Probability in the Engineering and Informational Sciencé4, 200Q 49-56 Printed in the US.A.

RANDOM AkSET POOL DESIGNS
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Randomk-set pool designs are known to be efficient but suffer the presence of
clones having identical test sdiisence indistinguishableWe propose a random

pool design with distinck-sets We give an algorithm to generate the design and
compute the expected numbers of unresolved negatives and unresolved positives
We show a relation between the two numbers which holds also for other random
designshenceit can be used to obtain their expected numbers of unresolved pos-
itives which are not knowrAmong these other random desigtise random sizé-
design is a new design

1. INTRODUCTION

Apool design can be represented kiy<an 0-1 matrix where each column is labeled
by a clone and each row bypool. A 1 entry in cell(i,j) implies that clong is
contained in pooi. For a given probe associated with a prespecified DNA fragment
F, a clone is callegbositiveif it containsF, andnegativeif not. The goal of a pool
design is to identify the positive clones by probing thgools The outcome of a
probing is also binaryA negative outcomenplies that no clone in the pool is pos-
itive and apositive outcomanplies the existence of a positive clone in the paoit
the number of such clones and their identities are not revealed

Pool designs are also callednadaptive group testing algorithnid] which
have broader applicatioria probe is called groupand a probing is destthere.
Typically, the literature on nonadaptive group testing algorithms assumes that tests
are error-free and insists that an algorithm separates the positive(itkimes from
the negative items without errdn pool designgprobing errors are well recognized

© 2000 Cambridge University Press  0269-96d8 $1250 49

https://doi.org/10.1017/50269964800141051 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964800141051

50 F. K. Hwang

but ignored in most literatur@s well as in this paper for easier analydéswever
ambiguities on the states of clones are allowed in a pool de8igihe end of the
probings clones are classified into four categories for analysis purpessslved
positives unresolved positivesesolved negativesndunresolved negativesun-
resolved” means unidentifigthote that the experimenter cannot distinguish the un-
resolved positives from the unresolved negativest P, P, N, andN denote their
respective numberEor givent andn, the goal is to minimiz& (P) andE(N), where
E is the expectation functiomBarillot et al [2] first proposed=(N) as the goal
Balding et al[1] gave an excellent survey on pool desighisere are two gen-
eral categories of pool desigrdeterministi@andrandom the latter category has the
advantage of being applicable to ahyndn. Among the random designthey
especially praised the effectiveness of taadom k-setlesignsfirst proposed by
Bruno et al[3], in which the columns are thesubsets randomly chosen from the

(ﬁ) k-subsets of the sé1, ..., t}. They backed up the effectiveness claim by some

examples
Although we heartily agree that the rand@érset design is an excellent chojce
itis worthwhile to point out that it does have the following undesirable consequences

i. Two columns may be identicalhen when one of them is positive and the
other negativethe design will not be able to distinguish which is which
ii. Two rows may be identicalThen one probing is wasted
iii. Arow can be emptyall zerg. Again, a probing is wasted

Note that the term “column({row) is used in two waysWhen we say two
“columns” are identicalwe refer to the column vectors in the matrixowever
when we say a “column” is positiveve refer to the clone labeling the column

There are sound reasons to tolerate these dire consequbenaeandonk-set
design the columns can be independently constructdtereas the construction of
a randonk-set has routine methodBy forbidding two columns to be identicadr
two rows to be identicabr a row to be emptywe destroy the independence of the
columnswhich will not only complicate the construction but also harden the analysis

In this paperwe offer a partial solution by proposing the random distiaset
pool designs in which the columns are distindte give an algorithm to construct
such a design for anyandn. We also give an analysis along the same line given in
Balding et al [1]. Finally, we propose a relation betwe&{P) andE(N), which
holds for general random desigidthough we are not doing anything to remedy
consequenced$ ) and(iii ) per seitis believed that the column distinctness will help
reduce the likelihood that they will occur

2. CONSTRUCTION OF THE RANDOM DISTINCT A-SET DESIGN

The naive way to forbid identical columns is to draw #subsets randomjyut
replace arecurrent one with anottesubsetThe problem of this approach is that it
is time-consumingSupposg distinct columns have been drawrhe probability
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that the(j + 1)st column randomly drawn is also distinct is

t\ t

k) 1/ \k)
Thus the expected number of drawings is

t

n—1 k t
=0]|n .
EO t\ < <k>>
Kk -

Letf(k,t) denote the time required to draw a randkisubset from &set Then the
expected time for the naive aIgorithm(Es(n(ﬁ) f (K, t)>, versusO(nf(k,t)) for the

nonrestrictive design\Ve now give arD (f <n(|t())> time construction
We first give a one—one mapping between the se(tltéfk—subsets and the set

T= {L(f()} Letj € T. We transfornj to ak-set{j,,...,ji}-
Step L.Setx=t—1Ly=k andz=1((}) =0if x<y).

Step 2.If j > (;;),seth:t—x,x=x—Ly=y—Lz=z+Landj =j- <§)
Step 3.If j = (§) setx=x— 1.
Step 4.Go back to Step .Af z=k + 1, stop

Example: Suppose = 4 andk = 2. The following table gives the transformations of

allj=1,...,6. Arow labeled by> shows when Step 2 appligsis the new value of
j after Step 2

i 4 4 3 4 3 2
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THEOREM 1: The abwoe algorithm yields a onene transformation between the set
of k-subsets and the s%],(f()}
. ty _ (t—1)\ . N i
Proor: There are exactly i k) k-subsets containing the index The

algorithm maps thesk-subsets to the{f() - (t T(l) largest numbers iff. These
k-subsets are then reducedko- 1)-subsets of the s¢, ..., t}. The same argument

applies

With the one—one mapping availab#dl it takes is to draw a randomsubset
from the set{],...,(ﬁ)}. u
3. ANALYSIS

We assume that the numbeof positive clones is given throughout this section
Since in practice the knowledge ofl is never certaipwe do not allow an automatic
identification of a clone as negative solely based on the factdipaisitive clones
have been identified elsewhem®ur analysis essentially follows the approach of
Balding et al[1].

Rowi is said to intersect colunjnf cell (i, j ) contains a 1-entryall a pool with
a negative outcomergegative poolnd call the set of negative poolsiagative set.
Let K(i) denote the probability that a given setigfools is the negative set

LEMMA 2:
s (OO (G
K(i):E(_l)h_i<h—i> k k
h=i d d
t—h)

Proor: Let H be a set oh pools containing thé given pools There are( K
distinctk-subsets not intersectirtd. Hence there are

-

ways of choosingl suchk-subsetslf thesed k-subsets are the positive clondsen
no positive clone is contained k. By noting that(ﬁ _ ',) is the number of ways of
choosingH, Lemma 2 follows immediately from the inclusion—exclusion principle

THEOREM 3:
-5 0ol ([0

j n—d-—j n—d
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Proor: Suppose the negative set is of cardinalith negative clone is unresolved
if and only if none of itkindices is in the negative s@thereforeits kindices must
be chosen from the— i rows not in the negative sdbut so are thd indices of a
positive cloneThereforethe number of choices for tHaunresolved negatives is

()

On the other hanahek indices of a resolved negative cannot all be outside of the
negative setThereforgthe number of choices for the— d — j resolved negatives

is
t t—i
k/ \ k
n—d-—j
Theorem 3 follows by averaging over [ ]
We could useP(N = j) to computeE(N). However there is a more direct
argument
THEOREM 4:

w003l () ()4

Proor: Since expectation is a linear functid®(N) can be obtained by multiplying
(n— d) to the expected value that a single negative clone is unresoi@dh can
be obtained by setting— d=j =1 in Theorem 3 u

E(P) was not discussed for either the randkiset design or the random inci-
dence desigiirelaxing thek-set restriction Here we give a method to approxi-
mately computé& (P) for the random distindt-set designwhich also works for the
other two random designs

We give an approximate relation betweEfP) and E(N). To show such a
relation we need to display the parametkas a subscript of thE function

THEOREM 5:

n—d
Eq(P) ~d ZO P(N=j)Eg-1+(N)/[n=(d=1+])].

iz
Proor: Given thatN = j, then a positive clon€ is unresolved if and only if there
does not exist a pool which contai@sbut no other positive clones or unresolved
negativesThis is the same condition for a negative clone to be unresolved except
only the nonexistence of positive clones is required théherefore the former
probability can be obtained from the latter by replacihthe number of positives
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with d — 1 + j, the number of other positives and unresolved negatisexe the
relation is on a per clone basige have to dividdey_; (N)byn—(d—1+j)and

to multiply by d to obtainEy(P). The reason that the relation is not exact is because
the distribution of indices o€ is not independent of unresolved negatives B

We may also compute the total number of unresolved clones E@i+ P) =
E(N) + E(P). Explicit expressions for optimal choices kfto minimize E(N),
E(P), andE(N + P) are still unknown

4. RESULTS ON SOME OTHER MODELS

Theorem 5 and its proof also hold for some other random designs

4.1. Random Incidence Design

Each clone has probabilifyof being included in a pooThis design was discussed
in[1] andE(N) given Here we giveP(N = j), which is needed in computirg(P).

THEOREM 6: For the random incidence design

_ t/t _ (n—d
P(N =) =§<i>(l—p>'d[1—<1—p>d]t'<”j )

X (1-piL-@-pi]ne
Proor: The probability that a given pool does not contain a positive clone is
(1 — p)Y Hence the probability that none of given pools contains a positive
clone is(1 — p)'9. The probability that the other — i pools each containing a
positive clone i1 — (1 — p)¢]*"". Finally, the probability that exactly negative
clones are contained in the- i pools follows the binomial distribution as given
at the end of Lemma.6 u

The special casg= 0 was given iff1], which also showed tha&(N) is mini-
mized by settingp = (d + 1) %

4.2. Random k-Set Design

Again, E(N) andP(N = 0) were given if 1], but notP(N = j). Let W(i ) denote the
probability that a given sdtof i clones is the negative set

w2 ()W)
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Proor: The probability thah pools including not containing any positive clone is

Gl

) is the number of ways of choosing the other— i pools and

where (rt] —i

(t ;vh>/<vtv)is the probability that thé pools do not contain a specific positive
clone Lemma 7 follows from the inclusion—exclusion principle u

4.3. Random k-Size Design

This design is dual to the randdiyset design in the sense that each row is a random
k-subset of the sdfl,...,n}.

()]
eSO O (0]
S ()

Proor: Suppose the negative set has cardinalityi = 0, then every pool contains
a positive clone and no negative clone is identifiedus N = n — d. This implies
thatj < n— dimpliesi = 1. In P(N = j), the term between the two sums is the
probability that the negative set is of cardinalitywhereas the term after the second
sum is the probability that exactjynegative clones are not contained in any of the
negative poolscomputed by the inclusion—exclusion principle u

LEMMA 8:

forO=j<n-—d

Note thatifi = 1, then at least thkclones in a negative pool are identifigdus
j=n—d-—k This fact is reflected in Lemma 8 sino{é‘ N E B ') =0forl >n-—

= --ofa- (72, )/ )]

Proor: Given a negative clon€, the number of ways choosing a pdotontaining
C but not any of thel positive clones is(n K 9 1 1); namely beside<C, the other
k — 1 members ofl must be chosen from the — d — 1 other negative clones

THEOREM 9:
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Therefore the probability that there does not exist a pool contairigut no pos-
itive clones is given by the second factor®{N) in Theorem 9

Thek which minimizesE,(N) does not have an exact expressibmve choose
kto ben/(d + 1) (assuming divisibility, thenk equals the expected size of arandom
pool with optimal choice op.
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