. 'zz"(io;é)' L

f)(mllllons) S

RMSE (10°) 0.4724 0.4735 0.4730 0.4767 0.4754 0.4733

g=0.15 7 1.1338 0.8836 1.0033 0.3469 0.5395 0.9347
2,(107) —0.1441 —0.0319 —0.0845 0.1589 0.1024 —0.0541

p (millions) 0.4215 0.4646 0.5581 0.5781 0.6772 0.5804

q=0.20 4l 0.3554 0.0475 0.1774 —0.2768 —0.2016 0.0995
. .zZ“(l.O;é). S

ﬁ(mllllons) B s

RMSE (105) 04732 04736 04734 04753 04745 04735

g-credibility or 7 1.6864 1.3229 1.4818 0.7037 0.9241 1.3884
RQCwithg=0 7, (1079) —0.4879 —0.3610 —0.4141 —0.1801 —0.2408 —0.3825
p (millions) 0.4289 0.4823 0.5297 0.5737 0.6358 0.5921

SLC Estimate Policy 1 Policy 2 Policy 3 Policy 4 Policy 5 Policy 6
g =0.05 z 0.6782 0.5733 0.6240 0.3245 0.4200 0.5951
p (millions) 0.4233 0.4714 0.5408 0.5449 0.6179 0.5953

RMSE (105) 04744 04756 04751 04785 04774 04754

g=0.10 z 0.8343 0.7398 0.7865 0.4737 0.5837 0.7601
f)(mllhons) Coatan T e e asees et o eose

(e v(‘l.oé)” i

qg=0.15 z 0.9222 0.8371 0.8797 0.5742 0.6872 0.8557
f)(mllllons) T s

RMSE (10°) 0.4721 0.4731 0.4726 0.4760 0.4747 0.4728

g=0.20 z 0.8606 0.8090 0.8353 0.6234 0.7086 0.8206
p (millions) 0.4479 0.4843 0.4942 0.6048 0.6868 0.5963

Classical credibility or z 0.6328 0.5272 0.5778 0.2885 0.3782 0.5489
SLCwithq =0 pmiliond  oazo oaris  oszr  osas o603 06075
e (106) ....... e e e cares e Sares

Further, to see the benefits of our RQC approach, we conduct a sensitivity analysis by increasing
the maximum observed value in Policy 4 by a factor of four; this policy has the smallest sample
size in the portfolio. The objectives are twofold: To assess how the estimated premiums - both at
the individual policy level and in aggregate — respond to the modification of a single data point; to
provide a detailed comparison of RMSEs between the proposed RQC method and the traditional
g—credibility approach. Our key findings from Table 3 are as follows:
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Table 3. Sensitivity analysis: the change of premium, p, and the decrease of RMSE from RQC to g-credibility models when
the maximum observed value in Policy 4 was increased by a factor of four

RQC Estimate Policy 1 Policy 2 Policy 3 Policy 4 Policy 5 Policy 6 Total
qg=0.05 p change (%) —0.351 —0.432 8.264 21.531 1.917 1.242 3.658
RMSE decrease (%) 0.102 0.110 0.107 0.096 0.107 0.109 -
qg=0.10 p change (%) 0.688 2.118 0.044 29.134 3.844 2.907 3.547
e decrease(%) s
q=0.15 p change (%) —1.935 3.032 —3.199 11.200 4.935 14.960 3.851
e decrease(%) R S S
q=0.20 p change (%) —6.026 1.332 2.249 9.836 4.798 15.971 3.943
RMSE decrease (%) 0457 0499 0472 0662 0609 048 -
g-credibility p change (%) —0.884 —1.471 9.497 18.157 —0.175 5.852 4.133

e Consistent with results from the original data, the RMSEs consistently decrease when moving
from RQC to g—credibility for each policy. However, the magnitude of improvement varies
across policies and depends on the chosen winsorizing proportion 4.

e The impact of the modified data is more pronounced in Policy 4, with an amplification of
29.134% under the optimal choice of g = 0.10, compared to its effect on the overall portfolio.

e The total premium remains more stable under RQC than under g—credibility when the
data are modified. For example, at a small proportion g = 0.05, the change in total premium
decreases from the benchmark value of 4.133% to 3.658%.

6. Concluding remarks

This study introduced the RQC framework, which extends classical and semi-linear credibil-
ity models by incorporating second-order polynomial adjustments of transformed loss data.
The motivation behind RQC is to enhance the stability and predictive accuracy of credibility
premiums, particularly in the presence of extreme claims and heavy-tailed distributions, while
accounting for nonlinear dependencies in claim data.

By integrating winsorized transformations of ground-up loss data into the credibility model,
we derived closed-form expressions for the RQC premium and established its asymptotic prop-
erties. Analytical comparisons demonstrated that RQC effectively reduces MSE and captures
claim heterogeneity, thereby improving the robustness of nonlinear Bayesian credibility estima-
tion. The sensitivity analysis further indicates that RQC offers clear advantages over QC when
tested against a single data modification in the credibility estimation. Furthermore, the theoreti-
cal findings were validated through two parametric examples — Exponential-Inverse Gamma and
Lognormal-Normal models - illustrating the practical advantages of RQC in credibility premium
estimation.

As a byproduct of this scholarly work, we also derived semi-linear credibility structural param-
eters using winsorized data, reinforcing the robustness of credibility estimation. This extension
provides an additional layer of stability in handling extreme claims, making credibility models
more adaptable to practical actuarial applications.

To our knowledge, this study contributes to credibility theory by providing a second-order
credibility framework that systematically incorporates transformed data, offering a more robust
approach to nonlinear Bayesian credibility estimation. Future research could explore extensions to
higher-degree polynomial structures beyond quadratic forms, multivariate credibility models, and
broader actuarial applications, such as risk pricing in reinsurance and health insurance. Moreover,
integrating advanced statistical learning techniques into credibility models may further enhance
predictive performance in high-dimensional settings.
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Appendix A. Auxiliary Results
A.1 Proof of Lemma 1 .
With the notations from Eq. (7) and Y*, k > 1 as defined in Eq. (6), we have

(i) The law of total variance gives us
Var(?) = Var(E[T | 0]) + E[Var(Y |6)] = Var(u}(6)) + E[Var(? | 6)] =a+ .
(ii) Again, using the law of total variance, we have
Var(Y?) = Var(E[Y? | 0]) + E[Var(Y? | 6)] = Var(u3(6)) + E[Var(Y? | 6)] = c + Z

(iii) By properties of covariance,

-~ = Vi+Yo+- - +Y, YP+Yit. - +Y2
COV(Y,Y2)=(COV 1+Yo+-- -+ o2l 2 n
n n
n n 2 n
Y; Y Y; Y?
=Z Z Cov | =, L +Z<Cov S
: Ay n n ; n n
i=1 j=1,j#i i=1
n n n
b b+g
=2 2 a2t
i=1 j=1,j#i i=1
n(n—1) n
=————"b+—=(0
n? +n2( T8
—b+ L
n

(iv) Since Y is assumed to be non-degenerate, it follows from 1 and 2 that

Var(Y)=a+%>0 and Var(Y?)=c+%>0.
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Further, by the Cauchy-Schwarz inequality,

[Cov(?, i’\z)]2 < Var(?)Var(ﬁ),
with equality if and only if there exist constants Bo> B1 € R such that Y= Bo+p1Y as.
(see, e.g., Ash, 2000, p. 130). Since Yk = % Z Yk, for k > 1, the relation Y= Bo+ B Y as.
would imply Y2 = By + B Y as., contradicltilig the assumption. Hence the Cauchy-Schwarz
inequality is strict, that is,

[Cov(Y, {/3)]2 < Var(?)Var({’E),
and therefore

det (%,) = Var(?)Var(ﬁ) — [(Cov(?, ffz)]2 >0,

establishing the positive definiteness of X,,.

A.2 Proof of Theorem 1
To minimize Py, the normal equations are:

0Py
da
n n
e 2E|:a + Z BiYi+ Z )/iY,«z —Xn+1] =0
i=1 i=1
n n
= o+ BEY]+ ) yE[Y]=EXu] (A1)
i=1 i=1
0P, _
9Bk

= 2E |:Yk (oz—l—Zﬂ,Y +Zy, nHﬂ 0

=> Yk]+z,3z YkY]+Zyz [YiY?] = E[YViXni1] (A2)
9Py
oy
= oE[Y}] +Z/3, [Y?Y; +Zy, [Y2Y?] = E[YiXui1] (A3)
i=1 i=1
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Eq. (A2)—Eq. (A1) x E[Y}] gives us

Zﬂl(EYm— [ViE >+Z% [YiY7] - E[Yi]E[Y]])

i=1

=E[YiXnt1] — E[Y(]E[Xp41]

— ZﬂtCOV(ka Y)+Z ViCov(Yy, Y1) = Cov(Y, Xut1)

i=1 i=1

Similarly, Eq. (A3)—Eq. (A2) x E [Yz] gives us

Z;‘L — E[v2]E[Y;) +ZV1 (E[FY?] - E[YF]E[Y?])

i=1
= E[Yk Xus1] = E[YF]E[X41]

n n
= Z ﬂiCov(Yf, Yi) + Z y,-(Cov(Yz, Yf) = Cov(Y,f,XnH)
i=1 i=1
It follows that Vi=1:n, B;i=8, yi=y
We consider the following notations,

& i £k,
Cov(Yy, Yi) = oty ik
b; i#k,
2 vy —
CoYe XD =0y o iz,
PN [ i#k,
CovlY, Y1) = c+h i=k
Further,
g e(nc+h) —f(nb+g)
Bna+v)+y mb+g)=e, (na+v)(nc+ h) — (nb+ g)*’
=
Bnb+g)+y (nc+h)=f, _ f(na+v)—e(nb+g)

" (na+v)(nc+h) — (nb+g)>’

where the common denominator in both g and y is guaranteed to be strictly positive by Lemma 1,
as in Theorem 1.
We now consider

zi=nB and z;=ny. (A4)
From Eq. (A1), it follows that
o=y — 21 Ay — 22 14}
Finally, the resulting RQC premium is now given by
/ﬁrqcza—knﬂ?—i—nyﬁ
=uyx—z ,ui,—zzu%,—i-zl?—i-zzﬁ
=ux+2a (/Y - ;L{,) + Zz({’3 - M%z)

as desired.
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A.3 Proof of Proposition 1
By definition of MSE, we get

MSEqu = MSE Prqc,Xn+1) = E[(’ﬁrqc - Xn+1)2] =Var Prqc - Xn+1)
=Var Prqc) + Var(X,H_l) —2Cov (/ﬁrqc, Xn+1)
=2ztVar (?) + z%Var(Y’E) + 2z1zz(Cov(’};, 5/\2) +Var (X,41)

—22,Cov (?, Xnt1) — ZzzCov({’E,XnH)

By Lemma 1 2 2
zila+v/n) +z5(c+ h/n) + 2z122(b+ g/n) + (d + u) — 2z1e — 2zof

=zi[z1(a+v/n) + z22(b+ g/n)| + z2[22(c + h/n) + 21 (b+ g /n)]
+ (d+u) —2z1e — 22of
=zie+ zof +d+u—2z1e — 2z5f
=d+4u—zie— 2f.
Similarly,
MSE;.qC = MSE (ﬁrqc, nx(0) =E [(/ﬁrqc — ux(©))*] =Var (ﬁrqc — ux(0))
= Z%Var(?) + z%Var({’E) +2212,Con(Y, {/E) + Var(,u)l((@))

—221Cov (¥, 1y (6)) — 22,Cov(Y2, 11k(6))

ByL &2
YIRS et v/n) + Blet hfn) + 22122(b + g/n) + d — 2z — 22af

329

=z [zl(a +v/n)+ z(b +g/n)] +22[22(c+ h/n)+z(b +g/n)] +d—2zie —2zf

=zie+2zf +d—2z1e — 2zof
=d—Zle—sz,

as desired

A.4 Proof of Proposition 2

Define the “premium spaces” for classical credibility, semi-linear credibility, g-credibility, and

RQC models as

n
Acc:= {a+ZﬂiXi|a,ﬂ1,...,ﬂn € R},

i=1

n
Agle = {O‘+Z,3iYi|0!,,3i GR,i:l,Z,...,n},

i=1

n n
Aqc:= {Oé-i-Z,BiXi-i-Z)/iX,-ZIOt,ﬂi,Vi € R,i:l,Z,...,n},

i=1 i=1

n n
Arqc:: {O‘+Z/3iYi+ZViYi2|W,lgi,Vi € R,i:1,2,...,l’l}.

i=1 i=1
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Since the space of the combinations of the {X;};=1., is a subspace of the combinations of the
{Xi}i=1.n and of the {Xiz}izlzn, then premium space Acc belongs to Aqc- Similarly, since X; can
be treated as a special case of Y;, we can derive Acc € Ag. © Arqc and Acc C Agc € Arge- By
the Pythagorean theorem, we have MSErqc < MSEg). < MSEcc and MSErqc < MSEqc < MSEcc,
establishing (17). The inequalities in (18) can be established similarly.

A.5 Proof of Lemma 2
The outline of the proofs are summarized below.

(i) ByEq. (20), E [?] — u¥(0), then E[E[Y]] — E[u)(0)] = ui as n— oo.
(ii) By Eq. (24), nE[Var(Y)] =E[nVar(Y |6)] — E[v(6)] =v.
(iii) Again, by Eq. (20), Var(E [Y]) — Var(u}(9)) = a.

iv)

(iv) The covariance can be written as

A

Cov (Y, 1} (0)) =E[Y u}(0)] —E[Y] E [} (0)].

Since |Y 1}(0)| <|¥| |1} (8)], and both [Y] and |1},(6)| are square integrable, then by
dominated convergence theorem (see, e.g., Folland, 1999, p. 54),

Cov (T, 10) > E[(140))’] - (E[1b@)])’ =
(v) Since |§3| is also square integrable, we can have a similar proof as (iv), that is
Cov(Y2, 1} (0)) > E[1}(0) 1} (0)] — E[u3 ()] E[u}6)] =b.
(vi) Since E[Y?] — 12(0), then Var(E[Y?]) — Var(u3(0)) =c.
(vil) Cov(uk(6), 7) — E[1}(0) u}(0)] — B[k (@) E[1}(0)] =e.
(viii) Cov(11k(0), Y2) = E[uk(0) u3(0)] — E[1uk(0)] E[13,(0)] =F.

Appendix B. Parametric Models Illustration
B.1 Exponential-Inverse Gamma Model Structure Parameters

1y =E[ny ] =E[0 m (p, 9] =El0]m (. q) = ——m(p. ),
px = py withp =g =0,
2
ui=E [/,L%/(Q)] = E[92 ma(p, q)] =E[0%1ma(p, q) = mmz@’ 9)
2
a=Var(uy(0)) = Var(0 mi(p, q)) = Var(0) [mi1(p, q)]2 = m[ml(p, q)]z,
b=E [2(0) 11(0)] — E [112(0)] E [11(0)] =E [0 mz -6 my] — E [6% my] E [0 my]
3
=mymy (E [03] —E [92] E [9]) = 2h mimy,

(¢ — 1) (o —2)(ax — 3)
c= Var(,u%(@)) = Var(92 ma(p, q)) = Var(@z) [mz(p, q)]2

(4a — 10)B84

2
(@ — D?(a — 2)%(a — 3)(a — 4)[ ’

my(p> q)]
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d=awithp=¢q=0,
e=E [ux(0) 11(0)] — E[ux(@)] E[n1(0)] =E [0 mx -0 m1] — E [0 mx] E [0 m]

=mmx (E[0*] —-E[01E[0]) = #z(a_z)mlmx,
f=Elpa(6) ux(6)] - E[u2(0)] E [11x(6)] = E [6> my -6 my] — E [0 my] E [6 ]
— g (B[6°] B[] E 16 ) = (5’3_3 S
g=E(CouY, Y 0] =E[0* vs(p. )] = {— 1)(a’3_3 A
h=E[Var(v* |9)] =E[0v2(p. 9] = (-5 2’?; D
k=E[Con(Y,X | 0] =E[6? vs(p, )] = (a_l’;ﬁmp, 9,
I=E[Cou(Y*, X |6] =E[6° vs(p. )] = - l)mﬁj N =3 P9
v=E[Var(Y |0)] =E[6° vi(p,9)] = W(Za_z)vl(p, 9)s

u=vwithp=g=0.

B.2 Lognormal Moments

Let x = ¢/ tx@

boundaries from 0 to 100a% quantile are

Inmga—6

| )] dw = | "k (dx = [ @ P g
0 0

—o0

Inmg—6 Inmy—6

1
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and a,b € [0,1], then the integrals of the Lognormal moment with limited

k6 7 kzo —Z2)2 kO+1k2o2 / i 1 (ko) /2
=e e’ ——e dz=¢e"T"2 —e dz
/—oo A/ 2 —00 A/ 2w

1nﬂa“:9,_ka 1 _tz/zdt k9+%k202 o (CD_I( )— k )
— —e =e a) — Ko ).
—00 \/27'[

Further, it follows that

b
/m[F_%Wﬂkmyzew+%%l[@(@‘%b%—hﬂ——®(@_%ﬂf—k0”'

B.3 Lognormal-Normal Model Structure Parameters

iy =Eluh(0)] =E[dmi(p, )] =2 mi(p, @),

px =y withp=q=0,
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13 =E[u3 )] =E[e*my(p, q)| =E[e* |ma(p,q) = ¢ my(p, q),

a= Var(,u#(@)) = Var(egml( .q) = Var(ee)[ml(p, q)]2 = (ez’“rz"2 — ez’“”’z)[ml(p, q)]z,
b=E[u2(0) 11 (0)] — E[p2(0)] E [111(0)] = E[e** my &’ my] — E[e* m;] E[e” my]
= mymy(E[e*] — E[]E[¢"])

2 2
— (e3u+9/2v eS;H—S/Zv )

mimy,

c= Var(,u%,(@)) = Var(eze my(p, q)) = Var(ew)[mz(p q)] (e Autsv? _ e4“+4"2) [ma(p, q)]z,
d=awithp=g=0,
=E[ux(9) 11(0)] — Elux(@)] E[un1(0)] =Ele’ mx ¢’ m1] — E[¢? mx] E[¢” m;]
=mymx(E[e*] — E[¢|E[¢"])
— (62u+2v2 _ eZ“J”’Z)mlmX,

f=Elu2(0) ux(0)] — E[ua(0)] E [1x(8)] = E[e* m; ¢” mx] — E[e* my] E[e” mx]
= myxmy(E[e] — E[*|E[7])
_ (e3u+9/2v2 e3u+5/2v2)

mxma,

g=E[Con(Y?, Y |0] =E[e¥v3(p. )] = &/ 13(p, 9),

h=E[Var(Y? |6)] = E[¢¥v2(p, 9)] = ¢*+¥ 12(p. 9),
k=E[Con(Y, X | 8] = E[v4(p, 9)] = &> v4(p, q),
I=E[Co(Y?, X | 6] = E[vs(p, )] = /2 v5(p, ),

=FE[Var(Y |0)] =E[v(p, 9)] = > v1(p, q),

u=vwithp=gq=0.
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