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LARGE DEVIATIONS FOR HEAT KERNEL MEASURES ON
LOOP SPACES VIA ROUGH PATHS

YUZURU INAHAMA anD HIROSHI KAWABI

ABSTRACT

The main objective of this paper is to establish a large deviation principle for heat kernel measures
on loop spaces. It gives an extension of Fang and Zhang’s results on loop groups. For the proof,
we use the continuity theorem of Lyons’ rough path theory.

1. Introduction

In 2001, Fang and Zhang [5] proved a large deviation principle for heat kernel
measures v; on the loop group over a compact Lie group as ¢ ™\, 0. Roughly
speaking, v, is the law of Xy, where (X¢);>0 is the diffusion process on the loop
group associated with the Gross Laplacian. The process (X¢):>0 satisfies a certain
infinite-dimensional stochastic differential equation (SDE) (see Malliavin [15] and
(4.4) below). Their method is the projective limit technique (Dawson—Gértner’s
theorem). They used the symmetry of the Lie group to prove the exponential
tightness.

On the other hand, Ledoux, Qian and Zhang [13] gave a new proof for large
deviations of Freidlin—-Wentzell type by using Lyons’ rough path theory. The basic
idea in [13] is as follows: first they showed that the laws of Brownian rough paths
satisfy the large deviation principle; then they used the contraction principle since
the Itd6 map is continuous in the rough path theory.

In this paper we extend Fang and Zhang’s result by using the rough path theory
in a similar way to [13]. We slightly generalize the heat kernel measure v; so that
the new definition includes not only heat kernel measures on loop groups but also
heat kernel measures on loop spaces over compact Riemannian manifolds and many
others. (See Examples 4.3-4.5 later.) In the main theorem (Theorem 4.9), we prove
that a large deviation principle holds for the generalized heat kernel measures
{vt}i>o.

What seems novel in this paper is the following. (1) In Section 3 we prove a
large deviation principle for the laws of Banach space-valued Brownian rough paths
under the ‘exactness’ assumption. (2) We prove that the process (X;)¢>o defined
by the SDE (4.4) is a nice concrete example to which the Banach space-valued
rough path theory can be applied. (3) Since Fang and Zhang used the symmetry of
the Lie group in their proof for the exponential tightness, the case of loop spaces
over compact Riemannian manifolds has not been solved. Our results include such
a case in a natural way using the rough path theory. (Note that the result in
this paper can be considered as a rigorous proof for a special case of Léandre’s
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result in [11].) (4) We give a new proof for the existence of continuous modifications
of heat processes (Theorem 4.8). In this paper we assume for simplicity that the
starting loop is the constant loop at 0. However, it is easy to modify the proof for a
general starting loop since the initial condition may be arbitrary in the rough path
theory. A merit of this method is that Kolmogorov’s criterion is not necessary.

The organization of this paper is as follows. In Section 2 we give a simple review
of the rough path theory. In Section 3 we prove a large deviation principle for
the laws of Banach space-valued Brownian rough paths in the same way as in
[13]. In Section 4 we generalize heat kernel measures in Definition 4.2 and show
in Lemma 4.8 that the above-defined heat process (X;):>0 can be regarded as the
image of the Brownian rough paths via the It6 map. As a result our main theorem
(Theorem 4.9) is easily proved by using the contraction principle. In Remark 4.10,
we explain why we work on the space of continuous loops and not on the Sobolev—
Slobodetski space W9P(S1).

2. A simple review of the rough path theory

In this section, we set notation and review some basic results of the rough path
theory. This section contains no new results.

Let B be a real separable Banach space. The algebraic tensor product is denoted
by B ®, B. There is a natural injection ¢ : B ®, B — L(B*, B) between two
linear spaces. Here, L(B*, B) is the space of bounded linear maps form B* to B.

We consider a norm | - | on B ®, B such that |z ® y| < |z|p - ly|p holds for all
xz,y € B. We denote by B ® B the completion of B ®, B by this norm. When
confusion may arise we write | - |pgp for | - |.

Let 2 < p < 3. (In this paper we only consider this case.) A continuous map
Y = (1,Y1,Y?) from the simplex A = {(s,#) | 0 < s < t < 1} to the truncated
tensor algebra T?)(B) = R@® B & (B ® B) is said to be a rough path if, for every
s<u<t, Ys,t = Yts,u & Yu,t and

. N\J/p
<S%PZ |5lel7tl|l’/]> < oo forj=1,2
1

hold, where D = {0 =ty < t; < ... < ty = 1} runs over all finite partitions of
the interval [0, 1]. For two rough paths X and Y, p-variation distance is defined as
follows:

=4

] ] N\J/P
4,(X.Y) = max (s%p; X~ Yial)

Let y = (y¢)o<t<1 be a B-valued continuous path of finite total variation and set
Yl =g -y, Y3 = fi(yu —ys) @ dy, for 0 < s <t < 1. A rough path obtained
in this way is called a smooth rough path and we write Y = F(y). A rough path
obtained as the d,-limit of a sequence of smooth rough paths is called a geometric
rough path. The set of all the geometric rough paths is denoted by GQ,(B).

We introduce the dyadic polygonal approximation. Let t]* = /2™ for m € N and
[=0,1,...,2™. For a B-valued continuous path y = (y+)o<t<1, We set

y(m)e = yem  + 27 =7 ) (Y — e ) ity <<ty

Clearly, y(m) is of finite total variation. The smooth rough path associated to y(m)
is denoted by Y (m) = (1,Y(m)*, Y (m)?) = F(y(m)).
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The following equalities (2.1)—(2.5) are basic properties of Y (m), which can easily
be verified by straightforward computation. Later, these equalities will be used
frequently. The first level path Y (m)! satisfies

Y(m)%?ﬂ’t? =2""" Ay fornzm (2.1)
and
Y(m)j = Aty forn<m, (2.2)

Here Aj'y := yp — ysp  and k(n,m, 1) is the unique integer such that t;’zn,mJ)_l <
iy <17 < U, - The second level path Y (m)? satisfies

Y(m)fﬁl’t? = 22m=—n)=l(Am VY ® Aflpmpy) fornz=m (2.3)

k(n,m,l
and
2 1 n n 1 m m m m
Y(m)h o =50 y@ATy+5 Y (ATy@ATy—ATy@ Al'y) for n <m, (2.4)
where the sum is taken over {(r,s) [ 2" (1 —1)+1<r <s < 2™ "}
By (2.4), we also have

Y(m+ 1)%;11,157 - Y(m)z%;il,tr
1 1 i
=sAlye Ay +5 D (ARNye ARty - ARy ARTy)
r=gm—n(l-1)+1
for n < m. (2.5)

The rest of this section is devoted to proving a property of the direct sum and
the projective tensor products of Banach spaces. For basic results on the tensor
product of Banach spaces, see, for example, Lyons and Qian [14, Section 5.6].
In the following, A, B, A;, B;, i = 1,2, are real separable Banach spaces.

First we recall the definition of the projective tensor product A ®p, B. It is the
completion of the algebraic tensor product A ®, B with respect to the projective
tensor norm defined by

[v]pr = inf{z |a®| 46" |

ifszak(@bkeA@aB}.
k=1

k=1

LEMMA 2.1. Let the notation be as above. Then, the two Banach spaces (A1 @
AQ) ®pr (B1 D BQ) and ®i7j:1,2(141' ®pr Bj) are isometric.

Proof. 1In this proof we denote by | - | the norm of the second Banach space.
We denote the projective norm of the first Banach space and A; ®pc Bj by | - |@,pr
and | - |pr, respectively. Since | - |pr is a cross norm on A; ®, Bj, it is easy to see
that | - | is a cross norm on

(A1 ® A2) ®a (B1 @ Ba) = @ (A; ®a Bj)
i,j=1,2
in the sense that |(a1,a2) ® (b1, b2)|m = (|a1| + |az|)(|b1] + |b2|) holds for all a; € A;
and b; € B;. Since the projective norm is the largest among the cross norms, we
have | - |m < | - |@,pr 00 (A1 & A2) ®a (B1 @ Ba).
We prove the reverse inequality. Let v1; € A1 ®, B1. Through the natural identifi-
cation we may consider vi; = (v11,0,0,0). If (v11,0,0,0) = >p_, (af, a5) @ (bF, b5),
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then vy = > ,_, af ® b} and (v11,0,0,0) = >_}'_, (a¥,0) @ (bf,0). Moreover, it is
obvious that

n n
Z| (at,a5)] - |(bF, 05) = D |(af,0)]| - = laf]- |bf].
k=1 k=1
By the definition of the projective norm we see that |(v11,0,0,0)|e pr = |v11lpr-
Other components can be done in the same way. By using the triangle inequality
for | - |@,pr and the above equality, we can easily see that | - |m = | - |@,pr OR
(A1 @ A2) ®a (B1 ® Ba). O

For a real separable Banach space B, we denote by BV (B) the set of B-valued
continuous paths of finite total variation that start at the origin. Equipped with
the total variation norm, BV(B) is a real Banach space.

LEMMA 2.2. Let By and By be real separable Banach spaces. In this lemma, we
consider the projective norm for Banach tensor products. Set t(X,\) by ¢(X,\)!
(s,8) = (X'(s,1), Al (s,1)) and

t t

L(X,N)%(s,t) = (Xz(s,t),J

S

X(s,u) ® dA(u),J

S

A (s,u) @ dX (0, u), A%(s, t))

(2.6)

for X € GQ,(B1) and A € BV(B3). Here, the second and the third components
on the right-hand side shou]d be understood as Young integrals and Al(s,t) =
A(t) — A\(s) and A2(s,t) f A(s,u) ® dA'(u). Then, ¢ : GQy(B1) x BV(B2) —
GQ,(B1 ® By) is contmuous

Proof. By Lemma 2.1, it is sufficient to estimate each component on the right-
hand side of (2.6). Hence, we can prove the lemma in same way as in the finite-
dimensional case. O

3. Large deviation on the space of rough paths

In this section, we prove a large deviation principle on the space of Banach-valued
rough paths. Finite-dimensional cases are proved in Ledoux, Qian and Zhang [13].
However, the dimension of the vector space is (at least apparently) used in the
proof in [13]. Hence, by using the materials from [12], we check that the proof in
[13] also works for the infinite-dimensional case.

Let (B, H,p) be an abstract Wiener space in the sense of Gross [6], that is,
B is a real separable Banach space, H is a real separable Hilbert space which is
continuously and densely embedded in B and p is a Gaussian measure on B such
that

JB exp(v/—1(¢, x))u(dz) = exp <—%|¢|§{*) for all ¢ € B*.

Let (w¢)ogt<1 be the B-valued Brownian motion on a completed probability space
(Q, F,P) with marginal distribution . We denote by P(B) the Banach space of
paths z from [0,1] into B with zo = 0 under the norm ||z|| p() := sup{|z¢|p : 0 <
t <1} and L' (H) the subspace of P(B) consisting of absolutely continuous paths

https://doi.org/10.1112/50024610706022654 Published online by Cambridge University Press


https://doi.org/10.1112/S0024610706022654

LARGE DEVIATIONS FOR HEAT KERNEL MEASURES 801

into H with square integrable derivatives, equipped with the norm Hx||2L21 ) =
0

Ll) |i:¢|% dt. In the following we may use the convention that |h|g := oo for h € B\ H
and ||z 21, := oo for w € P(B)\ Ly (H).
We impose the following Assumption A on the tensor norm.

AssuMPTION A (Exactness of B ® B with respect to p). There exist constants
C >0 and « € [1/2,1) such that, for any N and for any sequence {G;, G;} | of
independent, B-valued random variables with common distribution u,

E[_

N
Z GG
=1

] <CONe
B®B
holds.

Under this assumption, Ledoux, Lyons and Qian proved in [12, Theorem 3] that
the Brownian rough path W = (1, W', W?) exists as the almost sure limit of the
dyadic polygonal approximations. In other words, W = lim,,—.oc W(m), where
W(m) = F(w(m)) is a smooth rough path associated to the dyadic polygonal
approximation of w. (See the previous section.) Here, the limit is taken with respect
to the p-variation metric dp,, 2 < p < 3. We write W = F(w). Now F'is considered to
be a measurable map from P(B) to GQ,(B). Moreover, almost surely W}, = w;—ws
for s < t.

REMARK 3.1. By abusing the notation we denote by P the Wiener measure on
P(B) defined as above. For any € > 0, we denote by P, the image measure of P by
the mapping w € P(B) — cw € P(B). We have just stated that the set

A ={w e P(B) | {F(w(m))}men is a Cauchy sequence in GQ,(B)}

is of P-measure one. Since A is invariant under the mapping w +— cw, A is of
P.-measure one, too. Therefore, how the measurable map F' is defined on the
complement set of A does not matter when we consider the family of measures
{P.}.~0. In particular, notation like F'(cw) = (1,eW1,e2W?), etc., are well-defined
even though P. and P are mutually singular unless € = 1.

Our purpose in this section is to prove the following theorem.

THEOREM 3.2. Let the notation be as above. We assume Assumption A. Then,
a large deviation principle for the Brownian rough path F(ew) = (1,eW?,e2W?),
e >0, on GQu(B), 2 < p < 3, holds with the following good rate function: for
X € GQ,(B),

i 2 i = 2,1
1x) = {21530y 3TX = F(a) for some x € Ly (H),
00 otherwise.
More precisely, for any measurable set K C GQ,(B), the following inequalities hold:
— inf I(X) < liminfe? log P(F K
Xexe (X) MRgte o (F(ew) € K)

< limsupe?logP(F(ew) € K) < — inf I(X).
e\0 XeR

We will prove this theorem at the end of this section. To do this we need some
lemmas. The following is from Pisier [16, Corollary 2.5].
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LEMMA 3.3. Let 0 < p < g < co. There exists a positive constant K (p,q) such
that, for any Gaussian random variable X on a Banach space with the norm || - ||,

E[J|X (|9 < K (p, ¢)E[|| X ||P]"/7
holds. Moreover, for each fixed p, K(p,q) = O(,/q) as ¢ — oc.

LEMMA 3.4. Let BN = B®...® B be the direct sum of N and let u®~ be the
product measure on BN . Set, for x = (z1,...,2n) € BN and ¢ > 1,

N
nﬂw:f 5@y

Then, || - ||, defines a norm on BY such that | - ||, < C| - ||g~ holds for some
constant C' > 0. Here || - || g~ is the usual direct sum norm. In particular, any B -
valued Gaussian random variable can naturally be regarded as a (BN, || - ||4)-valued
Gaussian random variable.

q

1N (dy).
B®B

Proof. The triangle inequality is trivial. We prove that = 0 if ||z|, = 0.
Suppose that ||z]|; = 0. Then, Zf\il 2@y, = 0 for almost ally = (y1,...,yn) € Bn.
The mapping y € By — Efil x; ®y; is continuous since B ® B is equipped with a
tensor norm. Since u®Y is of full support, we see that the set of u®~-measure one
is dense in BN and that Zf\il 1@y =0 for ally = (y1,...,yn) € By. From this
we have x = 0. We can easily see from Fernique’s theorem that |z||, < C|z| g~
holds for all 2 € BN . Hence the last assertion is trivial.

LEMMA 3.5. Assume Assumption A and let {G|, él}fil be independent
B-valued random variables with common distribution p. Then there is a positive
constant C' independent of N and g such that

E|

N
Z G ® G
=1

q 1/q
} < CgN*©®

B®B
holds for all N € N and q > 1.

Proof. We denote by E; and E, the integrations with respect to {Gl}l]il and

{G}N |, respectively. Note that E = E,Es. Since, for each fixed sample {G}},,
Efil G; ® G; is a B ® B-valued Gaussian random variable under Eq, we obtain

N ~ N ~
EQ[E:G1®(h E:Gl@Ch
=1

=1
where we have used Lemma 3.3. Then, by applying Lemmas 3.3 and 3.4 to the
(BN, - |l4)-valued Gaussian random variables {G;}Y,, we obtain

N
E|:ZGI®GI
=1

q

r/q < K(LQ)E2[

)
B®B B®B]

q 1/q L
} —Ei[|(Gy...., )[4/
B®B

< K1, @E (G, ..., Gn)llg)

N
< K(l,q)QE{ Y Gied
=1

B®B:|
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By Assumption A, we complete the proof. O

The following is well-known in the theory of large deviations. For details the
readers should refer to Dembo and Zeitouni [3, Theorem 4.2.23] or Deuschel and
Stroock [4, Lemma 2.1.4].

PROPOSITION 3.6. Let I be a good rate function on a separable metric space X
and f a measurable map from X into a second separable metric space (Y, d). Assume
that there exists a sequence { f, }3°_; C C(X,)) such that, for each 0 < § < o0,

i sup{d(fn(x), f(x)) | = € X with I(x) < 5} = 0.
Then the map I' : Y — [0, 00] given by
I'(y) =inf{I(z) |z € X and y = f(z)}, y€,
is a good rate function. Moreover, if, in addition, {u.}.~o has the property that

lim hmbupe log pe ({z € X | d(fm (), f(x)) > 6}) = —

m— 00

for each 0 < § < oo, then I’ governs the large deviation principle of {pz o f™*}.~0
whenever I governs the large deviation principle of {pc}e>0.

Proof of Theorem 3.2. In this proof, we denote by C' an unimportant positive
constant which may vary from line to line. When we need to specify the dependence
on some parameters, we use the subscripts Cp, C, p, etc. The roughness p € (2,3)
is arbitrarily chosen and fixed throughout this proof.

Let (w¢)ogi<1 be a B-valued Brownian motion associated with p. Then, the law
of (wt)ogeg1 is a Gaussian measure on P(B) and its Cameron-Martin space is
Ly (H). Now we adopt Proposition 3.6. We set X = P(B), Y = G,(B), . is the
law of (ewy)ogi<1, fm(x) = F(x(m)) and f(x) = F(x). Note that f,, is continuous
for every m and that F| L2 () is injective. We recall that Schilder’s large deviation
principle holds for {u5}5>0, that is, for any measurable set K C P(B),

— <
wlél;f@ Ip(w) < hgl\l(r)lf £ log i (K)

< limsupe?log p (K) < — inf Iy(w),
e\0 weK
where the good rate function Iy : P(B) — [0, 00] is given by Ip(w) := %||w||L2 )
Hence, in order to prove Theorem 3.2, we are left to show that, for any § S 0,

lim hmsupe log P(dp(F(sw(m)), F(ew)) > §) = —o0 (3.1)
-0

m—0o0

and, for any (6 > 0,

lim sup{dpw(x(m)),F(x)) ] [ il dt < 5} 0. (3.2)

m— 00 0

To prove (3.1) and (3.2), we recall a useful bound on the p-variation distance.
For B-valued rough paths X,Y of order 2 and v > p — 1, we agree to denote, for
J=12,

) \J/p
D;p(X,Y) = Djp( (X7,Y7) <Z n’ Z |Xt;1 Lt tjf Lt |%/éj) 5
n=1
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and we write D; ,(X) for D; ,(X,0). Here the values of 2 < p<3andy>p—1
are fixed. Then, by Lyons and Qian [14, Proposition 4.1.1 and Proposition 4.1.2],
there exists a constant C' = C} , > 0 such that

dP(X7 Y) < CmaX{DLP(Xa Y)v DL;D(Xv Y)(DLP(X) +D17P(Y))7 DZP(X) Y)}

(3.3)
holds.
First we prove (3.2). From (3.3) it is sufficient to show that
1
i sup{ D3, (Pla(m)). @) | [ liafiar < 5} =0 (3.9
m—0o0 O
for 5 = 1,2. (Note that we can show in a similar way to the case j = 1 that

Dy p(F(x)) + sup,,en D1,p(F(2(m))) < oo holds.) Since H is continuously embed-
ded in B, we see that if Ié |i¢|% dt < B, then there is a constant C' > 0 such
that

|ze — 25| < Cla — 25| < CBY2 |t — 5|12

for all s,¢ € [0,1]. Hence, for X}, = z; — ,,

e 2"
Dip(X(m)', XP < Y Y [2m A, e — Al
n=m+1 =1

oo 2"

< Cs,p Z n?Y Z(z(mfn)%fmp/? + anp/2)
n=m+1 =1

<Csp 3 w22,
n=m-+1
where Cgj, > 0 is a constant that depends only on 3 and p. Thus we have obtained
(3.4) for j = 1.
We consider (3.4) for j = 2. If f(l) |i¢|% dt < 3, then by (2.4) we have for n < m
and [ =1,2,...,2" that
om—m]
| X (m + 1)%;11,t7 - X(m)tQi’Ll,ti"|B®B < Z |A7271J£1133|B|A§7;+137|B
r=2m-n(l—1)+1
gm—n]
<Cy/p2 N ARl

r=2m—n(l—1)+1
28
< 02\/B2f(m+1)/2J' |J3f|Hdt
ey
< 02527(m+n+1)/2.
For n > m we obtain from (2.3) that
| X (m + 1)%{11,157 - X(m)tQi’Ll,ti" |Bes
2(m+1—n)—1 m—+1 m—+1
<2 ( ) |Ak(n,m+1,l)x ® Ak(n,erl,l)x'B@B
+ 22(m_n)_1|A;€n(‘n,m,l)x ® Azzn,m,l)‘ﬂB@B
g 0262—71,.
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By the same argument as in the finite-dimensional case, we obtain

Dy (X (m +1)2, X (m)?)P/?

00 2"
2
=S Y X+ DE e — X(m)E Y
=1

-1

n=1
m 2" oo
<o (Z I R G n72(p2)n/2)
n=1 =1 n=m-+1
= Cpﬁp/Q(gm,

where C}, > 0 is a constant depending only on p.
To show that {X(m)?},en is a Cauchy sequence, it is sufficient to check that
- e2/? < 0. Since 2/p < 1 and (a + b)*? < a®? 4+ b?/? for all a,b > 0, it is

enough to verify that > °_, 4,, < oo, where &, is given by

8 = Z n2v/P92n/po—(m+n)/2 | Z n2/pa==2n/p —. gl 4 y2
n=1 n=m-+1
Note that, for any k > 0, there exists a constant C' > 0 such that n®¥/? < C2k"
holds for all n. Hence, choosing k < (p — 2)/p, we see that

J2 <C Z onik—(r=2)/p} < C, R 2(mTD{k=(=2)/p}
n=m-+1
where C), ;> 0 is a constant which depends only on p, k. This implies Y °_, J2 <
co. On the other hand, J! < C27™/2%"™ oME/P=(1/2+k} Taking k small
enough we may assume that 7 := (2/p)—(1/2)+k < 1/2. Hence, J}, < ¢c2mir=(1/2)}
for some constant C' > 0. This implies Y -, J! < co and, hence, > °_, §,, < c0.

By the above argument we see that if we set X2 to be the limit of X (m)? as
m — oo in the p/2-variational metric, then (1, X!, X?) is the canonical rough path
above x and is the limit of (1, X (m)!, X(m)?), and (3.4) holds for j = 2. Thus, we
have shown (3.2).

Next we prove (3.1). To do so, it is sufficient to show that there exists a sequence
¢(m) which satisfies that ¢(m) — 0 as m — oo and that, for every ¢ (or sufficiently
large g),

E[D1,(W (m), W) < ¢(m)\/q (3.5)
and
E[Dap (W (m), W)/ < c(m)g. (3.6)
This can be verified as follows. Suppose that (3.5) and (3.6) hold. Then, for ¢ = =2
and j = 1,2, we have
P(D;,(W(m), W) > 6e77) < (67 e7)9e(m) 1792 < (61 e(m))?
and, hence,

limsup e2 log P(D; ,(W (m), W) > de77) < log(d~e(m)).

e—0

Let P(B) := {z € P(B) | D1 ,(X") < oo with X!, =z — x5} Then the law of
the B-valued Brownian motion (w;)ogt<1 is supported in P(B) (see [12, pp. 560
563]) and induces a Gaussian measure on P(B). Since W}, = w; —ws, we may apply
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Lemma 3.3 to obtain that E[D; ,(W)7]}/7 < C,/q for some constant C' depending

only on p and ~.
Hence, we have for every ¢ that

E[{D1,p(W (m), W)(D1,,(W (m)) + D1,(W))}*]"/* < 2¢(m)(2C + e(m))q,
where we have used the triangle inequality for D; ,. In a similar way as above, we
have

lim sup £2 log P(Dy ,(W (m), W)(D1 ,(W(m)) 4 Dy ,(W)) > 6~ 2)

e—0
< log{26te(m)(2C + ¢(m))}.
Thus, we have shown that (3.5) and (3.6) are sufficient for (3.1).

We prove (3.5). In the same way as in the finite-dimensional case (see [13, p. 274]),
we have for ¢ > p that

00 2m
E[Dy,(W(m),W)1] < A(m,q) > a¥P> E[2" " AY, . yw— Afw|b].
n=m-+1 =1

Here, {an}nen is a sequence such that, for some ¢ € (0,(1/2) — (1/p)), al/? =
2—can9(a=2)n/2 gpd A(m, q)l/q is a bounded double-sequence in m and q. It is easy
to see that

[|2m nAk(n m,)W — Al w|B] <277 1E[|2m nAk(n m, l)w|qB + |A?w|qB]

_ 2q—1(2(m—2n)q/2 + 2—71,{1/2) fB |£E|qBM(dIE)

< 2q2—"q/2J || B p(dz).
B
Hence, we have
E[Dy (W (m), W)]"/

Va, 1/q
< 24(m, Q)l/q (J |$|qB,u(da:)> < Z afrIL/PQ—(q—Q)n/Q)
B

n=m-+1

1/q
<o( [ letputan) ametm,
B

where C' > 0 is a constant independent of m and g. From Lemma 3.3, inequality
(3.5) follows.

Now we prove (3.6). In the same way as in the finite-dimensional case ([13,
pp. 274-275]), we have, for every m and ¢ > p,

E[Dy, (W (m), W)*] < Alg) Y an®/? Y E(W(m)in oo — Wi wl?, (3.7

2q/(2q—p)
q)P/2a=p) = 22n<n7> .

Noting (2.5) and that the distribution of 20"*1/2Am+1y is 11, we have from
Lemma 3.5 that

E[|W(m+1)t2{‘_l,tf_w(m) - ZZ| ]l/q <2 m+1)cq2(m n)a _ Cq27127(17a)m7an

117

where
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forg > 1,n < mand 1 <1 < 2" Note that without loss of generality we may
assume « € (2/p,1). By using the triangle inequality and Fatou’s lemma, we have

E[|W (m )tn tn—WﬁL ’tn|’1]1/q 11m1anE[|W( )tn L —W(m+ k)i ’tn|q]1/q
l 1—1°"1 1—1°"1

< Zcq2—(l—a)(m+k)—om, < Cq2—(1—a)m—an.
k=0
(3.8)

Note that the right-hand side of (3.8) is dominated by C¢q2™™ since n < m.
For n > m, we have from (2.3) that

E[[W(m)f |1/ < Cq27".
Combining this with (3.8) we have that
E[W, t? 1,t”| ]1/q + bUP E[[W(m )t" t”| ]1/(1 <Cg2™"

for g > 1and 1 < < 2" and that
EW(m)7 oo — Wi |17 < Cqe27" (3.9)

-1
form>m,g>1and 1 <1 <2".
By (3.7)-(3.9), we see that

E[D2,(W(m), W)?]
< (Cq)PA(q (Z a2a/por—(1=a)mq—ang 4 Z a2a/ry=(a= 1)n) (3.10)
n=1 n=m-+1
For sufficiently small ¢ > 0, we set a%q/p2(1_m1)" = 27224 Then,

Z aiq/p2n—(1—oz)m,q—oznq < 2—(1—a)mq Z 2—25(171, < 02—(1—01)777,(1’

n=1 n=1

where C is a constant independent of m and ¢q. Similarly,

Z 2q/p2 (¢—1)n Z 9—2eqn—(1—ag)n—(g—1)n

n=m-+1 n=m-+1
Z 2777,(](264*(170[)) < C2fmq(26+(1fa))’
n=m-+1

where C' is a constant independent of m and q.

We complete the proof of (3.6) if we show that A(q)'/? is bounded uniformly
in q. First note that, for any small &’ > 0, there is a constant C' = C.. such that,
for all n, n274/(2a-p) C2¢'™ holds. Then,

A(q)P/Ca—p) = Zzn 2va/(29—p) 9—[np/(2¢—p))(eg—1—-2¢q)

n=1

<C Z 9[na/(29—p)|(2+2¢’ —pa+2ep) 9 —npe’/(2q—p)

n=1

<C Z olna/(2q—p)|(2+2¢’ —pa+2ep)

n=1
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Take ¢ < (pa — 2)/8p and &’ < (pa — 2)/8. Then,

A(g?/a—r) < ¢ Z 9~ [(Pa=2)a/2(2¢=p)In Z 27",

n=1 n=1

where ¢ and C are positive constants independent of ¢. This shows that A(q)P/(24—P)
is bounded in ¢. Since (2¢ — p)/pq is bounded in ¢, A(q)'/9 is also bounded in g.
Thus, we have shown (3.6) and have completed the proof of Theorem 3.2. O

In the following we extend Theorem 3.2 so that we can treat differential equations
with a drift term.

THEOREM 3.7. Let us keep the same assumption as in Theorem 3.2. Fur-
thermore, we set for ¢ > 0, \i = (£2t,t). Note that \* € BV(R?) for every
e > 0. We denote (eW,A®)) = 1(eW, ), where eW = (1,eW!',e2W?) and
t: GQ,(B) x BV(R?) — GO, (B @ R?) is the map defined in Lemma 2.2. Then, a
large deviation principle for (W, A®)), & > 0, on GQ,(B ®R?) holds with the good
rate function I, where

L3 (H)

1) = ElE if X = F((z,\°)) for some z € Ly (H),
00 otherwise.

Proof. This is a direct consequence of Lemma 2.2, Theorem 3.2 and Lemma 3.9
below. O

REMARK 3.8. Strictly speaking, we should replace BV(R?) with the closure of
L(Q)’1 (R?) with respect to the total variation norm. Obviously, this subset is complete
and separable.

LEMMA 3.9. Let X and ) be complete separable metric spaces. Let {v:}eso
be a family of probability measures on X which satisfies a large deviation principle
with the good rate function I. Let € € [0,00) — a(e) € Y be a continuous curve
in Y. We write a(0) = a for simplicity.

Then, {ve ® 0q4(c) }e>0 satisfies a large deviation principle on the product space
X x Y with the good rate function I(x,y) = I(x)+J(y). Here, 6, denotes the point
mass at y € Y and

oo otherwise.

Ily) = {0 ify =a,

Proof. It is obvious that {J4()}e>0 satisfies a large deviation principle with the
good rate function J.

First we take an arbitrary open set O C X x Y and set ¢ := —inf{I(z,) | (z,y) €
O}. We may assume ¢ # —oo. For any n € N, there exist (,,y,) € O such that
—f(a:n, Yn) = ¢ — 1/n. By the definition of the product topology, there exist open
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sets Ul C X and U2 C Y such that (z,,,y,) € UL x U2 C O. Then, we have
. 2 P 2 1 2
hrsn\%lfe log(v: ® 0q(c))(0) = 11£n\1£1f5 log(ve ® 0q()) (U, x Up,)
. . 2 1 . . 2 2
> hm\l(r)lfs logv.(U,,) + hg1\1(r)1f5 log d,4()(Uy,)

“inf{I(z) |z € UL} —inf{J(y) | y € U}
—I(zn) = J(yn) = c—1/n.

By letting n — 0o, we have lim inf o £ log(ve ® d,(<))(O) > —inf{I(z,y) | (z,y) €
0O}.

Next we take an arbitrary closed set F' C X x Y and set A, := {a(e) |0 < e <7}
and F. := (X x A,) N F for r > 0. Obviously F; is closed. Since A, is compact,
F, := m(F,) is also closed, where m : X x Y — X is the canonical projection.
Then, for any fixed r > 0, we have

>
>

limsup £? log(ve ® 8,())(F) = limsup e® log(ve ® Gu(e))(Fr)
eNo0 e\.0
< limsupe? log(ve ® Jqe))(Fr x Ay)
e\.0

=limsupe?logv. (F,) < —inf{I(z) | z € F,}.
eN\.0

Now we set ¢(r) := inf{I(x) | z € F,}. It is sufficient to show that
co := limsup ¢(r) > inf{I(z) | € Fy}.
\,0
We may assume ¢y < oo. There exists a sequence r, \, 0 such that c(r,) — co.
For every n € N, there exists (zn,a(sn)) € Fy, such that I(z,) < c(rn) + 1/n.
Since z;, is an element of a compact set {x € X' | I(z) < co+ 1}, there exists a sub-
sequence { k) }ren Which converges to an element 2, € X'. Hence, (1), G(Sn(k)))

— (To0,a) as m — o0. Since F is closed, we see that (z4,a) € Fy and 2o, € Fp.
Then,

inf{I(z) |z € Fy} < I(zs0) < lim inf 1 (2 k)
< limnf(e(rn) + 1/n(k)
= lim (c(rnw)) +1/n(k)) = co.
Thus, by noting inf{I(z) | z € Fo} = inf{I(z,y) | (z,y) € F}, we have obtained

lim sup £ log(ve ® 64(c))(F) < —inf{I(x,y) | (z,y) € F}.
N0

This completes the proof. O

4. Large deviation for heat kernel measures

In this section we introduce heat kernel measures and show that the rough path
theory is applicable to them. Let s > 1/2 and Lo(R") := {z € C([0,1],R") |
z(0) = (1) =0}. For h € EO(RT) of the form

Zh 27r\/_n‘r_ )’

n#0
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we set

B0y 2= 3 27 2 )2
n#0

and H§(R") := {h € Lo(R") | ||hl|zgmr) < oo}. It is well-known that HF(R") is
a Hilbert space embedded in £o(R") and that there exists a Gaussian measure p°
such that the triplet (£o(R"), H§(R"), 1°) becomes an abstract Wiener space. (For a
proof, see Inahama [8, Section 4] and see also [10] for the pinned case. Inequalities
such as (4.1) and (4.2) below were essentially obtained in, [9, Section 3]. It easily
follows from those that Hj(R")-Gaussian measure p° is supported in Lo(R").) When
s = 1, p! is the usual r-dimensional pinned Wiener measure and is of particular
importance. For 7 € [0,1] and j = 1,2,...,r, we denote by 6 the element in
Lo(R™)* defined by (67, 2) = 27(7) and set (1) := (' (7),...,2"(7)). Let (w¢)i=0
be a Lo(R")-valued Brownian motion associated with p®. We set w (1) := (62, w;)
and wy(7) := (0 (1), ..., wi (7).

LEMMA 4.1. Let the notation be as above and s > 1/2. The projective tensor
product Lo(R") ®pr Lo(R") is exact with respect to u°, that Is, it satisfies Assump-
tion A.

Proof. 1t is easy to see that 82 € Lo(R")* € H§(R")* ~ HZ(R"™) and that, as
an element in H§(R"), 67 is written as follows:
61(n) = Y [2mn| (7Y — 1)(2TVTIM —1)ej, g€ [0,1],
n#0
where {e;}"_; is the natural orthonormal basis of R". By a straightforward com-
putation, we see that

16 — 53}||?{5(Rr) = Z |2ﬂn|_23|e—2ﬂ¢?1nr _ €—2W¢j1n0|2

n#0
< 92—¢ Z |2ﬂ,n|—23|e—27r\/—_1n7— _ e—27r\/—_1na|e
n#0
<C Z |27tn| "2V | — 0ff < C|7 — 0%, (4.1)
n#0

where € > 0 is taken SO small that 2s —e > 1 and e < 1.
Since the law of 27 (1) — 27 (o) is one-dimensional Gaussian measure with variance
|62 — 5{,”%10 (rr)» there exists a constant C» > 0 such that
E* [la(7) — 2(0)[g.] < Cp B [|27 (1) — 27 (0) "]
< Cpro|m — o|Pe/? (4.2)
holds for all 7,0 € [0,1]. Here, the positive constant p is chosen so large that

pe/2 > 1. Then, by [14, Theorem 4.6.8], (4.2) implies that any Banach tensor
product on Lo(R") @ Lo(R") is exact with respect to u®. O

Now we are in a position to define heat kernel measures in a slightly generalized
form. Let

T/ 8 T/ 8 _ ’I‘, 8
A0 =3 g, A =3 bil)pn, A =3 Ay,
i= i= : =1

https://doi.org/10.1112/50024610706022654 Published online by Cambridge University Press


https://doi.org/10.1112/S0024610706022654

LARGE DEVIATIONS FOR HEAT KERNEL MEASURES 811

be vector fields on R, 7 =1,...,7. In this paper, we impose the following regularity
condition:

aij,bi,ﬂiecgl(Rr,,]R) forlgigr’,l <j<r. (43)
We write o for the (' x r)-matrix {a;; }1<i<r,1<j<r and write b and § for the

column vectors (by,...,b)T and (B1,...,0B)T, respectively. Let ¢ > 0. For each
7 € [0, 1], we consider the following SDE:

dX (1) =Y Aj(X{ (1) oedw] (1) + Ao(Xf (7))e® dt + Ao(Xf (7)) dt

= o (X{ (1)) oedwy (1) + b(XE(1))e? dt + B(XE (7)) dt. (4.4)

In this paper, we assume X§(7) = 0 for simplicity. We will often write X¢(¢,7) :=
X§(7). In Lemma 4.8 below, we will prove that X*(¢,7) has a bi-continuous modi-
fication. Note that if A9 = 0, then (X°(, - ))i>0 and (X '(€%t, - ))t>0 have the same
law.

DEFINITION 4.2, Let 77" € N, 5 > 1/2, ¢ > 0 and vector fields {A4;}]_oU {Ao}
be as above.

(i) We denote by V. the law of the heat process X <. This measure is supported
in P(Lo(R™)).

(ii) Consider the case Ag = 0. We define the heat kernel measure v; to be the
law of X!(t, -). This measure v; is supported in Lo(R"").

ExXAMPLE 4.3. Let G be a compact connected Lie group of dimension 7.
We assume that its Lie algebra g is equipped with adjoint invariant inner product.
By the left translation we define a Riemannian structure on G. Let {A;}7_; be
an orthonormal basis of g. (A4p = Ag = 0.) By the left translation, elements of
g are identified with left invariant vector fields on G. Embed G into a Euclidean
space of sufficiently high dimension so that unit element e is mapped to 0 and then
extend A; so that the coefficients satisfy our assumption. In this case v; is clearly
supported in the loop group L.(G). This measure was introduced by Malliavin [15]
and is called the heat kernel measure on L.(G). (In particular, the case s = 1
has been extensively studied. For example, Fang and Zhang’s result on the large
deviation principle in [5] is for the case s = 1.)

EXAMPLE 4.4. Let M be a compact connected Riemannian manifold of dimen-
sion r with an initial point my. We denote by = : O(M) — M its orthonormal
frame bundle with initial point wg. The point ug is an element in the fiber of
mg. We consider the Levi-Civita connection on M. Then, the canonical horizontal
vector fields {A;}1< < on O(M) are defined. (We set Ag = Ag = 0.) By embedding
O(M) in a Euclidean space, we can consider the heat process X (¢, 7) with the initial
condition X (0,7) = wo in the same way as in Example 4.3. We set 7; to be the
law of w(X (¢, -)) and call it the heat kernel measure on M. The measure ; is
supported in the loop space L, (M). It is easy to see that, when M is a Lie group
as in Example 4.3, this definition of heat kernel measure 7; coincides with the one
in Example 4.3.
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EXAMPLE 4.5. In [5], Fang and Zhang give another definition of heat kernel
measures on a compact connected Riemannian manifold, by using Nash’s embedding
and Elworthy’s gradient systems (see [5, pp. 478-482]). Our Definition 4.2 covers
this case, too. However, at this moment, the authors do not know whether the
definitions in Examples 4.4 and 4.5 are the same or not.

EXAMPLE 4.6. If Ay = 0, then X! is the process constructed in Brzezniak
and Elworthy [2, Section 6]. More precisely, they also treated the case that the
coefficients are unbounded, while we must assume boundedness in order to use the
rough path theory. The process in [2] takes its values in a Sobolev—Slobodetski
space, which is embedded in Lg (]RT,).

In the following we show that heat process X ¢ defined by (4.4) is a typical example
to which the Banach space-valued rough path theory can be applied.

Before doing so we set some notation. In the following let V; denote a Banach
space (i € N). We denote by L(V;,V2) the set of bounded linear maps from V;
to Vo and by LF(Vi,...,Vi;Viy1) the set of bounded k-multi-linear maps from
Vi X - X Vi to Vir1. As usual we identify L(Vi, L*F(Vi,Va)) with LEFL(Vy, V3),
etc. Let O be an open set in V5 and f : O — V5 be a map. We say f is Fréchet
differentiable at y € O if there exists D f(y) € L(V1, V) such that

i MW+ 2) = fy) = Df(y)alv,
z—0 |x|V1

If f is Fréchet differentiable at all y € O, then Df is a map from O to L(Vi,V53).
If f: O — V; is sufficiently smooth in the sense of Fréchet, then D* f is a map from
O 'to L*(Vi, ..., Vi: Va).

In the following, we set Vi = Lo(R") @ R? and Vo = Lo(R"") and consider a map
f: Vo — L(V1,Va) defined by

(f () (@, w))(7) := o(y(7))2(1) + b(y(7))ur + Bly(T))us

for (z,u) € V1 with u = (u1,u2), y € V2 and 7 € [0, 1]. Then we have the following.

=0.

LEMMA 4.7. Let f: Vo — L(V3,Va) be as above. Then, f is three times Fréchet
differentiable. Moreover, there exists a constant M > 0 such that

D" f(y)| < M (4.5)
and
[D*f(y) = D*f(y)| < Mly — /| (4.6)
hold for all y,3' € Vo and k =0,1,2,3.
Proof. Note that Df : Vo — L(Va, L(V1,V2)), where L(Va, L(V1,V2)) can natu-
rally be identified with L?(V5, Vq; V3) (the set of bounded bilinear maps from Va x V4

to V). By straightforward computation, D f(y) can be expressed for each y € V3
as follows:

(Df(y)<p7 (:E,U)>V2><V1)(T)
= Z (Z Qraj (y(1))2? (1) + Aibi(y(7)Jur + 31571(9(7))%)191(7)%,
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where p = (pl,...,prl) € Vo, (z,u) = (zt,...,2";u1,u2) € V; and {éi}flzl is
the natural orthonormal basis of R . It is obvious from the boundedness of the
first derivatives of a;j, b; and G; that (4.5) holds for k = 1. It is also easy to see
from the boundedness of the second derivatives of a;;, b; and §; that (4.6) holds
for k = 1.

We omit a proof for the cases k = 0,2, 3, since we can show them in a similar
way. Note that we use the condition (4.3) on the fourth derivative of a;; , b; and ;
to prove (4.6) for k = 3. O

Now we are in a position to apply the rough path theory in Lyons and Qian
[14, Chapter 6] to our case. By Lemmas 4.1 and 4.7, we may use the theory of the
It6 maps in the sense of the rough path theory. Consider the following differential
equation in the sense of the rough path theory:

dY, = [(Ys)dX;, Yy =0. (4.7)

Then, by [14, Theorem 6.2.1 and Corollary 6.2.2], for any X € G, (V1) there exists
Y € GQ,(V2) which uniquely solves the equation (4.7). By [14, Theorem 6.2.2],
the It6 map ¢ : GQ,(Vi) — GQu(V2), which is defined by ¥ = ¢(X), is
continuous. (Note that we consider the projective tensor products of Vi, V2 and
Lo(R").)

LEMMA 4.8. Let € > 0 and W be the Brownian rough path in GQ,(Lo(R")).
Then, Y& = ¢(eW,A®)) = ¢(u(eW, \°)) is a random element in GQ,(V3) and
(t,7) — YO(;)’l(T) is a bi-continuous modification of the two-parameter process
(Xe(t, T))()gtgl’og-,—gl defined in (44)

Proof. Tt is sufficient to show that, for each fixed ¢ > 0 and 7 € [0, 1],

P(Y D () = Xo(t,7) for 0< t < 1) =1

holds. For m € N, we denote by (zf’m)ogtgl a Vo-valued continuous path which
solves the following integral equation (in the usual sense):

= J FE™)d(ew(m)., A5), (48)

where the integral on the right-hand side is Riemannian integral. Then, by [14,
Proposition 6.2.2], z;™ = ¢(c(eW (m), %))} ; holds, where ¢ is the It6 map. Let 4, :
Vo — R" be the evaluation map at 7, that is, (3, z) = x(r) for = € Va. Since §, is
bounded and linear, we see from (4.8) that

7" (1) = (07, 2")
t

= | (Or, f(zg™)d(ew(m)u, A))

0
_ J o (5™ (7))e dw(m) (7) +J b5 (7))e2 du +J B(=5™ () du.
0 0 0

Here, w, (1) = (wl(7),...,w" (7)) and we have used the definition of f. By the

Wong-Zakai approximation theorem (for example, see Tkeda and Watanabe

https://doi.org/10.1112/50024610706022654 Published online by Cambridge University Press


https://doi.org/10.1112/S0024610706022654

814 YUZURU INAHAMA AND HIROSHI KAWABI

[7, Theorem VI-7.2]), a subsequence of {(z;""(7))ogt<1}men converges to
(X°(t,7))ogt<1 in the sup-norm almost surely. On the other hand, on the set
{limy— 0o W(m) =W in GQ,(V1)}, we have that, for all ¢ € [0, 1],

Tim 2p™(7) = lim (0, (W (m), M) ) = (G SUEW A ) = Yo (7).

Here, we have used the continuity of ¢. l

The following theorem is the main result is this paper. It reproves and generalizes
the large deviation principle for heat processes (and heat kernel measures) on loop
groups in Fang and Zhang [5].

THEOREM 4.9. Let r,7’ € N, s > 1/2 and € > 0, and let the vector fields
{4} U {Ao} be as above. In this theorem we simply write H for Hg(R").

(i) Let V. be the law of the process X¢ as in Definition 4.2. Then, V. satisfies
the large deviation principle as € \, 0 with the good rate function I, where

Sint{ ]2, | GW(F(@). X)) =€) . = G(F(2). X))},
5L(§) = for some = € Ly (H),

o0 otherwise.

More precisely, for any measurable set K C P(Lg (RT/)), the following inequalities

hold:
— inf I,(¢) < liminfe?log V. (K) < limsupe®log V.(K) < — inf I, (€).
§EK? eNo eN\.0 feK
(ii) We consider the case Ay = 0. Let v; be the heat kernel measure as in

Definition 4.2. Then, v, satisfies the large deviation principle as t \, 0 with the
good rate function I, where

inf{llzl 720 gy | 6CF (@), A))00 =y} ify = $((F(2),A°))o,y
I(y) = for some x € Ly (H),

00 otherwise.
More precisely, for any measurable set K C Ly (RT/), the following inequalities hold:

— inf Ir(y) < liminftlogy(K) < limsuptlogu(K) < — inf Ir(y).
yeEK?® N0 £\,0 yeK

Proof. By (4.4) and Lemma 4.8, V. is equal to the law of (¢(c(F(sw),
e ))(1)7,5)0@@. Since ¢ is continuous, we may use the contraction principle of large
deviations. From Theorem 3.7, the first item follows.

The second item follows directly from the first one and the fact that (X<(¢, - ))t>0
and (X1(g2t, - ))i>0 have the same law since the evaluation at time 1 is a continuous
map. l

REMARK 4.10. In this remark we explain why we do not work on the Sobolev—
Slobodetski space W&P(S!). (See Brzezniak and Elworthy [2] for the precise defi-
nition.) Note that W?%P(S') is an M-type 2 Banach space and is continuously
embedded in the space of continuous loops if p > 1 and 1/p < 0 < 1 (see [2,
Section 5]).
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In [2, Section 6] and [1, Section 4] it is proved that (X¢)>o defined by the SDE
(4.4) can be considered as the solution of a W%P?(S1)-valued SDE if p > 2 and
1/p < 6 < 1/2 (at least for the case s = 1).

For general s > 1/2, under a suitable condition on p and 6, we see by straight-
forward computation that the Gaussian measure u is supported on W%?(S1) and
see from inequality (6.8) in [12, p. 575] that W¥P?(S!) @, WPP(S1) is exact with
respect to ps. Moreover, Brzezniak and Caroll proved the Wong—Zakai theorem for
SDEs on M-type 2 Banach spaces ([1, Theorem 3]).

Hence, one may wonder why we do not work on the Sobolev—Slobodetski space
W%P(S1). The main reason why we avoided W?%P(S') is that the map f in
Lemma 4.7, which is called the Nemytski operator, is not bounded with respect
to the topology of W?%P(S1) (see [2, Section 5]). Since we would not like to treat
the It6 maps or ordinary differential equations with unbounded coefficients, we
choose to work on the space of continuous loops.
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