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Abstract For each irreducible hyperbolic automorphistnof the n-torus we construct

a sofic system(X, o) and a bounded-to-one continuous semiconjugacy f&no) to

(T", A). This construction is natural in the sense that it depends only on the characteristic
polynomial of A and, furthermore, it has an arithmetic interpretation.

1. Introduction

Starting from [L, 4, 13, many papers have been devoted to Markov partitions for
hyperbolic automorphisms of the torus, as well as Markov partitions for arbitrary
hyperbolic systems. If we want to give a symbolic realization of such a toral
automorphismA, the following question naturally arises: is it possible to interpret other
structures which exist on the torus (foliations, homoclinic points, algebraic and arithmetic
structures) in terms of the symbolic dynamics? The constructiong,01q are very
general (they work for arbitrary Anosov systems) and do not respond to this question.

In [14] an attempt was made to give a construction, at least for some automorphisms
which had an arithmetic meaning. In that construction, the symbolic representation was
given by a two-sided radix representation (i.e. expansion in terms of a base and digits)
of points on the torus. The construction gave symbolically a so-calidid systema
guotient of a shift of finite type) describing the allowed expansions.

In the case wherd was a Pisot automorphism (a hyperbolic automorphism with one
expanding eigenvalug) the corresponding one-sided radix representation coincided with
the g-expansion for the valug = A (here we mearg-expansion in the sense of Renyi
and Parry 7, 10, 11). Two-sided expansions for the Pisot case were also considered
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in [3, 8. Expansions for general have not been considered in detail before (although
see P]): the ideas of 14] were not fully developed in this case.

In this paper we suggest, using an approach similar 1, [a new arithmetic
construction which works for all automorphisms. It gives a boundedly finite-to-one map
from a sofic system to a hyperbolic system on the torus. This construction, motivated by
an idea of Thurston (see Theorem 3, below), preserves the properties mentioned earlier:
it gives a two-sided expansion of points on the torus, which converge in the ordinary
sense in one direction and in theadic sense in the other direction. The homoclinic
points, foliations, and so on, all have a precise meaning in this expansion.

The digits in our radix representations take values in the algebraic integers. We do
not know if it is possible to restrict ourselves to digits in the rational integers; however
we remark that this restriction seems less natural in regards to our construction (also,
Hirsch [5] noted that it is not always possible to use non-negative integer digits). Note
that, as in 14], even for the two-torus we obtain a different kind of isomorphism than
thatin [1, 4, 13.

The main results are formulated §&. We consider an example frort][in our point
of view, and several other examples,§B. §4 is devoted to the proofs.

Let us emphasize that this problem is closely related to the theory of self-similar
tilings (see B, 8, 9, 13), adic transformations (sed4]), and to the general theory of
radix representations.

In a forthcoming paper we extend our construction to commuting toral automorphisms.
Specifically, we will show that ifZ, T') is a shift of finite type (respectively, sofic system)
and S is a homeomorphism of commuting with7', then theZ?-action (X, T, S) is a
two-dimensional shift of finite type (respectively sofic system). This fact, along with an
additional number-theoretic lemma, gives us a simple coding for non-hyperbolic ergodic
automorphisms of the torus.

2. Background and results
Let A’ € GL(n, Z) be an irreducible hyperbolic automorphism of th¢orus. That is,
the characteristic polynomial of’ is irreducible and has no roots of modulus 1. Let

{1, ..., Ak, Akat, ..., Ay} be the eigenvalues of’, with
[Ail > 1 fori e[1,k] (1)
Al <1 forielk+1 n]. (2)

By irreducibility of A’, the »; are distinct. Letp(x) be the characteristic polynomial

of A’, let A be the companion matrix of’, and letK = Q[x]/(p(x)). Let p; for

i = 1,...,n be the distinct embeddings & into C. Specifically, for a polynomial

z(x) € K we havep;(z(x)) = z(%;). When2,; is real the image of; is in R; for

each complex-conjugate pair of roots, the corresponding embeddings are also complex
conjugate embeddings.

Let r be the number of real roots gf(x) and let 2 be the number of non-real
roots. The product of all the real embeddingsand half of the complex embeddings
(taking one of each pair of complex-conjugate embeddings) is an embeddikigrab
R" x C° = R". Denote this embedding by.
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The matrix A acts as a linear map oR" with basis{p(1), p(x),..., p(x"H}; it
satisfiesAp(z) = p(xz) for eachz € K. Hence multiplication byA will be denoted
using multiplication byx.

In what follows we will coordinatiz&k” using ther +c¢ coordinates given by the above
r + ¢ embeddingsy of which are real¢ of which are complex. Furthermore, we order
these coordinates as in (1) and (2), so tat= R*x {0} ¢ R* andW, = {0} xR"* c R”
are the unstable and stable eigenspaces,okspectively; that is, the eigenvalues Af
on W, have modulus> 1, and those oW, have modulus< 1.

For simplicity of notation we will usually identifyfk and its imageo(K), so that we
can always work in the spad®’.

Let A be the latticeZ[x]/(p(x)) € K. The imagep(A) (which we denote again
by A) is a discrete full-rank lattice ifR".

Let |- | denote the sup-norm dR” x C¢, that is,|x| = max{|x;|}, where the ranges
over ther real coordinates and thecomplex coordinates. This norm restricts to a norm
on K: for z € K, |z| = max{|p;(2)|}.

Let

B=B,0)={zeR":|z|] <r},
wherer is the infimum of real humbers such that any translate @,(0) contains a
point of A. Let D = A N (B + xB), the set of lattice points in the symmetric product

neighborhoodB + x B of the origin. The setD C A will serve as the set odligits for
our radix expansions.

LEMMA 1. D is afinite set. For any point € B, there exist& € D such thatcz —d € B.

(See the last section for the proofs of all results.)
For i € [1,k] define thebaseA; representation mapS; as follows. Ford =
(do, d1, ...) € DN define

Sid) =Y pildr;”. ©)
j=0

If »; € R thensS; : DN — R; otherwiseS; : DN — C. DefineR, : DN — W,
by R,(d) = (S1(d), ..., Sk(d)), where as before for each pair of complex conjugate
embeddings we only take one of the two.

Similarly, fori € [k + 1, n] define S/ : DN — (C or R) by

S/((do.dy...)) =Y _ pi(dpal ™.
j=0

Define Ry(d) = (Sg+1(d), ..., S,(d)), where again we only take one of each complex
conjugate pair. The mapR, and R, are continuous maps from" (with the product
topology) tow, and Wy, respectively.

LEMMA 2. The setR, (DY) contains a neighborhood of the origin ,.

Let < be an arbitrary total order of, and leta denote the minimal element. Extend
< to lexicographic order omD" for eachN € N. If (y1,...,yy) € DV is a finite
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sequence, we say it ison-minimal if there is another sequendey, ..., yy) € DV
which is lower in lexicographic order and for which

N N
v =2
j=1 j=1
the equality holding inK. If a finite sequence is not non-minimal we say itniénimal
Let o denote the left shift orDN and let(Z,, o) c (DY, o) be the closed shift-
invariant subset consisting of those sequences whose finite (consecutive) subsequences
are all minimal. Let(Z, o) C (D%, o) be the natural extension ¢&,, o) to bi-infinite
sequences; that i§; consists of all bi-infinite sequences, all of whose finite consecutive
subsequences are minimal.
Note that ¥, is embedded naturally i by sending (do, d1,...) to the bi-
infinite sequencd...,a, a a,do, d1,...): since if (do, ..., d;) is minimal then so is
(a,dp...,dy).
In general, a shift spacgX, o) on an alphabeD is called asofic systenif there is a
finite graphG with edges labelled by elements Bfsuch thatX is the set of labellings of
bi-infinite paths inG. This definition is due to Weisd f], who proved the main property
that sofic systems comprise of the smallest class of shift spaces which is closed under
factors and contains the shifts of finite typefétor is the image under a continuous
surjective shift-commuting map).

THEOREM 3. The shift spacéX, o) is a sofic system.

RemarkThurston (unpublished) proved this theorem in the special case whes either

only one expanding eigenvalue or only two (complex conjugate) expanding eigenvalues.
In the case of a Pisot automorphis#n (i.e. one expanding eigenvalue) this was also
proved in different terms in3] (based on results oflfl]) and in [8, 14. Our proof is a
generalization of Thurston’s method.

There is a natural mag : ¥ — R" = W, & W,: defined by
R(...,d_1,do,d1,...) = (Ry(do,dy, do, ...), —Rs(d_1,d_>, .. .)).

As R is continuous and: is compact, the imag®(X) is compact. Furthermore, we
claim that ford = (d;);cz, we haveAR(d) = R(o (d)) + p(do).
To see this, consider theh coordinate. Ifi € [1, k], then

(AR(d))i = MXi(Si(do,dr,d>,...))
= )»ini(dj))»i_j
=0
= pildo) + ) pildjsr;’
=0

= Si(o(d)) + pi(do).
Similarly, fori € [k + 1, n],

(AR(d))i —Ai(Si(d-1,d-2,...)
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o0
= —A Z pi(d_j)A]
i—1

J

= pi(do) — Y pi(d 1]
j=1
= =Si(0(d) + pi(do).

This completes the claim, since it is true for each coordinate.

Let = be the projection to the torus : R — R"/A = T". ThenA = 7 Az 1 is the
associated toral automorphism (which we have, by abuse of notation, been defoting
up until now). Sincelp € D C A, we have

A(mR(d)) = tAn"Y(mR(d)) = mAR(d) = mR(c (d)).

That is, 7 R is a semiconjugacy betwe&iX, o) and its image in(T”, A).
It remains to show that the imageR(X) is the whole torus. By Lemma 2, the image
7 R(Z,) C mR(X) contains an open neighborhood in the unstable #@¥,) around
the pointrR(...,a,a,0,0,0,...)) = 7(0, —R,((a, &,...))). By invariance the image
7 R(¥) must contain arbitrarily large balls in the unstable leaf and so must be dense in
the torus. Since the image is also closed, it must be the whole torus.

THEOREM 4. The mapr R is a factor map from(X, o) to (T", A). It is bounded-to-one
everywhere and constant-to-one almost everywhere.

As noted above, a (continuous) quotient of a sofic system is again sofic, so the theorem
proves the existence of a metric isomorphism(Bf, A) with a sofic system. In fact
sincex R is continuous this can be arranged to give an almost homeomorphism (i.e. a
metric isomorphism which is in addition continuous and almost everywhere injective)
from a sofic system to the torus (also see Remark 4 below.)

What may we now conclude about the original automorphisth The matricest and
A’ are conjugate ovef L (n, Q) but not necessarily ovarL(n,Z). Let M € GL(n, Q)
be such that’ = MAM~. We can assume tha¥ A C A by multiplying by an integer
if necessary, so tha¥ : T" — T" is a cover of the torus. Henadd is a semiconjugacy
from (T, A) to (T", A").

The mapM=R : ¥ — T" gives a bounded-to-one semiconjugacy betw€Eno)
and (T, A"): we have the diagram

JTRl lﬂR
™ — T
M| M
™ A
which commutes. By the same reasoning as above, we can construct a quo6trich
is almost homeomorphic tr”, A’).

Remark 1.0ur construction depends strongly on our choice of digitend choice of
ordering onD. Many other choices oD will work, and in some cases a good choice
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of D greatly simplifies the resulting sofic system (see the examples below). It would be
nice if we could always také to consist of rational integers, but we do not know if
this is possible for ald. Hirsch [B] proved that it is not always possible to takec N.

Remark 2If 0 is chosen to be the minimal elementbf thenX, C T since any element

of X, can be preceded by an infinite string of zeros. Bt be the set of sequences

d € ¥ which are eventually zero to the leff_(, = O for all n sufficiently large). From
Lemma 2 it follows thatt R(X") = = W,,. No similar statement is true fd¥,, sinceX

may contain no sequences which are eventually zero to the right. However, the proof of
Theorem 4 indicates how to write down from the grapla sofic subshift o2 consisting

of the points mapping ter W;. So in this sense we have a symbolic description of the
homoclinic points onT", A).

Remark 3.It seems difficult to understand, in general, wheR is almost-everywhere
injective. For a given paiD, A, however, as the proof of Theorem 4 indicates, one can
tell from the graphG if at leastR is injective almost everywhere: for almost every path
in G there is no path which ‘follows’ it.

Remark 41t is easy to construct geometrically a genuine Markov partition(fir, A’)
from T as follows. A standard argument (see e&}. §]) shows that the boundaries
of the cylinder setd/, have measure zero. (The cylinder $ét is the image under
M R of the set of sequences B passing through a given vertexof G at the zeroth
coordinate.) Take the finest partition of the torus induced by the covering by cylinder
sets; that is, the elements of the partition are intersections of cylinder sets which do not
contain any other intersections of cylinder sets. The dynamics on this partition is easily
defined from the dynamics d&f.

We do not know a good way to describe this construction arithmetically.

Lemmas 1 and 2 can be reformulated as a statement about the representation of
elements ofZ[x]/(p(x)) as polynomials, in the same spirit ak5]. Specifically, we
have the following.

PrROPOSITIONS. Let p € Z[x] be irreducible, monic, hyperbolic (no roots on the unit
circle), and supposgp(0)| = 1. Let A = Z[x]/(p(x)). There is a finite seb’ C A such
that every element ok can be represented as a polynomialxinx— with coefficients
in D',

It is now easy to choose a unique such representation for each elemgenbhaiuch a
way that the resulting set of polynomials is invariant under the shift (multiplicatian) by
We conjecture that it is possible to do this in such a way that the resulting sequences are
‘sofic’, that is, form a regular language.

3. Examples

Example 1.Let us start with the following well-known example. Letx) = x" —
Qp_1x"t—--.—ag, wherea,_1 > a,_» > --- > ag = 1. As noted above, the sofic system
is often simplified with a better choice of digits than that used in Lemma 1. In this case
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if we chooseD = {0, 1, 2, ..., a,_1} with the reverse natural order 01 > --- > a,,_1)
then our method gives the same coding as8inly, namely the sofic system is anstep
Markov system. This sofic system corresponds togkexpansion in base, wherex
is the positive real root of the above polynomial, which is a Pisot humber (sBE [
To see this connection note that with the above orderDothe lowest lexicographic
expansions are the ‘greedy’ expansions: one takes agthhdigit of the expansion of a
positive numbet thelargest digit possible which leaves the remainder less thaihis
is exactly the definition of thg-expansion.

These examples all behave like the Fibonacci caée = x? — x — 1, which we
now work out in more detail. (This case was also considered in detall5n) [We take
D = {0, 1} with 1 < 0. In this case we get the grah (from the proof of Theorem 3)
in Figure 1(a). Note that, for example, the sequenck 0 leads fron¥ to the fail state
F, which means that the sequencel(l is nhon-minimal. Indeed, the sequenced,10
is lower in lexicographic order and-@%+1-x+1=1-x2+0-x +0. Note that we get
the same bi-infinite labellings if we identify states1} and{—1, —x}, as in Figure 1(b).
The classical Fibonacci coding is the one in which the vefteX Figure 1(b) does not
appear. Our coding is equivalent to this since almost every pathi goes not pass
through(: the set of sequences which are eventually 1 to the left has image mier
which is a countable union of one-dimensional subset§?fand hence measure 0.

1 1
C) Q]
U 0 0 O
¢ -1 /\ o T .1 0
. \ ‘T\
/ (-x,1-x) \ (-x,1-x)
x,-1) 1/7
o (s 1 !
F F
@ (b)

FiIGURE 1. The sofic system fop(x) = x2 — x — 1.

Example 2Let us consider in detail the example of the automorphise (fl é) with
k > 3. If we chooseD = {0, 1, ..., k — 1} with the reverse natural order, this example
again corresponds to thé-expansion of the Pisot number= (k + vk2 —4)/2, and
was studied in3, 11].

We now choose theatural order 0< 1 < --- < kK — 1 on D. For simplicity, let
us take the cask = 6 (we will need this example below anyway); the other cases are
essentially identical.

For this order onD we get the graplG shown in Figure 2.

For the purposes of computing the sofic syst@no) in this example, we can further

https://doi.org/10.1017/50143385798100445 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798100445

364 R. Kenyon and A. Vershik

0 12345

() s |7

12345
¢ {1}

g

{x-5 = {x-5,1

NA LG

{x-5,x-6} {x-5,x-6,-1}

1.2% 12345
F

FIGURE 2. The sofic system for the cage= 6.

simplify the graph by removing the state bi-infinite sequences which pass through this
state are eventually zero to the left and so all map undRrinto the one-dimensional
subsetr W,. Similarly, we can identify the statd¢s —5, x —6, —1} and{x —5, x —6} with

the fail state, since this would remove only bi-infinite sequences which are eventually 0
to the right. We can further identify statés — 5} and {x — 5, 1} without changing the
allowed edge-labelling sequences, leaving the graph of Figure 3.

12345

{1}

Ficure 3. The reduced sofic system.

Note that this sofic system is not a shift of finite type: for example, the waty"0
for m > 0 is not allowed although all proper subwords of this word are allowed.

The image under of X is shown in Figure 4. In this cask is almost everywhere
injective. Furthermore, the image of the set of sequences which are iff Btatendex 0
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is a genuine rectangle. Similarly, we get a genuine rectangle for those sequences in state
{x — 5, 1} at index 0.

(111...-.0111..)

(0111.., {x-51}

L)

{1

~__ (.555..., -.555...)

Ficure 4. The imageR(X) consists of two rectangles. The two rectangles are labelled by the statein
their zeroth digitdp.

Example 3.Let us consider the case of two hyperbolic automorphisms which are not
continuously conjugate but have the same characteristic polynomial {$ee [et
AL = (f‘l‘) and A, = (gf) These two matrices have characteristic polynomial
p(x) = x>—6x +1, but are not conjugate ovér A, does not have a single orbit which
generates all of.? (althoughA; does). A theorem of ArovZ] states that if two ergodic
algebraic automorphisms @f" are topologically conjugate then they are algebraically
conjugate. SaT?, A1) and(T?, A,) are not topologically conjugate, although they are
metrically conjugate.
Note thatA; is similar overZ to the companion matrix = ( % 2); with M = (3 1),
we haveA; = MAM~1. We worked out the sofic system fet above using digits
{0, 1, 2,3,4,5}. The fundamental domain for the badi®, 1), (1, —5)} is shaded in
Figure 5(a). (In this figure, the horizontal and vertical directions are the eigendirections.)
The matrix A, is not similar overZ to A. However, we can take/ = (gé) which
has determinant 2. The ba$i®, 1), (1/2, —5/2)} for A has fundamental domain shaded
in Figure 5(b). In this case the magn R is two-to-one almost everywhere.

[ i

oo

() (®)

Ficure 5. The induced partitions for (@)1 and (b) A».
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1

R
e

0
¢
0 1x+1}
0/ 1 0
-1

2
X 0 1 o X +Xx-1
\ L
{1,-x%x+1} 0 F

FIGURE 6.

v

{Rx+1,1}  {x-1}
{-1

{x2+x—1}
i : {1} {1x+1}
(

FIGURE 7.

Example 4.Let A be the companion matrix of(x) = x%+ x2 — x + 1. In this case
W, =R andW,; = C. Using D = {0, 1} with 0 < 1 we arrive at the graph in Figure 6.

Here, R is again injective. The image of the cylinder sets Xfare products of
intervals inW, with closed topological disks if;. In Figure 7 we show the images of
the seven cylinder sets

Up, U, U xqyy, Uz x 1, U1, Uy 1, U211y
in W, corresponding to the seven statesiof Figure 8 shows how the image af4(Uyp)

intersects each of the cylinders corresponding to the seven states. In particular, there is
one tile in the figure for each backwards pathGnof length 4 starting a@.
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FIGURE 8.

4. Proofs

Proof of Lemma 1llLet z € B. Letd € A be a point closest taz (that is, |[xz — d|
is minimal). Then sincerz + B contains a point ofA by the definition ofB, we have
d € xz+ B. Soxz —d € B since B is symmetric. Since in additionz € xB, this
impliesd € (B+xB)N A = D. O

Proof of Lemma 2We show that the projection (alorig,) of B to W, is in R,(DY).
Let z; € B. Definedy, do, ... € D such that:zo def z1x —dy € B, 73 dzefxzz —d, € B,
and so on. Thel; exist by Lemma 1. Furthermore, we have

Zk = —dj_1 — xdi_p — - — x*2dy + Xz,
and so PR p
1 2 k—1 Tk
71 = . +x2+ +xk—1+xk—1'
For eachi € [1, k] we have
k—1 1
— —(k—
piz0) =Y pi(dr;” + pi(zr; 7Y
j=1

(here, byp;(z1) and p;(zx) we mean theith coordinates). Since;(z;) is bounded
(zx € B) and|x;| > 1 this series converges a4s— oco. In the limit we get an expansion
for the projection ofz; to W,. O

Proof of Theorem 3Let §; be the maximum modulus of any element @i D). Let
V C A be the finite set

velienviemn pe < |2
- Z l 7n7101Z _|)\,l|—1 .

A sketch of the construction is the following. We read a sequeheeD" one digit
at a time, and remember as we go along all sequences which are lower in lexicographic
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order thard. If, after j digits have been read, one of our lower sequerigégs .., d})
hasthe samer,-value as(dy, . .., d;), then(dy, ..., d;) is non-minimal and so must be
rejected. Now the first main idea is that we do not have to remember all the digits of all
sequences lower thah it suffices to remember theifferences

J
R((dy.....d) = Ru((d......d)) = p, ( > - d,f)x') (4)
i=1

since we are only interested if this difference is ever 0. Singcés injective onK it
suffices to remembey_/_,(d; — d/)x .
The second main idea is that if this difference is ever too big, in the sense that

J
> di—dh)xT g xTIV,
i=1
then there is no way to extend the sequene#s...,d;) and (d,...,d;) to longer
sequences which have the saRgvalue. So in this case we can remoys, .. ., d]f)
(or rather, the difference (4)) from consideration.
So we need only keep track of all those possible differences

J
XY (di = d)x ()
i=1

which are in the se¥/. SinceV is finite, we keep track of only a finite amount of
information (a subset oV) at each step. This is exactly what the gragtconstructed
below does.

We begin by proving that has the desired property.

LEMMA 6. If two sequencesds, ..., d;) and (di,...,djf) can be extended to longer
sequencesds, ..., d;, ..., djw), (dy,....d}, ..., d;,,) having equal values undeg,,
then the quantity (5) is iV.

Proof. Suppose we are givefty, z, z3, .. .) satisfyingzs = 0 andzj;1 = xz; + d; — djf
for all j > 1. Thenz;4, is the difference (5). Théth coordinatep;(z;) for i € [k+ 1, n]
is always bounded by&2/(1 — |x;|) sincez; € V implies

25; 26;

+ 26; = .
11l 1— 12l

lpi (zj+0)| = |pi(xzj +dj — dD)| < [hillpi(zp)| + 28; < Al

If the ith coordinatep; (z;) for i € [1, k] is bounded asi — oo then we claim that

zj € V for all j. This will complete the proof of the lemma, since(it,, ..., d;) and
(dy, ...,d}) can be extended to be equal und&r, then the difference (5) is equal to
[ .
> —dpx™
i=j+1

which has bounded image undgy,.
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If, say, zj, ¢ V, then we must havéo; (zj,)| > 25;/(|»;| — 1) for somei e [1, k].

Then
10i Zjor D) = 1pi(xzjy +djy — di )| > |1ipi(zjp)| — 28
=l (1) = 2 ) — s, 4 il
- R T ) T 1
and so

i

i) = —2 =t (1oszil = =22
PiZjy+1 |)\i|_1_ i PiZj, |)Li|_1 .

In other words, sincéh;| > 1, thez; .y escape tao in theith coordinate agv — oo.
This completes the proof of the claim. O

Continuation of the proof of Theorem Bord € D let D; be the set
Dy={d—d;|dieD,d <d}nV.

The setD, is empty (recall that is the minimal element oD).

Let G’ be the graph whose vertices are all subset¥ 6f {0} (including the empty
set ¢J), with one additional vertex labelled called thefail state Let G’ have the
following edges. From any vertel{ # F, for everyd € D there is an edge labelladl
to the vertex

VN(xU+d— D)UD,),

provided this does not contain 0. If this set contains 0, there is instead an edge labelled
d from U to the fail stateF. Let G be the connected component Gf containing the
vertex@. (For an example of a grapfi, see§3.)

The interpretation of this grap& is as follows. If after reading digits of d we are
in stateU (i.e. for allu € U there exists a sequendésuch that the difference (5) ig),
then the new differences after readifig, are either of the formU +d; 1 — D, since
we can extend eaadl with any digit of D, or of the formD,,,, coming from sequences
d’ which are identical tal up to thejth coordinate. Of all these new differences, we
need only keep those iW, as noted earlier.

Here is the formal proof tha has the desired property. Lét= (di, d, ...) € DN.
We claim thatd labels a path inG (that is, there is a path of edges starting from
some vertexJ; # F labelled consecutivelyy, do, . . .,) if and only if each finite initial
sequencéds, ..., dy) of d is minimal, that is, there is no lower lexicographic sequence
(dy,...,dy) in DV with

Ny + NPy 4 dy = XN 4+ XN A+ d (6)

First of all, if there were such a sequengg, ..., d)), we will show that the path
labelled byd leads fromU; to F. Assume (by removing an equal initial segmentdof
andd’ if necessary) that, # d;. Define a sequencey, ...,zy+1) € VNV by z; =0
and forj € [1, N],

Zjiy1 =xzj +d; — dj{.
Now from (6), we havezy,1 = 0. By the definition of the graply, if we start atU;

and move along the path labelled By then thejth vertexU; will contain the element
zj. Note, in particular, that, = dy — d; € Dy, C U, sinced; < di.
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Thus the path labelled by, ..., dy) will end up at the fail state after th¥th step,
sincezy+1 = 0. We conclude that no sequence labelling a finite patts ihas a lower
lexicographic sequence representing the same point. of

It remains to show that every finite minimal sequence actually does ocodr itt
is clear that any sequence of digits labels a patly igtarting from the verte® except
those which eventually end up in the fail state. (&t, ..., dy) label a path starting at
@ which ends up in the fail state at timdé. We will find a lower lexicographic sequence;
this will complete the proof.

Assume without loss of generality that the path never passes thibeghept where
it starts (if it does, just consider the path starting from the last time it goes thigugh
Let {U;} be the sequence of vertices @falong the path:

b=Uo-% Uy % Uy 5 ... D Uy = F.

Define a sequenc@y, zy—1, - - -, zo) With zo =0=zy, z; € U; for j € [1, N — 1], and
a sequencédy, dy_,,...,dy) € DV as follows. First, since the edge labelléd from
Uy-1 leads to the fail state, there is an elemeqt; € Uy_; and a digitd), such that

vy =0=xzy_1+dy —dj.
Similarly, there is an elementy_, € Uy_» andd},_, € D such that
N1 =XZn—2 +dy_1—dy_;.
Inductively for decreasing definez; € U; andd;; € D from z;,1 by the equation
g1 =Xz +djipa—dj .

These definitions may not be unique.
At the end we havey = 0, since the path began at the stdte This gives us an
equation

ANy 4 xRy 4 dy = XNy N Py dy

and, sincezy = di — dy € Uy = Dg,, d1 # dj anddj is strictly less thani; in the order
on D. Thus(d, ..., dy) is lower lexicographically tharid, ..., dy). This completes
the proof. O

Proof of Theorem 4We have already proved thatR is a factor map ont@”. We first
show that it is bounded-to-one.

Letd, d’ be distinct elements of,. There is an infinite patl in G starting from¢
labelled byd:

<M$U1$U2—>>

We say that!’ followsd on the pathy if there is a sequencl;};>o with z; € U; U {0}
satisfyingzo = 0 andz; 41 = xz; + d; — d;.

From the proof of Theorem 3, we see that there exists sudhoa;, ...} |if
R,(do, d1,...) = R,(dy, dy,...) and (do, dv, ...) > (dg, dj, ...): since then all the;
defined as above are bounded andzse U;. Conversely, if the{zo, z1, ...} defined
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above are bounded then we must hajgdo, d1, ...) = R,(d}, dy,...). So this is the
condition for whenr, is non-injective.

Now take three distinct elements d’, d” € ¥, such thatR,(d) = R,(d’) = R,(d").
After reordering the three elementsd’, d” if necessary, we can assume that 4’ and
d > d". Let{z!};>0 and{z/};>0 be the corresponding sequences as above for the pairs
d,d andd, d”.

Let ip be the first index at which; # z;/. Thenz; # z/" for i > i by minimality of
d,d" if zj/- = zj’-’ for some; > ig then

g = A Mdo—dg) + Ay —d) + -+ dia—d)
- ZJ/', = xjil(do —dy) + xj72(d1 —d)+--+ di_1— d]/'/—l’

which implies
X xRy d) g = )T xR e d]

This is impossible by the minimality of the sequeneEsd” unlessd, = d; for each
¢ € [0, j — 1], contradictingj > ip. By a similar argument using andd’, we have that
for i sufficiently largez; # 0.

We conclude that the number of elemedtse X, which satisfyR,(d) = R,(d’) is
bounded by V| (note|V] is the maximum cardinality of th&/; U {0}): there are at most
|V| sequences ofz; }i>o0, Since once two such sequences diverge they must stay apart.

A similar argument holds for the unstable leaf: the condition Rp¢d) = R;(d’) is
thatd’ follows d backwards inG, in the following sense. There exists a sequefagh<o
with z; € U;, zo = 0 and withz; 11 = xz; +d; — d]. Again, once two sequencg¢s} and
{z/'} diverge (as — —o0) they must stay apart. Thus the cardinalityRif'(d) is also
at most|V|.

We conclude that the number of sequendes ¥ with R(d) = R(d’) is bounded by
|V|2. SinceR has bounded preimages aRdX) is compact, the same is true forR.

The fact that the mag R is constant-to-one almost everywhere is now a standard
argument. Define a functiorf : T" — R by f(x) is the cardinality of(zR)™*(x).
Then f is measurable. Also is invariant under the transformatiop, by the
equation R(cd) = AnR(d) and the invertibility of A and o (that is, 7 R(d) = x
iff TR(o(d)) = Ax). SinceA is ergodic for Lebesgue measurg,is constant almost
everywhere. O

Proof of Proposition 5We need to use a larger set of digits than jDstLet D' = DUxV,
whereV is the set of lattice points from the proof of Theorem 3.

For eachy € A, takek such thatr,(A~*(y)) € m,(B), wherer, is the projection
onto W,. SinceA~! is contracting onW, andm,(B) contains an open neighborhood of
0 in W,, such ak exists.

We can construct an expansion for= A%y in D'[x~!] as follows. By Lemma 1,
there exists a digit/; € D such thatr,(xy’ — d1) € 7, (B). Let y@ = xy’ — d;. There
exists a digitd, € D with 7, (xy® — d) € m,(B), and so on. The coordinates in the
W,-direction of the lattice points@, y® ... are contracting exponentially (as in the
proof of Lemma 6), until some falls within the setV. At that pointxy®™ e xV.
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Defined, = xy™. We then have

X'y —x"y - —xd,_1—d, =0,
or
.
yi=) dix”
j=1
Multiplying this expression by gives an expansion of in D'[x, x~1]. O
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