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ABSTRACT 

There has been wide-spread use of plane wave theory in muffler design in industry.  However, This 
has led to an underestimation of acoustical performances at higher frequencies.  To overcome the above 
drawback, the finite element and boundary element methods have been developed.  Nevertheless, the 
time consumed in calculating the noise level is unacceptable.  Moreover, considering the acoustical effect 
and necessity of space-constrained situation in industry, a compact design of reverse mufflers which may 
improve the acoustical efficiency is then proposed. 

In this paper, a numerical assessment of rectangular mufflers hybridized with straight/reverse chambers 
using eigen function, four-pole matrix, and genetic algorithm under limited space is developed.  Before 
the optimization is performed, an accuracy check of the mathematical models for the muffler will be carried 
out.  Results reveal that the noise reduction will increase when the number of chambers increases.  In 
addition, the acoustical performance of the mufflers is reversely proportional to the diameter of the 
inlet/outlet tubes.  Also, the TL of the mufflers will be improved when using more number of target 
tones in the objective function.  Consequently, a successful approach in searching optimal shaped rec-
tangular straight/reverse mufflers using an eigen function and a genetic algorithm method within a con-
strained space has been demonstrated. 

Keywords: Bias, Eigen function, Higher order mode, Optimization, Reverse. 

1.  INTRODUCTION 

Muffler has been widely used in dealing with noise wave 
emitted from a gas venting equipment.  Davis [1], in 
1954, started to analyze mufflers and experimentally 
investigate the wave effect using a plane wave theory.  
Then, in 1957, based on a fluid dynamic theory, Munjal 
[2] predicted noise reduction using a four-pole transfer 
matrix.  In 1978-1979, Sullivan and Crocker [3, 4] de-
duced coupled equations for the outer and the inner tubes 
of a perforated muffler.  However, the acoustical effect 
of a higher order wave had been neglected.  To over-
come this drawback, Ih and Lee [5, 6] proposed a theo-
retical method to predict the acoustical performance of a 
circular-sectioned expansion muffler.  In 1987, Munjal 
[7] proposed a numerical analysis method to simplify the 

calculation of an expansion muffler with rectangular and 
circular sections; however, the ratio of the expansion 
area to the inlet/outlet area needed to have an integer 
value.  Additionally, the analysis is difficult if the angle 
between inlet and outlet is 90 degrees.  Furthermore, 
Mimani and Munjal [8] analyzed an elliptical end and 
expansion-chamber muffler using transverse plane-wave 
theory.  Based on plane wave model, Siano et al. [9] 
explored acoustic performance and fluid-dynamic opti-
mization of an automotive muffler.  However, the acoustical 
effect for a higher order wave was not considered. 

In addition, the finite element method [10-18] and the 
two-dimensional boundary element method [14, 19] have 
also been used in analyzing the mufflers.  They, how-
ever, required more calculation time.  Ih [20], in 1992, 
addressing the acoustical effect of a higher order wave,  
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(a) Reverse type of rectangular muffler (b) straight type of rectangular muffler  

Fig. 1  Single-chamber straight/reverse rectangular mufflers with different allocations of inlets and outlets. 
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Fig. 2 Three kinds of rectangular hybrid mufflers (muffler A: a straight muffler equipped with a rectangular chamber; 
muffler B: a hybrid muffler equipped with a straight rectangular chamber and a reverse rectangular chamber; 
muffler C: a hybrid muffler equipped with two straight rectangular chambers and a reverse rectangular cham-
ber). 

 
proposed a numerical method for analyzing the acousti-
cal performance of an expansion muffler that was 
equipped with a circular/rectangular section and an 
inlet/outlet duct.  However, the shape optimization of a 
space–constrained muffler propagated by the higher order 
waves was usually ignored.  In a previous study, the op-
timization of an expansion chamber muffler at 
high-order-mode was discussed [21].  So, in order to 
enhance the acoustical performance of the muffler within 
a space-constrained situation, a straight muffler and a 
reverse muffler with bias inlet/outlet is considered.  
Here, three kinds of rectangular hybrid mufflers (muffler 
A: a straight muffler equipped with a rectangular cham-
ber; muffler B: a hybrid muffler equipped with a straight 
rectangular chamber and a reverse rectangular chamber; 
muffler C: a hybrid muffler equipped with two straight 
rectangular chambers and a reverse rectangular chamber) 
are proposed and optimally shaped using the GA method. 

2.  THEORETICAL BACKGROUND 

First, based on a higher order wave propagation, the 
mathematical models of single-chamber straight/reverse 
rectangular mufflers with different allocations of inlets 
and outlets shown in Fig. 1 are derived below.  In order 
to increase the acoustical performance of the muffler, 

three kinds of rectangular hybrid mufflers (muffler A: a 
straight muffler equipped with a rectangular chamber; 
muffler B: a hybrid muffler equipped with a straight rec-
tangular chamber and a reverse rectangular chamber; 
muffler C: a hybrid muffler equipped with two straight 
rectangular chambers and a reverse rectangular chamber) 
shown in Fig. 2 are proposed. 

The three-dimensional governing equation of the 
sound wave for a single-chamber rectangular muffler is 

  2 2 2 21/ /c t      (1) 

Assuming the simple harmonic motion of the piston 
yields 

    , , , , , j tx y z t x y z e    (2a) 

where 

0 0

( , , ) cos cos y yjk y jk y
mn mn

m n

m x n z
x y z A e B e

a b

 
 



 

              


  (2b) 

 2 2 2 2
x y zk k k k    (2c) 
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Rearranging Eq. (2c) yields 

 2 2 2( / ) ( / )y yk k m a n b k        (3) 

Doing a partial differential to y and setting the bound-
ary condition at y = L yields 

 / 0y Ly     (4) 

where l is the length of the chamber. 
This becomes 

 2 yjk l
mn mnB A e  (5) 

Plugging Eq. (5) into Eq. (2b) yields 

 

0 0

, ,

2 cos cos cos{ ( )} yjk l
mn y

m n

x y z

m x n z
A k l y e

a b



  


 



       
   


 (6) 

Doing a partial differential to y and setting the bound-
ary condition at y = 0 yields 

 0 1/ ( , )yy V f x y      (7) 

where V1 is the average particle velocity and f(x,y) is the 
step function of 1.

 By multiplying the cosine functions of 

0 0

cos cos
a b

m x n z
dxdz

a b

  
   at Eq. (7) and doing the inte-

gration in the xy domain, Eq. (7) becomes [20] 
 

1
, ' 0 , ' 0 0 0

' ' ' '
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a b
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mn y
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 

         (8) 

Concerning a circular section for the inlet and outlet tubes, the velocity potential energy at the piston’s inlet is ex-
pressed as [20]  

2
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                          

 
   (9a) 

2 2 1/ 2( , ) {( / ) ( / ) }w m n m a n b       (9b) 

where J1 is the first order of the first kind of Bessel function seen as [22] and v(m, n) is the v’s come from evaluating 
equation (l0) of reference 20, where the integration on the right side is a suitable form for the application of the or-
thogonality of the eigenfunctions. 

2
0

1
( ) cos( sin )cos 2qJ q d


    


      (10) 

0 1( ) ( )J d J         (11) 

Assuming a harmonic sound wave propagation, the acoustical pressure at the inlet becomes [20] 
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The average acoustical pressure ihp  at normal vector of a plane i-h yield [20] 
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where  

 1,2; 1, 2i h   (13b) 

Concerning a reverse rectangular muffler (inlet and 
outlet on the same side) shown in Fig. 1(a), the average 
acoustical pressures at inlet and outlet are 11p  and 22p  

where i = h = 1 and i = h = 2, respectively. 
Similarly, for a straight rectangular muffler (inlet and 

outlet on opposite sides) shown in Fig. 1(b), the average 
acoustical pressures at inlet and outlet are 12p  and 21p  

where (i,h) are (1,2) and (2,1), respectively. 
By using the superposition method, the overall poten-

tial energy at the chamber inlet is 

  1 11 12 0 1 11 2 12P p p jZ U E U E      (14) 

Similarly, the overall potential energy at the chamber 
outlet is  

  2 21 22 0 1 21 2 22P p p jZ U E U E      (15) 

The acoustical transfer matrix between nodes 1 and 2 
is 

 1 11 12 2

1 21 22 2
  

P T T P
U T T U
               

 (16) 

Developing Eq. (16) yields 

 1 11 2 12 2P T P T U   (17a) 

 1 21 2 22 2U T P T U   (17b) 

where 
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 (17c) 

Consequently, the transmission loss (TL) of the muf-
fler is 
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where 
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Based on above derivations, the acoustical perform-
ance of mufflers A-C shown in Fig. 2 will be established 
as follows: 

For the i-th muffler (muffler A: i = 1; muffler B: i = 2; 
muffler C: i = 3), the system’s four-pole matrix and TL 

are 
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where 

 1 2

1 2 3

1 to 3; ( , , );

2; 3; 4
ii X r AC AC

element element element

 
  

 (19c) 

Three kinds of multi-tone optimizations (case 1: one 
tone of 1000 Hz; case 2: two tones of 1000 Hz and 
1500 Hz; case 3: three tones of 500 Hz, 1000 Hz, and 
1500 Hz) are considered for use in mufflers A-C. 

By using the formulas of Eq. (19), the objective func-
tions used in the GA optimization with respect to each 
type of mufflers are established.  For the i-th muffler (i 
= 1 for muffler A, i = 2 for muffler B, and i = 3 for muf-
fler C), the objective function in maximizing the STL at 
the k-th case (k = 1 to kk) is 

 
1

( , ) /
kk

ik i k i
k

OBJ TL f X kk


     (20) 

where i = 1-3, kk = 1-3, fk=1 = 1000 Hz, fk=2 = 1500 Hz, 
and fk=3 = 500 Hz. 

3.  MODEL CHECK 

Before performing the GA optimal simulation on rec-
tangular mufflers, an accuracy check of the mathematical 
model for a single-chamber rectangular straight muffler 
equipped with bias inlet/outlet tube at muffler length (C) 
of 0.1 M and 0.3 M is verified using Abom et al. data 
[23].  Results in Fig. 3 reveal that they are in agreement.  
Consequently, the models linked with the numerical 
method are applied in the shape optimization of mufflers 
A-C shown in Fig. 2 in the following section. 

4.  SENSITIVITY ANALYSIS 

Before the related design parameters of mufflers A-C 
are selected, the sensitivity analysis of sound transmis-
sion loss with respect to various geometric parameters is 
required.  The related geometric parameters of a single- 
chamber rectangular straight muffler and a single-chamber 
rectangular reverse muffler are shown in Figs. 4(a) and 
4(b).  The sensitivity analysis of a single-chamber  
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Fig. 3 Accuracy check of a single-chamber rectangular straight muffler equipped with a bias inlet/outlet tube using 
Abom et al. data (a: C = 0.1 m; b: C = 0.3 m) [23]. 
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Fig. 4 Geometric parameters of a single-chamber rectangular straight muffler and a single-chamber rectangular re-
verse muffler. 

 
 

straight rectangular muffler by varying the locations of 
the inlet tube (AC1) and the outlet tube (AC2) is de-
picted in Fig. 5.  Similarly, the related sensitivity analy-
sis of a single-chamber straight rectangular muffler by 
varying the radius (r) of the inlet tube and the outlet tube 
is plotted in Fig. 6.  As indicated in Figs. 5-6, the sound 
transmission loss of the single-chamber straight rectan-
gular muffler is very sensitive when the geometric pa-
rameters of AC1, AC2, and r are varied.  As can be seen 
in Figs. 5-6, the bias of inlet/outlet tubes and the radius 
of inlet/outlet tubes play essential roles in the acoustical 

performance.  Therefore, three geometric parameters of 
AC1, AC2, and r are selected as the design parameters in 
the shape optimization process of reverse rectangular 
mufflers. 

The related sensitivity analysis of a single-chamber 
reverse rectangular muffler by varying the locations of 
inlet tube (AC1) and outlet tube (AC2) is depicted in 
Fig. 7.  Similarly, the related sensitivity analysis of a 
single-chamber straight rectangular muffler by varying 
the radius (r) of inlet tube and outlet tube is plotted in 
Fig. 8.  As indicated in Figs. 7-8, the sound transmission  
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Fig. 5 The sensitivity analysis of a single-chamber 
straight rectangular muffler when varying the 
geometric parameter of AC1 and AC2 (geome-
try is shown in Fig. 4(a)). 
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Fig. 6 The sensitivity analysis of a single-chamber 
straight rectangular muffler when varying the 
geometric parameter of r (geometry is shown in 
Fig. 4(a)). 
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Fig. 7 The sensitivity analysis of a single-chamber 
reverse rectangular muffler when varying the 
geometric parameter of AC1 and AC2 (geome-
try is shown in Fig. 4(b)). 
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Fig. 8 The sensitivity analysis of a single-chamber 
reverse rectangular muffler when varying the 
geometric parameter of r (geometry is shown in 
Fig. 4(b)). 

 

loss of the single-chamber reverse rectangular muffler is 
very sensitive when the geometric parameters of AC1, 
AC2, and r are varied.  As can be seen in Figs. 7-8, the 
bias of inlet/outlet tubes and the radius of inlet/outlet 
tubes play essential roles in the acoustical performance.  
Therefore, three geometric parameters of AC1, AC2, and 
r are selected as the design parameters during the shape 
optimization process of reverse rectangular mufflers. 

Based on the sensitivity analysis mentioned above, the 
designed parameters ( 1X , 2X , 3X ) of muffler A, muf-

fler B, and muffler C shown in Fig. 2, are then selected 
and depicted in Eq. (19). 

5.  GENETIC ALGORITHM 

A Genetic Algorithm (GA), one kind of evolutionary 

algorithm used to search for the global optimum by imi-
tating a genetic evolutionary process, was invented by 
Holland [24] and developed to functional optimization 
by De Jong [25].  It has been widely used in various 
fields [26-30].  The GA operation is shown in Fig. 9.  
Here, the tournament selection, a random comparison of 
the relative fitness from pairs of chromosomes, was 
adopted and applied in the gene’s elitism process.  In 
addition, uniform crossover was used as a gene’s cross-
over where one pair of offspring from the selected parent 
was generated with a probability of pc.  Note that a 
mutation occurred with a probability of pm where the 
new and unexpected point was applied to the GA opti-
mizer’s search domain. 

Consequently, as indicated in Fig. 10, the process will 
be terminated if the number of generations reaches a 
pre-selected value of itermax. 
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Fig. 9 Operations of the GA method. 
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Fig. 10 Flow diagram for the GA method. 

 
 

6.  RESULTS AND DISCUSSION 

6.1  Results 

The GA control parameters include pop (population 
number), bit (chromosome length), pc (crossover rate), 
pm (mutation factor), and itermax (maximum iteration).  
To achieve a good optimization, five control parameters 
are varied step by step.  The related GA control pa-
rameters used in the optimization are shown in Table 1. 

Utilizing Eq. (20) and using the GA parameters in the 
optimization process, the optimal design data of muffler 
A with respect to cases 1-3 was performed and shown in 
Table 2.  The related maximizations of the TL1 with 
respect to cases 1-3 are depicted in Tables 3-5.  Using 
the design data in the theoretical calculation, the related 
TL spectrum of muffler A with respect to case 1 (targeted 
tone of 1000 Hz) is plotted in Fig. 11.  A comparison of 
the TL for three cases is also illustrated in Fig. 12. 
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Table 1 Selected GA parameters during shape optimiza-
tion 

GA parameters Value (or condition) 

bit 20 

pop 50 

elitism (tournament) 

crossover (uniform crossover) 

pc 0.5  

pm 0.5 

itermax 1000 

 

Table 2 Optimal design parameters with respect to three 
kinds of optimization cases (muffler A). 

Muffler A r (m) AC1 (m) AC2 (m) 

case 1 0.0018 0.0626 0.0528 

case 2 0.0013 0.0828 0.0101 

case 3 0.0012 0.0421 0.0343 

Note: A0 = 0.10 m; B0 = 0.10 m; L0 = 0.20 m; BC1 = 0.05 m; 
BC2 = 0.05 m 

 

Table 3 Optimal design parameters for muffler A (case 1) 

Targeted tone
Case 1 

1000 Hz 

Original TL1 (before optimization) – dB 27.4 

Optimal TL1 (after optimization) – dB 47 

Improvement – dB 19.6 

 

Table 4 Optimal design parameters for muffler A (case 2) 

Targeted tones 
Case 2 

1000 Hz 1500 Hz

Original TL1 (before optimization) – dB 27.4 29 

Optimal TL1 (after optimization) – dB 62.3 64 

improvement 34.9 35 

 

Table 5 Optimal design parameters for muffler A (case 3) 

Targeted tones 
Case 3 

500 Hz 1000 Hz 1500 Hz

Original TL1 

(before optimization) – dB 
33.5 27.4 29 

Optimal TL1 

(after optimization) – dB 
81.4 73.3 62.2 

Improvement – dB 47.9 45.9 33.2 
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Fig. 11 Comparison of sound transmission loss before 
and after the optimization is performed (muffler 
A at case 1 (targeted tone of 1000 Hz)). 

 
100

90

80

70

60

50

40

30

20

10

0

Tr
an

sm
is

si
on

 lo
ss

 (d
B

)

0 1000 2000

optimization at tone of 500 Hz, 1000 Hz, 1500 Hz

Frequency (Hz)

optimization at tones at 1000 Hz, 1500 Hz
optimization at tone of 1000 Hz

 

Fig. 12 Comparison of the optimal sound transmission 
loss for three cases (muffler A). 

 
Similarly, utilizing Eq. (20) and using the GA pa-

rameters in the muffler B’s optimization process, the 
optimal design data with respect to cases 1-3 was per-
formed and shown in Table 6.  The related maximiza-
tions of the TL2 with respect to cases 1-3 are depicted in 
Tables 7-9.  Using the design data in the theoretical 
calculation, the related TL spectrum of muffler B with 
respect to case 2 (targeted tones of 1000 Hz and 1500 Hz) 
is also illustrated in Fig. 13.  In addition, a comparison 
of the TL for the three cases is plotted in Fig. 14. 

 

Table 6 Optimal design parameters with respect to three 
kinds of optimization cases (muffler B). 

Muffler B r (m) AC1 (m) AC2 (m) 
case 1 0.0014 0.0211 0.0885 

case 2 0.0016 0.0297 0.0909 
case 3 0.0015 0.0852 0.0107 

Note: A0 = 0.20 m; B0 = 0.10 m; L0 = 0.20 m; BC1 = 0.05 m; 
BC2 = 0.05 m 
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Table 7 Optimal design parameters for muffler B (case 1) 

Targeted tone
Case 1 

1000 Hz 
Original TL2 (before optimization) – dB  52.2 
Optimal TL2 (after optimization) – dB 84.1 

Improvement – dB 31.9 
 

Table 8 Optimal design parameters for muffler B (case 2) 

Targeted tones 
Case 2 

1000 Hz 1500 Hz
Original TL2 

(before optimization) – dB 
52.2 50.8 

Optimal TL2 (after optimization) – dB 57.4 62.8 
Improvement – dB 5.2 12 

 

Table 9 Optimal design parameters for muffler B (case 3) 

Targeted tones 
Case 3 

500 Hz 1000 Hz 1500 Hz
Original TL2 

(before optimization) – dB 
93.8 52.2 50.8 

Optimal TL2 
(after optimization) – dB 

70.2 61.4 65.7 

Improvement – dB -23.6 9.2 14.9 
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Fig. 13 Comparison of the sound transmission loss be-

fore and after the optimization is performed 
(muffler B at case 2 (targeted tones of 1000 Hz 
and 1500 Hz)). 
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Fig. 14 Comparison of the optimal sound transmission 

loss for three cases (muffler B). 

Utilizing Eq. (20) and using the GA parameters in 
muffler C’s optimization process, the optimal design data 
with respect to cases 1-3 was performed and shown in 
Table 10.  The related maximizations of the TL3 with 
respect to cases 1-3 are depicted in Tables 11-13.  Using 
the design data in the theoretical calculation, the related 
TL spectrum of muffler C with respect to case 3 (targeted 
tones of 500 Hz, 1000 Hz, and 1500 Hz) is shown in 
Fig. 15.  Furthermore, a comparison of the TL for the 
three cases is plotted in Fig. 16. 
 

Table 10 Optimal design parameters with respect to 
three kinds of optimization cases (muffler C) 

Muffler C r (m) AC1 (m) AC2 (m) 

case 1 0.0010 0.0247 0.0136 

case 2 0.0011 0.0361 0.0742 

case 3 0.0014 0.0582 0.0637 

Note: A0 = 0.20 m; B0 = 0.10 m; L0 = 0.20 m; BC1 = 0.05 m; 
BC2 = 0.05 m 

 

Table 11 Optimal design parameters for muffler C 
(case 1) 

Targeted tone
case C 

1000 Hz 

Original TL3 
(before optimization) – dB 

48.6 

Optimal TL3 
(after optimization) – dB 

76 

Improvement – dB 27.4 

 

Table 12 Optimal design parameters for muffler C 
(case 2) 

Targeted tones 
case B 

1000 Hz 1500 Hz 

Original TL3 
(before optimization) – dB

48.6 73 

Optimal TL3 
(after optimization) – dB 

30.8 91 

Improvement – dB -17.8 18 

 

Table 13 Optimal design parameters for muffler C 
(case 3) 

case A Targeted tones 

 500 Hz 1000 Hz 1500 Hz

Original TL3 
(before optimization) – dB 

65 48.6 73 

Optimal TL3 
(after optimization) – dB 

92.4 84.9 90.5 

Improvement – dB 27.4 36.3 17.5 
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Fig. 15 Comparison of the sound transmission loss be-
fore and after the optimization is performed 
(muffler C at case 3 (targeted tones of 500 Hz, 
1000 Hz, and 1500 Hz)). 
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Fig. 16 Comparison of the optimal sound transmission 
loss for three cases (muffler C). 

6.2  Discussion 

As indicated in Tables 3-5 and Figs. 11-12, the broad-
band TL of muffler A is largely improved if the number 
of target tones increases.  Results in case 1 reveal that 
the improvement of noise reduction with respect to 
1000 Hz reaches 19.6 dB after the optimization being 
performed using a target tone of 1000 Hz.  Also, results 
in case 2 demonstrate that the improvement of noise re-
duction with respect to 1000 Hz and 1500 Hz reaches 
34.9 dB and 35.0 dB when using two target tones of 
1000 Hz and 1500 Hz.  Furthermore, results in case 3 
illustrate that the improvement of noise reduction with 
respect to 500 Hz, 1000 Hz, and 1500 Hz will reach 
47.9 dB, 45.9 dB and 33.2 dB when using three target 
tones of 500 Hz, 1000 Hz and 1500 Hz. 

Similarly, as illustrated in Tables 7-9 and Figs. 13-14, 
concerning muffler B, the profile of TL is also improved 
if the number of target tones increases.  Results in case 
1 reveal that the improvement of noise reduction with 
respect to 1000 Hz reaches 31.9 dB after the optimiza-

tion being performed using a target tone of 1000 Hz.  In 
addition, results in case 2 demonstrate that the improve-
ment of noise reduction with respect to 1000 Hz and 
1500 Hz will reach 5.2 -12.0 dB when using these two 
target tones.  Also, results in case 3 illustrate that the 
improvement of noise reduction with respect to 500 Hz, 
1000 Hz, and 1500 Hz will reach -23-15 dB when using 
three target tones.  Furthermore, as illustrated in Tables 
11-13 and Figs. 15-16, the broadband TL in muffler C is 
also improved if the number of target tones increases.  
Results in case 1 also demonstrate that the improvement 
of noise reduction with respect to 1000 Hz reaches 
27.4 dB when using a target tone of 1000 Hz.  Results 
in case 2 demonstrate that the improvement of noise re-
duction with respect to 1000 Hz and 1500 Hz can reach 
-17-18.0 dB when using these two target tones.  Addi-
tionally, results in case 3 illustrate that the improvement 
of noise reduction with respect to 500 Hz, 1000 Hz, and 
1500 Hz will reach 17-36 dB when using three target 
tones. 

As discussed above, the results in case 2 (two target 
tones) and case 3 (three target tones) reveal that the 
whole TL profile will be promoted when average TL of 
the multiple tones is regarded as the objective function.  
Moreover, as can be seen in Figs. 12, 14, and 16, the 
whole TL curve in muffler C (a hybrid muffler with three 
chambers) is superior to other mufflers.  This indicates 
that the broadband TL will increase if the number of the 
muffler’s chamber increases.  On the contrary, because 
of the fewest number of chambers, the whole TL curve in 
muffler A is inferior to other mufflers. 

7.  CONCLUSIONS 

It has been shown that the high-order-mode optimiza-
tion of mufflers can be easily and efficiently carried out 
by using a four-pole transfer matrix as well as a GA 
optimizer.  Results in section 4 demonstrate that the 
radius and locations of inlet/outlet tubes for a sin-
gle-chamber straight rectangular muffler and a sin-
gle-chamber reverse rectangular muffler are sensitive 
design parameters for the muffler’s acoustical perform-
ance.  In addition, results from various objective func-
tions indicate that the broadband TL will be promoted if 
the number of the target tones used in the objective func-
tion increases.  Moreover, result in section 6 reveals 
that the broadband TL will increase when the number of 
chamber increases; however, the backpressure of the 
muffler will increase, accordingly.  Therefore, a com-
promise between the acoustical performance and back-
pressure is compulsory if the pressure drop is too big 
enough to interfere with the system’s venting (such as the 
diesel engine exhaust). 

Currently, the mathematical model used in the paper 
does not consider the influence of acoustical influence 
with respect to flow, heat, and gas composition.  Nev-
ertheless, an effort to include these parameters into the 
mathematical model in future work is possible.  As a 
viewpoint of fluid dynamic, because secondary noise 
generated from flowing fluid is tightly related to the 
passing velocity, a low speed design inside the muffler is 
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essential.  Therefore, for a muffler constrained within a 
fixed space, the rectangular shape with the largest 
cross-section area (compared to other shapes of circular, 
elliptic, etc.) is then considered and adopted in this paper.  
Besides, various shapes of mufflers also will influence 
muffler’s acoustical efficiency.  The assessment and 
comparison of different shapes of mufflers will be 
planned in further work, too. 

Consequently, considering the higher order mode of 
sound wave, the approach used for shape optimization of 
the hybrid mufflers using multi-tone objective functions 
is quite important and can be efficiently achieved. 
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NOMENCLATURE 

AC1 horizontal displacement of the inlet tube (m);  
AC2 horizontal displacement of the outlet tube (m);  
aci, ach horizontal displacements of the planes (pistons) 

i and h (m); 
bci, bch vertical displacements of the planes (pistons) i 

and h (m) 
b width of a single-chamber rectangular muffler 

(m);  
Bit length of the chromosome;  
BC1 vertical displacement of the inlet tube (m);  
BC2 vertical displacement of the outlet tube (m);  
c0 sound speed (m/s); 
f  frequency (Hz); 
f(x,y) step function; 
h height of a single-chamber rectangular muffler 

(m);  
itermax maximum iteration during GA optimization; 
k wave number of sound wave (ω/co);  
kx wave number of sound wave in x-axis (m/a);  
ky wave number of sound wave in y-axis (n/b);  
kz wave number of sound wave in z-axis 

2 2 2
x zk k k  ;  

L width of a single-chamber rectangular muffler 
(m);  

m, n acoustical mode; 
Mm number of the design parameters; 

iip  averaged acoustical pressure (Pa);  

'i ip  averaged interactive acoustical pressure (Pa); 

1P  acoustical potential energy in the inlet; 

2P  acoustical potential energy in the outlet; 
pc crossover ratio;  
pm mutation ratio;  

pop number of population; 
R, r1, r2 radius of the tube (m);  
S0 section area of the expansion chamber (m2);  
S1 section area of inlet (m2);  
S2 section area of outlet (m2);

  
TL transmission loss (dB); 
Ui volume velocity (m/s); 
V1 average particle velocity (m/s); 
Z0 acoustical impedance of the expansion cham-

ber in z-axis;  
ω angular frequency (= 2f) (rad/s);  
0 air density (kg/m3); 
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