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MINIMIZING DIRICHLET EIGENVALUES ON CUBOIDS OF
UNIT MEASURE

M. VAN DEN BERG AND K. GITTINS

Abstract. 'We consider the minimization of Dirichlet eigenvalues A, k € N, of
the Laplacian on cuboids of unit measure in R?. We prove that any sequence of
optimal cuboids in R3 converges to a cube of unit measure in the sense of Hausdorff
as k — oo. We also obtain an upper bound for that rate of convergence.

§1. Introduction. The eigenvalues of the Laplacian have been the object of
intensive study over the last century. Of particular interest are related shape
optimization problems. For k € N, the goal is to optimize the kth eigenvalue
of the Laplacian with boundary conditions over a collection of open sets in R™.
This collection satisfies geometric constraints, such as fixed Lebesgue measure
or fixed perimeter.

For an open set 2 C R™, m > 2, of finite Lebesgue measure |2|, we let
Ak (2), k € N, denote the Dirichlet eigenvalues of the Laplacian on €2 which are
strictly positive, arranged in non-decreasing order and counted with multiplicity:
that is,

A(€2) < A2(R) < A3(R) < S () <+

This sequence accumulates at +oo.
We consider the minimization problem given by

Aj(m) := inf{Ar () : Q open in R™, || = c}.

It was shown by Faber and Krahn that among all open sets in R” of measure c,
the ball of measure ¢ minimizes the first Dirichlet eigenvalue (see [15]). Krahn
and Szego proved that, among all open sets in R™ of measure ¢, the second
Dirichlet eigenvalue is minimized by the union of two disjoint balls of measure
c/2 each (see [15]). For k > 3, the existence of an open set of prescribed
measure which minimizes the kth Dirichlet eigenvalue remains unresolved to
date. However, in the class of quasi-open sets of prescribed measure, it was
shown by Bucur in [7] that a minimizer does exist and that such a minimizer is
bounded and has finite perimeter. Independently, Mazzoleni and Pratelli, in [17],
proved the existence of a minimizer in the collection of quasi-open sets. For any
lower semi-continuous, increasing function of the first k Dirichlet eigenvalues,
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they proved the existence of a minimizer which is bounded in terms of k and
m independently of the function. It was shown in [5] that, for k < m + 1, any
bounded minimizer of A;(€2) has at most min{7, k} components.

No optimal domains are known for A; with k > 3. In particular, the conjecture
that if m = 2, then A3(€2) is bounded from below by the third eigenvalue of
the disc with the same measure as €2 is open. There are no obvious candidates
for minimizers of A; with k > 5 in any dimension m > 2. Even for m = 2,
minimizers need not be discs or disjoint unions of discs (see [21]). Furthermore,
it was shown in [6] that, for k > 5, 14 (£2) cannot be minimized by a disc or a
disjoint union of discs. The numerical investigation [1] suggests that for some
values of k the minimizers may not have any symmetries.

Pélya’s conjecture for Dirichlet eigenvalues asserts that for all bounded, open
sets 2 C R™, A () = 472 (wm|2)) "2/ "k ™ where w,, denotes the measure
of a ball in R™ of radius 1. It was shown in [11] that Pdlya’s conjecture
is equivalent to Aj(m) being asymptotically equal to 472 (W) "2 MERIM as
k — oo.

It is also interesting to consider the optimization of the eigenvalues of the
Laplacian subject to other geometric constraints, such as fixed perimeter. For the
Dirichlet eigenvalues, existence of a minimizer in the class of open sets in R” of
finite Lebesgue measure and prescribed perimeter was shown in [12]. Moreover,
it was shown there that any minimizer is bounded and connected, and regularity
results for the boundary were also obtained. Bucur and Freitas, in [9], showed
that any sequence of minimizers of A; in R? with perimeter £ converges in the
sense of Hausdorft to the disc of perimeter £ as k — o0o. They also showed that if
the collection of admissible sets is restricted to the collection of n-sided, convex,
planar polygons of perimeter £, then any sequence of minimizers converges to the
regular n-sided polygon of perimeter £ as k — oo. For m > 2, other constraints
were considered in [4], including perimeter and moment of inertia, subject to an
additional convexity constraint. Further results for the Dirichlet eigenvalues were
obtained in [3], [8], [5], [9] and [4]. Some of the results of [3] follow directly
from those in [4], while the results of [12] supersede those of [8].

Recently, Antunes and Freitas considered the problem of minimizing ix
over all planar rectangles of unit measure (see [2]). In [2, Theorem 2.1], they
showed that any sequence of minimizing rectangles for the Dirichlet eigenvalues
converges to the unit square in the sense of Hausdorff as k — oo.

In Theorem 1.1 below, we obtain the corresponding three-dimensional result
for the Dirichlet eigenvalues of the Laplacian on cuboids in R? of unit measure.
In addition, we obtain an estimate for the rate of convergence. Let Ry, 4y,4;
denote a cuboid in R3 of side lengths ay, az, az such that ajazaz = 1 and
a1 < ap < as: thatis,

3.
Rajar.a5 = {(x1, x2,x3) € R7: 0 < x1 < ay,
O<xo<ap,0<x3 < (alag)_l,al <ar<az}. (1.1

We prove the following theorem.
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THEOREM 1.1. (i) Let k € N. The variational problem
)\z = inf{)\k(Ral,az,(n) tay € ap < as)

has an optimal cuboid R with side lengths af ; < a3, < a3 ; such that

. o a “Tk’“;x’aix
ay x4y a5 = 1.
(i)

aj, <1+ 0k F PO k- oo, (1.2)

where B is an exponent of the remainder in
.. 3.0 ) ) 2 4 3 B
#{(i1,12,13) € Z :zl+z2+z3§R}—?R = 0O(R”), R — .

Furthermore, any sequence of optimal cuboids R converges to

ay a3y, ,ax
Lk>"2,k>%3,k
the unit cube in R3 in the sense of Hausdorff as k — oc.

The best estimate known to date is that, for any € > 0, 8 = % + € (see
[14]). Hence (1.2) holds for 8 = % + €, € > 0. The conjecture for the optimal
remainder is § = 1 + €, € > 0 (see [10]).

A heuristic explanation for this asymptotic shape result is the following (see
also [2]). For any cuboid R in R3 with measure |R| and perimeter Per(R),

+ok'?), k— oc0. (1.3)

67r2k>2/3 (37%)!/3Per(R)k!/3

MRy = ( IR| 23R

So, if |R| = 1, then (1.3) suggests that the cuboid that minimizes iy (R),
k — 00, is the one with minimal perimeter, that is, the unit cube.

The Dirichlet eigenvalues of the Laplacian on a cuboid Ry, 4,.4; (as in (1.1))
are given by

LA ST & A
+ , i1, 02,3 €N (1.4)
2 2 2
a; a as

By listing these in non-decreasing order including multiplicities, the kth
Dirichlet eigenvalue on Ry, 45,43, Ak (Ray,ar,a3), 1 the kth item of this list. In
Table 1, we list the optimal cuboids for the first few Dirichlet eigenvalues.

Let L € R, let A > 0 and let a;, ap, a3 € R be such that ajaraz = 1 and
a1 < ap < az. With (1.4) in mind, we define

34 X xF )
EQ) = (x1,x2,x3) eR: 5+ 5+ 5 < . (1.5)
aj a;, a3 T
The ellipsoid E(A) has semi-axes
a2 a2 azn /2
rl = ) r2 = ) r3 = k)
i i i

and |[E(V)| = (4/37%)A3/2.
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Table 1: The first eight minimized Dirichlet eigenvalues, the side lengths of the cuboids that
realize them, and the corresponding minimizing modes.

k )L;’(‘ aT,k’ a%"k, a;,k Minimizing modes
1 372 1,1,1 1, 1,1
2 3.2%372 27173 2=1/3 92/3 (1,1,2)
—2/352/3_2 2\1/3 (5\1/6 (5\1/6
332723523 (3)7°.()7".(3) (1,2,
4 62 1,1,1 2,1,
5 35/3712 371/3’371/3’32/3 (1,1,3)
6 3.24/352 272/3 2173 21/3 op2=2/3 2-2/3 24/3 (1,2,2)or (1,1, 4)
7 3.52/372 (DY ()M 2.5 B ors13, 5713 523 (2,1,2)0r (1,1,5)
8 972 11,1 (2,2, 1)

By (1.4) and (1.5), we see that the Dirichlet eigenvalues A1 (R4, ay.a3) - - - »
M (Ry, ,ay,a;) (counted with multiplicities) correspond to the integer lattice points
that are inside or on the ellipsoid E(Xx) in the first octant (excluding the
coordinate planes). Thus, in order to minimize A; among all cuboids given by
(1.1), we wish to determine the three-dimensional ellipsoid E(X) of minimal
measure which encloses k integer lattice points in the first octant (excluding the
coordinate planes).

Forn € N, n > 2, estimates for the number of integer lattice points which are
inside or on an n-dimensional ellipsoid have been widely studied from a number-
theoretical viewpoint. However, in order to use these estimates, it is crucial that
the corresponding cuboids are bounded as k — co. As in the two-dimensional
case, this is the most difficult part of the proof.

This paper is organized as follows. In §2, we prove Theorem 1.1(i). In §3, we
obtain bounds for lattice point sums which are key ingredients in the proofs of
the lemmas in §4. In that section, we follow the strategy of [2] and prove that
the side lengths of a sequence of minimal cuboids (RC,1 g )k are bounded
uniformly in k. This is achieved by first obtaining an upper bound for the
counting function N(A) = #{j € N : A;(Rq, a,,a;) < A} for arbitrary cuboids.
Using the maximality of Ra1 o5 0 and comparing with the unit cube gives the
required uniform bound. Finally, in §5, we use known estimates for the number
of integer lattice points that are inside and on an ellipsoid to conclude the proof
of Theorem 1.1(i1).

§2. Proof of Theorem 1.1(i).

Proof. Fix k € N. Suppose that {R_© @ o2 }eeN 1s @ minimizing sequence
a; ke a k’
(0)

for Ax such that a;; — oo as £ — oo. In order to preserve the measure

constraint, a§ ,)( — Qas{ — oo. So

2
T
Me(R, © 4 20) > —5 as £ — oo.
k%2 k093 k (a )2
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However, for the unit cube in R3, Ay < 372k? < +oo. This contradicts the
assumption that {R © 4O o }eeN 1S a minimizing sequence for Agx. So any

2.k

minimizing sequence {R © 40 40 }een for Ag is such that aie,)(, af}(, aég]){ are

bounded as £ — oo. Hence for each i € {1, 2,3}, there exists a convergent
) )

subsequence, again denoted by «; ;, such that a; ; — al  for some al*k €
(0, o0). Since (ay, az, a3z) +— )»k(Ra1 ar,a;) 18 continuous, Ak(R © 40 (e)) —
2k
)»k(Ralka”a}k) as £ — o00. Hence Ralka“a” is an 0pt1ma1 cub01d
for Ag. O

It is not difficult to see that the above argument can also be used to prove the
existence of an optimal cuboid for A in R with m > 4.

§3. Key lemmas to prove boundedness of an optimal cuboid. The following
lemmas are crucial in the proofs that follow in §4.

LEMMA 3.1. Lety > 0,a > 0. Forn € {1, 2},

Ly'/2/a)

Y (y-atity< jiwymm
a T'((n+3)/2)

1, (2an)"?
_ —\yn/2 Ny n/4
27 T per? G-

Proof. We know that

Ly'/2/a] Ly'/2/a] yl/z 2 n/2
Yo -aiyP=a" Y ((—) —i2) . (3.2)

. a
i=1

Let R = y!/?/a and consider ZL g(i), where

g() = (R* —i*)"2. (3.3)
Then, for 0 <i < R,

g'(i) = —ni(R* — "9 <0,
g"(i) =n(R* — i) H2((n — 1)i* = RH) <0.

Soi + g(i) is decreasing on [0, R] and, since n = 1 or n = 2, g is also concave
on [0, R]. We note that since g is decreasing, Zl“:ejl g(7) is the total area of the

rectangles of width 1 and height g(i), i € {1, ..., [R]} which are inscribed in
the curve g(x) for 0 < x < R. Due to the concavity of g on (0, R), we can

bound ZL 1 &(i) from above by the area under g minus the area of the inscribed
triangles that sit on top of the aforementioned rectangles: that is,

[R] LRJ
> ) </0 g(i)di ——Z(g(z —1>—g<z))——(R LRDg(LR). (3.4)
i=1
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‘We know that

R 1
/ g(i)di =R”+1/ A —=H"?dr
0 0

Rl 1 VT T((n+2)/2)
_ /2 _ N7 n+1
=7 /0 Y I TRy R
where we have used [13, 3.191.3, 8.384.1].
‘We also know that
1 K 1
—3 Z(g(i - 1) —g@) - E(R — [R])g(LR))
i=1
1 1
- —ER" + 5(1 + [R] — R)(R?> — |[R}}H)"/?
1 n 1 n/2 n/2
= _ER + 5(1 + |R] = R)(R+ |RD"“(R — |R])
1 1
__pht gy n/2 _ n/2
< 2R + 2(2R) orél,?fl(l BB
1 (2n)"/? 02
=—ZR"+ P 2)(Hz)/zR . (3.6)
Combining (3.2), (3.4), (3.5) and (3.6) gives (3.1). O

Applying the previous lemma withn = 1, y = (a%/nz)k and a = az/ay,
we recover the result of [2, Theorem 3.1]. Since g (as in (3.3)) is decreasing on
[0, y!/? /a], the following lemma holds for all n € N.

LEMMA 3.2. Lety > 0,a > 0. Forn € N,
Lyl/z/aj ,1/2/,1

. Y . . /T T((n+2)/2)
_2:2\n/2 _2:2\n/2 4. (n+1)/2
;—1 (y —a’iv) S/O (y—ai®)y" di = o —F((n+3)/2)y .

§4. Uniform boundedness of an optimal cuboid. With E () as defined in (1.5),
we define the counting function

N :=#{j € N: 1j(Ray.apa;) < M) = #{(i1. 12, i3) € N° N E()}.
We now use the results of §3 to obtain an upper bound for N (1).

LEMMA 4.1. For A > 0and ay < ay < a3, E(A) and N()\) as above,

33/2 3 5 1/2

672  87ar | 16a2

.1
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Proof. For (i1, i2,i3) € N° N E(}),

2 2 2 1/2
. as az ., 43
B 52— =i — i) ,
2 2 2
b g al 02 +

where “+” denotes the positive part. Hence

2 a2 1/2
N < Z ZK S - —312 ;g) J 4.2)
i1eNi>eN 1 a2 +
L2 /o)) Lo/ —itfa) 2] 5 o 2 \12
< ¥ ) (;2,\——;112 _23) @3

=1 =1 |

Applying Lemma 3.2 with y = (a%/nz))»— (a%/a%)ilz, a=az/ar,n=1to(4.3),
gives

lar (A2 /7)) 2 2
Ta (a3 as .,
N < — =1 — =i
*) < Z 4a <7T2 2 1)

i=1 4y
12
N 4 w2 a12. '

i1=1

Applying Lemma 3.1 with y = /7%, @ = 1/a1, n = 2, we obtain that

Ly (3112 /) 5
a3 <i _ ’_1) < T3 <ﬂ,\3/2 o,y ! ,\1/2>

4 = nr a? 4 373 272 4dray
1=
)\43/2 A )\,1/2
= — . 4.5
612 8map + 16a12 (4.5)
By (4.4) and (4.5), (4.1) follows. [l

We now prove that the side lengths aj ,, a3, a3, of an optimal cuboid

R + in R? are uniformly bounded.

* *
A k% 0%k

LEMMA 4.2. Forallk € N,
a3 e <319,

Proof. Since (4.1) holds for all A > 0 and all cuboids, it holds for A = A} and

an optimal cuboid RaTk’agk’a%kk’ SO

()\Z)3/2 B )‘Z (AI)I/Z
672 8maj 16(a’1"’k)2’

k< NM) <
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and, by rearranging,
0 —6mk 1 0pT'2
6720% - 8waf, 16(a} )?

(4.6)

The left-hand side of (4.6) is an increasing function of A}, so it is bounded from
above by (v,i/ 2 67 2k) /6% vy, where vy is the kth Dirichlet eigenvalue of the
Laplacian on the unit cube in R3. We obtain a lower bound for the right-hand
side of (4.6) by using the fact that

72

k
A 2 xl(Rar,k’aE,k’a;k) z (aTk)Z

implies that

-1/2
_epTh 1 @7
16(aj )2~ l6maf,’ '

Hence, by (4.7),

vg/z — 6%k 1

6m2v,  ~ l6mal,’
which implies that
1 6x?
at T 4.8)

>
k= ’
167 viﬁ — 612k
We now obtain a uniform lower bound for aj ,. By an estimate of Gauss,

v
N (v) =#{(i1,i2,i3) eN* it +i3+if < n_"z}

1/2 3 3/2 1/2
>ﬂ("k _31/2> < Yk 3/Vk'

“ 8\ +/67r2_ 2

Let ©; denote the multiplicity of vg. Then N (vx) < k + ® — 1. In addition,
O = #{(i1, 02, i3) e N il2 + i% + i32 = vk/rcz} is the number of integer lattice
points in the first octant that lie on the sphere in R3 which is centred at 0,0,0)
and has radius v,l/ 2 /7. By projection onto the plane i3 = 0, each of these lattice
points corresponds to an integer lattice point which lies inside or on the circle
((i1,i0) € Z? : il2 + i% = v /712} in the first quadrant. The number of integer
lattice points that lie inside or on this circle is bounded from above by vy /47w,
that is, the area inscribed by the circle in the first quadrant. Thus

n? <62k + 3mwi (L +3172), (4.9)
Hence, by (4.8) and (4.9),

ai, =BG +37)7 (4.10)
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Using that a]“’k < a;k < a’3“’k, a’l“,ka;ka;k = 1 and (4.10), we deduce that

1 2
ai, < > <64 - +3'2) <319 O
' (aj ) 2

The main obstructions to proving a corresponding result to Theorem 1.1(ii) in
higher dimensions m > 4 are the following. Firstly, for m > 4, the corresponding
upper bound for N (X) to (4.2) involves lattice point sums ZL g (i) with g(i),
Rasin (3.3)and n > 3. Forn > 3, y'/2/(as/n — 1) is an 1nﬂect10n point of g
in (0, y'/2/a) and so g is not concave on (0, y'/?/a). Thus, the above approach
cannot be used to obtain an upper bound for the left-hand side of (3.1) when
n > 3. Secondly, the higher-dimensional equivalent of (4.1) will contain more
terms in the right-hand side. The leading term in that right-hand side is the Weyl
term. However, the lower order terms are bounds which are uniform in a;, for
example. Their usefulness depends on the numerical coefficients which show up.
These, in turn, depend on lower-dimensional lattice point sums.

§5. Proof of Theorem 1.1(ii). The minimizers Rar | at,.az, of Ay need not

be unique. From this point onwards, we consider an arbitrary subsequence of
minimizers denoted by (RaTk’a;k’a;k)k'
For E()) as defined in (1.5), we introduce the following notation.
T(A) = #{(x1, x2.x3) € Z2 N EG)),

Ty, (1) = #{(0, x2, x3) € ({0} x Z2) N E()},

T (M) = #{(0, x2, x3) € ({0} x N) N E(W)}.
T (1) is the total number of integer lattice points that are inside or on the three-
dimensional ellipsoid E(A). Similarly, 7y, (1) is the number of integer lattice
points that are inside or on the two-dimensional ellipse which is centred at (0, 0)
and has semi-axes asA!/? /7, a3A'/? /. The number of these lattice points that

lie in the first quadrant (excluding the axes) is denoted by TXT (A). Then Ty, (1),
T ;2“ (A) etc. are defined similarly. Thus

T () =8N() + 4T (M) +4TF () + 4T (V)
alkl/z a2X1/2 a3A1/2
H{ JH{ JH{ JH,
4 b v
N@) = —T()») —T+(A)——T+(/\)——T+(A)
1 aV\W 1 a2x1/2 1 az\1/? 1
4| =« 4 =« 4| = 8’

. a1/? az) 12
Ty () = 4T () +2 =— | +2 +1,

which implies that

In addition,

i
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which implies that

1a2)\1/2 1| azal/? 1
TR PR EC B

T 2 T 4’

and, similarly for T (A), o +()). Thus

1 1 1 1
N@R) = —T()») 3l ) - 3 e ) — 3w )

+1 alxl/Z +1 a2x1/2 +1 azzl/? +1 G5.0)
4| m 4| =w 4 m 4’ '

Below we use this expression for N (A) in order to prove Theorem 1.1(ii).

Proof of Theorem 1.1(ii). By setting A = A} in (5.1) and considering an
optimal cuboid R+

af o5 4,03 >

1 1 1 1
SNOY) = T(kk) Tx1 () — sz ) — Txg )

()» )1/2 a* (}L )1/2 a ()\ )1/2 1
+4L1kn J_i_é_i 2,knk J+4L kn J+Z' (5.2)

By Lemma 4.2, the {aT’ . a;" & a; .} are uniformly bounded, so it is possible
to make use of known estimates for the number of integer lattice points that
are inside or on a three-dimensional ellipsoid or a two-dimensional ellipse. In
particular, there exists C < oo such that, for all » > 0,

4 4
2B L TO) < — a3 oaB? 4, (5.3)
372 372
where B is as defined in the Introduction. Similarly, there exists D < oo such
that, for all A > 0,
aas

5 -DA2 < T, () <
T T

< LB L pad2 4, (5.4)

where 6 is an exponent of the remainder in Gauss’ circle problem

#{(i1,i) € Z* it +i5 < R*) —nR* = O(R%), R — oo.
The best estimate known to date is 6 > % (see the Introduction in [16]). Hence
the formula above holds for § = égl + € for any € > 0. The corresponding
inequalities to (5.4) also hold for Ty, (L), Ty;(A). Using these inequalities and
(5.2), we obtain an upper bound for N (Az),

aH2 1 1 1 C
672 87 \af a;k—i— 3k k+8(k)

k< NGYH) <

3D 3
(a1 p+HaiHal)onr+ . 220 4 g 69
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Rearranging (5.5) gives
1 1 1 1932 — 672k
—+ 5+ 5 <8 ((")—2> +rC(H P2
i D d3i 67 Ay
+2(a} +ad, +as 0D+ 3r DOy
+3z ()

Since ((kz)3/ 2 _672%k) /6n2kz is an increasing function of A}, we can replace
A% by v, where vy is the kth Dirichlet eigenvalue of the Laplacian on the unit
cube in R3. Thus, by Pélya’s inequality A} > (62k)2/3 (see [19, 20]),

1 1 1

* ES *
Ay G A3y

3/2 61 2
< 87 (—) +7CH™EP2 L3707
672y
+2(af + a5, + a3 )0 +3r DO
3/2 61 2](
< 87 (6—> + 7 C(6m2) P BR=C=P 4 3 (67273723
720
20} + db 4+ a3 ) 6m) Pk 4 3m Do)~ OBk

3/2 61
— gn(w> + OGPy, (5.6)

To obtain an upper bound for (vlf/ 2 672k) /6% v, we proceed as follows. By
(5.1), with A = vy,

3 3 v7 1
N(vw) = —T(vk) Tx1 (vk) + = T + Z 5.7
Since a; = ap = a3 = 1, by (5.3) and (5.4),
4
=P < T (5.8)
3r
and
Ty () < — + Dv? 41, (5.9)

where § and 6 are as in (5.3), (5.4). Again, let ®; denote the multiplicity of v.
Thus, by (5.7), (5.8) and (5.9), we obtain a lower bound for N (vg),

W22

C B/2 3 3D 0/2 3 1/2 7
k+O©r—1>N S _Zpr_2, 22 2L
+ Ok i) > 6 g Tk T g T Ty

which implies that

https://doi.org/10.1112/50025579316000413 Published online by Cambridge University Press


https://doi.org/10.1112/S0025579316000413

480 M. VAN DEN BERG AND K. GITTINS

3/2
Uk/ — 6%k < 3 C _o-pp
———— < ot oYy
6721k 8t 8
3D __ 3 _ 1
22,02 — 1/2 + @kv,:l — !

T A g k

3 . C _e-pr, 3D _c-op -
< 8_7T+§Uk +?Vk +®kvk
< 3 4 Clont)-C-pry-e-py3

8 8

3D
n ?(6:12)_(2_9)/%_(2_9)/3 + @,

by Pélya’s inequality.

We know that O = #{(i1,i2,i3) € N° : i 4+ i3 + i3 = v/7w?} is the
number of integer lattice points in the first octant that lie on the sphere in
R3 which is centred at (0,0, 0) and has radius ”11/ 2 /m. It is well known that
#{(x1, x2, x3) € Z% 1 x7 + x3 + x5 = d} = 0(@'/*oW),

The following routine proof was communicated by T. Wooley. Letn = d —x32.
Now |x3| < d'/?, so, for x3 € [—d'/?,d'/*] N Z, there are at most 2d1/? + 1
possible values of n. If n = 0, then xf + x% = 0 has one solution (0, 0) € Z2.
Suppose that n # 0. Let R(n) denote the number of pairs (x1, x3) € Z? such that
x12 + x% = n. Then

#Hx.x0.x3) €2 ixf+x3+x3=d) <1+ Y Rd—2D).
lzl<d!/2
By [18, Corollary 3.23],
~1
R =4 J—
(n) > ( y )
dln,d>0,d odd

where the sum is taken over all positive, odd divisors of n and (_71) is the
quadratic residue symbol. Thus R(n) < 4D(n), where D(n) denotes the number
of positive divisors of n. By [18, Theorem 8.31], for every € > 0, there exists n,
such that, for n > n,,

D(n) < n(1+e)log2/loglogn’
which implies that D(n) = O (n€). Therefore
#{(x1, x2,x3) € 73 x% —I—x% —|—x§ =d}

<1+0< > (d—zz)e) <14 0@,

jel<d!?
S0 O = 0>y and O ! = 0 (v, /FHN) = 0 (k=130 Thus

3/2 2
— 671k 3
Ve TOmR < — + 0k @ P13y, (5.10)
612y 8
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So, by (5.6) and (5.10), we deduce that
1 1

1
el S R A (S N St N AT
Lk 2,k 3,k

Furthermore, by the arithmetic mean—geometric mean inequality applied to
1/af ; +1/a3 ; and by (5.11),

1
25" + o <3 Ok~ =PP), k- oo,
3,

Letas, = 1+ &, where 6; > 0. Then
20+ 82 +1 <3438 + 0k~ FPBy, k> oco.

Since a3, < 319, & < 399. Hence (1 + 8)%% > 1+ 38 + 12567 for 0 <
8k < 399 and we deduce that 8y < Ok~ @ P)/%) k — o0o. As this estimate is

independent of the subsequence (RaTk’a;k’a§k)k’ we arrive at the conclusion of
Theorem 1.1(ii). S O
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