Econometric Theory, 33,2017, 1306-1351.
doi:10.1017/S0266466616000426

ROBUST FORECAST COMPARISON

SAINAN JIN
Singapore Management University

VALENTINA CORRADI
University of Surrey

NORMAN R. SWANSON
Rutgers University

Forecast accuracy is typically measured in terms of a given loss function. However,
as a consequence of the use of misspecified models in multiple model comparisons,
relative forecast rankings are loss function dependent. In order to address this is-
sue, a novel criterion for forecast evaluation that utilizes the entire distribution of
forecast errors is introduced. In particular, we introduce the concepts of general-loss
(GL) forecast superiority and convex-loss (CL) forecast superiority; and we develop
tests for GL (CL) superiority that are based on an out-of-sample generalization of
the tests introduced by Linton, Maasoumi, and Whang (2005, Review of Economic
Studies 72, 735-765). Our test statistics are characterized by nonstandard limiting
distributions, under the null, necessitating the use of resampling procedures to obtain
critical values. Additionally, the tests are consistent and have nontrivial local power,
under a sequence of local alternatives. The above theory is developed for the sta-
tionary case, as well as for the case of heterogeneity that is induced by distributional
change over time. Monte Carlo simulations suggest that the tests perform reasonably
well in finite samples, and an application in which we examine exchange rate data
indicates that our tests can help identify superior forecasting models, regardless of
loss function.

1. INTRODUCTION

Forecast comparison has a long history in econometrics. When forecast compari-
son is based upon the evaluation of forecast errors, loss functions are usually spec-
ified and are defined in terms of (conditional) moments of forecast errors, such as
mean squared forecast error (MSFE) and mean absolute forecast error (MAFE).
Unfortunately, the forecast superiority of one model, relative to other models,
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is dependent on the loss function that is specified. To circumvent this issue,
Granger (1999) proposes the use of a generalized loss function, L(-), with the
following properties: (1) L(e) = 0, if the forecast error e = 0; (2) L(e) > 0 and
Min,L(e) = 0; and (3) L(e) is monotonically nondecreasing, as ¢ moves away
from zero, i.e., L(e1) > L(ez), ife; > ex > 0, orif e < e < 0. We term the class
of loss functions that satisfy the above three properties as general loss (GL or L)
functions. A second class of loss functions is defined as convex loss (CL or L¢)
functions, if in addition to satisfying the above three properties, they are convex.
Some examples of convex functions include MSFE and MAFE, as well as several
asymmetric functions, such as lin-lin and linex functions. For further discussion,
refer to Elliott and Timmermann (2004).

A natural question arising from the above discussion is the following. How
can we assess different forecasts under generalized loss functions? In particular,
suppose that there are / sets of forecasts, with corresponding sequences of one-
step-ahead forecast errors, {e1;}, {€x},...,{err}, such that the forecasts are to be
ranked the same way, regardless of loss function. In this context, the objective is
to introduce forecast evaluation procedures that are robust to the choice of loss
function. In order to do this, we introduce two concepts: GL forecast superiority
and CL forecast superiority. Simply put, a forecast error sequence GL outperforms
other sequences if an economic agent with a GL loss function prefers the former
to the latter. Similarly, a forecast error sequence CL outperforms other sequences
if an economic agent with a CL loss function prefers the former to the latter. In the
sequel, we establish links between tests for GL (CL) forecast superiority and tests
for first (second) order stochastic dominance. This allows us to develop a fore-
cast evaluation procedure that is based on an out-of-sample generalization of the
tests introduced by Linton, Maasoumi, and Whang (2005, hereafter LMW). As
our tests are based on the empirical distributions of raw forecast errors, they are
robust not only to the choice of the loss function, but also to the possible presence
of outliers. The approach of using stochastic dominance to rank distributions of
forecast errors has previously been discussed by Corradi and Swanson (2013),
although they provide no theory, and their proposed tests are loss function spe-
cific. An alternative somewhat related measure called stochastic error loss is dis-
cussed in Diebold and Shin (2015).

Since the influential work of Meese and Rogoff (1983), it has become standard
practice to select models using out-of-sample forecast comparison. For this rea-
son, much attention in recent years has been given in the econometrics literature to
the issue of out-of-sample predictive accuracy testing. See Corradi and Swanson
(2006), and the references cited therein for a comprehensive survey of recent de-
velopments in forecast comparison methodology. Several features characterize
much of the extant literature in this area. First, most of the tests are based upon
moments, or conditional moments, of forecast errors, and researchers must spec-
ify the objective function (e.g., loss function or likelihood function) in order to
carry out forecast evaluation. Second, all of the tests are out-of-sample based,
although some (e.g., Diebold and Mariano, 1995, hereafter DM) assume that
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parameter estimation error is asymptotically negligible, while others account for it
when constructing test critical values (e.g., Corradi and Swanson, 2005). Finally,
most of them assume that the underlying stochastic process is stationary, which is
restrictive in many empirical applications (e.g., in labor economics and macroe-
conomics). Indeed, we argue that it is fundamentally important to consider the
possibly heterogeneous nature of economic variables, and develop corresponding
evaluation techniques (see, e.g., Giacomini and White, 2000).

As alluded to above, our objective in this paper is to propose alternatives to
moment-based predictive accuracy tests. Namely, we develop distribution-based
tests. These tests are viewed as important, because moment-based criteria only look
in particular directions when used to examine forecast errors. GL and CL forecast
superiority, on the other hand, is based on the evaluation of the entire forecast error
distribution and does not require knowledge or specification of a loss function. In-
deed, our forecast evaluation testing procedures are based directly on the evaluation
of F(e), the CDF of the forecast error. Moreover, our procedures take parameter
estimation error and data dependence into account. Given null hypotheses spec-
ified in terms of inequality constraints, we develop limit theory establishing that
our tests are consistent and have nontrivial local power under a sequence of lo-
cal alternatives. Additionally, the asymptotic null distributions of the test statistics
are nonstandard, and resampling procedures are used to obtain the critical values.

A preponderance of tests based on (conditional) moments of forecast errors
requires an assumption that the underlying stochastic process is stationary. One
possible explanation for this assumption is the relative ease with which asymptotic
properties of corresponding test statistics can be derived. At the same time, one
popular explanation for systematic out-of-sample forecast failure in economics
is the prevalence of time varying underlying data generating processes. In light
of this fact, we provide a generalization of our testing procedures to a particular
type of nonstationarity (i.e., heterogeneity), which is induced by distributional
change over time. In the case of stationarity, the pseudo true parameters of all
competing models can be estimated consistently, and parameter estimation error
is taken into account when deriving the asymptotic properties of our tests. In the
case of heterogeneity, there is no need for consistent estimation of the parameters,
which may change over time.

It is worth stressing that our testing procedures can be adapted to forecast com-
bination. This is relevant, given that it has become attractive in the literature to
combine competing professional forecasts or survey predictions, to aggregate
crowd wisdom collected from different sources, and to combine forecasts gen-
erated by different econometric models, for example. The reason for this is that
combined forecasts often outperform the “best” individual forecasts (see Elliott
and Timmermann, 2004, for detailed discussion). However, in standard proce-
dures used in this literature, optimal forecast weights are generally loss function
dependent. In our context, one can evaluate different forecast combinations, and
select combination weights based on GL and CL forecast superiority. This line of
investigation is left to future research.
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The rest of the paper is organized as follows. Section 2 introduces hypotheses
and test statistics under the assumption that the underlying stochastic process is
stationary. In Section 3, we derive the asymptotic distribution of these test statis-
tics, and establish the first order asymptotic validity of a bootstrap procedure used
to construct test critical values. Section 4 studies the power properties of the test
statistics, and of their associated bootstrap analogs, under local and global alterna-
tives. In Section 5, we extend our results to heterogeneous processes. We examine
the finite sample performance of the tests in a series of Monte Carlo simulations
and report findings from these simulations in Section 6. An empirical illustration
in which we examine exchange rate data for six industrialized countries is dis-
cussed in Section 7. Concluding remarks are gathered in Section 8. All technical
details are in the Appendix and in an online supplement.

2. HYPOTHESES AND TESTS

In this section, we discuss testing for GL and CL forecast superiority. The tests
allow for parameter estimation error, data dependence, and comparison of multi-
ple models; but require the underlying processes to be strictly stationary. We first
make the following loss function (L) assumption.

Assumption A.0. L : R — Rt is continuously differentiable, except for
finitely many points, with derivative L’, such that L'(z) < 0, for all z < 0, and
L'(z) >0, forall z > 0.

DEFINITION 2.1. e; General-Loss (GL) outperforms ez, denoted as e1 =G e2,
if and only if
E(L(e1)) < E(L(e2)),
forall L € Lg. ey Convex-Loss (CL) outperforms ey, denoted as ey =¢ ez, if and
only if
E(L(e1)) < E(L(e2)),
forall L € Lc.

As discussed below, in this paper we assume that e; and e, are sequences of
forecast errors, in which case the above definition pertains to our notion of GL/CL
forecast superiority. In order to connect this notion of forecast superiority to
stochastic dominance principles, we now establish a mapping between GL fore-
cast superiority and first order stochastic dominance. We also establish linkages be-

tween CL forecast superiority and second order stochastic dominance. These results
are instrumental for deriving direct tests for GL/CL forecast superiority. Define

G(x) = (F2(x) — F1(x))sgn(x), 2.1

where sgn(x) =1, if x >0, and = —1, if x <0; and

Clx) = / (Fi(0) = Fx(0)d11(x < 0)+ / (Fa(t) = Fi())dr1(x = 0), (2.2)
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where 1(-) denotes the indicator function, which takes the value 1 if the condition
is met, and O otherwise.

PROPOSITION 2.2. Suppose that Assumption A.O holds. Then, E(L(e1)) <
E(L(e2)), forall L € Lg, if and only if

G(x) <0, forall x e X. 2.3)

PROPOSITION 2.3. Suppose that ffoo(Fl (t) — F2(1)dtl(x < 0) and
fXOO(Fz(t) — Fi(t))dt1(x > 0) are well defined, for each x € X. Suppose also
that Assumption A.O holds. Then, E(L(e1)) < E(L(e2)), forall L € L¢, if and
only if
C(x) <0, forall xe X. 2.4)

Remarks. First, before implementing formal tests of GL forecast superiority,
we can construct a graph that contains a plot of G(x) against x. When e; =¢ e2,
we expect all points to lie below or on the zero line. In other words, a crossing of
the zero line in the graph indicates a violation of GL forecast superiority. Simi-
larly, we can construct a graph that contains a plot of C(x) against x. When e; =¢
e2, we expect all points to lie below or on the zero line. In other words, a crossing
of the zero line in the graph indicates a violation of CL forecast superiority.

Second, if G(x) =0, for all x, in principle it is irrelevant whether one specifies
the null as G(x) < 0 or G(x) > 0. This is a well-known feature, or drawback, of
tests for stochastic dominance. We adopt the weak concept of forecast superiority
in the above propositions, in order to facilitate our specification of appropriate
null hypotheses in the sequel. Strong GL or CL forecast superiority requires that
strict inequality holds in (2.3) or (2.4), for some x € X.

Third, the above propositions only offer a partial ordering between forecast
errors. One can generalize the concepts discussed in this paper to third or higher
order stochastic dominance (as used in finance, for example). Naturally, higher
order stochastic dominance relations correspond to increasingly smaller subsets
of L¢, and careful interpretation is needed to justify such generalizations.

Fourth, we can equivalently define the above forecast superiority concepts in
terms of quantiles. We do not pursue this further in this paper, for the sake of
brevity. Finally, it should be noted that econometric tests for the existence of
“ordered” forecast superiority involve composite hypotheses on inequality
restrictions. These restrictions may be equivalently formulated in terms of
distribution functions, quantiles, or moments.

2.1. Basic Framework and Test Statistics

Suppose that there are [ sets of forecast errors, ey, ..., e, resulting from [ fore-
casting models. Predictions are made for n periods, indexed from R to T, so that
n =T — R+ 1. The predictions are made for a given forecast horizon, 7.

With a little abuse of notation, we denote X to be the union of the sup-
ports of all forecast errors. Let {ex ;4. 1t =1,...,T} be realizations of e, for
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k=1,...,1. Suppose further that {ex ;4. : t = 1,...,T} depends on an unknown
finite dimensional parameter, Sy € O C RLx and

ekttt = Yiyr —mi(Zii47, Pro)

=Yy —mi(Z40, Bo)s
where the random variables, Y; € R, Z;; RP 7, is a P x 1 random vector
comprised of the collection of all predictive regressors, fo = (8. ..., f)y) is
the pseudo true parameter vector on the parameter space ® = HL] Ok, my :

R x O — R, and iy : R x ® — R. Note that Zi 1+7 1 observed at time ¢.
This notation is consistent with most of the literature on forecast comparison.
We allow for serial dependence of the realizations and mutual correlation across
forecast errors. Let ek, i+ (Sr) = Yipr — mi(Zk,141,Pr)s €ki+r = €k,i+1 (Pko),
and ey 14 = exr+:(By,), where f; , is some possibly nonlinear estimator of
S0, whose construction and properties are detailed below.

Following McCracken (2000), we consider three different estimation schemes:
recursive, rolling, and fixed. The schemes differ in how they obtain the sequence
of parameter estimates used to construct the sequence of forecasts and forecast
errors. Under the recursive scheme, the sequence of forecasts is generated using
updated parameter estimates. At each point in time, t = R, ..., T, the parame-
ter estimate, /ﬁ\kjt, depends on all observables, (Ys, Zk,s), s =1,...,t. Under the
rolling scheme, however, we use only a fixed window of the most recent R ob-
servations. That is, /ﬁ\k,, is formed using observations (YS, Zk,s) available from
s =t — R+ 1 through ¢. The fixed scheme is distinct from the previous two in that
the parameters are not updated when new observations become available. The pa-
rameter vector is estimated only once, and all n forecasts and forecast errors are
constructed using the same parameter estimate, Ek, ;= Ek, R-

In forecasting models where there is no parameter estimation error involved,
results analogous to those given below can be established using substantially sim-
pler arguments.

Hereafter, let ﬁk’, define the estimator for model k, at time . Fork =1, ...,1,
define

Fi (x, fr) = P(ek,i+: (Br) < x) and
T
Fin(v By ) =7 21 ek (Bis) ).
=R

where Ek RT = (ﬁ;@R, .. ,:E;(,T)/. We denote Fy(x) = Fy(x, fro). Now define the

following functionals of the joint distribution F(xy,...,x;) of (e1,...,e):

TGt = max sup Gi(x), TG~ = max sup Gp(x) 2.5)
k=2l e+ =2.lyex-

and

TCT= max sup Ci(x), TC™ = max sup Ci(x), (2.6)
=2 lyex+ k=2l e -
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where
Gr(x) = (Fr(x) — Fi(x))sgn(x), 2.7

and
Ck(x)z/x (F1(s)— Fx(s))ds1(x <O)+/ (Fx(s)—F1(s))ds1(x >0). (2.8)

In the sequel, without loss of generality, assume that the union of the sup-
ports, X, is bounded,! as in Klecan, McFadden, and McFadden (1991) and LMW.
Some of the recent literature on testing for stochastic dominance no longer re-
quires bounded support. This is typically accomplished by replacing the statis-
tics with trimmed versions thereof, in which the contribution of “extreme” values
of x is downweighted. Under mild additional conditions, the differences be-
tween the original and the weighted versions of the statistics become asymptot-
ically negligible. For further discussion of this topic, refer to equation (3) and
Assumptions 3(iii) in Linton, Song, and Whang (2010).

Notice that given the nature of our test, one only needs to verify stochastic
equicontinuity for x € X+ and x € X~ separately, where X+ = X NR* and
XT=XNR", with Rt = {x e R, x >0} and R~ = R\R™. The hypotheses of
interest can now be stated as

HI®: TGt <0NTG™ <0vs. H/®:TGT >0UTG™ >0 2.9)
and
HIC:TCt<0NTG™ <0vs. HIC:TCT > 0UTC™ > 0. (2.10)

In formulating the null hypothesis, HOT G we take e as the benchmark forecast er-
ror, i.e., we take the corresponding model (model 1, say) as the benchmark model.
Failure to reject the null implies that e; GL outperforms ex, fork =2,...,1. On the
other hand, rejection means that e¢; does not GL outperform ey, for k =2,...,1.
If we do not reject HOT G, we can discard all of the k = 2, ...,/ competitors, as
they are all GL dominated. Likewise for the CL forecast superiority test.

The test statistics that we consider are based on scaled empirical analogues of
(2.5) and (2.6). They are defined to be

TG} = max_ sup VnGi,(x), TG, = max_ sup Gy n(x)

----- xeX+ =2lpex-
and
TCH= max sup /nCi,(x), TC, = max sup «/nCyn(x),
k=2, e+ k=2,..lrex-
where G n(x) = (Fk,n (X;Eij:T)_Fl,n (x,EI’R:T))sgn(x) and
Ci,n(x) = {ffoo (Fl,n (S’EI,R:T) — Fin (S,Eij:T)) dsl(x <0)+

2 (P (Brr) = (B, )51 2 0]
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We next discuss how to compute the supremain TG, (T G,,)and TC;\ (TC;)),
and the integrals in 7C;5 (T'C;). There have been a number of suggestions in the

literature that exploit the step-function nature of Fy ("Ek . T) . The supremum

in TG;} (TG;)) can be exactly replaced by a maximum taken over all distinct
points in the combined sample. Different methods can be applied in simulations
and empirical applications to ensure good finite sample performance of the test.
Regarding the computation of T7C;" (T C,), using integration by parts, we can
compute Cy_, (x) with

T

Con) =~ S| [(errre (Bro) =) 5], ~[(exrre (Bro) =) s, ).

t=R

provided that Elei (| < oo, where [x]4+ = max{0, x}.

To reduce computation time, it may be preferable to compute approximations
to the suprema in TG, (T G,)) and TC,” (TC, ), by taking maxima over some
smaller grid of points, Xy = {x1,...,xn}, where N < n. Theoretically, the distri-
bution theory is unaffected by using this approximation, as the set of evaluation
points becomes dense in the joint support.

Note that in principle, one can also formulate HOT G as TG < 0 versus
TG > 0, where TG = klnzaxlsup (Fx(x) — F1(x))sgn(x), and one can pro-

----- xeX
ceed by constructing the following statistic: TG, = n%ax lsup VnGin(x) =
. . _ . SSeens xeX
kinzaxljg)(\/ﬁ (Fk,n (x,ék,R:T) —Fi, (x,él,R:T)) sgn(x). The problem here

is that there is a failure of stochastic equicontinuity around x = 0. Whether we
can address this by replacing the sign function with a smooth function is left to
future research. In the sequel, we rely on the formulation in (2.9)—(2.10).

3. ASYMPTOTIC NULL DISTRIBUTIONS

The hypotheses in (2.9) and (2.10) are composite hypotheses, since HOT G =
HOTG+0H0TG_, where HOTGJr :TGT <0 and HOTG_ : TG~ < 0; and since
HIC = HGgCJ“ﬁHOTC_, where HOTCJr :TCt <0and HOTC_ :TC~ <0.Hence,
in order to test HOTG, we separately test HOTG+ VvS. HITG+ and HOTG_ VS. HlTG_.
In this context, we (do not) reject the null at a level not higher than «, using Holm
bounds (Holm, 1979). Before establishing the asymptotic distributions of our test
statistics, we require a few assumptions.

3.1. Assumptions and Asymptotic Null Distributions

Let ||-]| denote the Euclidean norm and let [[X]|, denote the L, norm, with
(E|X|9)"/4, for a random variable X. Let sup;, denote supg<;<7, and >, denote

Z,T: r - We require the following assumptions in order to analyze the asymptotic
behavior of our test statistics.
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Assumption A.1.

i) {(Y,,Z,’( ) 1t > 1} is a strictly stationary and a-mixing sequence with
mixing coefficients a (/) = O (=), for some Cy > max{(g — 1)(g + 1),
1+2/0}, with k =1,...,1, where g is an even integer that satisfies ¢ > 3
(Lmax +1)/2. Here, Liyax = max{Ly,..., L;} and 0 is a positive constant.

(ii)) Fork =1,...,1, mi(Z;, fr) is differentiable a.s. with respect to S in the
neighborhood @y of fro, with My (Zy;, f) = (8/0)mi(Zi s, B) satisfy-
ing supgee,, 1Mk(Zir, B)ll2 < c0.

(iii) The conditional distribution, F(-|Zx,), of ek, given Zj ;, has bounded
density with respect to the Lebesgue measure a.s., and [|ex /||24+5 < oo, for
k=1,...,L

Assumption A.2. Fork =1,...,/and 7 =R, ..., T, the estimate ﬁk’, satisfies
Br.: — Bro = Bi(t)Hy (1), where By (r) is a P x Ly matrix and Hy(t) is Ly x 1,
with the following:

(i) Bi(t) = By a.s., where By is a matrix of rank Py;

(i) He(0)=t7" 3 his, RV Y, g his, and RTVY R iy for the re-
cursive, rolling and fixed schemes, respectively, where hy s = hi s (Sro);

(iif) E(hk,s(Bro) ) =0; and
v) |lhk,s (Bro)ll2+s < 0o, for some J > 0.
Assumption A.3.

(i) The function Fy(x, fx) is differentiable with respect to S in a neighbor-
hood ®gg of fro, fork=1,...,1.

(i) Fork =1,...,l, and for all sequence of positive constants {&, : n > 1}, such

that & — 0, supyex SUPS:|15—proll <& [ (@ Fk (x, B)/0f sgn (x) — Ago(x)) || =
O (&7, for some 7 > 0, where Ao (x) = dFi(x, fro)/dfsgn (x).

(iii) supyex ||Aro(x)|] <ocofork=1,...,1.

Assumption A4. R,n — o0, as T — 00, and lim7_,(n/R) = 7, such that
7 €[0,00).

For testing HOT €, we require the following modifications of Assumptions A.1
and A.3.

Assumption A.1.*

() {(Y:,Z;,) -t > 1} is astrictly stationary and a-mixing sequence with mix-
ing coefficients a (/) = O (I~€0), for some Co > max{rq/(r —q),1+2/0},
withk=1,...,landr > g > Lyax + 1, where ¢ is a positive constant.
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(ii)) Fork =1,...,1, mi(Zy, Pr) is differentiable a.s. with respect to S in the
neighborhood Oy of fro, with My (Zi;, ) = (0/0p)mi(Zy, ) satisfy-
ing supgeey, 1Mk (Zir, Bl < co.

(iii) ||ext||r < oo, fork=1,...,1.

Assumption A.3.*
(i) Assumption A.3(i) holds.

(i) For k =1,...,1, and for all sequences of positive constants {&, : n > 1},
such that & — 0, Suprex SUPB:B—pioll<c 1@/ o Fi(t, B)dil
(x < 0+ [0 — F(@,p)dil(x > 0)} — Ao(x)]| = 0(&)), for
some 7 > 0, where Ago(x) = (8/0){ [, Fi(t, Bro)dil(x < 0) +
[2( = Fi(t, Bro))di1 (x = 0)}.

(iii) supyex l|Ak0(X)]| < o0, fork=1,...,1.

Remarks. First, note that the first and third assumptions parallel those im-
posed by LMW. The only difference is that we strengthen the uniform conti-
nuity conditions in Assumptions A.3 and A.3*. Alternatively, one can assume
that the marginal distributions are second order continuously differentiable.
Assumption A.1 is needed in order to verify the stochastic equicontinuity of the
empirical process, for a class of bounded functions that appears in the 7G,, test.
Assumption A.1* introduces a trade-off between mixing sizes and moment con-
ditions, and is used to verify the stochastic equicontinuity result for the possibly
unbounded functions that appear in the 7 C,, test. For further details, see Hansen
(1996). Assumptions A.3 and A.3* differ in the amount of smoothness required.
For the CL forecast superiority test, less smoothness is required.

Second, it is worth stressing that Assumptions A.2 and A.4 are identical to
Assumptions 1 and 2 in McCracken (2000), respectively. Notice that we have
suppressed the dependence of By (r) and Hy () on the window size, R. See West
(1996) and McCracken (2000) for a discussion of this assumption.

Third, when there is no parameter estimation error, we can dispense with the
moment conditions for 7G,,, and only need a first moment condition for 7C,,.
The smoothness conditions on F, k = 1,...,l, and Assumption A.2 are also
redundant in this case.

In order to derive the asymptotic null distributions of our test statistics, we
define the following empirical processes in (x, f5):

T
of () = % 3 ekt (9) 00— il sz and

T X
0f (. ) = % ;R { /_ etrse () <) = Fels, f)lds1x < 0)

—/ [1(ex,r+:(B) < 5) — Fi(s, f)lds1(x > 0)]-
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~ ’ 7\ . . . .
Let (gk(o), D0» 1)10) be a mean zero Gaussian process with covariance function

given by
0F (1, B10) =0f , (o1, B1o)\ [ 0F , (2, Bro) = v, (2, 1)\ |
Qf (x1,x2) = Jim E N VnHpp ,
\/EHl,n \/EHl,n

3.1)

where Hy, = n! Z,TZR Hy(t). We analogously define (Ek('),v,’co,v’lo)/ to be a
mean zero Gaussian process with covariance function given by

of , (1, Br0) =5, (x1, 1)\ [0f, (2, Bro) =5, (2, B10)
Qi(xl,xz) = Tli—>m E «/ﬁHk,n NI .
L H H,
«/’_lHl,n «/’_lHl,n

3.2)

It is worth mentioning that the limiting distributions for \/r_zﬁk,n, k=1,...,1,
can be different depending on the forecasting schemes and the parameter z. If

we define I'x(j) = E (hkjth;{ I_j), we can verify that the limiting variance of
VnHy,, is givenby y 322 Tk(j), where

Scheme ~

Recursive, 7 =0 0

Recursive, 0 <7 <0 2[1 =z 'In(1 +7)]
Rolling, 7 <1 T —nx23

Rolling, | <7 < oo 1—@n)"!

Fixed .

Obviously, y =0, when 7 = 0, indicating the case where parameter estimation
error vanishes asymptotically. The limiting null distributions of our test statistics
are given in the following theorem.

THEOREM 3.1.
(a) Suppose that Assumptions A.1-A.4 hold. Then, under HOT G+,

TG,T=>kln2aX sup [8x (x) + Axo(x) Broko — A1o(x) Bivgol, if TGt =0

""" xEBf+
= —oco, if TGT <0, (3.3)
and under HOTG_,

TG‘=>kmax sup [k (x) + Aro(x) Broko — Ato(x)' Bioiol, if TG~ =0

,,,, 8=
xeBB;

= —o0, if TG~ <0, 34)

where Bf+ ={xe Xt : Fi(x) = Fr(x)} and Bf_ ={xeX ™ : Fi(x)=
Fie(x)}.
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(b) Suppose that Assumptions A.1*, A.2, A.3*, and A.4 hold. Then, under

TC+:>krnaxl sup [Tk (x) + Ao (x) Brvko — A1o(x) Biviol, if TCT =0

=Z,... Cc+
>l xeBy

= —o0, if TCT <0, (3.5
and under HOTC_ R

TC;:kn%axl sup [Cx(x) + Ago(x) Brvro — Ato(x) Biojol, if TC™ =0

e C—
vt xeBBy

— —oo0, if TC™ <0, (3.6)

where Byt = {x € Xt : [Z(Fi(s) — Fx(s))ds1(x > 0) =0} and B;~ =
fxe X [1 (Fi(s)— Fi(s))ds1(x < 0) =0}.

The asymptotic null distributions of TG} (T G;;) and TC,S (T C;;’) depend on
the pseudo true parameters, {fxo : k = 1,...,1}, and the distribution functions,
{Fi() : k =1,...,1}. This implies that the asymptotic critical values for T G;
(TG;)and TC,S (TC, ) cannot be tabulated.

3.2. Critical Values Based on Stationary Bootstrap

The stationary bootstrap is used to approximate the asymptotic null distributions
of our test statistics. In our context, the null essentially consists of an infinite
number of composite hypotheses involving inequality restrictions. This negates
the use of standard methods for imposing the null in bootstrapping. In addition,
the mutual dependence of the forecast errors and the time series dependence
in the data also complicate the issue considerably. However, it turns out that the
stationary bootstrap can be applied to 7G," and TG, , in the sense that first
order asymptotic validity of appropriate bootstrap statistics can be established.
Arguments in favor of using the stationary bootstrap with 7C;" and TC; are
similar, and hence are omitted.

Our objective is to find a bootstrap procedure that mimics the asymptotic null
distribution in the least favorable case, where Fy (x) = --- = F;(x), forallx € X*.
We use the stationary bootstrap, since it ensures that the resampled series are
also stationary and mixing, conditional on the original data. Refer to Politis and
Romano (1994) for complete details.

For a suitably chosen random index, 6(z), the resampled statistic is computed

as follows:

TG;t = max sup V/n(Gj,(x) = Gra(x)),
k=2,...1 e+ ’

where

Grnl¥) = (fk’" (x’ék,a(R)ﬁ(T)) —Fi (x’él,H(R):ﬁ(T))) sgn(x)
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and

T
Fn (X’Ek,H(R):H(T)) =n"! Zl (ex00r+e (Brow) <x)-
t=R

In the sequel, we require a smoothing parameter S,, which satisfies
Assumption A.5 below.

Assumption A.S. The smoothing parameter, S,, satisfies the following
conditions: 0 < S, < 1, S, > 0 and nS,% — 00, as n —> .

To implement the stationary bootstrap, follow the algorithm proposed in Politis
and Romano (1994). (1) Select S,. (2) Set t = R. Draw 8 (R) at random, uni-
formly and independently from {R, ..., T}. (3) Incrementz. If t < T, draw a ran-
dom variable V ~ Uniform (0, 1), independent of all other random variables. Stop
ift>T.(@@IfV <S§,, draw 6(¢) at random, independently and uniformly from
{(R,....T}; ) IfV >S,,set8(t)=0(t—1)+1;if0 (@) > T, reset 0 (t) = R.
(4) Repeat (3). This procedure delivers geometrically distributed blocks of ran-
dom length, with mean block length equal to 1/S,,.

When there is no parameter estimation error, so that fxo, k =1, ...,[, is used in-

stead of Ek’ 0(R)H(T) in the definition of Gz,n, Theorem 3.1 in Politis and Romano
: .,Z}I)’, fort =1,...,T +r.

(1994) applies immediately. Let U, = (Y7, Zl,t’ ..
Under some regularity conditions, the distribution of /n (G,’: 2 () =G (-)) , con-
ditional on {Ug4, ..., Ur4<}, converges to that of \/n (G, — Gi) . Then by the
continuous mapping theorem, we can approximate the asymptotic distribution of
/nGy , for the elements of the null least favorable to the alternative, i.e., Gx =0,

for all k. When Ek o(R)0(T) 2PPears in G}, we find that ,/Ekj obeys the law of

the iterated logarithm. The following then holds, as discussed in White (2000).

Assumption A.6. For an arbitrary Py x 1 vector, A;, with /1;(/11{ =1, and for
k=1,...,1, using the notation in Assumption A.2, we have

. . ) ) 1/2
G) P [hmsuptZR nl/2 |2, (ﬁk,, —ﬂko)‘/{/l;{ Sy i loglog(4) Zrig) P} 2 _ 1] =1,
for the recursive scheme, where X; = Bk[limT_,oovar(n_l/2 ZtT:R-i-l Hy, (t))]B]’(.

Gi) P [limsup, g RV2 |2 (B, = Bro) |/ {24 Exduloglog(2y Ze2n)RY P = 1] = 1, for

the rolling and fixed schemes, where X; = By[limy_, oo var(R™1/2 Z,T:R_H H(1))]B;.

We can now establish the following result.

THEOREM 3.2. Suppose that Assumptions A.1-A.3 and A.5-A.6 hold, and that
(n/R)loglogR — 0, as T — oo. Then, forx e XT orx e X~
PV (G () = GronO) UL ., U LLIVA (G () = G (D)D) B 0,

as T — oo, where k =12, ..., I, p is any metric metrizing weak convergence,
and L[-] denotes the probability law of the corresponding Hilbert space valued
random variable.
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The condition (1/R)loglog R — 0 appearing in the above theorem is slightly
stronger than n/ R — 0, which is required in West (1996). However, the stationary
bootstrap procedure does not require recomputing ,/B\k, ;- Note that, while estima-
tion error is allowed for, we require that it vanishes as the sample gets large.
An immediate implication of the above result is the following corollary.

COROLLARY 3.3. Suppose that Assumptions A.1-A.3 and A.5-A.6 hold, and
that (n/R)loglogR — 0, as T — oo. Then, as T — oo,

p(L[klnzax ! sup \/E(Gz,n (-x) - Gk,l’l (-x))|U1 IEERE) UT+T]’

..... XEX+
L[ max sup +/n(Grn(x)—Gi(x))]) 5 0and
k=2, c v+
p(L[ max sup /n(Gy,(x) = Grn()|U1,...,Ur],
=2, - :
L[ max sup +/n(Grn(x)—Gi(x))]) 5 0.
k=2, r—

The asymptotic null distribution of 7G; (T G,,) can be approximated using
TGyt — TGy (TG~ — TGy), for the elements of the null least favorable to
the alternative. To do so, specify the number of bootstrap resamples, B, and the
smoothing parameter, S,. Choose B to be a moderately large number, say 200
or 300, as B determines the accuracy of the p-values estimated. S, is closely
connected with data dependence. The more the data dependence, the smaller the
S, should be. One might select S, to be data driven, following Hall, Horowitz,
and Jing (1995), for example. In simulations and applications, we choose a set of
Sy, values that satisfies Assumption A.5.

Once B and S, are determined, bootstrap critical values can be esti-
mated. Define qnGS+n (1—a) to be the (1 —a)-th sample quantile of TG+ =
kmax l sup «/ﬁ(GZjn(x) —Gi.n(x)), and q,?S_n (1 —a) tobe the (1 — a)-th sample

Bt xeX+
quantile of TG~ = klnax . sup \/E(G,’;n(x) — Gi.n(x)). Alternatively, estimate

TLonlye X
bootstrap p-values, pgt s, = %Zle 1 (TG;;‘Ir > TG,T). Bootstrap p-values of
TG;~, TC!*, and TC}~ can be defined analogously. Then, use the following
rules due to Holm (1979):

Rule TG. Reject HOTG at level o, if min {pgt S, pg; Sn} <a/2.

Rule TC. Reject HOTC at level a, if min {pg;jsn, pg;l’sn} <a/2.
It is clear that Holm bounds are equivalent to Bonferroni bounds when there are
only two hypotheses.

In order to further discuss the properties of our bootstrap based test, consider
the test statistic TG,T. From Theorem 3.2 and Corollary 3.3, it follows immedi-
ately that this test, when implemented using the stationary bootstrap, has asymptot-
ically correct size only in the least favorable case, under the null, i.e., when F(x) =
Fy(x), forall k, and forall x € XT. Hence, the test is not asymptotically similar on
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.....

is asymptotically biased towards certain local alternatives. Hansen (2005) shows
that p-values associated with the use of the stationary bootstrap are actually upper
bounds for an asymptotically unbiased test. On the other hand, as pointed out by
LMW, a test based on subsampled critical values is asymptotically similar on BO+ .
This is because the subsampling distribution mimics the sampling distribution.
A drawback to the use of subsampling, however, is that tests that are similar on
the boundary may have very little power against certain sequences of alternatives,
where Fi(x) — Fi(x) > 0, for x € X4 C XT, where Xy is a subset of Xt with
non-zero Lebesgue measure, and where Fi(x) — Fi(x) < 0, for x € X¢, with
AX’§ denoting the complement of X'y .2 Moreover, inference based on subsampling
or centered bootstrapping methods may be not asymptotically valid, uniformly,
over all probabilities under the null hypothesis. This lack of uniformity is typical
of tests based on weak inequalities and is examined further in Corradi, Jin, and
Swanson (2016).3

4. ASYMPTOTIC POWER PROPERTIES

Global and local power properties of GL forecast superiority tests are investigated
in this section. Analogous results can be established for CL forecast superiority
tests, using arguments similar to those presented below. We begin by establishing
that the TG} (T G,) test is consistent against the fixed alternative hypothesis,
HlTG+ (HITG—).

THEOREM 4.1. Suppose that Assumptions A.1-A.4 hold. Then, under H IT G+
P(TG} > q,?t (1-a)—=1,as T — oo,

and under HITG_,

P(TG, > q,?S_n (1—-a)—> 1l,as T — oc.

Now, consider the power of the TG, (T G}) test against a sequence of con-
tiguous local alternatives converging to the null, at rate n~1/2. Denote Fin (-, i)
as the distribution function of e ; (fr) = en.k,: (Bk), and let Fy , (-) = Fi.n(:, Bro)-
Consider the following sequence of local alternative distribution functions:

Fin(x) = Fo(x) +n" 20 (x), fork=1,...,landn =1,2,..., 4.1)

where J(-) are real functions, such that Fj ,(-) are distribution functions, for
each k, and for each n; and where the distribution functions, { Fx(-) : k =1,...,1},
satisfy HOT G Let sup, denote sup,>1. To analyze the asymptotic behavior of the
test under local alternatives, we need to modify Assumptions A.1-A.3, as follows.

Assumption B.1.
W) {(Y1,2, ) =Yy, Z) ) ot =1, n > 1} is an a-mixing sequence with
mixing coefficients a (/) = O (I~¢0), for some Cy > max{(g —1)(g+1), 1+

2/0}, and for k = 1,...,[, where ¢ is an even integer that satisfies ¢ >
3(Lmax +1)/2, with Lyax = max{Li,...,L;}, and J a positive constant.
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(ii)) Fork =1,...,1, mi(Zy, Pr) is differentiable a.s. with respect to S in the
neighborhood Oy of fro, with My (Zi;, ) = (0/0p)mi(Zy, ) satisfy-
ing sup, supgc,, 1Mk(Zi,:, f)ll2 < oo, forall 7 > 1.

(iii) The conditional distribution, Fy ,('|Z.;), of ex s, given Zy ;, has bounded
density with respect to the Lebesgue measure a.s., and ||ex ;||24+5 < 0o, for
k=1,...,1,t>1,andforalln > 1.

Assumption B.2. Fork=1,...,landt=R,...,T, ,/gk,, satisfies ,/gk,, — fro =
By (t)Hy(t), where Bi(t) is a Py x Li matrix and Hy(¢) is Lg x 1, with the
following:

(i) Bi(t) > By a.s., where By is a matrix of rank Py;

(i) He(t) = 17" 3 ey RTV . piihis, and RTVYR hy s for the
recursive, rolling, and fixed schemes, respectively, where hy s = hy s (bk0);
(iil) /nE(his(Pro) ) — my; and
(iv) supy||ik,s (Bro)ll2+s < 00, for some J > 0.
Assumption B.3.

(i) The function Fj ,(x,f) is differentiable with respect to S in a neighbor-
hood ®yg of fro, fork=1,...,1.

(i) For k = 1,...,1, and for all sequences of positive constants, {&, :

n > 1}, such that & — 0, suprex SUpg:||p—poli<& 10 Fin(x, B)/0f —
Aro(x)|| = O(&Y), for some 5 > 0, where Ao(x) = limy— 00 Ag,0,0(x),

with Ay, 0., (x) = 0 Fi,n (x, Bro)-
(iii) sup,supyex ||Ak0.,(X)|| <00, fork=1,...,1.

Note that Assumption B.2 implies that the asymptotic distribution of
\/ﬁ(ﬁk,, —ﬁko) has mean my, which might be nonzero under the local al-
ternatives. Nevertheless, this has no effect on the asymptotic distribution of
TG} (TGy), as can be seen from the following theorem.

THEOREM 4.2. Suppose that Assumptions B.1-B.3 and A.4 hold. Then, under
the local alternatives in (4.1),

TG;r = kinzax sup [gx(x) + Aro(x) Bimy — Ao(x) Bimy + ux(x)]  and

..... g+
xeB;

TG, = max sup [gx(x)+ Aro(x)' Bimy— Ajo(x) Bimy + pux(x)],

B xeBy~
where uy(x) = o (x) — d1(x), using the notation defined in Section 3.

This result implies that the local asymptotic power of the TGl (TG;) test,
based on the use of stationary bootstrap critical values, is given by the following
corollary.
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COROLLARY 4.3. Suppose that Assumptions B.1-B.3 and A.5-A.6 hold and
that (n/R)loglogR — 0, as T — oo. Then, under the local alternatives,

.
P(TG}>qfs (1—a)) > P(TGL > ¢“"(1-a)),
P(TG, >qfs (1—a)) = P(TG > q“ (1-a)),

as T — oo, where qg;rn(l —a) and qnG,;n(l —a) are as defined in Section 3.2,
TGl = fax Sug+[§k(x) + Ako(x)' Bemyg — Aro(x)' Bimy + ux(x)}, TG, =
e xeB
max  sup [gk(x)k+ Ako(x) Bxmy — A1o(x) Bimy + ur(x)}, and ¢+ (1 — a)
""" xeBy”
and g9~ (1 — a) denote the (1 — a)-th quantiles of the distributions of TGlt and
T G,,, respectively.

We now briefly discuss the power of our loss function robust tests, relative to
that of loss function specific tests. For simplicity, let us consider the case where
[ =2, and examine the relation between DM tests and our tests. Given that our null
hypotheses are stated in terms of weak inequalities, a more natural comparison
would be with the White (2000) reality check. However, when [ = 2, the reality
check and DM tests are implemented using the same ¢-statistic. To proceed, let
L : R — R™ be aloss function satisfying Assumption A.Q. Suppose that we are
interested in evaluating predictive accuracy according to L. Let {e1,,} and {e2,/}
be the prediction errors from models 1 and 2, respectively. The DM test takes the
following form:

HPM :E(L(e1,1)) —E(L(e2,)) <0 vs. HPM :E(L(e1,1)) —E (L(e2,0)) > 0,
and

R Xig(Ller) — Liey)

IDM,n =

, 4.2)

On
where @, is a consistent estimator of the standard error of L(ej ) — L(ez,).
Here, we reject H({)M in favor of HIDM, at a 10% level, if tpy, > 1.28.
The test has nontrivial power against the sequence of local alternatives
n~1/2 (E (L(el,,)) —E (L(ez,,))) > 0.

If HIDM is true, for any L € L, then

0 <n™'2E(L(er) —E(L(ez) =n~"2 / L@) (fi(2) = f2(2))dz

O o0
=n_1/2/ L(z)(fl(z)—fz(z))dz+n_l/2/0 L(z) (f1(z) — f2(2))dz

0 00
=-—n"1/2 / L'(z) (F1(2) — Fa(z))dz —n~1/? / L'(z) (Fi(z) — F>(2))dz,
—o0 0

which implies that max {maxxe;(— n~12(Fi(x) = F>(x)),
max,cy+n~ V2 (F(x)— Fy (x))} > 0, because of Proposition 2.2. Furthermore,
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Theorem 4.2 establishes the limiting distribution under such sequences of local
alternatives.
Also, if HIDM is true, for any L € L, then

0 < n_l/zE(L(el,,))—E(L(ez,t))

0 z
= n_l/z/ L”(z)(/ (Fl(t)—Fz(t))dt)dz—n_l/z

X A L”(Z) (/Z (Fl(t)—Fz(t))dt)dZ,

which implies that max {maxxex— n~1/2 ffoo (F1(z) — F2(z))dz,
max,cy+n_ /2 fxoo (F1(2) — F»(2)) dz} > 0, because of Proposition 2.3.
Hence, in large samples, the probability of rejecting HOD M but failing to reject
HOT G and/or HOT €, is zero. However, we cannot formally compare the power
properties of these different tests. This is because the statistics are not asymp-
totically equivalent, under the null, and inference is based on different critical
values. Of course, we can always conduct Monte Carlo simulations to compare
finite sample power of the tests, as we do in Section 6. Nevertheless, it goes
without saying that if interest lies in pairwise predictive accuracy measurement,
for a given loss function, then the appropriate test to use in this example is the
DM test. This follows because using our robust tests in this context may result in
a small loss of power, given that our tests are implemented using Holm bounds.

5. EXTENSIONS

Previously, it has been assumed that the underlying process is stationary.
However, in some applications, this assumption must be relaxed, due to the pres-
ence of heterogeneity. For this reason, asymptotic theory under heterogeneity that
is induced by distributional change over time is discussed in this section.

Denote U; = (YT’Z;,1’~~~’ Z;’t)’, as before, and Z, = (Z;,I,...,ZEJ)’. Define
Li=0(Zisey--» Zi41,U;, U1, ...), where 7 is the forecast horizon of interest.
Consider a situation where [ > 2 alternative models are used to forecast the vari-
able of interest, 7 steps ahead, say Y;.. At time ¢, forecasts are based on the in-
formation set, Z;. For t > R, denote the [ forecasts by Yy ;4. = my (ZH,;/E,(,,),
k =1,...,1, where each mj is a measurable function, and where Ek,t is con-
structed at time #, by using the most recent R observations. Let {ex ;4. : > R}
be the out-of-sample forecast errors from the k-th competing model. Namely, let
ekitr = Yiyr — ?k,t+r- Further, denote Fj ;(-) and Fy,(-|Z;) as the distribution
of e+, and the conditional distribution of e ;4. given Z;, respectively. Also,
assume that predictions are made for n periods, indexed from R to T, so that
n=T—R+1,as above.

Now, change the definition of GL and GC forecast superiority given in
Section 2 as follows.
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DEFINITION 5.1. A sequence of forecast errors, {e} 1+r,t > R}, General-Loss
(GL) outperforms {e2,14-,t > R}, denoted as e| =¢ e, if
T
nlggon_l > E[L(e1,41) — L(e2,4:)] <0,
=R
forall L € L. A sequence of forecast errors, {e} 14+1,t > R}, Convex-Loss (CL)
outperforms {€3 14.,t > R}, denoted as e} =c ez, if
T
lim n~! Z E[L(e1,14:) — L(e2,14:)] <0,

n— oo
t=R
forall L € Lc.

Modify Propositions 2.2 and 2.3 to accommodate data heterogeneity, as
follows.

PROPOSITION 5.2. Suppose that Assumption A.0 holds. Then,
limyo0n ™ g E[L(e11c) — Lerse)] < 0, for all L e Lg, if and
only if

T
lim 7™ [Fy,(x) — Fi i (x)]sgn(x) <0,

n—oo
=R
forall x € X, where X is the union of the supports of e} and e>.

PROPOSITION 5.3. Suppose that ffoo(Fn(u) — Fo;(u))du 1(x < 0) and
fXOO(th(u) — F1;(w))du 1(x > 0)] are well defined, for each x € X. Suppose
also that Assumption A.O holds. Then,

limy—s 0o 12! Z,TZR E[L(e1,1+:)—L(e2,1+:)1 <0, forall L € Lc, ifand only if

limysoo 17 YRl o (FLi(s) = Fas())ds 1(x < 0) + [F(Fa(s) —
Fii(s))ds 1(x = 0)] <0,

forallx e X.

Remarks. First, without the stationarity assumption, we compare the average
risks for competing forecasting models, where the average is taken over all n
predictions. If {e; ;4+;,t > R}, i = 1,2, are strictly stationary, one can denote the
common marginal distributions as F;, i = 1,2, yielding Propositions 2.2 and 2.3.

Second, let Fi(") = lim,—oon™! Z,T:R Fr (), k=1,...,1. Then e] =¢ e2
implies that F1(0) = F»(0).

Third, consider defining conditional analogues of GL and CL forecast supe-
riority by replacing E[-] with E[-|Z;], and Fy,(-) with Fy(-|Z;), in the above
definition. In this case, different sequences of forecast errors are evaluated by
comparing their average conditional risks.*

For k = 1,...,I, denote Fi,;(x) = P(exr+: < x) and Fk,n(x) =
n~! Zth g 1(ek r+7 < x). Now, define the following functionals of the joint distri-
bution, F; (x1,...,x7), of (€1 14¢,....€1147), fort > R:
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HTGY = max sup HGi(x), HTG™ = max sup HG(x) 5.1)
k=2, c 0+ k=2, ] e -

and

HTCT = max sup HCy(x), HTC™ = max sup HC(x), (5.2)
k=2,...lxex+ k=2, lyex -

where HG(x) = lim,—s0on™! Z,T:R[Fk,;(X) — F1,:(x)]sgn(x), and where
r X
HCr(x)= lim n”! ZR[ /_ _(FLe©) = Fa(s)ds1(xr < 0)

+/xoo(Fk,z(S) — Fi(s))dsl(x = 0)]
The hypotheses of interest can now be stated as
HJ'TC  HTGT <ONHTG™ <0vs. H/® :HTG" >0UHTG™ >0 (5.3)
and
HJTC HTCT <ONHTG™ <0vs. H/C:HTCY > 0UHTC™ >0. (54)

In formulating the null hypothesis, HOH TG | define {e; i+7,1 > R} to be the bench-
mark forecast error, with corresponding benchmark forecasting model denoted as
model 1. Interest lies in determining whether there exists some forecasting model
that is superior to this model. Failure to reject the null implies that no competing
model GL/CL outperforms the benchmark model.

The test statistics that we consider in this context are based on the empirical ana-
logues of (5.1) and (5.2). They are defined as follows:

HTG,T: max sup VnHGy ,(x), HTG, = max sup VH G, (x)
k=2l i+ ’ k=2l e x- ’

and

HTC,',|r = max sup \/EHCk,,,(x), HTC, = max sup \/r_zHCk,,,(x),
k=2,... e+ k=2,...lxex-

where H Gy, (x) = (fk,n(x) _fl,n(x))Sgn(x) and H Cy »(x) = ffoo(fl,n(s) -

Fk,n (s))dsl(x < 0)+ fxoo(Fk,,,(s) —Fl,n(s))dsl(x > 0). Theoretical analysis

of these statistics requires the following modifications to the assumptions in

Section 3.

Assumption HA.1.

G) {(Yy, Z,’( ) 1t >1}is an a-mixing sequence, with mixing coefficients
a(l) = 0(I=%), for some Cy > (g —1)(¢+1), and fork =1,...,1, where
q is an even integer that satisfies ¢ > 2.
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(ii) For all + > R, the distribution Fj,(-) of ex,+. has bounded density
with respect to the Lebesgue measure a.s., and sup;>gElek ;4| < 00, for
k=1,...,1.

Assumption HA.4. R is fixed, so that lim7_, o (n/R) = o0.

For the HTC, test we additionally require the following modification of
Assumption HA.1.

Assumption HA.1.*

@) {(Y,,Z,’”)’ : t > 1} is an a-mixing sequence, with mixing coefficients
a(l) = 0(~%0), for some Cy > rq/(r —q), and for k = 1,...,1 and
r>gq>2.

(ii) sup,sg llex,r+|lr < oo, fork=1,...,1

To derive the asymptotic null distributions of the test statistics, define the
empirical processes in x. Namely, let

1 T
o (x) = NG ;R{l (er4e < ) — Fiy (x)}sgn(x) and

(N e
D/}clcn (x)= x/_ﬁt:ZR I/_Oo[l(ek,x+f <5)— Fri(s)]lds1(x <0)

o0
—/ [1(ek,r+7 < 8)— Frr(s)]lds1(x > 0)]-
X
Let @k(-) be a mean zero Gaussian process with covariance function given by
h . h h h h
Qi (x1,x2) = lim E (0%, (c0) =01, () (0, (62) =01, ().

Analogously, define /ici(+) to be a mean zero Gaussian process with covariance
function given by

Qe (x1,x2) = lim E (vf, () o, (o) (o, (x2) =01, (x2))

The limiting null distributions of the test statistics are given in the following
theorem.

THEOREM 5 .4.
(a) Suppose that Assumptions HA.1 and HA .4 hold. Then, under HOH TG* ,

HTG,T:krr%ax sup I?ék(x), if HTGT =0 (5.5)

J
xeB$*t

= —oo, if HTG" <0,

and under HOHTG_ R
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HTG, = max sup hg,(x), if HTG™ =0 (5.6)
k=2,...,lxeB£,C_
= —o0, if HTG™ <0, (5.7)

where BZg+ ={xeXt:Fi(x)=Fi(x)}and B,izg_ ={xeX :Fi(x)=
Fr(x)}.
(b) Suppose that Assumptions HA.1* and HA.4 hold. Then, under HOHTC+ ,

HTC,T:)kmax sup h~ck(x), if HTCT =0 (5.8)

2.... .
seees X€B£(+

= —o0, if HTCT <0,

and under HOHTC_ ,

HTC, = max sup h~ck(x), if HTC™ =0 (5.9)
k=2,...,1 Jio—
xel3;
= —oo, if HTG™ <0, (5.10)

where Bj¢" = {x € Xt : [*(F(s) = Fi(s))ds =0} and B} = {x e X~ :
[* o (Fi(s)—Fi(s))ds = 0}.

The asymptotic null distributions of HTG;" (HTG;) and HTC;} (HTC,,)
depend on the distribution functions, {Fy (') : k =1, ...,1}. This implies that the
asymptotic critical values for HTG,} (HTG}) and HTC,} (HTC;) cannot be
tabulated. However, Theorem 2.2 in Goncalves and White (2004) applies in this
case, and their stochastic equicontinuity result for heterogeneous dependent vari-
ables can thus be used to establish the validity of block bootstrap.> Associated
global and local power properties can also be established, as in Section 4 (for
brevity, we do not repeat the arguments here).

6. SIMULATION EVIDENCE

In this section, we first discuss results from simulations conducted in order to
evaluate the finite sample performance of GL and CL forecast superiority tests,
when there are only two competing sequences of forecast errors. We then discuss
results from a Monte Carlo experiment designed to examine the finite sample
performance of the tests, when there are more than two competing sequences
of forecast errors, under stationarity. Finally, a small Monte Carlo experiment is
conducted in order to evaluate the performance of the tests, when the underlying
process is not stationary.

When computing the suprema in TG}, TG, , TC}, ., we take
the maximum over an equally spaced grid of size [1.52°°], and over a 98%
range of the pooled empirical distribution. Namely, we take the 1% and 99%
percentiles of this empirical distribution and then form an equally spaced grid

+ and TC-

https://doi.org/10.1017/50266466616000426 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466616000426

1328 SAINAN JIN ET AL.

between these two extremes. For each experiment we carry out 1,000
replications. We set the number of bootstrap resamples, B, equal to 300.
Additionally, six different values of the smoothing parameter, S,, are examined
for each sample size, n € {100, 500, 1,000}, for the pairwise comparison case, and
four different values of S, are examined for n € {250,500, 1,000}, for the mul-
tiple comparison and heterogeneity cases, where values of S, are equally spaced
on the interval [n=%%,n=01]. For each n, rejection probabilities of the tests with
nominal size equal to 0.1 are reported. Results corresponding to different nominal
sizes are qualitatively similar and are not reported.

6.1. Pairwise Comparisons: Stationary Case

We first study three data generating processes (DGPs) that are characterized by
independent forecast errors and i.i.d. observations. These include the following:

DGP1: e, ~i.i.d. N(0,1) and ey - i.i.d. N(0, 1);

DGP3: ¢y, ~ i.i.d. Uniform (—2, 2) and ey, - i.i.d. N(0, 1); and

DGPS5: ey ~i.i.d. Beta(1,2) and ey, ~ i.i.d. Beta(2,4), where both forecast error
sequences are recentered around their common mean of 1/3. Note that the slightly
unusual numbering of these DGPs is done to simplify the presentation of the
results reported in Table 1.

It is easy to verify that DGP1 allows us to examine the finite sample size prop-
erties of both forecast superiority tests, and is a “least favorable” case. DGPs 3
and 5 allow us to examine the finite sample power of both tests.

In the next three DGPs, we allow for dependence. Following Klecan et al.
(1991), we generate ex; according to

e = (1 =) (Vpeor ++/1—pe)+ ek -1, k=1,2,

where (eqy, €1, €2) are i.i.d., but have different marginals in different DGPs. The
parameters A = p = 0.3 determine the mutual dependence of ey, and ey;, and
their autocorrelations. This scheme yields autocorrelated and mutually dependent
forecast errors, and we consider three such DGPs. These include the following:
DGP2: (eo;, €1y, e2) arei.i.d. N(0, I3);

DGP4: ¢\, -i.i.d. N(0,1.5) and ¢, - i.i.d. N(0, 1), for k =0 and 2; and

DGP6: e, - i.i.d. Beta(1,1), e\, - i.i.d. Beta(1,2), and e>; - i.i.d. Beta(2,4), where
all forecast error sequences are recentered around their population means of 1/2,
1/3, and 1/3, respectively.

DGP2 is our “null” model, while DGPs 4 and 6 are our “alternative” models.
A comparison of the simulation results based on DGP1 and DGP2 will yield in-
sight into the effect of autocorrelation and mutual dependence on the level of the
tests. Similarly, a comparison of the simulation results based on DGP5 and DGP6
will yield insight into the effect of autocorrelation and mutual dependence on the
power of the tests.

Simulation results for the above DGPs are reported in Table 1. The main entries
in the table are rejection frequencies. From the left panel of the table, observe that
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TABLE 1. Monte Carlo results: GL and CL forecast superiority (DGP1-DGP6)

DGP1 DGP2 DGP3 DGP4 DGPS DGP6 DGP1 DGP2 DGP3 DGP4 DGP5 DGP6

Sn GL forecast superiority CL forecast superiority

n =100 n =100

0.63 0.105 0.130 0.836 0.723 0.862 0.385 0.089 0.133 0.761 0.856 0.908 0.508
0.54 0.097 0.113 0.830 0.734 0.856 0.349 0.111 0.145 0.777 0.875 0.926 0.521
0.44 0.112 0.107 0.850 0.726 0.871 0.373 0.103 0.128 0.770 0.861 0.938 0.515
0.35 0.099 0.108 0.824 0.730 0.874 0.348 0.106 0.126 0.780 0.853 0.932 0.481
0.25 0.123 0.119 0.841 0.726 0.882 0.412 0.103 0.118 0.796 0.865 0.940 0.528
0.16 0.121 0.123 0.859 0.748 0.887 0.384 0.120 0.136 0.809 0.870 0.936 0.540
DM 0.109 0.131 0.704 0.965 0.981 0.691

n =500 n =500

0.54 0.114 0.104 1.000 1.000 1.000 0.826 0.101 0.122 1.000 1.000 1.000 0.948
0.45 0.097 0.125 1.000 1.000 1.000 0.817 0.105 0.095 1.000 1.000 1.000 0.945
0.36 0.093 0.101 1.000 1.000 1.000 0.813 0.104 0.123 1.000 1.000 1.000 0.956
0.27 0.092 0.104 1.000 0.999 1.000 0.821 0.089 0.094 1.000 1.000 1.000 0.947
0.17 0.106 0.102 1.000 0.999 1.000 0.828 0.097 0.120 1.000 1.000 1.000 0.943
0.08 0.096 0.101 1.000 1.000 1.000 0.828 0.101 0.105 1.000 1.000 1.000 0.938
DM 0.134 0.096 0.992 1.000 1.000 0.994

n = 1,000 n = 1,000

0.50 0.097 0.097 1.000 1.000 1.000 0.984 0.109 0.110 1.000 1.000 1.000 0.998
0.41 0.106 0.121 1.000 1.000 1.000 0.985 0.104 0.104 1.000 1.000 1.000 0.998
0.33 0.077 0.127 1.000 1.000 1.000 0.981 0.104 0.112 1.000 1.000 1.000 0.998
0.24 0.094 0.084 1.000 1.000 1.000 0.973 0.112 0.092 1.000 1.000 1.000 1.000
0.15 0.017 0.102 1.000 1.000 1.000 0.972 0.093 0.091 1.000 1.000 1.000 0.999
0.06 0.108 0.088 1.000 1.000 1.000 0.982 0.108 0.109 1.000 1.000 1.000 0.999
DM 0.110 0.127 1.000 1.000 1.000 1.000

Notes: See Sections 3 and 6 for complete details. Size experiments: GP1 and DGP2. Power experiments: DGP3,
DGP4, DFPS, and DGP6. Entries are rejection frequencies based on 1,000 Monte Carlo replications. The number of
bootstrap resamples is 300 and Sy, is the bootstrap smoothing parameter. Nominal test size is 10%.

for our small sample size (n = 100), the GL forecast superiority test is over-sized,
for some values of S, and has substantial power in detecting deviations from the
null. Given the nature of the testing problem considered in this paper, a sample
size of 100 observations is very small indeed. A comparison between the results
for DGP1 (DGP2) and DGP5 (DGP6) indicates that the level (power) of the test
is somewhat sensitive to the degree of mutual and serial dependence in the data,
when the sample size is small. However, test power jumps to 100% as the sam-
ple size rises, and indeed both level and power are well behaved for large sample
sizes, say n = 1,000. Similar conclusions follow for the test of CL forecast su-
periority, as shown in the right panel of Table 1. Qualitatively similar results also
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obtain when DGPs are specified using other moderate values of p and 1. However,
some nontrivial size distortions arise when these parameters are close to unity, as
shown in the online supplement to this paper.

As suggested by a referee, we also report simulation results based on applica-
tion of the DM test in our experiments (see Table 1 in this paper, as well as the
online supplement, for complete details). These results clearly support our earlier
statement that when the loss function is unknown, there is an advantage to using
our approach to testing for forecast superiority, while when a specific loss function
is specified (i.e., MSFE in our experiments), the DM test has better power perfor-
mance than our tests, particularly for small sample sizes. This is as expected.

We also conduct Monte Carlo simulations for DGPs with parameter estimation
error. In these experiments, the DGPs are the same as those examined in Corradi
and Swanson (2007). Results from these simulations, which are gathered in the
online supplement, are qualitatively similar to those discussed above, when the
nulls are least favorable to the alternatives, while the tests are mostly under-sized
when the nulls are not least favorable to the alternatives. This verifies our theory,
which predicts that the stationary bootstrap works well for least favorable nulls.

6.2. Multiple Comparisons: Stationary Case

For the sake of brevity, we consider the case of independent forecast errors and
i.i.d. observations. Additionally, we do not include a comparison with tests that
assume a given loss function, and we do not introduce parameter estimation
error into our setup, as the results were found to be qualitatively similar to those
reported here.

For the following eight DGPs, we fix e1; ~ i.i.d. N(0, 1), but let the number of
competing forecasting models vary.

DGP7: ey, ~i.i.d. N(0,1), k=2,3.

DGPS: ¢y, ~i.i.d. N, 1), k=2,3,4,5.

DGP9: ¢y, -i.i.d. N(0,1), k =2,3,4,5and ey, - i.i.d. N(0,1.2%), k =6,7,8,9.
DGP10: ¢;; - i.i.d. N(0,0.8%), k = 2,3,4,5 and ey - i.i.d. N(0,1.2%),
k=6,7,8,9.

DGP11: ey, ~i.i.d. N(0,0.82), k =2,3.

DGP12: ey, - i.i.d. N(0,0.6%), k =2,3.

DGP13: ey, - i.i.d. N(0,0.8%), k =2,3,4,5.

DGP14: ¢, ~i.i.d. N(0,0.6%), k =2,3,4,5.

Here, DGPs 7-9 are our “null” models, while DGPs 10—-14 are our “alternative”
models. DGPs 7 and 8 correspond to the least favorable cases in the null, and the
theory of our stationary bootstrap test applies directly to this case. In DGP9, the
benchmark model outperforms all of the competing models, while in DGP10,
half of the competing models outperform the benchmark model, and the other
half underperform.

Table 2 summarizes results for the null hypotheses, HOT G. TGt <
0NTG™ <0, where ey, is taken as the benchmark forecast error. For all sample
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TABLE 2. Monte Carlo results: GL forecast superiority (DGP7-DGP14)

Sn DGP7 DGP8 DGP9 DGP10 DGPl11 DGPI12 DGP13 DGP14

n =250

0.58 0.099 0.085  0.041 0.734 0.851 1.000 0.852 1.000
042 0.088  0.086  0.045 0.778 0.835 1.000 0.864 1.000
027  0.102  0.089  0.054 0.764 0.837 1.000 0.841 1.000
0.11  0.102  0.088  0.053 0.768 0.855 1.000 0.882 1.000

n =500

0.54 0.102  0.101 0.057 0.971 0.988 1.000 0.993 1.000
0.39  0.113  0.081 0.033 0.971 0.988 1.000 0.991 1.000
023  0.111  0.091  0.050 0.975 0.980 1.000 0.989 1.000
0.08 0.102 0.106  0.059 0.973 0.978 1.000 0.993 1.000

n=1,000

0.50  0.091 0.095  0.052 1.000 1.000 1.000 1.000 1.000
0.36  0.090 0.091 0.060 1.000 1.000 1.000 1.000 1.000
021  0.106  0.091  0.064 1.000 1.000 1.000 1.000 1.000
0.06 0.107  0.084  0.049 1.000 1.000 1.000 1.000 1.000

Notes: See notes to Table 1. Size experiments: DGP7-DGP10. Power experiments: DGP11-DGP14.

sizes in our investigation, the test has good size performance for DGPs 7 and 8,
where the nulls are least favorable, while the test is mostly under-sized for DGP 9,
where the nulls are not least favorable, as expected. Now, consider the power per-
formance of the test. Interestingly, for all cases (i.e., DGPs 10-14), the test ex-
hibits good power performance. Note also that inclusion of “poorer” models in
the design improves the power of the test, as expected.

Table 3 summarizes results for the null hypotheses, HOT C.Tct <0n
TC~ <0, where ey, is again taken as the benchmark forecast error. The supe-
riority test continues to perform well. A comparison of Tables 2 and 3 indicates
that the probability of correctly rejecting HOT Cis higher than the probability of
rejecting HOT G This is consistent with the theory that GL forecast superiority
implies CL forecast superiority.

6.3. Pairwise Comparisons: Heterogeneous Case

In this subsection, we explore the case where forecast comparison is carried out
for two competing sequences of heterogeneous forecast errors. We study a small
set of DGPs, again for the sake of brevity. For DGPs 15 through 18, we set e;; ~ a;¢
N(0,1), fori = 1,2 and ¢ > 1, where {ay,} is chosen to be the infinite repetition
of the sequence {1 1 1 1.251.251.250.750.750.75 1 1 1}, and {a>} to be the
infinite repetition of the following sequences:
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TABLE 3. Monte Carlo results: CL forecast superiority (DGP7-DGP14)

Sn DGP7 DGP8 DGP9 DGP10 DGPl11 DGPI12 DGP13 DGP14

n =250

0.58 0.090 0.085  0.031 0.818 0.950 1.000 0.969 1.000
042 0.094 0.086 0.035 0.857 0.952 1.000 0.971 1.000
0.27  0.100  0.089  0.027 0.841 0.957 1.000 0.973 1.000
0.11  0.105 0.088  0.039 0.836 0.964 1.000 0.970 1.000

n =500

0.54 0.083  0.087  0.041 0.993 1.000 1.000 1.000 1.000
0.39  0.101 0.093  0.034 0.996 0.998 1.000 1.000 1.000
023 0.089  0.079  0.027 0.990 0.999 1.000 1.000 1.000
0.08 0.097 0.105  0.044 0.996 0.998 1.000 0.998 1.000

n=1,000

0.50  0.099 0.105  0.025 1.000 1.000 1.000 1.000 1.000
036  0.097 0.110 0.034 1.000 1.000 1.000 1.000 1.000
021 0.096 0.091 0.030 1.000 1.000 1.000 1.000 1.000
0.06 0.088  0.097  0.041 1.000 1.000 1.000 1.000 1.000

Notes: See notes to Table 2.

DGP15: axy = ayy;

DGP16: {1111.251.251.251110.750.750.75 };
DGP17: {111 0.650.650.650.50.50.50.8 0.8 0.8}; and
DGP18: ar; = 0.75ay;.

Clearly, the first two designs are “null” models for both GL and CL forecast
superiority tests, and they are both “least favorable” to the alternatives. The last
two designs are “alternative’” models.

Table 4 summarizes results for the null hypotheses, HOH TG . HTGT < 0N
HTG™ and HOHTC :HTCT <0NHTC™, where e, is taken as the benchmark
forecast error. Here, we utilize the block bootstrap, where the block size is chosen
to be equally spaced on the interval [2n°-2, 2n%4]. Overall, the tests are reasonably
sized, despite some upward bias, when sample sizes are small. Additionally, tests
based on the use of the block bootstrap seem to have good power properties, for
multiple comparison of forecasting models with heterogeneous forecast errors.

Overall, it is noteworthy that the CL test in several simulation designs has
marginally better power than the GL test. Needless to say, if we reject accord-
ing to CL, then we also reject according to GL, but not the other way around.
Nevertheless, we cannot formally rank the relative power of the tests, because the
(asymptotic) distributions of the test statistics under the (local) alternatives are not
comparable.
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TABLE 4. Monte Carlo results: GL and CL forecast superiority (DGP15—
DGP18)

S, DGP15 DGPl6 DGP17 DGP18 DGP15 DGPl16 DGP17 DGP18

GL forecast superiority CL forecast superiority

n =250 n =250

7 0.099 0.081 0.928 0.964 0.105 0.099 0.988 0.990
9 0.112 0.102 0.922 0.978 0.095 0.108 0.988 0.993
11 0.110 0.091 0.939 0.969 0.112 0.094 0.987 0.993
14 0.101 0.117 0.944 0.957 0.109 0.112 0.989 0.993
16 0.111 0.106 0.946 0.957 0.098 0.095 0.989 0.994
19 0.122 0.108 0.936 0.966 0.126 0.125 0.994 0.995

n =500 n =500

7 0.123 0.088 0.998 1.000 0.109 0.097 1.000 1.000
11 0.112 0.102 0.998 1.000 0.109 0.101 1.000 1.000
14 0.099 0.096 0.998 1.000 0.090 0.099 1.000 1.000
18 0.110 0.108 0.998 1.000 0.118 0.111 1.000 1.000
21 0.101 0.109 0.997 0.999 0.101 0.121 0.999 1.000
25 0.109 0.100 0.997 0.999 0.117 0.119 0.999 1.000

n=1,000 n=1,000

8 0.097 0.093 1.000 1.000 0.109 0.092 1.000 1.000
13 0.092 0.109 1.000 1.000 0.095 0.089 1.000 1.000
18 0.096 0.096 1.000 1.000 0.095 0.107 1.000 1.000
23 0.109 0.103 1.000 1.000 0.095 0.094 1.000 1.000
27 0.102 0.090 1.000 1.000 0.105 0.088 1.000 1.000
32 0.094 0.102 1.000 1.000 0.108 0.107 1.000 1.000

Notes: See notes to Table 1. Size experiments: DGP15, DGP16. Power experiments: DGP17, DGP18.

7. EMPIRICAL ILLUSTRATION

In this section, forecast superiority tests are used to evaluate forecast errors result-
ing from two sets of forecast models for spot exchange rates among six industrial-
ized countries. This study is for illustrative purposes only, and all forecast models
are stylized, involving no estimation.

7.1. Data and Models

The data consist of six 3-month-ahead forward rates and spot rates for the Cana-
dian Dollar (CAD), French Franc (FRF), German Mark (GEM), Japanese Yen
(JPY), Swiss Franc (CHF), and British Pound (GBP), relative to the US dollar.
Daily data were obtained from Datastream, for the sample period from January 1,
1992 through February 28, 2002, at which point the euro became the sole legal
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tender in all euro area countries.® This group of countries is the same as that
studied in Hunter and Timme (1992). In summary, the dataset that we analyze is
comprised of 2,652 observations. However, due to national holidays and a variety
of other reasons, some observations are missing. If observations for a country are
missing, we simply deleted them. This results in varying numbers of observations
for each country, as follows: 2,556 for CAD, 2,620 for FREF, 2,560 for GEM, 2,617
for JPY, 2,579 for CHF, and 2,541 for GBP.

Our forecast comparison is based upon forecast errors resulting from two
sets of forecasting models. We refer to the first set of forecasting models as
“Forward” models. In these models, forward rates are used to predict future spot
rates. Namely, E;(X;4.) = F;., where X, is the spot exchange rate at time
t 41, F; ¢ is the t-period ahead forward exchange rate observed at time #, and
E;(X,4.) is the expectation of the spot rate at time period ¢ + 7, conditional
on information available at time ¢. If the “unbiasedness hypothesis” is true,
given rational expectations and risk neutrality, then we should expect that the
7-period ahead forward exchange rate is the best predictor of the future spot
rate, at time 7 4+ 7.7 The second set of forecasting models are termed “Spor”
models. It is assumed that the current spot rate is the best forecast of the future
spot rate. Namely, E;(X;+.) = S;. There is a large amount of empirical support
for this model, as discussed by Chiang (1986), who shows that the current spot
rate is a better predictor of the future spot rate than either the forward rate,
or forecasts from structural and other time series models. In a study closely
related to that carried out here, Hunter and Timme (1992) base their analysis
on revenues resulting from the adoption of different forecasting models, in a
hedging framework and construct first and second order stochastic dominance
tests on these revenues. Here, we take the alternative approach of carrying out
forecast comparison based upon the evaluation of forecast errors. In particular,
we implement tests for GL forecast superiority and CL forecast superiority.

7.2. Preliminary Analysis

Before conducting forecast superiority tests, we examine the empirical distri-
bution functions (EDFs) of the forecast errors from the two models. For all six
countries, the EDFs of the Forward forecast errors almost coincide with the Spot
forecast errors, with some slight differences. To save space, we do not report the
results here. To further examine the differences between the forward and spot
EDFs for each country, we plot G, (x) and C,(x) against x, where for x, we take
200 equally spaced values between the 1% and 99% percentiles of the pooled
empirical distribution of the Forward and Spot forecast errors, and where G, (x)
and C,(x) are empirical analogs of G(x) and C(x) defined in (2.1) and (2.2).
These plots are given in Figures 1 and 2, for G,,(x) and C,, (x), respectively. Note
that both the probability differences in G, (x) and the integrated probability dif-
ferences in C,, (x) have been scaled up by 4/n, where n is the sample size. Three
cases characterize these plots.
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FIGURE 1. Plots of G, forecast errors associated with Spot and Forward models.

Case 1. If G, (x) (C,(x)) is significantly larger than O for all x, we conclude
that the forward model is superior to the spot model in the sense that GL (CL)
outperforms the latter model.

Case 2. If G, (x) (Cn(x)) is significantly smaller than O for all x, we conclude
that the spot model is superior to the forward model.

Case 3. If G, (x) (C,(x)) is positive for some values of x, and negative for
other values of x, GL (CL) forecast superiority may or may not exist, depending
on whether the sign changes are significant.

All of the plots in Figure 1 are consistent with Case 3. Thus, it is of interest
to ascertain whether the sign changes are significant or not. Turning to Figure 2,
Case 2 pertains to CAD, FRF, and GEM, while Case 3 pertains to JPY, CHF, and
GBP. Note that the magnitude of the integrated probability differences varies sub-
stantially from one country to another. For example, the maximum of the absolute
value of Cy(x) for CAD is roughly O, (1/4/n), while that for GEM is roughly
O, (1). We expect that such differences will play a role in our analysis, since the
tests have nontrivial power against O (1/4/n) alternatives.
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FIGURE 2. Plots of Cj, forecast errors associated with Spot and Forward models.

7.3. Tests for Forecast Superiority

GL and CL test statistics and critical values are constructed as outlined in
Sections 3 and 6. To be specific, in computing the suprema in G, (x) and C, (x),
we take the maximum over an equally spaced grid of size [1.51%-% ], and over
a 98% range of the pooled empirical distribution. Additionally, we choose a to-
tal of twelve different values for S,, which are equally spaced on the interval
[n—0.4’ n—O.l].

Figure 3 reports the p-values associated with testing the null hypotheses, Hocf <
Spot GL outperforms Forward and H 0F " : Forward GL outperforms Spot. Small
p-values (say, smaller than 0.1) suggest that the corresponding null hypothesis
is false. A small p-value for one test coupled with a large p-value for the other
test indicates that one model is superior to the other. Turning to our findings, first
consider the Canadian Dollar. The p-values based on H, GF range from 0.11 to

0.33, and the p-values based on H 0.g are larger than 0.5 for all values of S,,, sug-

gesting a failure to reject either null. Statistically speaking, the Forward and Spot
perform equally well in forecasting future spot rates, in this case. Nevertheless, if
one takes into account the magnitude of the p-values, one might argue that Spot is
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FIGURE 3. Plots of p-values for GL forecast superiority test.

“better” than Forward. Second, despite the sign changes in G, (x) for FRF, GEM,
JPY, and CHEF, our tests suggest that the Spot GL outperforms Forward for all of
these countries. This finding is interesting, as it supports the finding of Hunter and
Timme (1992) that Spot outperforms Forward when one directly tests for first or-
der stochastic dominance using returns. Third, as expected from our preliminary
analysis, there is no GL forecast superiority in either direction, in the case of GBP.

In Figure 4, we plot the p-values associated with implementation of our CL
forecast superiority tests. Examination of this figure indicates that Spor CL out-
performs Forward for CAD, FRF, GEM, JPY, and CHF. The tests for CL forecast
superiority in the case of GBP show that there is no CL forecast superiority in
either direction.

Finally, we consider the DM test. Let {es ;} and {ey,} be the prediction errors
from Spot and Forward, respectively. Our approach is to calculate p-values as-
sociated with testing the null hypotheses, HODM' :E (Ll(es,t)) —-E (Ll(ef,t)) <0
and HODMz : E (La(es,)) — E (La(ef,)) < 0, where L denotes MSFE loss, and
L, denotes MAFE loss. Our findings indicate that Spor performs better than
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FIGURE 4. Plots of p-values for CL forecast superiority test.

Forward for CAD, FRF, GEM, JPY, and CHEF, in terms of both MSFE and MAFE,
with p-values close to one in all cases. Also, Forward performs better than Spot
for GBP, in terms of MSFE, with p-values close to zero for HOD Ml, but not in

terms of MAFE, as the p-value is 0.155 for HOD M> Thus for GBP, we are not able
to determine which model “wins.”

In summary, our forecast superiority test results are broadly consistent with
results based on application of the conventional DM test.Moreover, our forecast
superiority tests indicate that Spot is superior to Forward for all loss functions
in the GL class, for CAD, FRF, GEM, JPY, and CHF. This is important, since
moment-based criteria only look in a particular direction when evaluating fore-
cast errors, while GL and CL forecast superiority tests are based on the entire
distribution of forecast errors and do not require knowledge of the exact form of
the loss function.

8. CONCLUDING REMARKS

This paper outlines a novel approach to forecast comparison that yields forecast
rankings that are robust to the choice of loss function. In particular, we introduce
the concepts of general-loss (GL) forecast superiority and convex-loss (CL)
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forecast superiority, and we establish a mapping between GL (CL) superiority
and tests for first (second) order stochastic dominance. This allows us to develop
a testing procedure based on an out-of-sample generalization of the tests intro-
duced by Linton et al. (2005). The asymptotic properties of our tests are derived,
under the null and under sequences of local alternatives, and it is noted that criti-
cal values cannot be tabulated. Due to this fact, we establish the first order valid-
ity of critical values that are constructed using the stationary bootstrap. Findings
from a Monte Carlo study show that the suggested tests have good properties,
even for moderate sample sizes. In an empirical illustration, we find that a styl-
ized spot exchange rate forecasting model is “preferred” to a stylized forward
rate model. A limitation of our testing procedure is that our statistics have non-
degenerate limiting distributions only for the least favorable case, under the null.
Thus, convergence is not uniform, and the tests are asymptotically conservative,
in the sense of not having exact asymptotic size. Ongoing research is tackling this
issue.

Note to Readers. In an online supplement at Cambridge Journals Online, the
proofs of lemmas used in the appendix to this paper are detailed. Additionally,
the online supplement contains additional tabulated results from Monte Carlo ex-
periments discussed in Section 6 of this paper. In summary, readers may refer to
the supplementary material associated with this article, available at Cambridge
Journals Online (journals.cambridge.org/ect).

NOTES

1. The boundedness assumption ensures stochastic equicontinuity of the underlying empirical
processes that our theory is based upon.

2. In the Monte Carlo experiments conducted in this paper, we implemented subsampling as an
alternative to the stationary bootstrap, but results were less satisfactory in all experiments, and so are
not reported here.

3. Note that Andrews and Guggenberger (2010) introduce bootstrap tests which ensure that the
asymptotic size (coverage) is at most (at least) o (1 — a), uniformly, over all probabilities under the
null. Additionally, uniform asymptotics for stochastic dominance tests are derived by Linton et al.
(2010), for the case of pairwise comparisons. In their paper, a key role is played by the contact set,
which is the set of x over which the two CDFs are equal. However, in the multiple comparison case,
the notion of a contact set has not previously been defined or used. Addressing this issue in the context
of stochastic dominance testing using our framework is the topic of ongoing research.

4. We conjecture that the asymptotic properties in this case can be derived by using the results in
Harel and Puri (1999). Conditional forecast superiority is a stronger property than its unconditional
analogue. However, it is difficult to find empirical support for this property, and thus the topic is left
to future research.

5. We cannot use the stationary bootstrap in this case, because it assumes stationarity of the un-
derlying process. While a subsampling procedure can be used, simulation results show that size and
power properties are poor when subsampling is used.

6. We considered various different sample periods, with little change in our empirical findings.

7. We follow Hunter and Timme (1992) and use the levels of the exchange rates in all of our
calculations. We also tried using logarithms of the exchange rates, with similar empirical findings.

8. Naturally, when implementing our tests, it should be stressed that sample dependence implies
that a sample function that crosses zero does not rule out the possibility of a test outcome indicating
strict positivity/negativity.
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APPENDIX

In this appendix, we first define some notation and provide some technical lemmas that are
used in the proof of the main results in the text. Proofs of these lemmas are collected in the
online supplement for this paper.

A.1. Notation and Some Technical Lemmas

Let P denote the probability measure governing the behavior of the time series {U;}. C
or C is a generic constant which may vary from case to case. ||'|| denotes the Euclidean
norm and || X||; denotes the norm (E1X|9)1/4, for a random variable X. Also, sup; de-

notes supr<;<7 and the summation »_; denotes ZtT: g - Finally, “var ” and “cov” denote
variance and covariance, respectively. All limits are taken as 7 — oco. To help present
the proofs of our theorems in Sections 3 and 4, we first fix some additional notation.

Denote = (8. 4 fo = Bros Bio)'s Br = (BiuBia) > N@ = (8- 15— oll 21,
and Ni(¢) = {Br : |fr — Proll < &} . Further, define

£ e 0B = (1er e (Brr) <x) = 1(er 4 (Bur) < %)) sgn(x) and
Fore B = [ (erine Brr) £5) =1 ekute (Bar) <)) dsitx <0

o0
+/ (1(ex,tc (Bre) <5) =1 (er,r4+ (ﬁl[) <s))dsl(x > 0).
X
Then we can write as follows:

TG} = max sup ﬁDfn(x), TGn_zkmaX sup \/ZD,‘fn(x)

Fhenlye Xt =oenlye X

and

TC, = max sup Dg, (x), TC, = max sup Dy, (x),
k=2, e X0+ k=2,..lyex-

where D]‘fn(x) = n_l' > flitﬂ (x.B,) and Dy, (x) = nly, IE i (x,5;). Further,
we can decompose D;m (x) as follows:

VD) = Y (B = Eff i Plgp )
t

+n P ER o Pyg, = B e s B0 |40 PS4 o)
t

=& ) +EL ) +E (), fori=g, ¢, (A.1)

where we suppress the dependence of fli ; (") onn, for j =1,2,3. Tt is clear that under the

null hypotheses, f]i3 (x) > —00, as T — oo, forx ¢ BL, i =g, c.
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For the TG,T test, our objective is to show that under HOTG+, fork=2,...,1,
&0 = g (), and (A2)
f]fz (x) = Ao (x) Byogo — Aqo(x) Biojo + op (1), uniformly in xt. (A.3)
Likewise for the TG, , TC,T, and TC,, tests.

Now we gather together a number of lemmas that are needed for subsequent derivations.

LEMMA A.1. Suppose that Assumptions A.2 and A.4 hold and let a. € [0,0.5). Then,
fork=1,...,1,

(@) supt |n® Hy (1)) 3 05
(b) supy ”na (Ek,t —ﬁk,o) H i 0;

(¢) supy Hnl/sz(t)H =0,(1).
LEMMA A.2.

(a) Suppose that Assumption A.1 holds. Then, for all k =1, ...,1, and for each ¢ > 0,
there exists 6 > 0 such that for all x, x € X~ orx, x € X,

1lim sup ’vl‘in , Br) —vl‘in (x,ﬁk)’ <e, (A4

T00N e (o (i ) <6 p

where
1/2

Pg ((x,ﬁk), (xﬂk)) = {E[(I(Ekz(ﬁk) <x)-1 (ekt (ﬁk) < x))]z} . (AS)

(b) Suppose that Assumption A.1* holds. Then, for each ¢ > 0, there exists 6 > 0 such
that forall x, x € X~ orx, x € X1,

fim sup v B =g, (. 80) || < (A.6)
T2000 e (o (i i) <6
r]I/r

00 00 ) ry1l/r
/ Hers (B) > s)ds — / Hers (i) > s)ds ]
x1(x >0, x >0). (A7)

q
where

p:«x,/fk),(x,/f‘k)):[E /_ Hers (o) < $)ds — /_ Hers (o) < )ds

x1(x <0, x <0)

+|e

LEMMA A.3. Suppose that Assumptions A.1, A.1*, and A.4 hold. Denote

Gre B = fi e G B = EfL e G B) = i 6 PO)+ ESL 4 (6, B0)s i = g
Then, fork =2,...,1,
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(@)

supE  sup sup [(,i t+T(x,,B)]2 <Cn%,
I {BleN(n—%g)xeX+

supE sup sup [C,i ,+T(x,,3)]2 <Cn % i=g,c,
t (fleN(n—%e)xeX~
(b)
suplE sup SUP Cf e (6 A 1o g (6B < Cali) (%),
"B BreNmeg) XY
suplE supsup & (OB 4y (B S Ca() %),
"B BeNmae) XX
where d = 1 and 6/(2+9) fori = g and c, respectively.
LEMMA A 4.
(a) Suppose that Assumptions A.1-A.4 hold. Then, we have fork =1,...,1,
P
sup |55, (1) —v{, (. ro) Y, (6, B1.0) = 0, (A8)

xeX+t

P
sup [E8; () —vE, (8, Bro) + v, (%, B1.0) = 0.
xeX— ’

(b) Suppose that Assumptions A.1*, A.2, A.3*, and A.4 hold. Then, we have for
k=1,...,1,

p
sup |y () =i, (x, Bro) +vi , (x, B10)| = 0, (A9)
xeX+

p
sup 1€5) (x) = v, (. Bro) +v§, (. 10} 5 0.
xeX~

LEMMA A.S.
(a) Suppose that Assumptions A.1-A.4 hold. Then, we have fork =1,...,1,

sup |6 (1) — VAN () By H L + VA ) BIH 1| = 0p(D). (A10)
xeX

sup lg,fz(x) — N () B Hi o + VAN o () BIH Yy | = 0p(1). (A.11)
xeX—

(b) Suppose that Assumptions A.1*, A.2, A.3*, and A.4 hold. Then, we have for

k=1,...,1,
sup. [&p () = ViAo () BiHin +~/nNyo (1) BiH | = 0p (D), (A12)
xeX
sup |5, (x) —/nAjg(X) B Hp p +/n N () By H | | = 0p(1). (A.13)
xeX—
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LEMMA A.6.
(a) Suppose that Assumptions A.1-A.4 hold. Then, we have fork =2,...,1,
D}in . Br,0) :D‘lgjn(',/fl,o) gk ()
VnHpp = | vko
VnHy 010

and except at zero, the sample paths of gy (") are uniformly continuous with respect
to a pseudometric pg on X with probability one, where for x|,x; € Xt or xy,
xpeX™,

pg(xr,x2) ={E[(I(e1 s < x1)— ek < x1))—(1(err <x2)—1(egr < Xz))]z}

(b) Suppose Assumptions A.1*, A.2, A.3*, and A.4 hold. Then, we have fork =2, ...,1,

1/2

Ven s Bro) = o7, € B10) k()
VnHy p =1 vko
«/’_lHl,n 010

and except at zero, the sample paths of ¢ (") are uniformly continuous with respect
to a pseudometric pe on X with probability one, where for x1,x2 € XT or x1,
xpe X,
xq
pe(xy,x2) = {E ‘/ (1(eq,; < 8)—1(ex,r <9))
—00

r l/r
} 1(x; <0,x2 <0)

x2
X ds—/ (Ier,; <s)— (e, <s))ds
o0

/ (ery > )= —1(es > 9)))

+{E
1

00 ryl/r
X ds—/ (I(e1,r > s) = Lleg,; > 5)))ds } 1(x1 >0,xp > 0).
X2

LEMMA HA.1.

(a) Suppose that Assumption HA.I holds. Then, for each ¢ > 0, there exists 6 > O such
that forallx, x e XT orx, x e X7,

Tim sup |u,’j:‘>;Z ) —v,ff’n @Il <e, (A.14)
1200 | pj (e <o .

where

Pio @ 3) ={E (e 147 < %)= ek r4r < DI/ (A.15)

(b) Suppose that Assumption HA.1* holds. Then, for each & > 0, there exists d > 0 such
that forallx, x e XT orx, x e X7,

1lim sup |v,i’cn x)— v,iwn @I <e, (A.16)

T—oo ppe(x,x) <0 q
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where

x X
[ tewsie <5 = [ tensie <s1as

o0 —0Q

ryl/r
p,fc(x,fc):iE ] 1(x <0, x <0)

ryl/r
+lE } 1(x >0, x >0).

o0 o0
[ 1= s = [ tGenire = oyas
X X

(A.17)

LEMMA HA.2.
(a) Suppose that Assumptions HA.1* and HA.4 hold. Then, we have fork =2, ...,1,
h h —~
08, ()= 0% ()= hgi ()
and except at zero, the sample paths of il} « () are uniformly continuous with respect
to a pseudometric ppg on X with probability one, where for xi,x) € xt oorxy,
xpekX™,
Phg(x1,x2) = {E[(1(eq 4 < x1) = ek, 47 < x1)) = (1€ 47 < X2)
51172
ek rpe <P}
(b) Suppose that Assumptions A.1*, A.2, A.3*, and A.4 hold. Then, we have for
k=2,....1,
ofS O =05, () = he()

and except at zero, the sample paths of h~ck(') are uniformly continuous with respect
to a pseudometric pp. on X with probability one, where for x1,x, € Xt or x1,
xpeX™,

Phe(x1,x2) = [E ’/ I (Ier, i+ < 5) = ek, 7 <5))

X2 ryl/r
x ds—/ (Mer, 47 < 5) = Uek,r47 < 5))ds } 1(x1 <0,x2 <0)
—00

+{e

/ (erise > 5)— 1epsse > 5))

ryl/r
} 1(x1 > 0,x2 > 0).

o0
x ds— / (errpe > $) = eprar > £))ds
X2

A.2. Proofs of the Main Results

Proof of Proposition 2.2. Let f| and f> be the densities associated with F| and F5.
We first prove the IF part of the statement of the theorem. Note that

/ LG (1) - () ds
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0 00
- / L) (/1) — (@) dz + /0 LG (fiG) - fr@)dz

= LE (@) = ;) |%o0 +LE) (FI Q) = @)

0 00
- / L'G) (F @) - Fa(2)dz — /0 L'G) (F1 () - F2(2)dz

0 00
— /_ L'() (Fi (2) - Fy(2)dz — /O L'G) (F1 () - F2(2)dz

<0,

if (F2(2) — F1(2))sgn(z) < 0.

We now prove the ONLY IF part of the statement of the theorem. Suppose that the two
CDFs cross once. Let A = (—00,1], with x <0, and Ay =[x, 00), with X > 0. There
are two possible cases, either F|(x) — Fo(x) > 0, forall x € Ay, or F|(x) — F>(x) <0, for
x € Ajp. Suppose that we are in the latter case. Let L(x) = —ajx1{x <0} +
apx1{0 < x <X} +azxl{x >X}, with aj,ap,a3 > 0, and a3 —max{ay,ap} > dp, > 0.
Note that L satisfies Assumption A.0. Now, for any A,, there exists a da, sufficiently
large, such that

—a3 /A (R©) =R

> —ay /0 (F1(2) - F2(2))dz +a3 /0 (F1(2) — F>())dz. .

Proof of Proposition 2.3. We first prove the IF part of the statement of the theorem.
From the proof of Proposition 2.2, and by further integration by parts,

/ LG (1) - £ () ds

0 e
__ / L'G) (Fy ()= Fa () dz — /0 L@ (F () - F(2)dz

Z 0 z
= —L’(z)/_ (F1(t) = F>(t))dt "ioo +/_ L"(z) (/_ (F (t)—Fg(t))dt) dz

+@ [ (RO - Bl - /0 L") ( / (F1(t)—Fz(t))dt)dz
Z Z

0 ¥4 e} e
-/ L”<z>(/_ (F1(t)—Fz(t))dt)dz— /0 L”<z>(/ (Fl(t)—Fz(t))dt)dz

<0,

since [*_ (Fi(t) — F2(t))dt <0, for all z <0, and fzoo (F1(t) = Fo(t))dt > 0, for all
z>0.

We now prove the ONLY IF part of the statement of the theorem. Let A{ and A, be
defined as in the proof of Proposition 2.2. Suppose that fzoo (F1(t)— Fy(t))dr <0, for all

z€ Ay Let L(z) =a12%1{z < 0} +apz°1{0 < z < Z}+a3z°1{z > 7}, withay,ay a3 > 0,
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and a3 —max {ay,az} > da,. Now, for any A, there exists a d, sufficiently large, such
that

2 [ ([T 0= Roa)a
Z 00 0 z
- 2ay /0 (/ (Fl(t)—Fz(t))dt)dz—2a1 / (/_ (Fl(f)—Fz(t))dt)dZ~ .

Proof of Theorem 3.1. WLOG, we consider the case where x > 0. To prove part (a),
note that

TG,= max sup \/ﬁDl‘fn(x) = max sup {é_,‘]fl (x)+gfkg2 (x)+gfkg2 (x)} .
k=2, lrex+ > k=2, ex+ N
Recall that TGt = 0 implies that the set B,’f *is not empty and under the null, and 6,‘53 x)=
nl/2 (Fr(x)— F1(x))sgn(x) > —oo forall x ¢ B]‘g—’_. Consequently,
TG = sup VuDf (x)
’ xeX+ ’
= sup [k (x)+ Ako(x) Brvgo — Ajo(x) Biojo],

xeB;fJr

by Lemmas A.4(a) through A.6(a). The result follows from the Continuous Mapping
Theorem (CMT).
Suppose that TGT < 0. In this case, the set B]‘g—’_ is empty and hence n_l/zflé x) <0

Vx € X, for some k € {2,...,1}. Then D , (x) will be dominated by the term &5 (x),

which diverges to minus infinity, for any x € X' T, as required.
To prove part (b), note that

TCH= max sup D{, (x)= min sup {60 +EH ) +E5 0]
k=2,..lyex+ k=2l o+
If TCt =0, the set B]i"' is not empty and under the null, and &5 (x) — —oo, for all
xXé¢ BZ+, Consequently,
TCk+n = sup Dy ,(x)
’ xeX+
= sup [gk(x)+ Ago(x) Broko — A1o(x) Bivio],

c+
xeB;

by Lemmas A.4(b) through A.6(b). The result follows from the CMT.
Next suppose that T7CT < 0. In this case, the set B]i"' is empty and hence n~V 2&_,‘,53 (x) <

0Vx e X, for some k € {2,...,1}. Then, D]i ,, () will be dominated by the term gr]f3 (x),

which diverges to minus infinity, for any x € XT, as required. The conclusion thus
follows. |

Proof of Theorem 3.2. Adding and subtracting appropriately yields the following:

VG, @) =G ) =0 2318 Bro) = £ @ B
13
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= V2 1 ey O Br0) = FE 1 G k) |
1
_n_l/zz[fkglt_;’_r(xv,ﬁ\kt)_f]it_;’_r (-xslgko)]
1

+l’l_1/2 Z I:f/itg(l)—i-‘[ (xv/ﬁ\k,e(l‘)) - f]f,@(l)-‘r‘[ (-xs :Bko)]
t

= Cl,n(x) —<S2,n () + g3,n(x)~
Under Assumptions A.1-A.4 and A.6, Theorem 3.1 of Politis and Romano (1994)
. . . P
applies, yielding p (LI¢1,()IU1, ..., U4 LLIG, () — G ()]) — 0. Also,

2n@) =02 BRSOy, — ESE 46 B0
t
n 2 A e Bi) = B 1 0 B g, = S e @ Br0)
t

+EfE, 4 Br0)]
=o0p(1)+0p(1) = 0p(1), uniformly in x € XT, orinxeX™,

where the second equality follows from Lemmas A.4(a) and A.5(a). The result
follows if P[supyex+¢3,.(x) = 0g(1)] = 1, as n increases, where Q is the
probability distribution induced by the stationary bootstrap, conditional on the
data (Ul,..,,UT+T). Note that ¢3,(x) = gé‘,n(x) - g31,n(x), where gé‘,n(x) =
n 123 [ er oyt Brow) < %) —eripr <], and  supecr+le3, ()] <
Supy ‘g:]{n (x)‘ + supy
Eg|supy gé‘n (x)] = op(1), where Eg is the expectation induced by the probability
measure Q. Note that

g31n(x)" By the Markov inequality, it suffices to show that

Eg| sup gé‘,n(x)
xeX+
=| sup n_l/ZZ{l (ex,i4r (ﬁk,t) <x) = ekt < x)}‘
xeX+ t

<n”1/2 sup {1 (ek,t+r (Ek,t) < x) ~ ke < x)}‘
; |xeXT

<n™'237 sup (ler e = x| < |mi(Zirte Bre) =mi(Zisos Bro)])
; xeX+t

=¢y.

It suffices to show that E[¢; ] = o(1), by the Markov inequality and the nonnegativity

of ¢,. Denote the jth elements of ﬁk,, and firo as ’E]({j t) and /)’Igé), respectively.

By Assumption A.6, for all j, sup; ’,/B\I({jt) —ﬁ,gé))’ < R_l/zaj (loglog Raj)l/z, a.s., where
oj is the jth diagonal element of Xj. The assumption (n/R)(loglog R) = o(1) trivially

ensures that max; sup; ‘nl/z (,/B\]((jt) —ﬁ,gé))‘ =04.5.(1). Fix €p, 0 > 0. Then for all € > 0,
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N

there exists a Tq such that for all 7 > Ty, P [maxjsupt ’nl/z (ﬁ](jt) —ﬁ]%))’ > a] < 0/2.
It is useful to note that for all 7 > Ty and all ¢y > 0,

P[Qn 2 '90]

—1/2 sup 1(’3k1+ _x‘
{Bri)eNk(n—1/2¢) Zt:xe/\”r o

<P sup n

< m (Zi gz Bryt) = mi (Zii42 > Bro)l) = o]
+P [maxjsup; ’ﬂl/z (/E](c{,) _'BIE{)))’ > 8]

o
Sl//n+5»

where {fi ;} = { Pk, t},T: g 1s a nonrandom sequence and

wn=P sup n—l/zz sup 1(|ex,s+7 — x|
{Br YNk (n=1/2¢) ; xeXt
< mi(Zir40 Bror) —mic(Zir415 Bro)l) > o] -

The remainder of this proof requires showing that there exists a 77 > Tj, such that for all
T > Ty, yn < 9/2. Applying the Markov inequality, we have that

E0Yn
<E sup n_]/zz sup 1 (lex,re = x| < Imp(Zisgos Prt) = mi(Zive Bro)l)
{BrsYeNe(n=1/2e) T oxeX T
<E[n7'23> sup sup 1 (Jex,rpe = x| < I (Zicge- Brot) = mi(Zie e - Bro)l)
t {PriteN(n~1/2g)xe X+
<C s sup E|n'/2 (mie(Zi te i) =i Ziry o ro)|

(BriYeNe (=1 /2) xe X' F

<C sup |[Mg(Zs, Pr)llae
BreOro

= Ce, say,
where the last inequality holds by Assumption A.1(ii). Thus, we can choose 77 and ¢ such
that for all T > Ty, ¢ < (deg/2C). The result follows. |

Proof of Corollary 3.3. This corollary follows immediately from Theorem 3.2 and
application of the CMT. |

Proof of Theorem 4.1. WLOG, we consider the case x > 0. Recall that

TGr= max sup +/nD% (x)= max sup {gfg () +E5 (x)+&8 (x)}.
n k=2, A+ k,n k=2l e A+ k1 k2 k3

If TGt > 0, Lemmas A.4(a)—A.6(a) continue to hold, so that f]fl (x) = Op(1), uniformly
inx e X1, and ffz(x) = 0p(1), uniformly in x € X7t . Foreach k € {2,...,1}, ékg3(x) =
nl/2 (Fi(x) = F1(x))sgn(x) — oo, for some x € X+. Consequently, TG,T EA 00, as
T — coand n~ 127G+ B 16+ > 0.
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Now, from Corollary 3.3,

p(LL max sup /n(Gy ,(x) =G n (NI, ..., Ur 4],
k=2,...lyex+

L[ max sup \/ﬁ(ijn(x) -Gy (x))]) LS 0,
k=2,...lyex+

which implies that qnG;n (l—a)= qnGg (I=a)+o0p(1), where q,% (1—a)isthe (1—a)

-th sample quantile of TG = L max sup /n (Gk,n x)—Gy (x)). Furthermore,

=2yeenlye X+

TGY = max max{ sup ViGia(), 5w V(Gin() = Gi()

2,0l xqu xe./\""\BZ+
< max = sup «/_Gkn(x)+ “max sup /(G (x) = Gr(x))}
k=2,..., xqu+ yeees xeXJr\Bf-%—
=TG|,+TG3,.

Here, T\éfn = Op(1), and has the limiting distribution given in (3.3), by the proof
of Theorem 3. l(a) Also, ’T\G/;n = 0p(1), by the proof of Theorem 3.2. Consequently,
3 (-a) B 46+ (1 —a), and,
P (TG,T > 40t a —a)) —p (TG,T > 40t —a)+op(1))
=P (n_l/zTG,T > n_1/2q6+(1 —a))
_p (TG+ > n= 1246+ (1 —a)) +op(1)
+op(1)— 1. u

Proof of Theorem 4.2. The proof of this theorem is similar to that of Theorem 3.1.
Consider Lemmas A.1-A.6, with vf 2 (X5 Bi) now defined by

u,‘in (x, Br) = n_l/ZZ[l (ek,,_,_, Br) < x) - Fk,n(x,ﬁk)]sgn(x) fork=1,...,1.
t

Then by contiguity, the result of Lemma A.4(a) holds, under the local alternatives. Lemma
A.5(a) now changes to sup, ¢ y+ |f]§2(x) — A () B Hy p + /n A (x)B1H | | =
0p (1), because, WLOG:

n I/ZZ [Fie,n (x, Bre) — Fi(x, Bro) — VAo (x) By Hy |

t

OFkn(x, B (X)) _
n I/ZZ(M)@M—/&O)—”1/2Ak0(X)’Bka,n

OFin (B, () 0F(x, i) \
n—l/ZZ( k aﬁ;(k,, _ kf;g/ﬂko))(ﬁk,t_ﬁko)

sup
xeX+

= sup
xeX+

< sup
xeX+

+ sup

P Aro(x) (n_l/z > (Bri—Bro) - Bk\/mk,n)
xeX+ t

=o0p(1)+0p(1) =0p(1).
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Therefore, it suffices to show that Lemma A.6(a) holds under the local alternatives. This
follows by a modification of the proof of Lemma A.6(a) and by application of the CLT
of Herrndorf (1984), for a-mixing arrays, in order to verify the finite dimensional (fidi)
convergence condition of Theorem 10.2 of Pollard (1990). |

Proof of Corollary 4.3. By contiguity, qnG}'n (1—-a) LA ¢t (1 —a), under the local
alternatives. The result follows immediately from Theorem 4.2. ]

Proof of Theorem 5.4. The theorem follows from Lemmas HA.1 and HA.2 and by
application of the CMT. |
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