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We establish a one-to-one correspondence between Kähler metrics in a given
conformal class and parallel sections of a certain vector bundle with conformally
invariant connection, where the parallel sections satisfy a set of non-linear algebraic
constraints that we describe. The vector bundle captures 2-form prolongations and is
isomorphic to Λ3(T ), where T is the tractor bundle of conformal geometry, but the
resulting connection differs from the normal tractor connection by curvature
terms.

Our analysis leads to a set of obstructions for a Riemannian metric to be
conformal to a Kähler metric. In particular, we find an explicit algebraic condition
for a Weyl tensor which must hold if there exists a conformal Killing–Yano tensor,
which is a necessary condition for a metric to be conformal to Kähler. This gives an
invariant characterization of algebraically special Riemannian metrics of type D in
dimensions higher than four.
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1. Introduction

Let (M, g) be a Riemannian manifold of even dimension n ≥ 4. Does there exist a
non-zero function Ω : M −→ R such that ĝ = Ω2g is Kähler? That is, does there
exist a non-degenerate two-form ω̂, which is covariantly constant with respect to
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2 M. Dunajski and R. Gover

the Levi-Civita connection of ĝ and such that the endomorphism J : TM → TM
defined1 by ω̂(X,Y ) = ĝ(X, JY ) satisfies J2 = −Id?

In this paper, we shall focus on local obstructions, which arise because the con-
formal to Kähler problem leads to an over-determined system of PDEs of finite
type [4]. We shall establish a one-to-one correspondence between Kähler metrics in
a conformal class and certain (special) parallel sections of a vector bundle E → M
of rank n(n+ 1)(n+ 2)/6

E ∼=

 Λ2(M)

Λ1(M)⊕ Λ3(M)

Λ2(M)

 (1.1)

equipped with a connection that takes the form

D

 ω

K, µ

Σ

 =

 ∇ω − µ− g �K

∇K − Σ− P � ω, ∇µ− g � Σ− P � ω − C � ω

∇Σ− P �K −A� ω − C �K

 .

(1.2)

Here, A =Cotton, C =Weyl, and P =Schouten are different components of the
curvature tensor of g and its derivatives, and � indicates an algebraic operation
involving contractions of various kinds (differing in each line above). The latter will
be specified in Theorem 2.1 in §2. We shall say that a section Ψ = (ω,K, µ,Σ) of
(E,D) is special if it satisfies a set of algebraic conditions

Q(Ψ) = 0, (1.3)

which will be specified in Theorem 4.1 in §4. It is the presence of these conditions
that makes the analysis difficult. General parallel sections of (E,D) are in one-
to-one correspondence with conformal Killing–Yano tensors [13, 16, 20], and the
algebraic constraints single out those conformal Killing–Yano tensors which give
rise to Kähler forms.

The analysis leads to two kinds of obstructions. Those arising from reducing the
holonomy of the curvature of D to a subgroup stabilizing a section of E, and those
arising from differentiating the algebraic conditions. This second class of constraints
is an overdetermined system of algebraic equations which can admit non-zero
solutions if and only if the relevant Bezout resultants vanish (Theorem 3.1).
The dimension of the variety of constraints (1.3) in the fibres of E is at most
(n2+2n+4)/4 if n > 4. In dimension n =4, the constraints can be solved explicitly,
reducing the rank 20 vector bundle E to a rank 10 sub-bundle

1This is one of many equivalent definitions. It implies that J is Hermitian and that

[T (1,0), T (1,0)] ⊂ T (1,0), where T (1,0) = {X ∈ TM ⊗ C, J(X) = iX}.
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Conformally Kähler structures 3

E0 = Λ2
+(M)⊕ Λ1(M)⊕ Λ2

−(M),

whose section consists of a self-dual two-form, a one-form, and an anti-self-dual
two-form [8] (this is isomorphic to the bundle Λ3

+(T) of self-dual tractor three-
forms). That is, using the notation above, the system of Q(Ψ) = 0 is equivalent
to

∗ω = ω, K = ∗µ, ∗Σ = −Σ.

The complete set of obstructions has been constructed explicitly in this case2 [8].
In §5, we shall link Theorem 2.1 and Theorem 4.1 with the tractor approach to con-
formal geometry [2], and identify the prolongation bundle E with the third exterior
power of the rank (n + 2) tractor bundle T over M. The prolongation connec-
tion (1.2) differs from the standard tractor connection by the curvature terms, and
some of the non-linear constraints can be encoded in algebraic conditions involving
the scale tractor.

2. Prolongation of the conformal-to-Kähler system

In this section, we shall directly construct the prolongation connection (1.2)
underlying the conformal-to-Kähler problem.

Theorem 2.1. There exists a correspondence between Kähler metrics in a given
conformal class and parallel sections Ψ = (ω,K, µ,Σ) of (E → M,D) given by (1.1)
and (1.2).

Remark. This is not a one-to-one correspondence. Every Kähler metric corre-
sponds to a parallel section of (E,D), but not all parallel sections give rise to Kähler
metrics. Those that do will be characterized in Theorem 4.1.

Proof of Theorem 2.1. Consider a Kähler structure (ĝ, ω̂), and define (g, ω) by3

ĝ = Ω2g, ω̂ = Ω3ω,

where Ω is a smooth positive function. The condition ∇̂ω̂ = 0 yields

∇aωbc = µabc + 2ga[bKc], (2.1)

where µ ∈ Λ3(M) and K ∈ Λ1(M) are given by

and Υ = Ω−1dΩ.

2The details of the prolongation connection on E0 constructed in [8] differ from those in Theorem
2.1 as in four dimensions it is convenient to fix the freedom in the definition of Σ so that Σ is
anti-self-dual and so g(ω,Σ) = 0.

3The standard scaling in Kahler geometry would be ω̂ = Ω2ω. We attach a different conformal
weight to ω to ensure that equation (2.1) is conformally invariant.
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Conversely, assume that (2.1) holds with arbitrary µ and K, for some ω such that
ωa

bω
b
c is pure trace. Recall the decomposition of the Riemann tensor in conformal

geometry

Rabcd = Cabcd + Pacgbd − Pbcgad + Pbdgac − Padgbc,

where Cabcd is the Weyl curvature and

Pab =
1

n− 2

(
Rab +

R

2(1− n)
gab

)
is the Schouten tensor. Under conformal rescalings ĝ = Ω2g we have

Ĉabcd = Ω2Cabcd, P̂ab = Pab −∇aΥb +ΥaΥb −
1

2
|Υ|2gab.

We differentiate (2.1), commute the derivatives, and use the Ricci identity

[∇a,∇b]ωcd = −Rabc
pωdp +Rabd

pωcp.

This leads to a set of algebraic conditions

Cbc[a
eωd]e + Cad[b

eωc]e = 0, (2.3)

and a pair of linear differential equations

∇aKb = Pa
cωbc +Σab (2.4)

and

∇aµbcd = −3ga[bΣcd] − 3Pa[bωcd] −
3

2
C[bc|a

pωp|d], (2.5)

where Σab is as yet undetermined two-form. Differentiating (2.4) and (2.5) once
more gives

∇aΣbc = 2Pa[bKc] − Pa
eµebc +

1

2
Ap

bcωpa +Ap
a[bωc]p + Cbca

pKp, (2.6)

where Aabc = ∇bPca − ∇cPba is the Cotton tensor. The system is now closed, as
derivatives of all unknowns have been determined. We can combine equations (2.1),
(2.4), (2.5), (2.6) into a connection (1.2), where the meaning of � in each slot is
now clear. �

As a spin-off from the prolongation procedure, we deduce the following (well-
known)

Corollary 2.2. If a non-Kähler manifold (M, g) is Einstein and conformal to
Kähler, then g admits a Killing vector.

Proof. This follows directly from (2.4). If g is Einstein then the RHS of (2.4) is
skew-symmetric, and thus K satisfies the Killing equations ∇(aKb) = 0. �

In four dimensions, one can establish a stronger result: an ASD Einstein metric
with non-zero Ricci scalar is conformal to Kähler if and only if it admits a Killing
vector [7, 8].
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3. Type D and obstructions algebraic in Weyl tensor

If we view both C and ω as endomorphisms of Λ2 given by

C(ϕ)ab = Ccd
abϕcd and ω(ϕ)ab = ω[a

cϕb]c,

then the constraint (2.3) is equivalent to the commutativity of these endomor-
phisms. Thus, they can be diagonalized in the same basis. In [16], it was used to
show that the Weyl tensor is of algebraic type D in the sense of [5, 18].

We adopt a different approach. Consider a linear map

B : Λ2 → W ⊂ Λ2 � Λ2, with

B(ϕ)bcad := Cbc[a
eϕd]e + Cad[b

eϕc]e,

given by the LHS of equation (2.3). Here, W is a vector space of rank-four tensors
which have the algebraic symmetries of a Weyl tensor, i.e. if e ∈ Γ(W) then

ea[bcd] = 0, eabcd = e[ab]cd, eabcd = eab[cd],

and e is trace-free with respect to metric contractions. The dimension of ω is greater
than that of Λ2, and equation (2.3) implies that B has a non-empty kernel which
contains a non-degenerate two-form. Therefore, the rank of B is not maximal.
This leads to a set of algebraic conditions on the Weyl tensor which we shall now
give.

Theorem 3.1. Let X ∈ Λ2(TM) be a bi-vector and let βX : Λ2 → Λ2 be given by

(βX)ab
cd ≡ Xefβefab

cd, where βbcad
ef = Cbc[a

eδf d] + Cad[b
eδf c]. (3.1)

Then g is conformal to a Kähler metric only if, for all bi-vectors X, det(B) = 0,
where

B =
1

N !



0 (N − 1)! 0 . . . 0 0

s2 0 (N − 2)! . . . 0 0

s3 s2 0 (N − 3)! . . . 0
...

...
. . .

...
...

sN−1 sN−2 0 1

sN sN−1 sN−2 . . . s2 0


, (3.2)

and sk ≡ Tr(βX
k), and k = 1, 2, . . . , N .

Proof. Rewriting (2.3) as

βbcad
efωef = 0,

where β is given by (3.1), we deduce that for any fixed values of the pair of indices
[bc], the determinant of the resulting n(n − 1)/2 by n(n − 1)/2 traceless square
matrix β must vanish. In the case n =4, this leads to an invariant condition on
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the self-dual part of Weyl tensor, as explained in [8]. For any bi-vector X ≡ Xab

consider a composition of homomorphisms

where the second map is a contraction. This gives a traceless homomorphism

(βX)ab
cd ≡ Xefβefab

cd.

To find an invariant obstruction—a tensor of rank n(n− 1) on TM—we shall use
the Cayley–Hamilton theorem for traceless N ×N matrices, where N = n(n− 1)/2
is the dimension of Λ2(M). Set

sk = Tr(βX
k), k = 1, 2, . . . , N

so that

s1=0, s2=XabXcdβabpq
rsβcdrs

pq, s3=XabXcdXefβabpq
rsβcdrs

uvβefuv
pq, . . . .

The determinant of βX can then be expressed as the N th Bell polynomial [3]

det(βX) =
1

N !
BN (s1,−1!s2, 2!s3, . . . , (−1)NN !sN ) (3.3)

= det(B),

where B is given by (3.2). �

For this to be a non-trivial obstruction, we need to show that βX can have
maximal rank (and therefore is injective) for some Weyl tensor Cabc

d as it will then
have maximal rank in a neighbourhood of this Weyl tensor in ω. We could show
it by specifying an element of E at a point in M, but we can do even better, and
write down a metric which gives rise to such an injective Weyl tensor. On an open
set in R6 with coordinates (x, y, z, t, u, v) consider a metric

g = dx2 + dy2 + dz2 + dt2 + du2 + dv2 + c(t2 + yt)dxdy + c(t2 + tu)dudv,

where c is a constant, and take

X = 2∂x ∧ ∂y + ∂z ∧ ∂u.

Evaluating the Weyl tensor of this metric at the point (0, 0, 0, 0, 0, 0), and computing
the obstruction (3.3) yields
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B = − s3 s4
3

1152
+

s2
6s3

138240
− s2

3s3
3

7776
+

s3 s6
2

216
− s2

5s5
19200

− s3
3s6

972
+

s2
4s7

2688
+

s4
2s7

224

− s7 s8
56

− s2
3s9

432
+

s3
2s9

162
− s6 s9

54
− 1

50
s10 s5 +

s11 s2
2

88
− 1

44
s11 s4

− 1

36
s3 s12 −

s2
2s3 s8
192

+
s2 s5 s8

80
+

s3 s4 s8
96

− s2
2s4 s7
224

− s2 s3
2s7

252
+

s2 s6 s7
84

+
s3 s5 s7
105

+
s2

3s3 s6
864

− s2
2s5 s6
240

+
s4 s5 s6
120

+
s2

3s4 s5
960

+
s2

2s3
2s5

720
− s2 s3 s5

2

300

− s2 s4
2s5

320
− s3

2s4 s5
360

− s2
4s3 s4
4608

+
s2

2s3 s4
2

768
+

s2 s3
3s4

1296
−

s2 s3 s4 s6
144

+
s15
15

+
s5

3

750
− 1

26
s2 s13 +

s3
5

29160
+

s10 s2 s3
60

+
s2 s4 s9

72
,

and gives a non-zero answer

B =
9639 c15

17592186044416
.

4. Nonlinear algebraic conditions

We now move to the second source of obstructions, namely the nonlinear condition
J2 = −Id. In the index notation, this is

ωa
bω

b
c +

1

n
|ω|2δac = 0. (4.1)

The case n =4 was treated in [8], so in the Theorem below, we shall assume that
n > 4.

Theorem 4.1. There is a one-to-one correspondence between Kähler metrics
in a conformal class and parallel sections Ψ of the vector bundle (E,D) from
Theorem 2.1 such that

Q(Ψ) = 0, (4.2)

where Q is the set of non-linear algebraic conditions given by (4.1) and

µabc +
3n

|ω|2
ω[abω

d
c]Kd = 0, (4.3)

Σab = −
(n
2
|ω|−2|K|2 + n

4(n− 2)(n− 4)
Ccdefω

cdωef
)
ωab (4.4)

+
1

2(n− 4)
Ccdabω

cd + 2n|ω|−2Kcω
c
[bKa] (n > 4).

We shall split the proof into two steps.

Proposition 4.2. Solutions ωbc to the CKY equation (2.1) that also satisfy (4.1)
correspond to conformally related Kähler metrics iff (4.3) holds.

Proof. ⇒: In this direction, the result is immediate as (2.2) implies (4.3).
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⇐: Assume (2.1) and (4.1) hold. We would like to deduce (2.2), as then a con-
formal factor can be found which turns g into a Kähler metric. Differentiating the
condition (4.1) leads to

ωa
b∇dωbc + ωc

b∇dωba = 2Ω−2gacΥd,

where we defined the positive function Ω by |w|2g = nΩ−2, and as usual Υa :=

Ω−1∇aΩ. Substituting (2.1) yields

ωa
bµdbc + ωc

bµdba + ωadKc + ωcdKa − gdcω
b
aKb − gdaω

b
cKb = 2Ω−2gacΥd. (4.5)

From this, we find easily the second part of (2.2), as follows. Contracting (4.5)
with gac and gdc respectively, and taking an appropriate linear combination of the
resulting two equations yields

(n− 2)Kcω
c
a + ωbcµabc = 0, (4.6)

which then implies

Ka = ωabΥ
b. (4.7)

Thus, (4.5) now gives a stronger relation between K and µ, namely

ωa
bµdbc + ωc

bµdba + ωadKc + ωcdKa − gdcω
b
aKb − gdaω

b
cKb = −2gacω

b
dKb,

or equivalently in terms of Υ

ωa
bµdbc + ωc

bµdba + 3ωa
bΥ[dωbc] + 3ωc

bΥ[dωba] = 0. (4.8)

Now clearly µabc = −3Υ[aωbc] is a solution of (4.8). Note, however, that by linearity,
(4.8) only determines µabc up to the addition of three-forms which belong to the
kernel of a linear operator T : Λ3 → (Λ1 � Λ1)⊗ Λ1 given by

T (τ)abc = ωa
dτbcd + ωb

dτacd. (4.9)

We can decompose Λ3 orthogonally into parts that are trace-free and pure trace
with respect to ω:

Λ3 = Λ̊3 ⊕ Λ1,3.

The kernel of T consists of 3-forms that are in Λ3,0 ⊕ Λ0,3 with respect to J, but
all we need to know currently is that if τ ∈ Ker (T ) then ωabτabc = 0 (as follows

immediately by contracting (4.9) with gab), so ker(T ) ⊂ Λ̊3.
Let us write I for the linear sub-bundle of (Λ1 �Λ1)⊗Λ1 consisting of elements

of the form

−3ωa
bΥ[dωbc] − 3ωc

bΥ[dωba].

Then T−1(I) is a linear sub-bundle of Λ3. On the other hand, since µabc =
−3Υ[aωbc] is a solution of (4.8), it is clear that Λ1,3 ⊂ T−1(I) and every ele-
ment in T−1(I) is, pointwise, the vector sum of an element Λ1,3 with an element
of ker(T ). Putting these things together, it is clear that we obtain unique solutions
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Conformally Kähler structures 9

µ to (4.8) if we restrict to µ which are pure trace. Or in other words µs such that
their trace-free part is zero: We can write the condition for µ explicitly as4

|ω|2µabc −
3n

n− 2
ω[bcµa]pqω

pq = 0. (4.10)

If this condition holds together with (4.1) then, using (4.7), there exists a unique
solution to (2.1) given by (2.2). Using (4.6) we see that (4.10) is equivalent to
(4.3). �

Lemma 4.3. For µ and K as defined in (2.1), the following identities hold

µabcK
c = 0, and ωa

[bΣc]a = 0. (4.11)

Proof. In the conformal to Kähler scale we have µabc = −3Υ[aωbc] and Υa =

n|ω|−2Kdωda so that

Kcµabc ∼ (ΥaΥb −ΥbΥa) = 0.

For the second property, which shows that Σ is Hermitian, we use that from the
expression for Υ in terms of ω and K, as above, we have

∇aΥb = Ω2(2ΥaΥbΩ+ Pa
dωcdω

c
b +Σacω

c
b −Kcµabc − gab|K|2 +KaKb),

and so

∇[aΥb] = −Σc[aω
c
b].

But of course Υ is exact, and hence closed. �

Proposition 4.4. If n> 4 then Σ is determined by ω and K, and is given by
(4.4).

Proof. Consider (2.4), (2.5) and (4.6) and compute

∇a(µbcdω
cd) = (n− 2)∇a(ωb

eKe).

The RHS gives

(n− 2)(gab|K|2 −KaKb −
1

n
|ω|2Pab + ωb

eΣae) (4.12)

and the LHS gives

−gabΣ · ω − 2Σbcω
c
a + µb

cdµacd +
2− n

n
|ω|2Pab −

1

2
Ccda

pωpbω
cd (4.13)

where we have used (4.11).

4Note that this holds identically if n =4, as any element of Λ3 in four dimensions is of the form
τ = ∗κ for κ ∈ Λ1, and

ωabτabc =
1

6
ωabεabcdκ

d =
1

3
ωcbκ

b

as ω is self-dual. The RHS of the expression above never vanishes unless κ=0.
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Next use

µ = 3Υ[aωbc], and Υa = n|ω|−2Kbω
b
c

to compute

µb
cdµacd = 2|K|2gab − 2KaKb + (n− 4)n|ω|−2KpKqω

p
aω

q
b.

Substituting this formula in (4.13), comparing with (4.12) and contracting both
sides with ωb

e gives

n− 4

n
|ω|2Σae = −(Σ·ω)ωae+

1

2n
|ω|2Ccdaeω

cd+(4−n)|K|2ωae+2(n−4)Kbω
b
[eKa].

(4.14)
Contracting this with ωae gives an expression for Σ · ω, which we can substitute
back to (4.14). This gives (4.4). �

Theorem 4.1 now follows from Proposition 4.2 and Proposition 4.4.
The non-linear conditions in Theorem 4.1 trace a variety S in the fibres of the

prolongation bundle E. If n > 4 then

dimS ≤ 1

4
(n2 + 2n+ 4). (4.15)

To see it, note that in Theorem 4.1 both Σ and µ have been determined in terms
of ω and K. Substituting the expression for Σab into the expression (2.6) for ∇aΣbc

could lead to an algebraic condition only involving K and ω. We claim that, at least
in the conformally flat case, this condition is an identity, and does not lead to any
further constraints on K. Indeed, we can choose a flat metric g in the conformal
class, in which case (4.4) and (2.6) reduce to

Σab = −n

2
|ω|−2|K|2ωab + 2n|ω|−2Kcω

c
[bKa], ∇aΣbc = 0.

Substituting the first expression into the second and eliminating the derivatives of
µ, ω, and K using the prolongation connection leads to an identity. Therefore, we
can specify the n components of K, which are unconstrained, and the components
of skew form ω which squares to a pure trace. To count those set n = 2m, take

J =

(
0 Im

−Im 0

)
.

and consider

ω = J + εA, where A =

(
a b

c d

)
.

Impose ω2 = −I2n. This gives A= JAJ, and gives b = c, a = −d. If ω is a two-form
then a = −aT , and only the skew-part of b contributes so we can take b = −bT

which gives a total of m(m − 1) components. There is one remaining component
corresponding to the choice of an overall scale of ω. Therefore, the dimension of S
is m(m− 1) + 1 + 2m which gives (4.15).
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In dimension four, where the constraints on (Σ, ω) have been solved using self-
duality [8], and the bundle E has been identified with the bundle of self-dual tractor
three-forms, which has rank 10. The tractor approach for the general n will be
discussed in the next Section.

5. Tractors

The aim of this Section is to outline how the prolongation of the conformal Killing-
Yano equations in Theorem 2.1 and the associated non-linear conditions on the
parallel sections (Theorem 4.1) can be formulated in the tractor language of [2].

In this section, by a conformal manifold, we mean a manifold equipped with
an equivalence class c of Riemannian metrics such that if g, ĝ ∈ c then ĝ = Ω2g
for some positive function Ω. With F denoting the frame bundle, the bundle of
densities of weight w ∈ R is the associated line bundle E [w] = F ×ρw

R where ρw
is the representation of GL(n,R) on R given by

R×GL(n,R) 3 (x,A) 7→ | det(A)|−w/nx ∈ R.

Therefore, there exists a canonical isomorphism E [2n] ∼= ⊗2(ΛnTM). Using the
conformal structure a section ϕ ∈ Γ(E [w]) can be identified with an equivalence
class of metric function pairs [(g, f)] where

(Ω2g,Ωwf) ∼ (g, f).

For any weight w, the bundle E [w] is oriented and we write E+[w] for the positive
elements.

Using this notation, it is straightforward to see that the conformal structure
determines a tautological section g of S2T ∗M ⊗ E [2] that we term the conformal
metric. Then the metrics in a conformal class correspond 1-1 with sections σ ∈
Γ(E+[1]) by the formula

g = σ−2g.

We call σ ∈ Γ(E+[1]) (or the corresponding g ∈ c) a scale. In the following, we
mainly follow [2] and [6].

5.1. The standard tractor bundle and normal tractor connection

On a conformal manifold (M, c) there is, in general, no preferred connection on
TM but (in dimensions n ≥ 3) there exists a connection on a rank-2 extension

that we call the conformal tractor bundle T . The right hand side of (5.1) gives the
composition series of T and means that E [−1] is a canonical sub-bundle of T . The
quotient of T by this has T ∗M [1] as a canonical sub-bundle, and then the quotient
by this is E [1]. The tractor bundle T will be denoted EA in the abstract index
notation.
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Given g ∈ c the tractor bundle splits into a direct sum

T g
= E [1]⊕ T ∗M [1]⊕ E [−1].

So VB ∈ Γ(EB) can be then represented by a triple

VB
g
=

 σ

µb

ρ

 .

The normal tractor connection is

∇T
a (σ, µb, ρ) = (∇aσ − µa, ∇µb + Pabσ + gabρ, ∇aρ− Pabµ

b).

This connection acts on tensor powers of T , and ∇T preserves a conformally
invariant tractor metric h that is given as a quadratic form by

T 3 V = (σ, µb, ρ) 7→ 2σρ+ µbµ
b = h(V, V ).

In abstract indices we denote this hAB and use it to raise and lower tractor indices.
It is convenient to introduce the algebraic splitting operators XA, Y A, ZAb that
encode the slots,

V A = σY A + ZAbµb +XAρ, (5.2)

and we will need this below. For example in the slot notation XB is represented by
(0, 0, 1).

There is a conformally invariant differential operator D : Γ(E [1]) → T given, in
a scale g, by

σ 7→ DBσ
g
= (σ, ∇bσ,−

1

n
(∆σ + Pσ)),

where P := gabPab. Given the splittings as described this is determined by the
tractor connection formula. (Alternatively, when the tractor bundle is constructed
via jets, this operator actually determines the splitting of the tractor bundle into
the triples [6].) It is termed a splitting operator as the composition XBDB is the
identity on Γ(E [1]). If σ is a scale, then we define

IB := DBσ,

and call IB the corresponding scale tractor. So σ = XAIA. The squared length of
the scale tractor recovers a multiple of the scalar curvature of the metric g = σ−2g:

IAIA = hABIAIB = − 1

n(n− 1)
R.

One reason that DB is important is that if VB ∈ Γ(EB) is parallel for the tractor
connection then VB = DBτ for some τ ∈ Γ(E [1]).
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5.2. 3-form tractors

It follows from the semi-direct composition series of T that the corresponding
decomposition of Λ3T is

where Ek[w] denotes Λk(T ∗M)⊗ E [w].
3-form tractors are useful for studying the conformal Killing Yano equation. For

σab ∈ Γ(E[ab][3]) let us write

KY (σ)abc := ∇aσbc −∇[aσbc] +
2

n− 1
ga[b∇pσc]p .

This is conformally invariant, and σ is a conformal Killing-Yano tensor if

KY (σ)abc = 0. (5.4)

Now, a choice of metric g from the conformal class, determines a splitting of the
bundle Λ3T into four components (a replacement of the s with ⊕s is effected) so
that a 3-tractor Φ can be written as a 4-tuple

ΦABC
g
=

 σbc

νabc ϕc

ρbc


where σbc ∈ E2[3], ν ∈ E3[3] and so forth.

Given σbc ∈ Γ(E2[3]) there is a conformally invariant differential splitting
operator

L : Γ(E2[3]) → Γ(Λ3T ),

determined by the tractor connection, and given by

Γ(E2[3]) 3 σbc 7→ L(σ)
g
=

 σbc

∇[aσbc]
2

n−1∇
bσbc

1
2n∇

pKY (σ)pbc − 1
n−1∇b∇pσpc − P p

b σpc

)
 ∈ Γ(Λ3T ),

(5.5)

see [13]. Now the key importance of L is that it is related to the prolongation
connection D of Theorem 2.1 for the conformal Killing-Yano equation (5.4). The
following is a special case of Theorem 3.9 in [13].

Proposition 5.1. There is a conformally invariant connection D on Λ3T with the
property that

(1) DΦ = 0 implies that

Φ = L(σab) and KY (σab) = 0;
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(2) If KY (σab) = 0 then D(L(σab)) = 0.

This has the form

DaΦBCD = ∇aΦBCD + (κ]Φ)aBCD

where ∇a is the normal tractor connection and κ]Φ a linear action of its curvature
on Φ.

The details of (κ]Φ)aBCD will not be needed below, but, with a little translation,
they can be read-off from (2.6).

We want to apply this to ωab ∈ Γ(E2[3]). If we assume that ωab satisfies the
conformal Killing-Yano equation then the image of (5.5) simplifies to

L(ωab) :=

 ωbc

∇[aωbc]
2

n−1∇
bωbc

− 1
n−1∇b∇pωpc − P p

b ωpc

 . (5.6)

5.3. Characterizations of conformally Kähler

For ωab ∈ Γ(E2[3]) let us write

σ := |ω| :=
√

1

n
ωabωab, (5.7)

where indices have been raised by the conformal metric, so if ω is non-zero then

σ ∈ Γ(E+[1])

is a distinguished scale determined by ω.

Proposition 5.2. The conformal class c contains a Kähler metric iff there exists
ω ∈ Λ2(M) such that

ωa
cω

c
b = −σ2δab , (5.8)

and

X ∧ I ∧ Φ = 0, (5.9)

where Φ = L(ω) and I := Dσ, with σ defined by (5.7).

Proof. ⇐: From (5.8) we have that σ is a scale and that σ−3ωab is Hermitian for
the metric g := σ−2g. The Levi-Civita for g preserves σ, i.e. ∇gσ = 0. Working on
this scale, we have

DAσ = σYA +
−σP

n
XA.

Thus

X ∧ I ∧ Φ = σX ∧ Y ∧ Φ.

So, with Φ = L(ω), (5.9) exactly captures the condition that the Z ∧ Z ∧ Z-slot
of (5.6) is zero, that is that σ−3ω is closed. Thus, σ−3ω is the Kähler form for the
Kähler metric g.
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⇒: If σ−3ω is a Kähler form for a metric g = σ−2g then we have (5.8). Moreover
the Levi-Civita connection of g preserves σ and σ−3ω. Thus, in particular, the
latter is closed and co-closed in the scale g, and L(ω) takes the form

L(ω)
g
=

 ωbc

0 0

−P p
b ωpc.

 (5.10)

From this, it is evident that (5.9) holds. �

Remark. From the last display, we see that for Φ = L(ω) satisfying (5.8) and
(5.9) we must also have

This is the co-closed condition.
Next, from the same display, we also see that in the case that (5.8) and (5.9)

hold, then the squared length of L(ω), i.e.

ΦABCΦABC

is a non-zero constant times the scalar curvature of the Kähler metric g = σ−2g.

It is well known that on a conformal structure, a metric g is Einstein iff there is
a parallel tractor IA and g = σ−2g where σ = XAIA ∈ Γ(E+[1]) is nowhere zero. If
a tractor IA is parallel for the normal tractor connection then IA = DAσ for some
σ ∈ Γ(E [1]). These results follow from the construction of the tractor connection in
[2], as discussed in [11, 12].

Thus, one immediately has the following result.

Proposition 5.3. The conformal class c contains a Kähler–Einstein metric if
there exists ω ∈ Λ2(M) such that

ωa
cω

c
b = −σ2δab ,

and

X ∧ I ∧ Φ = 0,

where I = Dσ is parallel for the normal tractor connection and Φ = L(ω).

A special case is when the Einstein structure considered is Ricci flat. The length
of the scale tractor is a multiple of the scalar curvature. Thus, g = σ−2g is scalar
flat iff I := Dσ is null. On the other hand, from (5.10), we see that if the Kähler
scale is Ricci flat then I ∧ L(ω) = 0. So we have the following result.
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Proposition 5.4. The conformal class c contains a Ricci-flat Kähler metric iff
there exists ω ∈ Λ2(M) such that

ωa
cω

c
b = −σ2δab ,

and

I ∧ Φ = 0,

where I = Dσ is parallel and null for the normal tractor connection, and Φ = L(ω).

Remark 5.5. Since DΦ = 0 implies Φ = L(ω) for some ω ∈ Γ(E2[3]), there are
(slightly weaker) variants of these propositions where we replace, in each case, the
condition Φ = L(ω) with DΦ = 0.

6. Outlook

We have constructed a rank n(n+ 1)(n+ 2)/6 vector bundle E with a connection
D over a Riemannian manifold (M, g) of even dimension n, such that the D-parallel
sections of E belonging to a certain non-linear variety S in the fibres of E are
in one-to-one correspondence with Kähler metrics in a conformal class of [g]. The
construction of the connection followed from the prolongation of the conformal
Killing–Yano (CKY) tensor equation [8, 13, 19], and the construction of S resulted
from exploring the differential consequences of J2 = −Id, where the endomorphism
J : TM → TM is the complex structure of the Kähler form.

The integrability conditions for the existence of the parallel sections in S imply
that the conformal Weyl tensor of g is of the algebraic type-D. We have established
an explicit algebraic obstruction for this, which makes the results relevant in general
relativity of type-D spaces in dimensions higher than four [5, 16, 18].

The conformal Killing–Yano tensors, which underlie our work, give rise to hid-
den symmetries of gravitational instantons [1, 8, 10, 15, 17], as well as to first
integrals of the conformal geodesics [9, 14]. The obstructions we have constructed
can be of separate interest in deciding whether a given metric (Lorentzian or
Riemannian) admits such hidden symmetries, or whether a conformal geodesic
motion is integrable.

Finally, there is a connection with the tractor approach to conformal differential
geometry [2]: the prolongation bundle E in our work can be identified with a parallel
transport condition on Λ3(T ), where T → M is the rank-(n+2) tractor bundle. It
is, however, the case that the connection induced on Λ3(T ) by the standard tractor
connection on T differs from the prolongation connection D we have constructed on
E in Theorem 2.1. It would be interesting to reformulate the non-linear algebraic
conditions on the parallel sections of E in our Theorem 4.1 purely in terms of
tractors. This is essentially implicit in Proposition 5.2 as Dσ and ω can each be
expressed algebraically in terms of Φ (as the prolonged system is closed). However,
it would be useful to find a simpler and explicit description. In [8], this problem has
been solved in dimension n =4, where the non-linear conditions reduce the bundle
E to the rank-10 bundle Λ3

+(T ) of self-dual tractor three-forms. The problem of
finding an analogue of this remains open for n > 4.
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