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SUMMARY
In this research work, the maximum Cartesian workspace of a Tricept parallel robot with two
rotational and one translational degrees of freedom was investigated. Generally, the Cartesian
workspace identifies the maximum size of a work-piece, specifying its cubic x, y and z dimensions,
on which the milling machine could perform operations. However, the workspace of a robot can
be considered in its task space, such as ψ × θ × z for the Tricept Parallel Kinematic Mechanism
(PKM). A novel homogeneous Jacobian matrix which transforms joint space velocity vector into
end-effector Cartesian velocity vector has been generated named as a Cartesian Jacobian matrix.
Using the indices derived from the homogeneous Cartesian Jacobian matrix, i.e. the maximum
singular values and local conditioning indices, the manipulator is designed to reach the Cartesian
workspace with rapid positioning rates as well as with singularity avoidance.

KEYWORDS: Cartesian workspace; Rapid positioning; Homogenized Cartesian Jacobian matrix;
Parallel robot.

1. Introduction
Parallel robots have significant advantages over their serial counterparts, which drew the attention
of researchers and manufacturers throughout the last two decades. These advantages, such as low
inertia, high stiffness, high precision, and high load carrying capacity,1,2 made them powerful tools
in machining, simulating, and pick-and-place tasks.

Complex degrees of freedom (DoF) robots are those that have both rotational and translational
DoFs.3 This leads to an inhomogeneity of Jacobian matrix entries, which makes it a problem to
use performance indices such as condition number and manipulability.4 To resolve this problem,
Salisbury and Craig5 introduced the ratio between maximum and minimum singular values as the
condition number in Euclidean norm. The inverse of the Euclidean condition number is defined
as the Local Condition Index (LCI) which varies from 0 to 1. Condition number has been used for
measuring robot conditions and relative error analysis.6–11 Further, Gosselin and Angeles6 introduced
the average of condition index throughout the workspace as global condition index (GCI). This index
reveals the tendency of the robot structure towards isotropy. Other researchers8–11 have applied these
indices for optimizing the structure of the robot and to achieve other desired objectives, such as
dexterity, isotropy, and accurate robot positioning and orientation. Ranjbaran et al.12 resolved this
inconsistency by defining a coefficient named as characteristic length with the dimension of length. In
the suggested method, entries with the dimension of length, are divided by the mentioned coefficient,
thus the homogeneous Jacobian with new dimensionless entries is developed. Ma and Angeles13

introduced another ratio called natural length and used it for design optimization. Chablat et al.14

used characteristic length to determine the design parameter of a planar parallel mechanism with
Prismatic–Revolute–Revolute (P-R-R) chains to have an isotropic condition. Gosselin15 introduced
a method for formulating dimensionally homogeneous Jacobian matrix for a planar mechanism with
one rotational and two translational DoFs. This Jacobian matrix relates the actuator velocities to the
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Fig. 1. Tricept structure and geometric model.

velocities of the x and y coordinates of two points on a moving platform. Kim and Ryu16 furthered
this work by using the velocities of three points on a moving platform to develop a dimensionally
homogeneous Jacobian matrix. Pond and Carretero17 furthered this method again by using three
independent coordinates of three points on a moving platform. Moreover, Angeles18 introduced
engineering characteristic length for a rigid body transformation matrix to make it homogeneous.
Mansouri19 used the power transition concept to make the Jacobian homogeneous. Hosseini and
Daniali20 suggested using weighted factor methods to make Jacobian matrix homogeneous. Hosseini
et al.10,11 used genetic algorithms (GA) to optimize workspace shape and size of Tricept parallel
robot in which the DoF of the manipulator was considered by an elevation and two rotations. Here,
considering the x-y-z coordinates of the end-effector (EE), the workspace of the robot has been
determined through the Cartesian coordinate system. Driving the kinematics equations with respect
to time, the Cartesian velocity vector of the EE has been mapped into the joint space velocity vector
by a novel homogenized Jacobian matrix, named as homogeneous Cartesian Jacobian matrix. We
achieve the optimal structure with the maximum applicable volume of workspace with bounding the
associate singular values and LCIs with GA method.

2. Tricept Robot
A Tricept robot, as depicted in Fig. 1, has two rotational and one translational DoFs.21 The manipulator
has three actuated limbs which connect the base to the moving platform. Each of these limbs, i.e. AiBi ,
consists of a Spherical–Prismatic–Spherical (SPS) kinematic chain, where only the prismatic joint
is actuated. Alternatively, one of the spherical joints can be replaced by a universal joint. Moreover,
a passive prismatic-universal (PU) limb, i.e. OC, connects the center of the moving platform to the
base. We attach frames {P (uvw)} and {O (xyz)} to the moving and base platforms, respectively.
When the moving platform is parallel to the base, the two revolute axes of the universal joints of the
center passive leg are parallel with the base frame’s x- and y-axes, respectively.

Siciliano22 studied the kinematics and manipulability of Tricept. Pond and Carretero17 formulated
its square dimensionally homogeneous Jacobian matrices based on three independent coordinates of
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three nodes of the moving platform. Architectural optimization of Tricept was studied by Zhang and
Gosselin.23 They used GA method to optimize the stiffness and moving platform accuracy. Here,
we use the weighted factor method and analytical method and a numerical search to calculate the
workspace. We use the GA method to optimize the dexterous Cartesian workspace of Tricept robot.

2.1. Velocity analysis
The loop closure equation for the ith leg can be written as

c + R(ai + d) = binbi + linli , (1)

where c and d are the vectors from O to C and C to P, respectively. The upper part of the middle link,
i.e. d, plays an important role on the workspace volume and shape.10,11 Moreover, R is a rotation
matrix carrying frame {P} into an orientation coincident with that of frame {O}; ai is the position
vector from P to Ai in frame {P}; bi is the position vector of point Bi in the global frame; nbi and nli

are the unit vectors showing the directions of vectors bi and li , respectively.
Taking the first time derivative of Eq. (1) yields

ċ + ωp × (R(ai + d)) = l̇inli + ωli × linli , (2)

where ωp and ωli are the angular velocity vectors of the EE and ith limb, respectively. Pre-multiplying
both sides of Eq. (2) by nli

T , upon simplifications leads to:

nT
li ċ + nT

liωp × (R(ai + d)) = l̇i . (3)

Written Eq. (4), for i = 1. . .3, yields

Jẋ = q̇, (4)

where ẋ is the three-dimensional twist vector of the EE, q̇ is the three-dimensional actuator velocity
vector, and J is the Jacobian matrix, namely,

ẋ = [ ψ̇ θ̇ ċ ]T, (5)

q̇ = [ l̇1 l̇2 l̇3 ]T, (6)

J =
⎡
⎣

(R(a1 + d) × nl1)x (R(a1 + d) × nl1)y nl1z

(R(a2 + d) × nl2)x (R(a2 + d) × nl2)y nl2z

(R(a3 + d) × nl3)x (R(a3 + d) × nl3)y nl3z

⎤
⎦ . (7)

In Eq. (5) the linear velocity of the EE is the same as the velocity of the passive prismatic joint.

3. Workspace Analysis
In this section, we study the workspace of a Tricept manipulator numerically by applying the inverse
kinematic solution and bounding the condition number for singularity avoidance. Here, we use a
different approach than those reported in refs. [16, 17, 24 and 25] in which forward kinematic were
used.

3.1. Algorithm
In order to generate the workspace of a Tricept parallel manipulator, we divide the three-dimensional
ψ–θ–Z workspace of the moving platform into a series of sub-workspaces that are parallel to ψ–θ

plane. Then a numerical searching method, which was introduced in refs. [16, 17], is adopted here
to determine the boundaries of the sub-workspaces. Finally, the volume of workspace is calculated
quantitatively.

In the particular sub-workspace at elevation Zi (within the workspace), when determining the
boundary of a sub-workspace one may find trajectories formed by the end of polar vector ρi rotating
about z axis from 0 to 2π , see Fig. 2. When the boundary point in the direction of ρi is found as Pi
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Fig. 2. Boundary points of a sub-workspace.

Table I. Geometric constraints of the Tricept manipulator.

Actuator length (mm) ζ (deg) d (mm) rb (mm) ra (mm)

400–750 ± 60 0–200 300–500 200–300

(ρCosα, ρSinα, Zi); where ρi is the distance between Zi and Pi , α will be increased by �α, and the
next point will be found, similarly. The determination of point Pi is based on the inverse kinematics
of the Tricept. When searching the next boundary point Pi+1, we set the initial value of ρi+1 as ρi ,
and judge whether point Pi+1 is in the range of workspace; if yes, then increase ρi+1, if not, then
decrease ρi+1 until point Pi+1 is on the boundary of the workspace. Once the boundary points in
the sub-workspace are all searched out, Zi will be decreased by �Z, and the new searching will
be performed again. Moreover, when α is increased by �α, the unit volume of the corresponding
workspace can be expressed approximately as

dV = �α

2π
πρ2

i �Z. (8)

Therefore, the volume of the workspace can be calculated as

V =
Zmax∑

Zi=Zmin

2π∑
α=0

1

2
ρ2

i �α�Z. (9)

3.2. Geometric constraints
These constraints include the actuators lengths (l) and the spherical and universal joint limitations. It
is simple to calculate the cone angle of joints (ζ ) by using the geometric constraints and kinematics
relations. The geometric constraints of the Tricept are given in Table I.

3.3. Design constraints
In order to guarantee the workspace to be effective, constraints on the dexterity indices are introduced
to characterize the quality of the workspace. Condition number is quite often used as an index to
describe the dexterity of a robot and the distance of a pose from a singularity. The condition number
also measures the magnitude of the relative error of the wrench introduced by the relative error in
joint torques. It reflects the sensitivity of the wrench due to joint torque error. Similarly, the use of
minimum allowable singular value restricts the workspace to poses where the manipulator moves at
a minimum allowable speed. Here, we optimize Tricept for dexterity measures, namely, the inverse
of condition number as a LCI and minimum singular value (MSV) of the Jacobian.
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Table II. The case study: Tricept parameters.

Actuator stroke (mm) c stroke (mm) d (mm) rb (mm) ra (mm)

400–750 400–200 200 300 200

3.4. Cartesian workspace
Considering Fig. 1, the EE Cartesian coordinate can be defined as a function of two rotation angles
and one elevating coordinate, i.e. ψ , θ , and Z.

xc =
⎡
⎣

X

Y

Z

⎤
⎦ =

⎡
⎣

Cθ SψSθ CψSθ

0 Cψ −Sψ

−Sθ CθSψ CθCψ

⎤
⎦

⎡
⎣

0
0
d

⎤
⎦ +

⎡
⎣

0
0
c

⎤
⎦ . (10)

The above equation can be rewritten as follows:

xc =
⎡
⎣

dCψSθ

−dSψ

c + dCθCψ

⎤
⎦ . (11)

Accordingly, the Cartesian velocity vector, ẋc can be identified as follows:

ẋc = [
Ẋ Ẏ Ż

]T = 	

Jẋ, (12)

in which

	

J =
⎡
⎣

−dSθSψ dCψCθ 0
−dCψ 0 0

−dCθSψ −dSθCψ 1

⎤
⎦ . (13)

In the light of Eqs. (5) and (7), the Cartesian Jacobian matrix can be defined as follows:

Jc = J
	

J
−1

, (14)

which corresponds the Cartesian velocity vector into the joint velocity vector as Eq. (15).

Jcẋc = q̇ (15)

Thus, the Cartesian Jacobian matrix is homogenized and the performance indices could be derived
accordingly. Using the same search algorithm method, as mentioned earlier, the boundary points of
the Cartesian workspace can be determined.

4. Case Study
Considering a mechanism with the parameters as depicted in Table II, as the case study, and the
search algorithm, the Cartesian workspace is calculated. This workspace is depicted in Fig. 3.

4.1. Maximum Cartesian workspace
Using GA toolbox in Matlab software and considering the objective function and constraints as
follows:

V ∗ = Max(V (ra, rb, d))

Subject to: (16)

0.2 < ra < 0.3, 0.3 < rb < 0.5, 0.02 < d < 0.7.
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Fig. 3. Cartesian workspace of case study mechanism.

Fig. 4. Optimal Cartesian workspace and associated maximum inscribed cube.

The above equation leads to the following results:
Figure 4 shows the optimum Cartesian workspace and the associated maximum inscribed cube

which is calculated by the search algorithm as used by Hosseini and Daniali.11 The cube volume is
14% of the total Cartesian workspace volume.

4.2. Maximum dexterous Cartesian workspace
Bounding MSV of the Cartesian Jacobian matrix to the minimum desired value, the workspace
will be limited to dexterous workspace with high positioning and orienting rates. Accordingly, as
the minimum bound increases the minimum desired positioning and orienting rates will increase
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Fig. 5. Minimum singular values variation throughout the Cartesian workspace.

Fig. 6. Local condition number variation throughout the Cartesian workspace.

as well.11 Figures 5 and 6 illustrate MSV and local condition number as two important indices
throughout the workspace for the structure with parameters as depicted in Table III.

Considering 0.6 and 1.3 for the lower bound of local condition number and MSV of the
homogenized Jacobian matrix, respectively, the workspace will be restricted to the desired positioning
and orienting rates. Importing the mentioned design constraints, for the structure with the parameters
of Table III, leads to the workspace as depicted in Fig 7.

Figure 7 illustrates that 76.86% of total Cartesian workspace has the desired positioning and
orienting rates. Moreover, the maximum inscribed cube in this sub-workspace is a cube with length

https://doi.org/10.1017/S0263574714000861 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574714000861


Cartesian workspace optimization of Tricept parallel manipulator with machining application 1955

Table III. Optimum structure to achieve maximum Cartesian workspace.

No. of iteration Workspace volume (m3 ) Cube volume (m3 ) d (m) rb (m) ra (m)

51 0.0121 0.0017 0.2 0.5 0.22

Table IV. Optimized structure to achieve maximum semi-cubic Cartesian workspace.

No. of iteration Workspace volume (m3 ) Cube volume (m3 ) d (m) rb (m) ra (m)

51 0.0113 0.0018 0.211 0.5 0.2

Fig. 7. Sub-workspace with desired positioning and orienting rates.

equal to 109.1 mm. So, the cube occupies just 13.59% of this volume. Thus, this workspace should
be optimized by considering dexterity constraints as follows:

V ∗ = Max(V (ra, rb, d)),

subject to

1. 0.2 < ra < 0.3, 0.3 < rb < 0.5, 0.02 < d < 0.7 (17)

2. LCI >= 0.6, Min SV >= 1.3.

The optimal result is given in Table IV.
Dexterous Cartesian workspace is illustrated in Fig. 8. The maximum inscribed cube is 16.03% of

workspace volume.

5. Conclusion
The positioning and orienting rates in parallel robots are functions of its EE position. Despite
the importance of workspace volume in the design process of parallel robot, it is necessary to
consider dexterous workspace. For the dexterous workspace, rapid positioning can be reached in
high-speed applications. Here, we applied minimum singular values and LCI of a new dimensional
homogeneous Jacobian matrix called Cartesian Jacobian matrix, as well as the positioning rate indices.
Additionally, we used the GA method which led to the optimum structure with optimal workspace,

https://doi.org/10.1017/S0263574714000861 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574714000861


1956 Cartesian workspace optimization of Tricept parallel manipulator with machining application

Fig. 8. Maximum dexterous Cartesian workspace.

dexterous workspace size, and regular shape, separately. This research shows that in order to have
the maximum dexterous shape and size of a Tricept parallel robot, with machine tool application,
the middle universal joint position plays an important role in the problem. Moreover, the optimal
cubic dexterous workspace obtained in the structure within the middle passive universal joint, is not
connected to the moving platform.
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