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Randomk-set pool designs are known to be efficient but suffer the presence of
clones having identical test sets~hence indistinguishable!+ We propose a random
pool design with distinctk-sets+ We give an algorithm to generate the design and
compute the expected numbers of unresolved negatives and unresolved positives+
We show a relation between the two numbers which holds also for other random
designs; hence, it can be used to obtain their expected numbers of unresolved pos-
itives which are not known+Among these other random designs, the random size-k
design is a new design+

1. INTRODUCTION

A pool design can be represented by at 3 n 0-1 matrix where each column is labeled
by a clone and each row by apool. A 1 entry in cell ~i, j ! implies that clonej is
contained in pooli+ For a given probe associated with a prespecified DNA fragment
F, a clone is calledpositiveif it containsF, andnegativeif not+ The goal of a pool
design is to identify the positive clones by probing thet pools+ The outcome of a
probing is also binary:A negative outcomeimplies that no clone in the pool is pos-
itive and apositive outcomeimplies the existence of a positive clone in the pool, but
the number of such clones and their identities are not revealed+

Pool designs are also callednonadaptive group testing algorithms@4# which
have broader applications~a probe is called agroupand a probing is atestthere!+
Typically, the literature on nonadaptive group testing algorithms assumes that tests
are error-free and insists that an algorithm separates the positive items~clones! from
the negative items without error+ In pool designs, probing errors are well recognized
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but ignored in most literature, as well as in this paper for easier analyses+ However,
ambiguities on the states of clones are allowed in a pool design+ At the end of the
probings, clones are classified into four categories for analysis purposes: resolved
positives, unresolved positives, resolved negatives, andunresolved negatives; “un-
resolved” means unidentified~note that the experimenter cannot distinguish the un-
resolved positives from the unresolved negatives!+ Let P, OP, N, and PN denote their
respective numbers+For givent andn, the goal is to minimizeE~ OP! andE~ PN!,where
E is the expectation function+ Barillot et al+ @2# first proposedE~ PN! as the goal+

Balding et al+ @1# gave an excellent survey on pool designs+ There are two gen-
eral categories of pool designs: deterministicandrandom; the latter category has the
advantage of being applicable to anyt and n+ Among the random designs, they
especially praised the effectiveness of therandom k-setdesigns, first proposed by
Bruno et al+ @3# , in which the columns are thek-subsets randomly chosen from the

S t
kD k-subsets of the set$1, + + + , t%+ They backed up the effectiveness claim by some

examples+
Although we heartily agree that the randomk-set design is an excellent choice,

it is worthwhile to point out that it does have the following undesirable consequences:

i+ Two columns may be identical+ Then, when one of them is positive and the
other negative, the design will not be able to distinguish which is which+

ii + Two rows may be identical+ Then, one probing is wasted+
iii + A row can be empty~all zero!+ Again, a probing is wasted+

Note that the term “column”~row! is used in two ways+ When we say two
“columns” are identical, we refer to the column vectors in the matrix; however,
when we say a “column” is positive, we refer to the clone labeling the column+

There are sound reasons to tolerate these dire consequences+ In a randomk-set
design, the columns can be independently constructed, whereas the construction of
a randomk-set has routine methods+ By forbidding two columns to be identical, or
two rows to be identical, or a row to be empty, we destroy the independence of the
columns,which will not only complicate the construction but also harden the analysis+

In this paper, we offer a partial solution by proposing the random distinctk-set
pool designs in which the columns are distinct+We give an algorithm to construct
such a design for anyt andn+We also give an analysis along the same line given in
Balding et al+ @1# + Finally, we propose a relation betweenE~ OP! andE~ PN!, which
holds for general random designs+ Although we are not doing anything to remedy
consequences~ii ! and~iii ! per se, it is believed that the column distinctness will help
reduce the likelihood that they will occur+

2. CONSTRUCTION OF THE RANDOM DISTINCT k-SET DESIGN

The naive way to forbid identical columns is to draw thek-subsets randomly, but
replace a recurrent one with anotherk-subset+ The problem of this approach is that it
is time-consuming+ Supposej distinct columns have been drawn+ The probability
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that the~ j 1 1!st column randomly drawn is also distinct is

FS t

kD2 jGYS t

kD+
Thus, the expected number of drawings is

(
j50

n21 S t

kD
S t

kD2 j

5 OSnS t

kDD+
Let f ~k, t! denote the time required to draw a randomk-subset from at-set+ Then the

expected time for the naive algorithm isOSnS t
kD f ~k, t!D, versusO~nf ~k, t!! for the

nonrestrictive design+We now give anOSf Sn,S t
kDDD time construction+

We first give a one–one mapping between the set ofS t
kD k-subsets and the set

T 5 H1, + + + ,S t
kDJ+ Let j [ T+We transformj to ak-set$ j1, + + + , jk%+

Step 1.Setx 5 t 2 1, y 5 k, andz5 1SSxyD 5 0 if x , yD+

Step 2.If j . SxyD, setjz5 t 2 x, x5 x21, y5 y21, z5 z11, andj 5 j 2 SxyD+
Step 3.If j # SxyD, setx 5 x 2 1+

Step 4.Go back to Step 2+ If z5 k 1 1, stop+

Example: Supposet54 andk52+ The following table gives the transformations of
all j 51, + + + ,6+ A row labeled by. shows when Step 2 applies+ j ' is the new value of
j after Step 2+

j 1 2 3 4 5 6

. S1

2D S2

2D S2

2D S3

2D S3

2D S3

2D
j1 3 2 2 1 1 1

j ' 1 1 2 1 2 3

. S0

1D S0

1D S1

1D S0

1D S1

1D S2

1D
j2 4 4 3 4 3 2

RANDOM k-SET POOL DESIGNS 51

https://doi.org/10.1017/S0269964800141051 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964800141051


Theorem 1: The above algorithm yields a one–one transformation between the set

of k-subsets and the setH1, + + + ,S t
kDJ+

Proof: There are exactlyS t
kD 2 St 2 1

k D k-subsets containing the index 1+ The

algorithm maps thesek-subsets to theS t
kD 2 St 2 1

k D largest numbers inT+ These

k-subsets are then reduced to~k21!-subsets of the set$2, + + + , t%+ The same argument
applies+

With the one–one mapping available, all it takes is to draw a randomn-subset

from the setH1, + + + ,S t
kDJ+ n

3. ANALYSIS

We assume that the numberd of positive clones is given throughout this section+
Since, in practice, the knowledge ofd is never certain,we do not allow an automatic
identification of a clone as negative solely based on the fact thatd positive clones
have been identified elsewhere+ Our analysis essentially follows the approach of
Balding et al+ @1# +

Row i is said to intersect columnj if cell ~i, j ! contains a 1-entry+Call a pool with
a negative outcome anegative pooland call the set of negative pools anegative set.
Let K~i ! denote the probability that a given set ofi pools is the negative set+

Lemma 2:

K~i ! 5 (
h5i

t

~21!h2i S t 2 i

h 2 iDSSt 2 h

k D
d

DYSS t

kD
d
D+

Proof: Let H be a set ofh pools containing thei given pools+ There areSt 2 h
k D

distinctk-subsets not intersectingH+ Hence, there are

SSt 2 h

k D
d

D
ways of choosingd suchk-subsets+ If thesed k-subsets are the positive clones, then

no positive clone is contained inH+ By noting thatS t 2 i
h 2 iD is the number of ways of

choosingH, Lemma 2 follows immediately from the inclusion–exclusion principle+
n

Theorem 3:

P~ PN 5 j ! 5 (
i50

t S t

iDK~i !SSt 2 i

k D2 d

j
DSS t

kD2 St 2 i

k D
n 2 d 2 j

DYSS t

kD2 d

n 2 d
D +
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Proof: Suppose the negative set is of cardinalityi+ A negative clone is unresolved
if and only if none of itsk indices is in the negative set+ Therefore, its k indices must
be chosen from thet 2 i rows not in the negative set; but so are thek indices of a
positive clone+ Therefore, the number of choices for thej unresolved negatives is

SSt 2 i

k D2 d

j
D+

On the other hand, thek indices of a resolved negative cannot all be outside of the
negative set+ Therefore, the number of choices for then 2 d 2 j resolved negatives
is

SS t

kD2 St 2 i

k D
n 2 d 2 j

D+
Theorem 3 follows by averaging overi+ n

We could useP~ PN 5 j ! to computeE~ PN!+ However, there is a more direct
argument+

Theorem 4:

E~ PN! 5 ~n 2 d! (
i50

t S t

iDK~i !FSt 2 i

k D2 dGYFS t

kD2 dG +
Proof: Since expectation is a linear function+ E~ PN! can be obtained by multiplying
~n 2 d! to the expected value that a single negative clone is unresolved, which can
be obtained by settingn 2 d 5 j 5 1 in Theorem 3+ n

E~ OP! was not discussed for either the randomk-set design or the random inci-
dence design~relaxing thek-set restriction!+ Here, we give a method to approxi-
mately computeE~ OP! for the random distinctk-set design, which also works for the
other two random designs+

We give an approximate relation betweenE~ OP! and E~ PN!+ To show such a
relation, we need to display the parameterd as a subscript of theE function+

Theorem 5:

Ed~ OP! ' d (
j50

n2d

P~ PN 5 j !Ed211j ~ PN!0@n 2 ~d 2 1 1 j !# +

Proof: Given that PN 5 j, then a positive cloneC is unresolved if and only if there
does not exist a pool which containsC but no other positive clones or unresolved
negatives+ This is the same condition for a negative clone to be unresolved except
only the nonexistence of positive clones is required there+ Therefore, the former
probability can be obtained from the latter by replacingd, the number of positives,
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with d 2 1 1 j, the number of other positives and unresolved negatives+ Since the
relation is on a per clone basis, we have to divideEd211j ~ PN! by n2 ~d211 j ! and
to multiply byd to obtainEd~ OP!+ The reason that the relation is not exact is because
the distribution of indices ofC is not independent of unresolved negatives+ n

We may also compute the total number of unresolved clones fromE~ PN1 OP! 5
E~ PN! 1 E~ OP!+ Explicit expressions for optimal choices ofk to minimize E~ PN!,
E~ OP!, andE~ PN 1 OP! are still unknown+

4. RESULTS ON SOME OTHER MODELS

Theorem 5 and its proof also hold for some other random designs+

4.1. Random Incidence Design

Each clone has probabilityp of being included in a pool+ This design was discussed
in @1# andE~ PN! given+Here,we giveP~ PN5 j !,which is needed in computingE~ OP!+

Theorem 6: For the random incidence design,

P~ PN 5 j ! 5 (
i50

t S t

iD~12 p! id @12 ~12 p!d # t2i Sn 2 d

j D
3 ~12 p! ij @12 ~12 p! i # n2d2j+

Proof: The probability that a given pool does not contain a positive clone is
~1 2 p!d+ Hence, the probability that none ofi given pools contains a positive
clone is ~1 2 p! id+ The probability that the othert 2 i pools each containing a
positive clone is@1 2 ~1 2 p!d# t2i+ Finally, the probability that exactlyj negative
clones are contained in thet 2 i pools follows the binomial distribution as given
at the end of Lemma 6+ n

The special casej 5 0 was given in@1# , which also showed thatE~ PN! is mini-
mized by settingp 5 ~d 1 1!21+

4.2. Random k-Set Design

Again, E~ PN! andP~ PN5 0! were given in@1# , but notP~ PN5 j !+ Let W~i ! denote the
probability that a given setI of i clones is the negative set+

Lemma 7:

W~i ! 5 (
h5i

t

~21!h2i S t 2 i

h 2 iDFSt 2 h

w DYS t

wDGd

+
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Proof: The probability thath pools includingI not containing any positive clone is

S t 2 i

h 2 iDFSt 2 h

w DYS t

wDGd

,

where S t 2 i
h 2 iD is the number of ways of choosing the otherh 2 i pools and

St 2 h
w DYS t

wDis the probability that theh pools do not contain a specific positive

clone+ Lemma 7 follows from the inclusion–exclusion principle+ n

4.3. Random k-Size Design

This design is dual to the randomk-set design in the sense that each row is a random
k-subset of the set$1, + + + ,n%+

Lemma 8:

P~ PN 5 n 2 d! 5 F12 Sn 2 d

k DYSn

kDG t

,

P~ PN 5 j ! 5 (
i51

t S t

iDFSn 2 d

k DYSn

kDG i F12 Sn 2 d

k DYSn

kDG t2i

3 (
l5j

n2d

~21! l2j Sn 2 d

l DFSn 2 d 2 l

k DYSn 2 d

k DG i

for 0 # j , n 2 d+

Proof: Suppose the negative set has cardinalityi+ If i 5 0, then every pool contains
a positive clone and no negative clone is identified+ Thus, PN 5 n 2 d+ This implies
that j , n 2 d implies i $ 1+ In P~ PN 5 j !, the term between the two sums is the
probability that the negative set is of cardinalityi, whereas the term after the second
sum is the probability that exactlyj negative clones are not contained in any of the
negative pools, computed by the inclusion–exclusion principle+ n

Note that ifi $1, then at least thek clones in a negative pool are identified; thus,

j # n 2 d 2 k+ This fact is reflected in Lemma 8 sinceSn 2 d 2 l
k D 5 0 for l . n 2

d 2 k+

Theorem 9:

Ek~ PN! 5 ~n 2 d!F12 Sn 2 d 2 1

k 2 1 DYSn

kDG t

+

Proof: Given a negative cloneC, the number of ways choosing a poolT containing

C but not any of thed positive clones isSn 2 d 2 1
k 2 1 D; namely, besidesC, the other

k 2 1 members ofT must be chosen from then 2 d 2 1 other negative clones+
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Therefore, the probability that there does not exist a pool containingC but no pos-
itive clones is given by the second factor ofEk~ PN! in Theorem 9+

Thek which minimizesEk~ PN! does not have an exact expression+ If we choose
k to ben0~d11! ~assuming divisibility!, thenk equals the expected size of a random
pool with optimal choice ofp+
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