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Abstract. Let f and g be two class P-homeomorphisms of the circle S! with break
point singularities, which are differentiable maps except at some singular points where
the derivative has a jump. Assume that f and g have irrational rotation numbers and the
derivatives Df and Dg are absolutely continuous on every continuity interval of Df and
Dg, respectively. We prove that if the product of the f-jumps along all break points of f
is distinct from that of g then the homeomorphism / conjugating f and g is a singular
function, i.e. it is continuous on S!, but Dh(x) = 0 almost everywhere with respect to
the Lebesgue measure. This result generalizes previous results for one and two break
points obtained by Dzhalilov, Akin and Temir, and Akhadkulov, Dzhalilov and Mayer. As
a consequence, we get in particular Dzhalilov—Mayer—Safarov’s theorem: if the product of
the f-jumps along all break points of f is distinct from 1, then the invariant measure 5
is singular with respect to the Lebesgue measure.

1. Introduction

Denote by S! =R/Z the circle and p: R — S! the canonical projection. Let f be
an orientation preserving homeomorphism of S!. The homeomorphism f admits a
lift f: R — R that is an increasing homeomorphism of R such that p o f: fop.
Conversely, the projection of such a homeomorphism of R is an orientation preserving
homeomorphism of S!. Let x € S!. We call the orbit of x by f the subset Of(x)=
{f"(x):neZ}.

Historically, the study of the dynamics of circle homeomorphisms was initiated by
Poincaré in 1885 [25], who introduced the rotation number of a homeomorphism f of
Stas p(f) =1lim,_ 400 ((f”(f) —X%)/n) (mod 1), where X € R is such that p(X) = x.
Poincaré showed that this limit exists and does not depend on either x or the lift fof f.

We say that f is semi-conjugate to the rotation R,y) if there exists an orientation
preserving surjective continuous map 4 :S' — S of degree one such that ho f =
Ro(f) o h.
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POINCARE’S THEOREM. Let f be a homeomorphism of S' with irrational rotation
number p(f). Then f is semi-conjugate to the rotation R,y).

A natural question is whether the semi-conjugation 4 could be improved to be a
conjugation, that is, 4 to be a homeomorphism. In this case, we say that f is topologically
conjugate to the rotation R, ). In this direction, Denjoy [7] proved the following result.

DENJOY’S THEOREM. [7] Every C2-diffeomorphism f of S' with irrational rotation
number p(f) is topologically conjugate to the rotation R,yr).

Denjoy asked whether or not C2-diffeomorphisms f of S! are ergodic with respect to
the Lebesgue measure m (f is said to be ergodic with respect to m if any f-invariant
measurable set A has measure m(A) equal to O or 1). Simultaneously, Herman and Katok
gave a positive answer to this question.

HERMAN-KATOK’S THEOREM. [18, 14] Every C2-diffeomorphism f with irrational
rotation number is ergodic with respect to the Lebesgue measure m.

It is well known that a homeomorphism f of S' with irrational rotation number
preserves a unique normalized measure on S', denoted by r- By taking 1(0) =0, the
conjugating homeomorphism # is unique and related to w r by h(x) = p(u ([0, x])) € s!
for x € S!. Uniqueness of u r implies that u ¢ is either singular or absolutely continuous
with respect to m; in the second case, & is an absolutely continuous function. Recall that
w r is said to be singular with respect to the Lebesgue measure m on § 1 if there exists a
measurable subset E of S! such that nr(E)=1and m(E) = 0. In fact, if 1 y is absolutely
continuous with respect to the Lebesgue measure m and f is a C2-diffeomorphism, then
u f is necessarily equivalent to m (i.e. m is absolutely continuous with respect to ¢ and
conversely), as a consequence of Herman—Katok’s theorem above.

In what follows, we denote R* = R\{0} and N* = N\{0}.

Definition. A real number « € 10, 1] is called Diophantine with exponent § > 0 if there is
a constant c(a) > 0 such that

‘(Jz—£‘>M foranyge(@. (1.1)
q q

= g2t
A number that is neither rational nor Diophantine is called a Liouville number.

Every real number « € ]0, 1[ has a continued fraction expansion represented by

1
o=———':=[aj,a2, ...,a,,...],

1
aj+ ——
ay+- -

where a,, € N*, m € N*, are called partial quotients of . When (a,;)men+ is bounded, o
is said to be of bounded type. This is equivalent to the fact that (1.1) holds with § = 0.
The problem of smoothness of the conjugacy 4 of smooth diffeomorphisms to rotations
is now very well understood (see for instance [16-21, 22, 28]). We recall the last two
important results in this area.
Katznelson and Ornstein (see also [21, 27]) proved the following.
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KATZNELSON—ORNSTEIN’S THEOREM. [18] Let f be a C'-diffeomorphism of S' with
irrational rotation number p(f). If Df is absolutely continuous, D LogDf e LP(S")
for some p>1 and p(f) is of bounded type, then [y is equivalent to the Lebesgue
measure m.

This implies that the map conjugating f and the rotation R, ) is absolutely continuous.

KHANIN-TEPLINSKY’S THEOREM. [21] Let f be a C*T*-diffeomorphism of S' for some
0 < o < 1 and let the rotation number p = p(f) be a Diophantine number with exponent
8 € (0, ). Then the map conjugating f and the rotation R, is a c*e=8_diffeomorphism.

Notice that the condition f € C>*¥ is sharp, because there is a set of full Lebesgue
measure in [0, 1] such that for any rotation number in this set there are C 2.
diffeomorphisms for which the conjugating map is singular [15].

We refer the reader to the books [24, 6] for a thorough account of circle
homeomorphisms.

The situation is more complicated for circle homeomorphisms with break points or,
shortly, class P-homeomorphisms (see the definition below). This class is known to satisfy
the conclusion of Denjoy’s theorem (Corollary 2.5) (see also [18] and [16, Ch. VI]) and,
with additional regularity, of Herman—Katok’s theorem (see [S]). However, Katznelson—
Ornstein’s theorem [18] cannot be extended in general to class P. The study of the
regularity of the invariant measures of class P-homeomorphisms then arises naturally.

1.1.  Class P-homeomorphisms. The following definition is due to Herman.

Definition 1.1. [16, p. 74] An orientation preserving homeomorphism f of S is called a

class P-homeomorphism if it is differentiable except at finitely many points, the so-called

break points of f, at which left and right derivatives (denoted, respectively, by Df_ and

Df,) exist and such that the derivative Df : S| — R? has the following properties:

e there exist two constants 0 < a < b < +oo such thata < Df(x) < b for every x, where
Df exists;

e a<Dfi(c) <banda < Df_(c) < b at the break points c;

e log Df has bounded variation on S'.

We point out that the third condition implies the first two.
The ratio o (c) := (Df_(c))/(Df; (¢)) is called the f-jump in c.
Denote:

C(f)={co, c1, €2, ..., cp}, the set of break points of f in S';

Cp+1 = C0;

75,040 (f) = ]_[xec(f)ﬁof(c) of(x) forevery c € st

75 (f), the product of f-jumps in the break points of f:

()= [] os.
ceC(f)

We denote the total variation of log Df by V = Var(log Df). We have
P
V=" Vary, 1 log Df +|log(oy(c;))| < +oc.
Jj=0
In this case, V is the total variation of log Df, log Df_, log Df..
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We notice the following properties:

e if f is a class P-homeomorphism of S! which is C! on S!, then f is a C!-
diffeomorphism;

e if f is a class P-homeomorphism of S I then D? fe Ll(S 1): indeed, this follows
from [17, Theorem 18.14, p. 284] since Df has bounded variation on S';

e if f is a class P-homeomorphism of S! and Df is absolutely continuous on every
connected interval of S'\C(f), then f € C'(S'\C(f)).

Among the simplest examples of class P-homeomorphisms, there are:

e (?-diffeomorphisms;
e piecewise linear P L-homeomorphisms.

An orientation preserving homeomorphism f of S! is called a PL-homeomorphism
if f is differentiable except at finitely many break points (c;)1<j<p of S ! such that the
derivative Df is constant on each ]c;, ¢j4+1[-

Denote:

e P(Sh, the set of class P-homeomorphisms of S L
PL(S"), the set of piecewise linear P L-homeomorphisms of S!.
We notice that P(S') is a group which contains PL(S') (cf. [1]).

Definition 1.2. [2] Let f € P(S'). We say that f has the (D)-property if the product of
f-jumps at the break points of each orbit is trivial, that is, 75,0, (f)=1 for every
ce C(f).

In particular, if f has the (D)-property, then s (f) = 1. Conversely, if all break points
belong to the same orbit and 7, (f) = 1, then f has the (D)-property.

e Invariant measures of PL-homeomorphisms with two break points were first studied
by Herman in [16] and by Liousse in [23] for ‘generic’ PL-homeomorphisms with
several break points and with irrational rotation numbers of bounded type.

e Invariant measures of general (non-PL) class P-homeomorphisms with one break
point have been studied by Dzhalilov and Khanin in [10]. The situation of their
properties is the opposite of the C>*¢ diffeomorphism case, & > 0. They proved the
following result: let f be a circle homeomorphism with a single break point a. If the
rotation number p(f) is irrational and f € C2t¢(S'\{a}) for some ¢ > 0, then the
measure [ ¢ is singular with respect to the Lebesgue measure m.

In a next step, invariant measures of class P-homeomorphisms with two break points
were recently studied by Dzhalilov et al in [11]. Their main result is the following.

DZHALILOV-LIOUSSE-MAYER’S THEOREM. [11, Theorems 1.4 and 1.5] Let f € P(SH
have irrational rotation number «. Suppose that f has two break points x1 and x, and Df
is absolutely continuous on every connected interval of S'\{x1, x2} and D*f € L'(S").
Then the measure | ¢ is singular with respect to the Lebesgue measure provided one of the
following condition holds:

@) or(xpof(x2) #1; or

(ii) « is of bounded type and x and x; are on distinct orbits with oy (x1)o r(x2) = 1.

Invariant measures of class P-homeomorphisms with several break points have been
studied by Dzhalilov [8], by Akhadkulov [5] in the case where the break points lie on a
same orbit and by the authors [1] for class P-homeomorphisms having the (D )-property.
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AKHADKULOV’S THEOREM. [5, Theorems 2 and 3] Let f € P(SY) have irrational
rotation number a. Suppose that Df is absolutely continuous on every connected interval
of S'\C(f) and D*f € LP(S") for some p > 1. If the break points of f belong to the
same orbit and 7y (f) # 1, then the measure ¢ is singular with respect to the Lebesgue
measure m.

The above theorems show that the conjugation map between f and R, ) is singular.

e Recently, there has been significant progress in the problem of the regularity of the
conjugating map between two class P-homeomorphisms with one or two break points
and the same irrational rotation numbers. The case of one break point with the same
jump, the so-called rigidity problem, was studied by Khanin and Khmelev in [20] and
by Khanin and Teplinsky in [19]. Let

1
0o=———:=|aj,ar,...,ay,...]

1
a+ ———

be the continued fraction expansion of the irrational rotation number « and define
M,={«:3C >0,Vn e N*, ap,_1 <C}, M, ={x:3C >0,YneN* ay, <C}. A
circle homeomorphism f is called a diffeomorphism of smoothness C ey elo, 1],
with a break at a point b and size ¢ > 0, ¢ # 1, if the following conditions hold:

(1) fec*e(b, b+ 1[) and inf, ., Df(x) > 0;

(2) there exist non-equal one-sided derivatives Df_(b) and Dfy(b) with

(Df_(b))/(Df1(D)) =c.
Then Khanin—Teplinsky’s result is the following.

THEOREM. [19] Let f and g be two circle diffeomorphisms of smoothness C**t% o €
10, 1[, with breaks of the same size ¢ and the same rotation number p € M, in the case
ofc>1, or p e M, in the case of 0 < ¢ < 1. There exists an orientation preserving C'-
smooth circle diffeomorphism ¢ such that ¢ o f o ™' = g.

e The case of one break point with distinct jumps was studied by Dzhalilov ef al in [9]

and for rwo break points by Akhadkulov et al in [4] (see Corollaries 1.3 and 1.4 below).

In the present paper, we consider the general case of class P-homeomorphisms having

several break points with coinciding irrational rotation number. The main purpose is to
prove the following.

MAIN THEOREM. Let f and g be two class P-homeomorphisms of the circle S* and the
same irrational rotation number. Assume that the derivatives Df and Dg are absolutely
continuous on every continuity interval of Df and Dg, respectively. If ms(f) # ms(g), then
the homeomorphism map h conjugating f and g is a singular function, i.e. it is continuous
on S' and Dh(x) = 0 almost everywhere with respect to the Lebesgue measure.

The condition of Df: ‘Df is absolutely continuous on every continuity interval of Df’ is
called the Katznelson—Ornstein (KO) condition. As a consequence, we have the following.

COROLLARY 1.3. [9] Let f; € C*e(S"\{x;}) for some ¢ > 0, with one break point x;,
i =1, 2, and Df;(x) > 0 for all x € S'\{x;}. Assume that:
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(1)  the rotation numbers p(f;) of fi, i =1, 2, are irrational and coincide, i.e. p(f1) =
p(f2) =p;

(ii) the jumps oy (x1) and oy, (x2) are positive but do not coincide, i.e. of(x1)#
o, (x2).

Then the map h conjugating f1 and f is a singular function.

COROLLARY 1.4. [4] Let f; € P(SY) be circle homeomorphisms with two break points
ai, by respectively ay, by and such that the derivatives Df; are absolutely continuous on
every connected interval of S'\{a;, b;}. Assume that:

(1)  the rotation numbers p(f;) of fi, i =1, 2, are irrational and coincide, i.e. p(f1) =

p(f2)=p, peR\Q;
(2) the products of the jumps of fi and f, are different, ie. oy (a1)oy (b1) #

op(az)oy, (b)),
3)  wi(ar, b1]) = ua(laz, bol), where w; is an invariant probability measure of f;, i =
1, 2.

Then the map h conjugating f1 and f3 is singular.

COROLLARY 1.5. [12, Theorem 1.5] Let f € P(S") of S! have rotation number irrational
such that f satisfies the Katznelson—Ornstein (KO) condition. If wg(f) # 1, then the
invariant measure g is singular with respect to the Lebesgue measure.

Corollary 1.5, due to Akhadkulov et al [4], generalizes Theorem A of Adouani and
Marzougui [3] obtained for a weaker condition on the product of f-jumps.

2. Notation and preliminary results

2.1. Dynamical partitions. Let f be a homeomorphism of S! with irrational rotation
number o = p(f). We identify « to its lift @ in ]0, 1[. Let (a,),en+ be the partial quotients
of « in the continued fraction expansion. For n € N*, the fractions [aj, a2, .. ., a,] are
written in the form of irreducible fractions p,/g,. The sequence p,/q, converges to o
and we say that p, /g, are rational approximations of «. Their denominators g, satisfy the
following recursion relation:

Gn = nqn—-1 +qn-2, n=2, qo=1, qi=a.
Let xg € S! be fixed. Denote

[x0, f(x0)] ifniseven,
[f9 (xq), xo] if nis odd,

A" (x0) = £1(AG" (x0)), i €2,

A (xo) =

In all that follows, we deal with the case n odd (the case n even is obtained by reversing
the orientation of S1).
We then have the following result.

LEMMA 2.1. (See [26]) The segments A"V (xo) = f1(AY " (x0)), 0 <i < gy, and
A;")(xo) = fj(Aé")(xo)), 0<j <qn_1, cover S' and their interiors are mutually
disjoint.
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qn—-1 <i<qnv j:l.—l]n,|
Fn) F )
Fion Fi(v)
Fy) F(y3)
fion Fi(n)

[ <Gu-ty J=Gn—Gn1 +1

FIGURE 1.

The partition denoted by &, (x0) := {A{" " (x0): A" (x0). 0 <i < gs. 0= j < a1},
is called the nth dynamical partition of the point xo. It is defined by the order of points
X0, ..., fI179~1(xy). The process of passing from &,(xo) to &,41(xo) is described
by keeping intact the elements A;n)(xo), while each element Aﬁ”_l)(xo) 0O<i<gqgp)is
partitioned into a,+1 + 1 subsegments; since ¢,+1 = dn+19n + Gn—1.

ap+1—1
-1 1
AE" )(X()) = A§n+ )(X()) U U Aglj—)q,,_1+sqn (x0)-
s=0

For every n > 1, &,41(xp) is finer than &, (xo) in the following sense: every element &, (xg)
is a union of elements &,41(xp) (see Figure 1).
The following lemmas are easy to check.

LEMMA 2.2. Let n > 1 be an integer and y| € St Set yo=fI=1(y1), y3=f1-1(y2),
1 . —1 ; ..

AP VoD = fily D) and AV = fiy 3D, 0<iij<dn  Then

AE"_I)(yl) N A;"_l)(yz) has non-empty interior if and only if one of the following

conditions holds:

(1) j=i—gqn-1andqn—1 <i < qp; in this case we have

-1 -1
A" Py = Aj-" ) (n2);
Q) j=qgn—qn—1 +iand0 <i < g,—y; in this case we have
-1 -1
AT V) = £ o).

LEMMA 2.3. Letn > 1 be an integer and y| € S'. Set y» = f9=1(y;) and y3 = fa=1(y»).
Then, for every x € Sl\Of(yl), there exists a unique 0 <i =i,(x) < g, such that x €
FiQyi. 2D U £ D Qyy, y3D), where @, < [0, gu[—> [0, gul is a bijective map given by

. Gn —gn-1+i if 0<i<gu1,
on(i) =13 ) .
I —(gn-1 lan—l <1 <(n.
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2.2. Useful inequalities.  The proofs of the following results are based on the dynamical
partition of S'.

FINZI DISTORTION LEMMA. [13] Let f € P(S') with irrational rotation number. For all
ze S x, yelz, fI'(2)] and for all integers 0 < k < gy, we have
v _Df® _ v
Df*(y)

Notice that the Finzi distortion lemma is used for the proof of Herman—Katok’s theorem.
The following lemma plays a key role for studying metrical properties of the
homeomorphism f.

DENJOY’S INEQUALITY. Let f € P(S') with irrational rotation number. For all x € S!
and all n € N, we have
eV <Dfi"(x) < e,

where V = Var(log Df).

The proof of this inequality results from the Finzi distortion lemma. It can also be
obtained by applying Denjoy—Koksma’s inequality to the function log Df (cf. [16]).

Here and further on, by m([a, b]) we mean the length of the smaller one of the two arcs
[a, b] and [, a] on S!.

Using Denjoy’s inequality, one has the following result.

COROLLARY 2.4. (Geometric inequality) There exists a constant C > 0 such that, for any
xo € S', n > 1 and any element A™ of the dynamical partition &, (xo), we have m(A™) <
CA", where .= (1 +e V)12 < 1.

From Corollary 2.4, it follows that every orbit of every x € S! is dense in S! and this
implies the following generalization of the classical Denjoy theorem.

COROLLARY 2.5. (Denjoy’s theorem: the class P) Let f € P(S Yy with irrational rotation
number o = p(f). Then f is topologically conjugate to the rotation Ry.

In the following lemma, we have to compare different iterates of intervals.

LEMMA 2.6. Let f € P(SY) with irrational rotation number o = p(f). Let n € N* and
z1 € SY. Set zo = fI-1(z1) and z3 = fi~1(z5). Then, for any segments K, K> C [z1, z3],

one has )
ym(K) _m(fTKD) _ oy m(K)
m(Ky) ~ m(fI(K2) ~  m(K2)

forall j =0,...,qn.

Proof. If j = q,, Lemma 2.6 is a consequence of Denjoy’s inequality. We suppose that
0 <j <gyu. Let £ be the set of segments in [z1, z2] or in [z2, z3]. If K € L, then K C
[z, fo='(z)] withz =71 or z = 2.

Since

m(ff(K)):/ Df/ (1) dm(o).
K

Df/(z2) Df/(z3)
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by the Finzi distortion lemma applied to f on [z, f9~1(z)], we get
J
v _ DO _
Df/(z2)
By integrating this last inequality, we obtain
J
m(f . (K)) <
Df’ (z5)
Let Ky, K5 C [z1, z3] be two segments. We distinguish three cases.
(a) K1 € £ and K; € L: in this case, the inequality (2.1) implies that

m(f7 (K1) _

eV foreveryreK.

e VmK) < eVm(K). 2.1

-V 1%
e "m(Ky) < - <e'm(Ky)
D1/ (z2)
and )
Ik
eV m(ky) < MLED v ey,
Df/ (z7)
therefore,

_oym(Ky) - m(f]:(Kl)) <e2Vm(K1).
m(Kz) — m(f/(K2)) = m(Kz)
(b) Ky ¢ £ and K, € L: in this case, take K| = K| U K|, where K| C [z1, z2] and
K| C [z2, z3] are two segments; then K| € £ and K € L. By (a), we see that
_zvm(Ki) < m(f/(Ki)) < ezvm(Ki)
m(Kz) ~ m(f/(K2) —  m(K2)

and .
_zvm(Ki/) < m(f/ (Ki/)) <oV m(Ki/)
m(K2) ~ m(fi(K2) = m(Ka)’
Adding these inequalities, we get
_oym(Ky) - m(fI(K1)) - ezvm(Kl)
m(K2) = m(fI(K2) ~  m(Ka)
() K1 ¢ L and K ¢ L: in this case, take K, = K, U K/, where K/ C [z1, z2] and
K’ C[z2, z3] are two segments. By applying (b) to K| and K, (respectively KJ), we
obtain the inequality of the lemma. O

2.3. Some ratio tools. Let us introduce the notion of ratio distortion with respect to a
homeomorphism.

Definition 2.7. Let x1, x2, x3 be real numbers such that x; < xo < x3.
(1)  The ratio of the triple (x1, x2, x3) is the real number defined as
X2 — X1

r(xy, x2, X3) = .
X3 — X2

(i) The ratio distortion of the triple (x, x2, x3) with respect to a strictly increasing
function F : R — R is the real number defined as

1(F(x1), F(x2), F(x3))  F(x2) —F(x1)  x3—x2
re, x2,x3)  xm—xi Fn) = F)

Drp(x1, x2, x3) =
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Notice that:
e the ratio r is translation invariant:

r(xy +a, x2 +a, x3+a) =r(x1, x2, x3), ack;

e the ratio distortion Dr is multiplicative with respect to composition: for two functions
F and G on R, we have
Drgor(x1, X2, x3) = Drg (F(x1), F(x2), F(x3)) Drr(x1, x2, x3).
Let 21, z2, z3 € S' with lifts 23, 23, 73 and z] < 22 < z3 < z; ordered on S!. Define
~ Zi ifz] <z <1,
3= - ~ -
1+z if0=<z <z,
where i = 2, 3. Obviously, we have 7] < 23 < Z3. The vector (Z1, 23, Z3) € R is called the
lifted vector of (z1, 22, z3) € (51)3.
Consider now a homeomorphism f of S' with lift f. We define the ratio distortion of
the triple (z1, 22, 23), 21, 22, 23 € S, with respect to f by

Dry(z1, 22, 23) :==Drp(21, 22, 23),

where (21, 22, 23) is the lifted vector of (z1, z2, z3). This definition is independent of the
lift of f, since the ratio is invariant by translation.

Definition 2.8. Let R > 1 be areal number and x¢ € St we say that a triple (z1, z2, z3) of
S (21 < z2 < z3) satisfies the conditions (a) and (b) for the point xq and the constant R if:
(@ R™' < (m(z2, z3D))/(m((z1, 220) < R;

(b) max<i<3 m([xo, zi]) < Rm([z1, z2]).

We call two intervals in S! R-comparable if the ratio of their lengths is in [R™!, R].

2.4. Reduction. 1In this subsection, we will reduce any homeomorphism f € P(S!)
with several break (or non-break) points to one with break points lying on different orbits.

Definition 2.9. Let ce C(f). A maximal f-connection of ¢ is a segment
[f7P@), ..., fi()]:={f*(c): —p <5 <q} of the orbit Oy(c) which contains all
the break points of f contained on Oy(c) and such that f~7(c) (respectively f9(c)) is
the first (respectively last) break point of f on O f(c).

We have the following properties:
e two break points of f are on the same maximal f-connection if and only if they are
on the same orbit;
e two distinct maximal f-connections are disjoint.
Denote:
e M;(f)=Ici,..., fN" (¢i)]1(N; € N), the maximal f-connections of ¢; € C(f) (0 <
i <p);
o M(f)=1I"o Mi(f).
So, we have the decomposition C(f) = f:o Ci(f),where C;(f) =C(f)NM;(f),0<

i < p. We also have
[] or@= [] or@.
deCi(f) deM;(f)
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PrOPOSITION 2.10. (See [2, Proposition 3.1]) Let feP(S‘) with irrational

rotation number and let (ko, ..., kp) € 7P Then there exists a piecewise
quadratic homeomorphism K € P(SY such that F:=K o fo K-lePSYH wirh
C(F) C{K(fki(c;))=Fk(K(c;)),i=0,1,..., p}, and such that o (F% (K (c;))) =
7Ts,0f(c-i)(f), i=0,1,...,p.

COROLLARY 2.11. Let f € P(SY) with irrational rotation number. Suppose that f
satisfies the (KO) condition. Then there exists a piecewise quadratic homeomorphism K €
P(S") such that F=K o f o K~ € P(S") with C(F) C {K(c), ..., K(cp)}, where
o, - - ., cp € C(f) are on pairwise distinct orbits.

Proof. Take k; =0 for all i in Proposition 2.10. So, we get F =K o f o K~! e P(S!)
with C(F) C {K(cp), ..., K(cp)}, where co, ..., cp € C(f) are on pairwise distinct
orbits. O

In particular, we have the following result.

COROLLARY 2.12. Let f, K and F be as in Corollary 2.11.

(1) If f does not satisfy the (D)-property, then there exists 0 <i < p such that K (c;) is
the unique break point of F in its orbit.

(i) If f satisfies the (D)-property, then F is a C'-diffeomorphism with DF absolutely
continuous on S'.

PROPOSITION 2.13. Let f, g € P(S') have the same irrational rotation number such that
the break points of f (respectively g) belong to pairwise distinct f-orbits (respectively
g-orbits) and let h be the conjugating homeomorphism from f to g. Then there
exist an integer q > p, co,C1,...,¢q and do, dy, ..., d; € s! belonging to pairwise
distinct f-orbits and g-orbits respectively such that C(f) C {co, c1, ..., cq} and C(g) C
{do, dy, ..., dy} and a homeomorphism u of S' such that G :=uo f ou=' € P(S") has
break points belonging to pairwise distinct G-orbits and satisfying:

1 C@G) Cclulc),i=0,1,...,q9})

(i) og(u(c) =o04(d),i=0,1,...,q;

(iii) 7, (G) = 75(8);

(iv)  h is singular if and only if so is u.

Proof. Add to C(f) all points of h=1(C(g)) that are not in some singular f-orbit and add
to C(g) all points of 2(C(f)) that are not in some singular g-orbit, that is, set

{co,...,cq}:=C(f)U<h—1(C(g))\ U of(c)>

ceC(f)
and
{do. ... dg}:=C(9)U (h(C(f))\ U og<d>).
deC(g)
Then:
o C(f)CHco,...,cq}and C(g) C{do, ..., dy};
e the points co, . . ., ¢; belong to pairwise distinct f-orbits;
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e the points dy, . . ., d; belong to pairwise distinct g-orbits;

e foreveryi =0,..., q,there exists a unique integer k; € Z such that h(c;) = gki (d;).
By Proposition 2.10, there exists a piecewise quadratic homeomorphism K € P(S')

such that G:=K o go K~ ' e P(S!) with C(G) C {K(gki(d;)),i=0,1,...,q} such

that o (K (g% (d}))) = og(di), i =0,1,...,q. Moreover, the break points of G belong

to pairwise distinct G-orbits. One has

q q
7(G) =[] o6(K (" (d))) =[] 0¢(di) = 75(2).

i=0 i=0
Set u = K o h; thus, u o f = G o u; moreover, og(u(c;)) =o0,(d;),i=0,1,..., g, and
u(c;) = K(h(c)) = K(gki (d;)). Hence, C(G) C {u(co), ..., u(cy)}. As K € P(Sl) and
u = K o h, h is singular if and only if so is u. O
From now on, we denote
B:={co,...,cq} and c¢o=c.

In what follows, we may assume that f, g € P(S 1) have the same irrational rotation
number « and satisfy the following conditions:

e the points of B belong to pairwise distinct f-orbits;

the break points of g belong to pairwise distinct g-orbits;

the maps f, g satisfy the Katznelson—Ornstein (KO) condition;

C(f)CB;

the conjugation £ is such that C(g) C h(B).

3. Primary cells

3.1. Primary cell. Let xgp€ S 18>0 be fixed and Us(xp) be a 8-neighbourhood of
xo. Let f € P(S 1) with irrational rotation number o = p(f). Let c € B and n be an odd
integer. By Lemma 2.1, either ¢ € Al(:(;)l)(xo) for some 0 <i,(c) <gn or c € Ag:()c) (x0)

for some 0 < i,(c) < gn—1. Set

ya=fT%),  yi= T, y3= LT ().

Notice that:
e 1, y2 and y3 are defined with respect to f, xo and c;
e the number i, (c) depends on xp.

PROPOSITION 3.1. Under the notation above, there exists N = N (xg, §) € N such that,

foralln > N, there is a triple (y1, y2, y3) = (y1(n), y2(n), y3(n))n>n with the following

properties:

(c-0)  (y1, y2, y3) (respectively (f7"(y1), f9"(y2), f9"(¥3)))n=n C Us(x0);

(1) y2e Ay (x0) or y2 € AY (x0):

(c-2) m(fj([yl, ¥3])) < KA" for every 0 < j < gy, where . = (1 + e_V)_l/2 and K is
a constant independent of n;

©3) Yt m(f . v =2

(c-4) the triples (y1, y2, y3) and (f9"(y1), f9 (y2), f9"(y3)) satisfy conditions (a) and
(b) of Definition 2.8 for xo and the constant R = &3V + ¢V + 1;
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(c-5) e fi([yl, v3]) does not contain c in its interior for every 0 <i # i, (c) < qn;
o f([yy, y3]) does not contain any break point of f other than c.

Proof. The property (c-1) is obvious by construction. The property (c-2) holds by
Corollary 2.4. Since [yi, y2l =AY (y1) and [y2, y31= A" (y2), one has that
fH(y1, y2]) and f'([y2, y3]) are elements of the partitions &, (y1) and &, (y>), respectively;
hence, the first part of (c-5) is satisfied. For the second part of (c-5): choose an
integer ng > (log(K_lLo))/(log A), where Lo = miny yeB x+y m([x, y]). Then, for every
n e Ny, n> ng, if there is d € B\{c} such that d € f(°)([y;, y3]), then, by (c-2), one
has m( £ ([y1, y31)) < KA" < KA" < Lo <m([c, d]), which is a contradiction. The
property (c-3) is satisfied since

gn—1 qn—1 qn—1
> om(f Ay D) =Y m(f Ay, yaD) + Y m(f ([y2, y3D) <2,
j=0 j=0 j=0

Let us show the property (c-4): by Denjoy’s inequality, one has e~ < (m([y2, y31))/
(m([y1, y21)) < e". On the other hand,

max m([xo. yi]) <m(yr. y31) < (1 +eV)m(lyr, ya)).

1<i<3

Hence, (y1, y2, y3) satisfies conditions (a) and (b) for Ry = e¢” + 1. For the triple
f9 (y1, y2, y3), Lemma 2.6 yields
o2V m(y2, ysD) _ m(f4 ([y2, y31)) Bt m([y2, y3))
m(lyt, y21) ~ m(fe(y1, y21) = m(y1, 21

Thus,
Ly _ U (2 vsD) _ sy

= (o yal)

Hence, (9 (y1), f9(y2), f9(y3)) satisfies condition (a) for R» = e3V. We will now
check condition (b). We consider two cases.
o If y2e AV V(xg), then xo € £ ([y1, y3]) since f% (y3) lies to the right of ys.
Therefore,

max_ m([xo, [ yil) <m(f*(y1, y3D) = (4 +eDmF* [y, y21)-

1<i
o Ifye A(()")(xo), then either xg € f9 ([y1, ¥3])), in which case one has as above
max m([xo, fyil) = (1+em(f" (L1, y21),
or xg is outside 9 ([y1, y3]); then f97(y3) lies to the left of xg. Thus,

max m([xo, fyi]) <m(f™"([y1, y3)) +m([y2, y3]).

By Denjoy’s inequality, one has e~V < (m(f9 ([y1, y21)))/(m([y1, y21)) < e”, s0
max_m([xo, f%y;]) < (1 + e )m(f ([y1, y21)) + €"m(y1, y21)

1<i<3

< (14" +mfr ([y1, y21)).
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Therefore, condition (b) with the constant R = 1 4+ ¢¥ 4 2" holds for £ (y1, y2, y3).
In conclusion, conditions (a) and (b) with the constant R =1+ ¢¥ + ¢ hold for
(y1, y2, y3) and f9(y1, y2, y3). It remains to show the property (c-0): since xg € [y1, ¥3],
it follows by (c-2) that there exists N = N(xp, §) € N, N > ng, such that (y1, y2, y3) =

(y1(n), y2(n), y3(n))u=n C Us(xp) and (f9* (y1), f4"(y2), f¥ (y3))n=n C Us(xo) since,
by (c-4), we have

m([x0, £y 1) < Rm(f4([y1, y21)) < Re¥ m([y1, y21).

The proof is complete. O

Definition. (Primary cell) The triple (y, y2, ¥3) given in Proposition 3.1 is called a
primary cell associated to ( f, xg, ¢, 8, N) for the constant R = &3V + ¢V + 1.

In what follows, set No={n e N:n> N}. Let ce B, d ¢ Oy(c) and (y1, y2, y3) 1=
(1 (n), y2(n), y3(n))xen, be the primary cell associated to (f, xo, ¢, §, N).

For every n € Ny and, by Lemma 2.3, denote by:
e i,(c,d) the unique integer 0 < i, (c, d) < g, such that either d € f»(©D([y;, y,]) or

d € f7©D(yz, y31), where ju(c, d) = gn(in(c, d)).

Set

m(Lf D), yal)
m([ finteD=in(cd)(y,), yo])”

Write for short t,(c, d) :=t,(d), i,(c, d) :=i,(d) and j,(c, d) := j,(d).

One always has f_i"(d) (d) € [f9y1, y2]; indeed, in the first case, f_i"(d) d) € [y1, ]
and, in the second case, f " (d) e [ f?y1, fiy>] C [f2*y1, y2]. One can write

m(Lf "), y21)
1 (d) = m([yl, y2)
m(Lf "), y21)
m([fy1, y21)
Let d € B\{c} and A be an infinite subset of Ny. Denote by:
e T(d, A) the set of limit points of (¢,(d)),ea. Therefore, T (d, A) C [0, 1].
We say that d satisfies:
e the Pi(d, A)-property if T(d, A) C ]0, 1[ and, for everyn € A, 0 <i,(d) < gn—1;
e the Py(d, A)-property if T(d, A) C ]0, 1[ and, foreveryn € A, gn—1 <in(d) < qn.
Set

t,(c,d) =

ifqn—l = ln(d) <{n,

if 0 = ln(d) <{qn-1-

011(A) ={d € B\{c} : d satisfies the P;(d, A)-property},
012(A) = {d € B\{c} : d satisfies the P»(d, A)-property},
02(A)={d € B\{c}:T(d, A) ={0}},
03(A) ={d € B\{c}: T(d, A) ={1}}.
PROPOSITION 3.2. There exists an infinite subset N1 of No such that Q11(Ny),
012(N7), 02(Ny) and Q3(Ny) form a partition of B\{c}.

Proof. For A an infinite subset of Ny, write Q(A) := Q11(A) LI Q12(A) LI 0,(A) I
03(A).
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e First we shall prove that there exists an infinite subset M of Ny such that ¢y € Q(M1):
if 0 € T(c1, Np), there exists an infinite subset M| of Ny such that the sequence
(tn(c1))nem, converges to 0; thatis, c1 € Q2(My).

If 1€ T(ci, Np), there exists an infinite subset M| of Ny such that the sequence
(t:(c1))nem, converges to 1; thatis, c1 € Q3(My).

If T(c1, Ng) N {0, 1} =@, then T (c1, Ng) C ]0, 1[. Since the subsets M1 := {n € Ny :
0 <in(c1) <gn—1} and M2 :={n €Ny :qy,—1 <iy(c1) < g,} form a partition of the
infinite set Ng, one of them is infinite. We conclude that ¢; € Q11(M) U Q12(My),
where

M= {MU if M, is infinite,
| My if My s finite.

e In the same way, there exists an infinite subset M, of M; such that ¢ €
O(Mj3). As QM) C Q(M»p), {c1,c2} C OQ(M3). We continue in this fashion,
obtaining a decreasing family M, M3, ..., M, of p infinite subsets of Ny
such that {c, ca, ..., ck} C Q(My) for every 1 <k < p. In particular, B\{c}:=
{c1,c2,...,¢cp} COMp) and so B\{c}= Q(Mp). Set N;:=Mp,; we obtain
B\{c}=011(Ny) LI 91p(Ny) I Q2(Ny) I Q3(Ny). The proof is complete. O

In what follows, in view of Proposition 3.2, we write for simplicity Ny instead of Nj.
So, one has
B\{c} = 011(Np) I 012(Np) LI 02(Np) LI Q3(Np).

3.2. The distinguished points of f. Fora e S',neNandy >0, set:
o Li=m(A"M());
Vil @) =la =yl 1, a+ vl 1;
in(d) ifde{c}U N
. k< @ iTd eV 00,
Jn(d) ifd € Q3(No).

PROPOSITION 3.3. Under the notation above, there exist an infinite subset My of No and

a positive constant ag > 0 such that:

(1) for every d € f(c) ={c}U Q2(M>2) U Q3(M3) and every 0 <y < e 2V there
exists n, € Mp such that for any n € My, n > n,, there exists a unique integer
0 <k, (d) < gy such that

F D@y e v (ya) < Iy, y3l;

(@) foreveryn e My, ULy f7(B\E(©) € S\Valy (3);

(3) foreveryd € Q11(M>) and n € Ma, we have f~nD(d) €1 f% (y1) + aolu—1, y2 —
aoln—1l;

(4) for every d € Q12(M) and n € My, we have f~iD(d) ey, +apla_1, y3 —
aolp—1l.

https://doi.org/10.1017/etds.2015.32 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2015.32

2366 A. Adouani

d:= f*l‘n(a’) d),d = f*l‘n (d,)(d/), 7= f*_in(é’)’ o = f*jn(e')(e’)

d e Q11(Mp), d' € Q2(My), e € Q3(My), €' € Q12(Mo)

Y

d/

Y]
Y

Yo = f" (1), u:=yr — aolp—1, v :=y2 + @oln_1
u' =y + aplp—1, V' :=y3 — aply—1

FIGURE 2.

Proof. (See Figure 2.) Let d € B\{c}.
Assertion (1):
e The intervals fi»@ ([y;, y21) and f7nD([y,, y3]) are comparable: by Denjoy’s
inequality, for every n € N,

v mU Dy, D) v
= m(f D ((y2, y3D) T

Those intervals are comparable to [ fj"(d)(yz), fi"(d)(yz)], which implies, by
Lemma 2.6 and Denjoy’s inequality, that the four intervals

i, y2l, [yas 33l [F D70 @D (35) 5], [y, i@ =@ (y,)]

are comparable. In particular, the ratios

m(Lf "), y2]) m(Lf "), y2])
and DD =t,(d)
m([y1, y21) m ([ fIn@D=in (yy), y21)
are comparable.
So, for d € Q>(Np), lim,,—, 1 5 #,(d) = 0, which is equivalent to the assertion

forall y >0 there exists n,, € Ng such that, for every n € Ny,
n=ny, f @) e Vi) ().

e Similarly, the ratios (m([y2, f =@ (@D)/(m(y1, y21) and (m([y2, [~ @D @)D/
m([y2, f in(d)=jn(d) (y2)])) are comparable, which, by Lemma 2.6, is comparable to

the ratio ) ) )
m(Lf DD (o), D))

m ([ fin@D=in(d (yy), ya])
So, for d € 03(Np), lim,_, 4 ,(d) = 1, which is equivalent to the assertion

=1—-1,(d).

forall y >0 there exists n, € Ny such that, for every n ¢ No, n > n,,,
F7 D@y € Vi) (7).
Assertion (2): Let d € Q1(Np). Then there exist an infinite subset M;(d) of Ny and
0 < a(d) < 1 such that, for every n € Ma(d), t,(d) > a(d) and 1 — t,(d) > a(d). Since

01(Np) is finite, there exist an infinite subset M> of Ny and 0 < ag < 1 such that the
points f~'» @) (d) and f /@ (d) are contained in the set Sl\V,fglz) (y2) foralld € Q1(M>).
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By Lemma 2.3, for every 0 <i < gy, i #i,(d), j = @n(i), we have d ¢ fi([y1, y2]) U
f7([y2, y31). Hence, for every 0 <i < g, i #i,(d), f~'(d) ¢ [y1, y2] and for every
0<j <4gn, j# jn(d) = @n(in(d)), f7/(d) ¢ [y2, y3]. Inparticular, forevery 0 <i < g,
i #in(d). i # ju(d). F7(d) ¢ [y1.y3]. So.  f7(d) & Vielay(y2) since Vo (v2) C
[y1, y3l.

Then

U 7 B\E@©) c S"\Vi ().

O§i<qn
Assertion (3): Let d € Q11(Np). Then there exists an infinite subset M;(d) of Ny such
that, for every n € M>(d), 0 <i,(d) < gn—1,
D @) € Iyr, y21U fO7 D ([ya, y31) = [yr, y2l ULF (31), £ (72)]
=Lf"(y), y2l

and .
m(Lf "), y2])
<l-a
m([f9(y1), y2)
Since the intervals [ f97(y1), y2] and [y{, y2] are comparable, there exists 0 < o] < ap
such that, for all d € Q11 (M>(d)) and n € M»(d),

FT D@y e [fI(y1) + arly—1, y2 — a1ly—1].
Since Q11(Np) is finite, there exists an infinite subset M, of Ny such that, for all d €
Q11(M2) and n € M,
£ D) e LF (1) + atilnt1, y2 — a1,
Assertion (4): Let d € Q12(Np). Then there exists an infinite subset M>(d) of Ny such
that, for every n € Ma(d), gn—1 < in(d) < qu, " (d) € [y2, y3] and
m(Lf D), yal) _
m([y1, y21) -

o < tn(d) =

o < tp(d) = 1 — ap.

Since the ratios
mUf D@, s om ), o))
m([y2, y31) m([y1, y21)
are comparable, there exists 0 <ay < ap such that f_j"(d) ) €y + aaly—1, y3 —
arl, 1] for all d € Q12(M3(d)). Since Q12(Np) is finite, there exists an infinite subset
M; of Ny such that f=@D(d) € [ys + asly—1, y3 — asl,—1] for all d € Q12(M>) and
ne M. O

PROPOSITION 3.4. There exist an infinite subset M3 of M», k points c1,c2, ..., Ck €

011(M3), a partition (E(cj))lfjfk of Q11 (M3) withcj € E(cj)(l < j <k) and a positive

constant 0 < o < «g such that, for every 1 < j <k, we have:

(1) foreveryd e F(cj) and y > 0, there exists n,, € M3 such that for any n € M3, n >
ny, there exists a unique integer 0 < k, (d) < qn—1 such that

F D@y e v (Fmin€d (c)) 19 (1) + @0 b1, y2 — @0 Lu—il,
where k,(d) = i,(d);
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@) foreveryne My, '™ fTI(B\E(c)) € SN\ VI (f7ED ().

Proof. Assertion (1): Set Q11(M>) ={dy, da, ..., dy}. By Proposition 3.3(3), there
exists oo > 0 such that, for every d € Q11(M>) and n € My, f~»@(d) e | fI(y;) +
a0 L1, y2 — ag L,—1[ (since Vn(fa)o (y2) does not contain f @ (d) and f~/n@ (q)).
Ford € Q11(M;) and n € M», set
m(Lf D), fm @

t(dy, d) = - .
o

There exist an infinite subset N, of M> and a positive constant y; such that

Q11(M>) =E(d) U Fy,

where
E(dy) :={d € Q11(M>) : (1,,(d1, d))nen, converges to 0}
and
Fi:={d € Q11(M2) : 1, (d1, d) = y1, Vn € Np}.
Write f(dl) ={d,...,dn,—1} and F| ={dy,, ..., dp} for some integer 2 <m| <
m+ 1.

For d € Fy, set

m([f_i”(d)(d), f—in(dml)(dml)]) .

1, d) = -
e

€ Nz.

There exist an infinite subset N3 of N and a positive constant y» < y; such that
Fi=E(dn) U F,

where
E(dml) ={deF;: (t,'l (dm,, d))nen, converges to 0}

and
Fh={deF :t,/l(ml, d) >y, Yn € N3}.

Write E(dml) ={dn,,...,dn,—1} and Fr»={dp,,...,d,} for some integer
m1 + 1 <my <m. Repeating this process enables us to conclude that there exist an
infinite subset N of M>, a positive constant yx > 0, k points di, dy,, . .., dy,_, and
a partition (E(di,))j=0.1,..k—1 of Q11(Mp) (where dy, =d;) such that, for every
j=0,1,...,k—1,

E(dmj) ={d € Q11(M2) : (1 (dp;, d))ne; converges to 0}
and
011 Mo\ E(dn;) = {d € Q11 (M) : 1)(dm;, d) = yx, ¥ € Ny},

where _ )

_mAf @), f )
lnfl ’

Here c; =dp,_,,i=1,2,...,k, and M3 =Ny. Set B := y;.

() : e N;.
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Assertion (2): Letd € B\F(cj), where | < j <k.Let0<i <g,—1 and n € M3.
o If i #iy(d), then d & f'(Iy1, 2D U f#O(ly2, y31), where ¢,(i) =gn — gn—1 +i.
Hence,
f7d) ¢ [y1, 21U £ ([y2, y31) = [f" (y1), y21.

Since V1) (f 7€) (c;)) € £ (y). yal. s0 f71(d) & V. (f €D ;).

o If i=iy(d), since 0<iy(d) <qn-1, d€ Q11(M3) or deE(c). In the first
case 1 (cj,d)> B, that is, f'(d) ¢ V,l(;';,)(f_i"("f)(cj)). In the second case, for
every d € E(c), by Assertion (1)(a) there exists n(d) € M3 such that, for every
n>n(d)), f’i"(d)(d) € Vrffﬂ)/“(yz). Since E(c) is finite, there exists ng € M3 such

that, for every d € E(c) and n € M3, n > ng, we have f~in@(q) e vj@’/4(y2). Since

FT D@y e VI 0 N VI (D () = B, f D) ¢ V(T ().
We conclude that for every 1 < j < k and every n € {n € M3, n > ng}, we have

qn—l_1
U F7B\E@;) c SNV, (7 e)).
i=0
Set Bp := min(xg, B8/4). O
PROPOSITION 3.5. There exist an infinite subset My of M3, Ci+1, Ck+2,...,C1 €

Q12(Mo), a partition (E(ci))i+1<i<i of Q12(Mo) with ¢; € E(ci)(k+1<i <I) and a
positive constant yy < Po such that, for every k + 1 <i <1, we have:
(1) for every d € E(c;) and y > 0, there exists ny, € Mg such that for any n € My,

n > ny, there exists a unique integer 0 < k,(d) < g, — gn—1 such that

F D@y e Vi) (£ () CIya + a0 I, 3 — o0 Ll
where ky(d) = ju(d);
n—Gn—1—1 ) J— g s

(2)  foreveryn e Mo, ™' F7I(B\E () € S'\Vihy (f 7@ ().
Proof. By Proposition 3.3(4), there exists yg < Bo such that, for every d € Q12(M3) and
neMs, f7"Dd) elyy + v li_1, ¥3 — Y0 Ln—1[. The remaining proof is the same as in
Proposition 3.4. O

Definition. (Distinguished points) In view of Propositions 3.3-3.5, the points ¢; for j =
0,...,1(0 <! < p)are called distinguished points of f.

We have the following partition:

B= [] E.
0<i<l

Let (y1, 2, y3) C Us(xp) be the primary cell for the constant R =¢3V + ¢V + 1
associated to (f, xo, ¢, My, 6) and let 3 > 0 be as in Proposition 3.5. Let b be a
distinguished point of f and n € M. Set

yib) = f7I1(y2(b)),  y3(b) = fI1(y2(b)),

where '
7O @by ifbefc, ci, ...,

(b) = .
2 Foin® @) ifb e {crps ..l
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where .]n (b) = $n (i (D).
The triple (y1(b), y2(b), y3(b)) C Us(xg) is called the primary cell associated to
(fs x0, b, ¢, M, 8).

COROLLARY 3.6. For every distinguished point b of f and every d € E (b), we have

L mUT @), k)
n——+o00,neM m([y1(b), y2(b)]) ’

where
in(d) ifde€{c}U Q2(Mo),
kn(d) = ,
Jn(d) ifd € Q3(Mo).
Proof. Itis a consequence of Assertion (1) in Propositions 3.3-3.5. O

4. Secondary cells

We introduce in this section a new triple (z1, 22, z3) in Us(xp) depending on two real
parameters B and y. Let B,y €10, [ (B <y <R). For neMy (n>ng) and b a
distinguished point of f (i.e. b € {cg, ..., c1), we deﬁne the points z1, 22, 23 € st (71
<22 < 23) as follows: 22 = y2(b) and 21, 23 € V) G2\ V, (2.

Definition. (Secondary cell) The triple (zi, z2, z3) is called a (B, y)-secondary cell
associated to ( f, xo, b, M, 8).

Set
qn ifb=c,
qn(b) = dn—1 ifbef{cy, ..., cl,
Gn — gn—1 ifbe{cky1, ..., al.

PROPOSITION 4.1. Under the notation above, for every n € My, n > ng, we have:

(b-0) [z1. 23] € Vi (02(6) € [y1(b). y3(B)1;

(b-1) foranyd e ‘E(b), there exists a unique 0 <k, (d) < g, (b) such that f_k" @(d) e
V. (b))

-2) m(fi(z1, z3]) < KA" for every 0 < j < q,(b), where = (1 +e~V)" V2 and K
is a constant independent of n, V = Var(log(Df)),

0-3) Y49 m(f (21, ) <2

(b4) the triples (z1, 22, z3) and (f P (z1), f49®)(22), f9 P (z3)) satisfy conditions
(a) and (b) of Definition 2.8 for xo and the constant R(B) = (Rezv)/,B, where
R=eV +eV +1;

(b-5) fi([Z1, z3]) does not contain any point in B for every 0 <i < q,(b) and i #
kn(d), d € E(b);

(b-6) foreveryd € E(b), d € @ (1z1, z3]).

Proof.
(b-0): This results from the definition of (z1, z7, z3) for y small.
(b-1): This follows from Assertion (1) in Propositions 3.3-3.5.
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(b-2) and (b-3) hold since [z1, z3] C [y1(b), ¥3(b)] and by applying the same proof
to (y1(b), y2(b), y3(b)) instead of (y1, y2, y3) of the properties (c-2) and (c-3) of
Proposition 3.1.

(b-4): We have

B _ Bmn®), 2(W)D _ mlz2, 23D _ ym(Iyi(®), »2(B)D _ v

y  ym(yi(), y2(b)) ~ m(z1, z2]) ~ Bm(y1 (D), y2(b)) B’
then, by Lemma 2.6, we get

e—zvé 2V Bm([y1(b), y2(b)])
Y ym([y1(b), y2(b)])
_ —avm(z2, 13D _ m(f*(z2, z31)
m([z1, z2]) T m(fo([z1, z2]))
<oV m([z2, z3])
m([z1, z2])
_ v ymi®). G _ vy
Bm([y1(b), y2(b)]) B
Hence, (z1, z2, z3) satisfies conditions (a) and (b) of Definition 2.8 for the constant
R(B,y)=R/Be*. On the other hand, since [zi,z3] C [f9"(y1(b)), y3(b)], x0 €

[f9(y1(D)), y3(b)] and max(m ([ f9" (y1(b)), x0]), m([x0, y3(b)])) <Rm([y1(b), y2(b)]),
it follows that

[max m([xo, zil) = max (m([ f4" (y1()), xo1); m([xo, y3(b)])

R
< Rm([y1(b), y2(D)]) < E’ﬂ([m, 22]).

Furthermore, as

Iy1(®), y3(b)[ ifb=c,
[z1,z3] C {]f"" 31(D), 2O ifbefct,c2, ..., Ck}s
1y2(b), y3(b)[ ith e {cky1, ..., cl,
S Ay1(b), y3(D)D ifb=c,
F7P (21, 23D € [fq"—l Af(y1(B)). 2B ifbefer.ca. ..., el
[ =1 (]y2(b), y3(b)D) itbe{cryr, ..., ).

Since xg € [f9" (y1(b)), y3(b)] and
fAy1(®), ys(0)D U fr=1 (A £ (y1(D)), y2(b)D
U fIn =1 (y2(b), y3(b)D) C [f (y1(b)), y3(b)],

we get

max (L") (z), xo1) < max(m(Lf* (y1(b)), XoD; m([xo, y3(b))

R
< —m([z1, z2])

B

<= "m(fO((z1, 2] (by Denjoy’s inequality).

= =
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Therefore, (f4®) (z1), f® (z5), 9 (z3)) satisfies conditions (a) and (b) of
Definition 2.8 for the constant R(8, y) = (R/,B)ezv.

(b-5):Ifd € Band 0 <i < g, (b) is an integer such thatd € f'([z1, z3]), then f~I(d) €
[z1, z3] C Vn(f,) (y2(b)) C Vn(;% (y2(b)). According to Assertion (2) of Propositions 3.3—
3.5, we obtain £~ (d) ¢ U3gg>-1 F=I(B\E(b)), 0 <i < gn(b). In particular, £~ (d) ¢
F7H(B\E(b)). Hence, d € E(b) is such that 0 < i < g, (b) and £~ (d) € V) (y2(b)). By
Assertion (b-1), i =k, (d).

(b-6): Let n € Mo, n>np. By (b-1), f~@(d) € VI (2(6)) = [z2 — Blu—1. 22 +
Bl,—1]. Since z1 <720 —Bly—1 <720 <20+ Bl—1 <z3 and y(b) =z, we have
V) (22) C Jz1. z3[. It follows that @ (d) € Iy, z3l. O

PROPOSITION 4.2. Let (y1(b), y2(b), y3(b)) C Us(xo) be the primary cell and (z1, z2, z3)

an (B, y)-secondary cell associated to (f, xo, b, Mly, 8). Let h be the homeomorphism

conjugating f to g. Assume that it admits in xq a positive derivative Dh(xg) > 0. Then:

(1) (h(y1(b)), h(y2(b)), h(y3(D))) is a primary cell associated to (g, h(xo), h(b), Mp),

(2) there is an integer ng € Mo such that for every n € My, n > ng, (h(z1), h(z2),
h(z3)) is a (B/2, 2y)-secondary cell associated to (g, h(xgp), h(b), M),

(3) there is an integer n,, € My such that for every n € Mo, n > n,,

h(Vi3) (32(0)) € V&, (R (32 (0)) € h(V, %), (32 ())).

Proof.
(1) is trivial.
(2) Write wy = Dh(xp) > 0. One has

 Inax, m([xo, yi(D)]) < Rm([y1(b), y2(b)]) < RKL"

and
max m([xo, zi]) < Rm([y1(D), y2(b)]) < RKL";

then

m([h(yi (), h(x0)]) _ i m([h(zi), h(x))D _
n—~+oo  m([yi(b), xo]) n—+oo  m([zi, xol)

If xo € [y1(b), y2(D)],

m([h(y1(b)), h(y2(b))]) = m([h(y1(b)), h(x0)]) + m([h(x0), h(y2(b))])

= wom([y1(b), xol) + o(m([y1(b), x0]))
+ wom([x0, y2(b)]) + o(m([xo, y2(b)]))

= wo(m([y1(b), x0]) + m([x0, y2(b)])) + o(m([y1(D), x0]))
+ o(m([xo, y2(b)]))

= wom([y1(b), y2(b)]) + o(m([y1(b), x0]))
+ o(m([xo, y2(b)D)

=wom([y1(b), y2(D)]) + o(m([y1(D), y2(b)D)) (by (b-4)).

(i=1,23).
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If xo ¢ [y1(D), y2(b)], there exists s € {—1, 1} such that

m([h(y1()), h(y2(b))]) = s(m([h(y1(D)), h(x0)]) — m([h(x0), h(y2(D))]))

= s(wom([y1(D), x0]) + o(m([y1(b), x01)) — wom([x0, y2(b)])
—o(m([xo, y2(0)1)))

= s(wom([y1(D), x0]) — wom([x0, y2(b)])) + o(m([y1(b), x0]))
+ o(m([xo, y2(b)]))

= wom([y1(D), y2(b)]) + o(m([y1(b), x0]))
+ o(m([xo, y2(b)]))

= wom([y1(b), y2(D)]) + o(m([y1 (D), y2(D)])) (by (b-4)).

Similarly, m([h(z1), h(z2)]) = wom([z1, z2]) + o(m([y1(b), y2(b)])). As a consequ-
ence, we get

m([h(z1), h(z2)]) _ m([z1, z2]) te  where lim & =0
m([h(y1(b)), k(2N m(y1 (D), 2B " n—>too
Hence,
lim< m([h(z1), h(z2)D) — m([z1, 22]) ):0. @.1)
n—>+oo\ m([h(y1(D)), h(y2(b))D)  m([y1(b), y2(D)])
Similarly,
hm( m(h@) h@))  m(lz, 3D )ZO w2
n—>+oo\ m([h(y1(D)), h(y2(b)))  m([y1(b), y2(D)])

Since (z1, 22, z3) is a (B, y)-secondary cell associated to ( f, xg, b, M, 8), there exists
an integer n% € M such that, for every n € Mgy (n > n;s), we have

m([z1, z2]) m([z2, z3])
= b), <— = <y, <— <y,
a=nl. P e me) =" P e, o) =

By (4.1) and (4.2), there exists an integer ng € My (ng > n}j) such that, for every n €
Mo (n = np),

B __ m(h@), h(zaD)

27 m((h(n®). h(2B)D ~
b
S <

h(z2) = h(y2(D)),

m([h(z2), h(z3]))
m(h (1) hG2 @)D ~
(3) Let neMy,t; :=y2(b) — yly—1, tr :=y2(b) and t3:=y2(b) + yl,—1, where
1= m(A("_l)(yl(b))). Then (11, t2, 13)neM, 1s a (y, y)-secondary cell associated to
(f, x0, b, My, 8). By (2), (h(t1), h(t2), h(t3))nem, is a (¥ /2, y)-secondary cell associated
to (g, h(xg), h(b), Mp). Since & is an orientation preserving continuous function on § 1

so is h(VAL) (ya (b)) = [h(t1), h(13)]. As the interval v,ffgy (h(y>(b))) contain the points

h(t1) and h(t3), h(V,,(,J;) (n (b)) C Vn(f"z)y (h(y2(b))). Since h~! is the homeomorphism
conjugating g to f and admits in /(xq) a positive derivative Dh ! (h(xp)) = 1/(Dh(xo))
>0, we can apply the last result to the primary cell (h(y1(b)), h(y2(b)), h(y3(b)))

associated to (g, h(xo), h(b), M) to obtain v,ffgy (h(»2(b))) C h(vgﬁg (2(b))). O
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PROPOSITION 4.3. Under the notation of Proposition 4.2, for every n € My, n > ng, we

have:

(h(b)-0)  [h(z1), h(z3)] C V,fjgz)y (h(y2(0))) C [R(y1(D)), h(y3(b)];

(h(b)-1) for any d e Eb), ky(d) is the unique integer in [0, g,(b)[ such that
g D)) € V&) 5 (h(y2(b)));

(h()-2)  m(g’([h(z1), h(z3)D)) < K'W)" for every 0<j<qnb), where N =
(1 +eV')Y"Y2 and K’ is a constant independent of n, V' = Var(log(Dg));

(hb)-3) X0 m(ed (a1, hz)D) <2

(h(b)-4) gi([h (z1), h(z3)]) does not contain any point of h(B) for every 0 <i < g,(b)
and i # k,(d), d € E(b);

(h(b)-5)  for every distinguished point b of f and every d € E(b),

i MU L R@), R (0D _
n—+oo  m([h(y1(b)), h(y2(b))]) '
(h(b)-6)  foreveryd € E(b), h(d) € g5 (h(z1), h(z3)]).

Proof. Assertion (h(b)-0) is a consequence of Proposition 4.2(3).
(h(b)-1): This follows from Assertion (1) in Propositions 3.3-3.5. Let d € E(b); there
exists ng € Mlp such that for every n € My, n > ng, there exists 0 < k, (d) < g,(b) such

that @ (d) e V), (z2); then ¢~R @ (h(d)) = h(f D (d)) € h(V,)) ,(z2)) C

Vrff’yﬂ)/z(h(zg)). Uniqueness: if 0<i, j <g,(b) satisfy g~/ (h(d)), g~/ (h(d)) € Vn(ﬁ;ﬂ

(h(z2)), then f7(d), f~I(d) e k" (V) ,(h(z2))) V\(z2). Therefore, by
Proposition 4.1(b-1),i = j.

(h(b)-2) and (h(b)-3): By Proposition 4.2(2), (h(z1), h(z2), h(z3)) is a (B/2, 2y)-
secondary cell associated to (g, h(xp), h(b), M). Therefore, the proof is similar to
Proposition 4.1(b-2) and (b-3) by replacing f by g.

(h(b)-4): Let 0 <i < ¢,(b) and assume that g’ ([h(z1), h(z3)]) contains a point d’' =
h(d) of g for a point d of B. Then f'([zi,z3]) contains the point d of B. By
Proposition 4.1(b-1) and (b-5), it follows that d € E(b) and i = k,,(d).

(h(b)-5): Let b be a distinguished point of f, d € E(b) and y > 0. By Proposition
3.1(b-6), there is an integer n;, € M such that, for every n € My, n > n;,, fad@) e
V) (y2(b)). On another hand, by Proposition 4.2(3), there is an integer n, €
Mo, n, > n;, such that, for every n € My, n > n,, :h(V(fy)/z(yz(b))) C Vn(f"y)(h(yz(b))).

n,

As g™ @D (n(d)) = h(f @D (), it follows that g~*@ (h(d)) € V%) (h(y2(b))) for
every n > n,, n € M. Since y > 0 is arbitrary, we get
g T D@, A G)D _
n—>+oo  m([h(y1(b)), h(y2(D))])

(h(b)-6): Letn € My, n > ng.

By (h(b)-1), g*@(n(d)) e V,ffg)/z(h(yz(b))) =[h(z2) — B/, _,, h(z2) + (B/2)
1! |1, where I}, = m(A™)(h(y1)). Since h(z1) < h(z2) — (B/DI,_| < h(z2) < h(z2) +
(B/2)1,_, < h(z3) and h(y2(b)) =h(z2), we have Vn(:g/g)/z(h(ZZ)) C1h(z1), h(z3)[. Tt
follows that g =% (h(d)) € 1h(z1), h(z3)[. o
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5. Control of distortions

PROPOSITION 5.1. Let My and yy be as in Proposition 4.2. Let b be a distinguished point
of fand B, v €10, wol(B < y). Assume that the conjugation homeomorphism h from f to
g admits at xg a positive derivative Dh(xg) = wo > 0. Then there exists an integer ng € My
such that, for every n € Mo, n > ng, we have

Droan (h(z1), h(z2), h(z3)) P
Dr pon (21, 22, 23) “1-y

B.
We need the following lemma.

LEMMA 5.2. [10, Lemma 3] Let h be a circle homeomorphism, xqo € Stand R>1a
constant. If h admits at xo a positive derivative Dh(xg) = wg > 0, then there exists a
constant C > 0 (dependent only on R and wq) such that, for any € > 0, there exists
8 = 8(xq, &) > 0 such that, for any triple (z1, z2, z23) C Us(xg) := [xg — §, xo + 8] (z1 <
72 < z3) satisfying the conditions (a) and (b) for the point xy and the constant R, one has

|Dry (z1, 22, z3) — 1] < Ce.

Remark 2. One can show precisely that C = (8R?/wy).

Proof of Proposition 5.1. Applying Lemma 5.2 to xo and R(8) = RB~'e?V > 1, there
exists a constant Cg = 8w0_1R2(,8) (see Remark 2) such that for ¢ =¢(B) =
(wo/ (8R%e*)) /33 there exists 6(8) > 0 (dependent on S and x() such that for any triple
(t1, 12, 13) C Usp) (x0)> (t1 < tr < 13) satisfying conditions (a) and (b) for the point xo and
the constant R(f), we have

[Dry (t1, 1, t3) — 1] < Cge(B) = B.

Furthermore, by Proposition 4.1(b-4), the triples (z1, z2,z3) and (f an®) (7,
Fan®)(z5), 1) (z3)) satisfy conditions (a) and (b) for the point xo and the constant R(S).
For every n € My, we have

max. m([x0, zi]) = R(B)m([y1, y21) = R(BYKL"

and
max_m([xo, F2O D) < RBIm([y1, y21) < R(B)KA".

As lim;,_, 100 A" =0, there exists ng € My (dependent on ) such that, for every n €
My, n > ng, Us(g)(xo) contains the intervals [z, z3] and Fan®)([z1, z3]). In particular, for
every n € My, n > ng,

IDry(z1, 22, 23) — 1l < B and  [Dry(f4® (1), £ P (20), £ P (23)) — 1] < B.
Since h o 1) = g0 ® o, we get
(g% O (h(z1)), g9® (h(z2)), g% ® (h(z3)))
=r(h(f O (z1)), h(f9 P (22)), h(f7 P (23))).

Set
D Dr g (h(z1), h(z2), h(z3))

n
Dr pani (21, 22 23)
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One has

b 1@V (1)), gV (h(z2)), g (h(z3)))
! r(h(z1), h(z2), h(z3))
1(z1, 22, 23)

SO (), P (), [P ()
(SO (2), h(f1 O (22)), h(f1 P (z3)))  r(z1, 22, 23)
r(fan®Pzy, fan®zy, fanb)z3) 1(h(z1), h(z2), h(z3))
_ D (f1 P (z1), £ P (z0), P (23))
- Drj,(z1, 22, 23) ’

Therefore, Dy e[(1=p)/(A+p), 1+ B)/(1-P] C[1-2B)/(1—y0), 1+(28)/
(1 — y0)]. This implies that for every n € My, n > ng, |D, — 1] <2/(1 — yp)B. O

The next proposition is an another distortion control which is opposite to the one of
Proposition 5.1; this allows us to prove that the conjugation from f to g is singular with
respect to the Lebesgue measure.

PROPOSITION 5.3. Let M and yy be as in Proposition 4.2. Let b be a distinguished point
of f. Then, for any € > 0, there exists 0 < y < yg such that for any B € 10, y[ there exists
ng € Mg such that for alln > ng, n € M, the (B, y )-secondary cell (z1, 22, z3) associated
to (f, xo, b, My, &) satisfies the following inequality:
Dr g (h(z1), h(z2), h(23))
Dr gu) (21, 22, 23)

— )| < Ae

for some constant A > 0, where

og(h(d))
deE(b)

‘We need two lemmas.

LEMMA 5.4. Under the hypothesis of Proposition 5.3, for any € > 0, there exists 0 < y <
vo such that for any B € 10, y|[ there exists ng € My such that for any n € My, n > ng, the
(B, v)-secondary cell (z1, 72, z3) associated to (f, xg, b, My, §) satisfies

ID1 pgu (21, 22, 23) —v(D)| = Cié,
where v(b) = ndeE(b) or(d) and Cy > 0 (depending on V (f), ||Dfl|c and ||Dg|| o).

Proof. Let ¢ > 0. Since Df is absolutely continuous on every interval [c;, ¢j+1](0<i<p),
there exists a real 0 <o <e2Vyy such that for every disjoint continuity interval
(laj, bj1) jes of Df (these latter are the [c;, ¢;4+1] (0 <i < p)) such that if Zjej la; —
b;| < no then Zjej [Df(a;) —Df(b;)| <e. Let 0 < B <y < %efzvno and (z1, 22, 23)
be the (8, y)-secondary cell associated to ( f, xo, b, My, 6).

For n € M, denote the following:
e [:={0,1,..., qn(b) — }}\{k,,(d_) :d € E(b)};
o Di(f)=Dry(f'(z1), f'(z2), ['(23)), 0 =i < gn(b);
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b P = Hie[ Dl(f)a Pl = l_[def(b) Dkn(d)(f)
One has
Drfﬂin(b) (Zl7 22, 23) = PP]

Step 1. We consider D;(f), i € I. By Proposition 4.1(b-5), Df is continuous on the interval
[fi(z1), f'(z3)]. Then, by the mean value theorem, there exist a; € 1 f'(z1), f'(z2)[ and
bi € 1f'(z2), f'(z3)[ such that D;(f) = (Df(a;))/(Df(b;)). Since ([a;, f'(z2)])ier are
disjoint intervals of continuity of Df, by Lemma 2.6, they satisfy the inequalities

> mai. @) <D m(f ). f1 @)D

iel iel

v m([z1, z2]) ; i
_ mlzy, 221) . ,
Sg,:e m([y1 (D), yz(b)])m([f 1), fr(20))D

<y Y mAf 3®), £ (b))

iel

Consequently,
> IDf(f'(z2)) — Df(a))| <& (5.1)
iel
Also, ([ f1(z2), bi])ies are disjoint intervals of continuity of Df, so, by Lemma 2.6, they
satisfy
D omf @), bi) <D m(f (z2). f1 @)D

iel iel

oy m([z2, 23] i i
— e b)), b
< EEI e (1 D), yg(b)])m([f (1 (0)), [ (2(b)]D)

<y Y mAf ;id)). f b)) < no.
iel
Consequently,
> " IDE(f'(z2)) — Df(b)| <. (5.2)
iel
Combining (5.1) and (5.2), we get
Z IDf(b;) — Df(a;)| < 2e. (5.3)
iel
Set D (f) :=max(D;(f), (D; ()~ YHand P*:= [Lic: Df(S).
Since Df takes its values in [m1, M1] (m1 > 0), the following properties hold:

0= DI(f) — 1 = —IDf(b:) — Df(ay)],
mi
" 2
P AGER TS
iel i
llog Di ()] =log D} (f) < Dj(f) — 1,

1
— < P < P*,
Px = =
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It follows that

2
e C0f < p < €% \where Cyp = —. (5.4)
nmi

Step 2. We consider Dy, (q)(f), d € E(b). We have d € ] f*n@ (z), fon@ (z3)].

Case 2a. de|ffD(zy), f&D(z5)[. By Proposition 4.1(b-5), Df is continuous
on the intervals [f*@(z)), dl, [d, f5@(z2)] and [f5 @ (z2), f@D(z3)]; by the
mean value theorem, there exist f E]fk”(d)(m),d[, neld, fk”(d)(zz)[ and 13 €
175D (z2), f5@ (z3)[ such that

Df(#1) Df(z2)

bty " “ora)’

D,y (f) =1 —rp(d))

where
m(ld, f5@D(zy)])

ra(d) = m([fan@ (z1), Frn@ (z5)])

‘We have

Df(r))  D_f(d) |Df(z1) — Df(z2)|
- +rmd)—————
Df(r3) Dy f(d) Df(z3)

| Digy(ay (f) —op(d)| = ‘

Since

Di(t1) D_fd)| M,
Dits) Dy fidy| = w2 DT~ DS @I IDIC) = Dy fDD

and, by Lemma 2.6,

m(f* DS D), z5))
m(fo@([z1, 221))

2 v D@, 2

a m([z1, z2])

= v D1 @), 20D mAf V), 22

B I(z1, 22D m([y1(b), y2(b)])
2V

< —t,(b,d

=5t (b, d)

ra(d) =

with »
0. dy = "D, 2D
[([y1(b), y2(b)])

It follows that
th(b, d)

| Dk, (ay (f) —op(d)] = Ko( + [Df(r1) — D f(d)| + |Df(13) — D+f(d)|>,

where

M M
Ko = max(—lezv, —l>

nmj m%
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Since limy,— 10 1, (b, d) = 0 (Corollary 3.6), there exists ny g € My such that for any
n € My, n > ny g, one has t,(b, d) < Be. The intervals (J¢1, d[; 1d, t3DdeE(b) are disjoint
intervals of continuity of Df; they satisfy, by Lemma 2.6,
m((t, dD) +m(d, 3) < 2m(f* D@0, D@D +m (D @), D)D)
<3¢ ym( D10, f D (b))
<3e*"y <no.

So,
|Df(t1) — D— f(d)| + |Df(13) — Dy f(d)| < e.

Hence, there exists ng g € My such that for every n € My, n > ng g,

| Dy, ) (f) — or(d)] <2Kpe. (5.5)

Case 2b. d elf*@(z,), fo@(z3)[. By Proposition 4.1(b-5), Df is continuous
on the intervals [f*@(z1), [ @), [f*D(z2). d] and [d, f*@(z3)]. By the
mean value theorem, there exist s1 € 1d, 5@ (z3)[, 52 € 1/*@(22), d[ and s3 €
175 @D (z1), f& @D (z,)[ such that

Df(sl) Df(s2)

e T D DiGs)

D () ()) =1 =1, (d))

where
m([ 5D (z5), d])

'(d) = .
D= D ), @ )
As in Case 2a, we have
4 _|Dfs)  Dif@| ., IDf(s)) = Df(sy)]
| Dy, @) (f) or(d) | < )Df(g) D) r,(d) Df(s)

Since

Df(s1) Dy f(d)

Di(ss)  D_f(d)| = _('Df( D) = D+ f ()] + IDf(s3) = D— f(d)])

and, by Lemma 2.6,

vy = MOz, fTH DD
" m(fn@([z2, z31))
< vz, [ Y@
B m([z2, z3])
< 2vm1®), 20D m((za, [T (D))

- m([z2, z3])  m([y1(b), y2(D)])
eZV

= — n bv d )

=73 tn(b, d)

where
m([z2, f =5 @D (d)])

m([y1(b), y2(b)])

ty(b,d) =
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It follows that

2(b, d
Dy (/) — o p (@) < K()(’(‘T) 1 IDEGs1) — Dy £(d)| + [Df(s3) — D—f(d)l),

where

M M
Ko = max(—lezv, —l)

mj m%

By Corollary 3.6, lim,_ o t;(b, d) = 0. Hence, there exists ny g € My such that for
every n € Mo, n > ng g, t,(b, d) < Be. The intervals (Id, s1[; 1s3, dDdeE(b) are disjoint
intervals of continuity of Df; they satisfy, by Lemma 2.6,

m([d, s11) + m([s3, d]) < m([f* D (z1), FoD(@)]) + 2m D (z2), 5D (z3)])
<32 ym (L5 D (y1(b)), D32 b))])
<3e*Vy <no.

So,
[Df(s1) — D+ f(d)| + [Df(s3) — D—f(d)| <e.

Hence, there exists ng g € My such that for every n € My, n > ny g,
| Dty ()" — (@)™ < 2Koe. (5.6)

Therefore, from the Cases 2a and 2b, we conclude that there exists ny, g € My such that
for every n € My, n > ng g,

| Dy, @)(f) — of(d)] < Koe. (5.7

Since E (b) is finite, there exists np, g € My such that for every n € My, n > np g,

[T PoawH— [] or@

deE(b) deE(b)

<e. (5.8)

Hence, (5.4) and (5.8) imply that there exists np g € M such that for every n € My, n >

nb,ﬁ$
IDr pgu (21, 22, 23) —v(D)| < Cié, (5.9)

where v(b) = ]_[def(b) or(d) and C; is a positive constant. 0O

LEMMA 5.5. Under the hypothesis of Proposition 5.3, for any & > 0, there exists 0 < y <
vo such that, for any B €10, y|, there exists ng € My such that for any n € My, n > ng,
the (B, y )-secondary cell (21, z2, z3) associated to ( f, xg, b, M, §) satisfies

IDrgan ) (h(21), h(z2), h(z3)) — v(h(D))] = Cae,

where v(h(b)) =[] d<E) g (h(d)) and C3 is a positive constant.

Proof. The proof is a consequence of Lemma 5.4 and Proposition 4.3(h(b)-5) applied
to the (B8/2, y)-secondary cell (h(z1), h(z2), h(z3)) associated to (g, h(xop), h(b), Mp)
instead of the (8, y)-secondary cell (z1, z2, z3) associated to (xg, b, My, 8). O

Proof of Proposition 5.3. The proof results from Lemmas 5.4 and 5.5. a
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6. Proof of main theorem

Let f, g € P(S') with the same irrational rotation number «. Suppose that f and g

satisfy the (KO) condition. By Corollary 2.11, there exist two piecewise quadratic

homeomorphisms K, L € P(S') such that F=Lo foL ' and G=K ogo K~! have

the following properties:

(1) F, G € P(S") and have the same irrational rotation number «;

(2) the break points of F' (respectively G) are on pairwise disjoint F-orbits (respectively
G-orbits);

(3) F and G satisfy the (KO) condition;

(4) let h be the conjugating map between f and g,i.e. ho f =goh,andsetv=K o

h o L™'. Then:
e v is an absolutely continuous (respectively a singular) function if and only if so
is h;

e voF=Gouv.
Therefore, we may assume that all break points of f (respectively g) are on
pairwise disjoint f-orbits (respectively g-orbits). Now, by Proposition 2.13, there exists
a homeomorphism u of S! such that G=uo fou~! € P(S') with the following

properties:

o C(fHHCcB:={c:i=0,1,....9}(q=p)
e CG)Cu(B):={ulc):i=0,1,...,q}
o ogu(c))=o0¢(d),i=0,1,...,q;

o 7 (G) =m(8);

e /i is singular if and only if so is u.

So, we may assume that u = h and G = g. Hence, we get

75(8) 1y og(h(ci)
m(f)_l_[ op(ci)

i=0

To show that the conjugation homeomorphism A from f to g is singular with respect to the
Lebesgue measure m, it suffices to prove that its derivative Dh is zero on a set of Lebesgue
total measure.

On the contrary: h admits at a point xp a positive derivative: Dh(xg) = wg > 0. Let
b € {cp, c1, . .., c;} be adistinguished point of f and ¢ > 0. For 0 < 8 <y < yp, write

Dr g (h(z1), h(22), h(z3))
Drygo (21, 22, 23)

Dl’l (b9 :37 V) =
By Proposition 5.1, there exists np g € Mg such that for every n € My, n > ny g,

|Dn(D, B, y) — 1] <

p— (6.1)
-

By Proposition 5.3, there exists y, < yp such that for every 0 < g < y. there
exists np g(e) € My such that for every n € My, n > ny g(¢), the (8, y)-secondary cell
(21, 22, 23) (¥ < ¥e) associated to (f, xq, b, M, §) satisfies

[Dy (b, B, y) — T1(b)| < Ae, (6.2)

https://doi.org/10.1017/etds.2015.32 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2015.32

2382 A. Adouani

where

og(h(d))
deE(b)

and A is a positive constant.

Acknowledgement.

Let B <y < y.andn € My, n >np g(¢). Then (6.1) and (6.2) imply that

MO = 11 21D, B y) = 11+ D406 fuy) = IO < 12— + e,
Since ¢ and B are arbitrary, it follows that
[1(b) =1 foreveryb € {co, c1, ..., ci}.
Hence,
I1 og(h(d) _, for every b € {co, c1, . . ., c1}. (6.3)

d
deE(b) o @

As B =]]y<i< E(ci) and h(B) = [ [o~;; h(E(ci)) (by Proposition 2.13),

75(8) 1y og(h(ci) og(h(d)) _
ﬂs(f)_n H [ op(d)

i=0 Uf(ci) i=0  deE(¢)

Thus, 75(g) = s (f), which is a contradiction. O

I thank the referee for his/her thorough review and highly appreciate
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the paper.
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