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Abstract

Large samples from a light-tailed distribution often have a well-defined shape. This
paper examines the implications of the assumption that there is a limit shape. We show
that the limit shape determines the upper quantiles for a large class of random variables.
These variables may be described loosely as continuous homogeneous functionals of
the underlying random vector. They play an important role in evaluating risk in a mul-
tivariate setting. The paper also looks at various coefficients of tail dependence and at
the distribution of the scaled sample points for large samples. The paper assumes con-
vergence in probability rather than almost sure convergence. This results in an elegant
theory. In particular, there is a simple characterization of domains of attraction.
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Introduction

In a wide range of applications, the state of a system may be described by a random vector
in R?. The underlying probability distribution may be unknown. In this paper, we assume that
the random vector is unbounded and that the random samples, appropriately scaled, converge
onto a deterministic limit set. The prime example is a multivariate Gaussian distribution, where
random samples may be scaled to converge onto the covariance ellipsoid [19], [20]. We are
interested in the tail behaviour of random variables which can be expressed as continuous
positive-homogeneous functionals of the underlying random vector.

We indicate some applications. Let X = (X1, . . ., X;) denote a random vector describing the
state of the system. A linear combination of the components U = u(X) = u1 X1 + - - - ugXy can
be used to represent the loss on a financial portfolio of d assets, with X; denoting the loss on the
ith asset and u; its investment weight, fori =1, . . ., d. Alternatively, one might be interested in
the maximal losses over certain subsets of assets in the portfolio. These maximal losses also are
continuous positive-homogeneous functionals of the components of the underlying vector X.
One might speak of severe risk if the minimum of two linear functionals on the vector of these
maxima exceeds a certain value. This minimum also is a positive-homogeneous functional of
the underlying vector X. If the X;’s denote rainfall over a given period of time at d sites in
some region, a linear combination can be used to approximate the volume of water running
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into a dam, the variable whose extremal behaviour is of importance in the design of reservoirs.
In this case, the weight u; for the site i is determined by the inter-site differences and regional
topography; see [8]. Another example is U = u(X) = max;=;, .4 X;, where X; could be the
adjusted sea or river level at location i, with the interpretation that the coastal or river-bank
network fails if over-topping or flooding occurs at any of the locations. In quality control, one
performs d measurements on a bridge or some other engineering construction and is concerned
that the resulting vector may lie outside a pre-assigned safety set.

In all these examples, the interest is in situations where a certain continuous functional
of the underlying random vector exceeds a critical level: u(X) > co. Alternatively, one may
consider the event that a sample point from the underlying distribution falls in the risk region
R={xe€ R? : u(x) > co}. We will show that the tail behaviour of the variable U = u(X) is
determined by the limit set, the sequence of scaling constants, and the maximal value of the
functional u on the limit set. This may sound rather technical. The underlying idea is simple.
Our only assumption is that there is an increasing sequence of positive constants a,, such that
the random samples from the distribution of X scaled by a, converge onto a compact set S,
the limit set. A simple deterministic computational problem, that of maximizing the positive-
homogeneous function u over the compact set S, yields information about the asymptotic value
of the upper quantiles of the random variable u(X), and hence about the risk associated with,
say, the financial portfolio determined by the functional u as in the example above.

When studying extremes in a multivariate setting, the limit behaviour of scaled ran-
dom samples plays an important role. The scaled sample is a finite random set, N, =
{X1/ay, ..., X,/a,}. What happens for n — 0o? Most attention has gone to the case where
there is a limit point process: N, = N. If the tail of the underlying probability distribution is
multivariate regularly varying, the limit N is a Poisson point process on R?; see, for instance,
[10, Theorem 6.2]. In this paper, we consider the situation in which the limit of the scaled
random samples is a deterministic bounded set S C RY. This is the case when the underly-
ing distribution has light tails. To avoid trivialities, we assume that the underlying vector X is
unbounded and that the limit set S contains at least two points.

The authors of [24] study almost sure convergence of random samples onto a limit set.
They show that the limit set S then is compact and star-shaped. (A set S C RY is star-shaped
if x € § implies rx € § for all 0 <t <1.) They give necessary and sufficient conditions on a
probability distribution to ensure almost sure convergence. Our assumption is weaker: we only
assume convergence in probability. This leads to a simpler theory. One can draw an analogy
here to the asymptotic behaviour of averages and maxima. For averages, there exist a strong
law of large numbers and a weak law. For maxima of nonnegative random variables, the weak
law is simple: the sample maxima scaled by the (1 — 1/n)-quantile converge in probability to
one if and only if the tail of the distribution function (df) varies rapidly [21]. For almost sure
convergence, the condition on the tail of the df is more complicated [5]:

/oo (1 — F(x/q)~'dF(x) < oo, Vg > 1.
1

Convergence of the maxima to one implies convergence of the random samples (with the same
scaling) onto the closed interval [0, 1]. The univariate theory for nonnegative random variables
is well-established. In the multivariate theory, an important role is played by geometrical con-
siderations, in particular by the shape of the limit set and also the shape of the level sets of the
positive-homogeneous functionals, which determine the risk associated with the underlying
multivariate distribution.
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FIGURE 1: Panel (a): Illustration of the limit set S = {(x, y) : Q(x, y) < 1} with Q(x, y) = (4/3)(x2 +xy+
yz), the risk region R = {(x, y) : £ + 3y > 14}, and an expanded set S with r = V28 abutting R. Panel
(b): A random sample of size n= e'* from the bivariate Gaussian distribution with standard normal
marginals and correlation —0.5 along with an expanded set a,S with a, = /2Tog n = +/28; limit set S
and risk region R are the same as in Panel (a).

The aim of this paper is to explore implications of the assumption that the scaled random
samples from a multivariate distribution converge onto a bounded deterministic set S. For this
we consider the extremal behaviour of certain random variables U = u(X) associated with the
random vector X. We restrict attention to functions u which are continuous on R? , honnegative,
and positive-homogeneous:

u(rx) = ru(x), r>0. 0.1)

The variable U = u(X) will be called a risk variable for short. We are interested in the tails of
risk variables and in understanding how large values of risk variables are linked.

To give the flavour of the main results of the paper, let us illustrate some of the ideas by a
simple example. Suppose Z = (X, Y) has a bivariate centered Gaussian distribution, where X
and Y are standard normal with correlation p = —1/2. The density is proportional to e~ 2*)/2
with Q(x, y) = (4/3)()52 +xy+y2). It can be shown that samples of n independent copies
of Z, scaled by a, = /2 logn, converge onto a limit set, the covariance ellipse S = {(x, y):
QO(x, y) < 1}. Let our risk region R be the open half-plane x + 3y > 14; see Figure la for
illustration. We are interested in the probability of a sample point falling in the region R.

There is a positive geometric constant which is crucial in analyzing this situation. Define r
to be the factor by which one has to expand the limit set to hit the risk region. That is, we say
that a compact set A C R? abuts an open set B if A is disjoint from B but intersects the closure
of B; then the constant r is defined so that, for an open risk region R, »S abuts R. If R is the
level set of a nonnegative continuous positive-homogeneous function, R = {u > 1}, and R is far
off, then

" =maxu(S)=1/r 0.2)

is small. For intricate star-shaped limit sets in high-dimensional spaces and complicated func-
tionals u, one may approximate u* numerically by maximizing u(x) over a large number of
points in S. In our Gaussian example there is a simple analytic method. The minimum of the
quadratic function Q on the boundary of the half-plane, x + 3y = 14, is 28. Hence r = +/28.
A sample of n points may be approximated by the ellipse a,S; see Figure 1b. We need to find
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the index n for which a, = +/28. The asymptotic formula a, ~ /2Togn suggests n=e'4 =
1.2 x 10°. A rough approximation of the probability then is P{(X, ¥) € R} ~ 1/n=8/10".

One can compute the exact probability here since U =X + 3Y has a centred Gaussian
distribution with variance o2 = 7. We have P{U > 14} = P{U/o > +/28} = 6.07/108. This is
smaller by a factor of more than ten! However, if the underlying density is not the Gaussian
density above but the density proportional to Qe~2/2, the limit set is the same and so are
the scaling constants. The rough approximation remains 8/107, but the exact probability of
the half-plane now is 1.25/10°. Our geometric approximation will also work if one wants to
approximate the probability of more complicated risk regions, such as the intersection of two
half-planes or the region where some norm exceeds a given value. In these cases, a precise
evaluation of the probability may be cumbersome even for a bivariate Gaussian distribution.

Now consider the general case. Let X be a random vector in R? and S the limit set of the
random samples from the distribution of X scaled by a,,. Let u, denote the (1 — 1/n)-quantile
of the risk variable U = u(X), and set R = {u > 1}. The set u*R abuts S for ™ = max u(S); see
(0.2). The set a,S has the same shape as the limit set S and roughly fits a random sample of size
n from the distribution of X. It abuts a,u*R. It follows that the product a,u* is asymptotically
equal to the (1 — 1/n)-quantile u, of the risk variable U. (A formal proof is given in Section 2;
see (2.1).) Thus,

apu’™ ~ uy,, n— oo. (0.3)

In the Gaussian case, a, ~ /2 log n. Hence, P{U > u,} = 1/n implies
—log P{U > un} ~ a2/2 ~ (un/u*)* /2,

and
—log P{U > 1} ~ (t/u*)*/2, t— 00. 0.4)

An asymptotic expression for the logarithm of the probability rather than for the probabil-
ity itself is weak. Cees de Valk in recent papers (see [13] and [12]) has shown how regular
variation of log-probabilities for distributions with Weibull-like tails, both univariate and mul-
tivariate, may be used to obtain good estimates for high quantiles associated with very small
probabilities.

Samples from the vector Z = (X, Y) for the Gaussian density with the covariance ellipse S =
{Q < 1} above scaled by a,, = /2 Tog n have the limit set S. But so have the samples from the
density ch_Q/ 2 or from the vector with integer-valued components round(X) and round(Y),
or from (X + 1, Y — 2). This paper focuses on results which are so crude that they hold for all
of these random vectors.

The paper is organized as follows. Section 1 contains the definitions of the basic concepts,
including convergence of scaled samples onto a limit set, risk variable and risk region, homo-
thetic density, and Weibull-like tails; we also establish a number of simple results. In Section 2
it is shown how a classic result of Gnedenko on positive random variables with rapidly vary-
ing tails implies tail coherence of risk variables U = u(X) in the sense that standardized risk
variables all have the same quantiles asymptotically. More refined results are obtained under
the further assumption of Weibull-like tails. Section 3 discusses coefficients of tail dependence
and extends Theorem 2.1 in [27] on the relationship between the coefficient of intermediate tail
dependence and the geometry of the limit set S. Section 4 describes the asymptotic behaviour of
the number of sample points in risk regions. The Concentration Lemma (Lemma 4.2) allows us
to construct distributions with unexpected second-order expansions. Section 5 introduces the
intersection index which links the margins by their order statistics and relates this index to a
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coefficient of geometric tail dependence. Section 6 characterizes the domains of attraction for
limit sets. Conclusions are formulated in Section 7. The appendix contains supporting material
of a more technical nature.

1. Preliminaries

This section contains the basic definitions: convergence of sample clouds onto a determinis-
tic set, risk variable and risk region, Weibull-like tails, and homothetic density. Risk variables
and risk regions are shown to be closely related. We review the literature and derive a number
of simple results.

The following basic definitions will be used in the sequel. A measurable function
h: (0, c0) — (0, o) is rapidly varying if

oo, O<x<l,
h(tx)/h(t) — t— 00;
0, x>1,
it is regularly varying at infinity (resp. at zero) with index o € R if

h(tx)/h(t) — x%, x>0, t— o0 (resp.t— 0);

if « =0, h is said to be slowly varying. For details, refer to [6].

1.1. Limit sets

Consider a sample X1, ..., X, of independent and identically distributed (i.i.d.) random
vectors on R?. The scaled sample

N, ={Xy/ay, ..., X,/a,} (1.1)

is called an n-point sample cloud. We write N, (A) for the number of points (counted with
multiplicity) of N, in a Borel set A C R?.

Definition 1.1. Let S be a bounded set in RY and let N,, be finite point processes. Then N,
converges onto S if

e any open set O containing the closure of S tends to contain all points of N,,:

P{N,(0O) > 0} = 0, n— o0o; (1.2)

e for any point p € S, the number of points in the open e-ball centered at p tends to be
large:

P{N,(p + €B) > m} — 1, n— 00, m=1,2,..., pes, e>0. (1.3)

The set S is called the limit set of the sequence N,,.

Convergence onto a bounded set S implies convergence onto the closure of S. Hence we may
and shall assume that the limit set S is compact. Our definition then agrees with convergence
in probability of compact sets in random set theory; see [26].

If X is bounded, the samples without scaling converge onto the support of the distribu-
tion. One can force any sequence of samples to converge onto S = {0} by making the scaling
constants a, very large. Hence we shall always impose the following regularity conditions:

(ay) (or X) is unbounded; S is bounded; S # {0}. (1.4)
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On replacing the scaling constants a, by a,, = a,/2, the limit set becomes 2S. It is not the
size but the shape of S which is of interest. We say two sets A, B C R? have the same shape
if A=rB for some r > 0. Replacing a, by a, ~ a, has no effect on the shape of the limit
set. For random samples, the numbers N, (A) are binomially distributed, and one may describe
convergence onto S in terms of probabilities as in Proposition 2.3 in [2]. This yields simple
criteria for convergence of sample clouds onto S.

Proposition 1.1. The random samples from a probability distribution = on R? scaled by ay,
converge onto the compact set S if and only if

(1) nm(a,0°% — 0 for any open set O which contains S;
(2) nr(ay,(p+ €B)) — oo for each p € S and every € > 0,
where B is the open Euclidean unit ball in R,

Gnedenko considered the univariate case. In [21, Theorem 2] he proves that for a nonnega-
tive unbounded random variable X with a df F, the partial maxima may be scaled to converge to
one in probability if and only if 1 — F varies rapidly at infinity. The argument runs as follows.
For any ¢ > 1, the scaling constants a, satisfy n(1 — F(ga,)) — 0 and n(1 — F(a,/q)) — oo
for n — oco. Let 1 — F vary rapidly at co and let a,, satisfy 1 — F(a,) <1/n <1 — F(a, —0).
Then the sample clouds in (1.1) converge onto [0, 1]. That in turn implies that the maxima
converge to one in probability. Observe that a, ~ L(1/n) for a continuous strictly decreas-
ing function L: (0, 1] — [0, co), which is asymptotically equal to (1 — F)* at zero. Rapid
variation of 1 — F at infinity implies that L varies slowly at zero.

For an unbounded continuous strictly decreasing function L: (0, 1) — (0, co), let F4(L)
denote the set of dfs F on [0, co) for which the sample clouds converge onto [0, 1] with the
scaling a, = L(1/n). Gnedenko’s theorem gives the following.

Proposition 1.2. F. (L) is non-empty if and only if L varies slowly at zero.

Proposition 1.3. Let L, M : (0, 1) — (0, 00) be two unbounded continuous strictly decreasing
Sfunctions. If F+(L) and F(M) intersect, then they coincide, and M and L are asymptotically
equal at zero.

The multivariate theory developed gradually. Fisher [17] extended Gnedenko’s result to vec-
tors X on R with independent components. For nonnegative components X; with a common
distribution, the limit set has the form S = ¢S; for some ¢ > 0 and t € [0, c0], where

Se={xe[0, 19 [x]+- - +xi<1},  7€(0, 00).

So = [0, 11%, and S is the union of the line segments [0, e;] linking the origin to each of the d
base vectors. Note that S; for 7 € [0, 1] is the restriction of the closed £/ ball to [0, oo)d .

Theorem 1.1. (Fisher.) Let X = (X1, . .., X;) have independent components with common df
F on [0, 00) such that 1 — F = e~ T for some increasing function T : [0, 0o) — R. If the associ-
ated sample clouds converge onto S almost surely and (1.4) holds, then S = ¢Sy for some ¢ > 0
and t € [0, oo]. This holds if and only if T varies regularly with exponent t if T € [0, 00) and
rapidly if T = oo.

Definition 1.2. A df F on [0, co0) has a Weibull-like tail with exponent t if T € (0, c0) and if

1—F=¢T, where T varies regularly at cowith exponent t. (1.5)
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Not every rapidly varying tail is Weibull-like. The assumption that a tail is Weibull-like
with exponent t allows one to make more precise statements on the tails of risk variables, as
we shall see below.

Fisher’s result was extended in [9] to arbitrary dfs F on [0, 00)? by imposing a multivariate
regular variation condition on the log-probability of certain risk regions, here the intersections
of positive coordinate half-spaces. Similar results were obtained for densities. The authors
focus on Weibull-like tails. Their condition (6.4) restricts the class of possible limit sets S.

Recall that convergence of sample clouds onto S consists of two conditions: (1) the sample
clouds N, should not extend too far beyond S, and (2) they should fill out S. These conditions
are formulated in terms of convergence in probability.

The authors of [24] give a profound analysis of the theory of limit sets for almost sure con-
vergence. This centres on two basic problems. First, what compact sets are limit sets? Second,
given such a limit set S, describe the domain of attraction, the set of all dfs for which the sample
clouds converge onto S. Both questions receive a complete answer. The analysis of the domains
of attraction is based on a polar-coordinate description of compact star-shaped sets in terms of
hypographs of upper semicontinuous functions on compact metric spaces and Vervaat’s theory
of extremes for upper semicontinuous functions. The following are simple corollaries of the
existence result, Theorem 4.4 in [24].

Theorem 1.2. (Kinoshita and Resnick.) For every compact star-shaped set S in R? which con-
tains at least two points, there exists a probability distribution on RY such that the sample
clouds from this distribution converge onto S almost surely.

Theorem 1.3. (Kinoshita and Resnick.) If the sample clouds converge almost surely onto a
compact set S and (1.4) holds, then S is star-shaped, and one may choose a, = L(1/n) for an
unbounded strictly decreasing continuous function L: (0, 1) — (0, 0o) which varies slowly at
zero.

These results also hold for convergence in probability. Here we sketch the arguments for
the second result; for the first see Theorem 1.4 below. Since S contains a point outside the
origin, we may assume that this point has a positive vertical coordinate. The projection Sy of
S onto the vertical coordinate is the limit set for samples of the vertical coordinate under the
scaling sequence a,. So one may apply the univariate theory and choose a, = L(1/n) for a
continuous strictly increasing unbounded function L which varies slowly at 0. Let 6 € (0, 1)
and set b, = L(1/my,) for m, € N, where L(1/m,)/L(1/n) — 1/6. Then {Xy /by, ..., X,/b,}
converges onto €S, and hence the limit set of the sample clouds N,,, contains 6S. Since the
sample clouds converge, S is star-shaped.

We are interested in unbounded distributions on R for which the sample clouds converge
onto a compact set S C RY containing more than one point. We saw above that the limit set
S is star-shaped and the scaling constants a,, may be taken to be increasing, unbounded, and
slowly varying. We shall give a simple proof of Theorem 1.2 for convergence in probability
which works for any increasing sequence of scaling constants for which ay, /a, — 1. We begin
by formulating a lemma which allows us to determine convergence onto S by considering only
the extremal points of S.

Lemma 1.1. Let a € R? and p € (0, 1). If the scaled samples from X satisfy
P{N,(a+€eB)<m}—0

for all € > 0 and all integers m > 1, then this also holds for pa.
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Proof. Choose indices m = m,, such that a,,/a, — p. Observe that N,((a;,/an)(@+ €B))
counts the number of points with index i < n which fall in a,,(a + €B) and N,,(a + €B) only
the points with index i < m. Since |a,,/a, — p| < € for n > ng we conclude

Nin(a+ €B) < Ny((am/an)(@a+ €B) < Ny(pa + 2€B), n>no.
The left side tends to oo in probability. Hence so does the right side. O
Definition 1.3. Let S be a star-shaped set. A point e € S is extremal if re € S¢ for all # > 1.

Example 1.1. (The porcupine.) Let S C C be the union of the segments [0, z,,], where z, =
€% /n for a sequence of angles ¢, dense in [0, 277). The z, are extremal. Let N denote a
random positive integer for which P{N = n} is positive for all n> 1, and let V be standard
exponential and independent of N. The sequence of independent observations Z, = V,,zy, is
dense in the complex plane; the sample clouds N, = {Zy, ..., Z,}/a, with scaling a,, =logn
converge onto S.

Theorem 1.4. (Existence Theorem.) Let a, be positive constants increasing to infinity such
that ay,/a, — 1. Let S be a compact star-shaped set in R¢ containing at least two points.
There exists a probability distribution on R such that the sample clouds from this distribution
with the scaling a, converge onto S.

Proof. Let L:(0,1]— (0, 00) be a continuous strictly decreasing function such that
L(1/n) ~ ay,. The set E of extreme points of § is a subset of the separable metric space
R9. Hence there is a sequence eg, €2, ... which is dense in E. Define X = L(U)ey, where
P{N =n} =1/2" forn > 1, and U is uniformly distributed on (0,1) and independent of N.

Samples from L(U) scaled by a, converge onto [0, 1] by Gnedenko’s univariate theory, and
hence samples from L(U)e converge onto the line segment [0, e] for every extreme point e of S.
The union of the line segments [0, e, ] is dense in S. By construction P{N, (e, + €B) <m} — 0
for all n, m, and € > 0. Hence this holds not only for the points e, but for all p €S (by the
lemma above, since any ball p + €B will contain a ball pe,, + ¢B/2 with p € (0, 1)).

Let O be an open neighbourhood of S. Since S is compact there exists € > 0 such that
S+eBCO.Letr=sup,_;, . lle,l. Any point in N, \ O has the form a,(1 + c)e, with ¢ >
€/r and derives from a value T; = L(U;) > a,(1 + €r) where i < n. By the univariate theory the
probability of such a value vanishes for n — oo. U

Finally, we note that convergence onto a set is a geometric concept. For any linear trans-
formation A, the samples from A(X) scaled by a, converge onto A(S) if the samples from X
converge onto S with this scaling. In particular, if one deletes the last coordinate of X, the
sample clouds from the reduced vector converge onto the projection of S onto the horizontal
hyperplane. The proof applies more generally.

Theorem 1.5. (Mapping Theorem.) Let the samples from the vector X scaled by a, converge
onto S. Let H:R% — R™ be a continuous positive-homogeneous function: H(rx) = rH(x) for
r>0 and x € RY. Then the samples from the vector Y = H(X) scaled by a, converge onto
T =H(S).

Proof. Let y € T. There exists a point x € § such that y = H(x). The inverse image of the
e-ball y + €B under H is an open neighbourhood of x, and H(X)/a,, lies in y + B if and only
if X/a,, lies in the inverse image of this ball. Since this inverse image is an open neighbourhood
of x, the number of such sample points tends to infinity in probability. Similarly the inverse
image of an open neighbourhood O of T is an open neighbourhood of S. Homogeneity of H
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ensures that this open neighbourhood contains all points of the scaled sample {X1, ..., X;}/a,
if and only if O contains the scaled sample {Yy, ..., Y,}/a,. O

Knowledge of the scaling sequence a, and of the limit set S gives some information
about the tails of the underlying distribution, but quite hefty perturbations of the probability
distribution can be made without affecting the limit set.

Proposition 1.4. Let 1o and 7ty be probability distributions on R%. Suppose dm = fdmo outside
a bounded set, where f is a positive measurable function and logf is bounded. Let a,, n > 1,
be an unbounded sequence of positive constants. If the samples from w scaled by a, converge
onto a compact set S, then the samples from w1 scaled by a, converge onto S.

Strictly convex combinations of probability measures whose samples converge onto limit
sets with the same scaling yield probability measures whose samples converge onto the union
of these limit sets.

Proposition 1.5. Let a,, n>1, be an unbounded sequence of positive constants. Let
1, ..., Ty be probability measures on RY and Sy, . .., S compact sets in R4, Suppose for
i=1,..., mthe samples from m; scaled by a, converge onto S;. Let c1, . . ., ¢y be positive con-
stants with Z:"Zl c;i = 1. If the probability measure w agrees with c171 + - - - + ¢ 70y, outside
a compact set, then the samples from 7 scaled by a, converge onto S=S51U---US,,.

1.2. Risk variables and risk regions

We now turn to the random variables whose tail behaviour will be studied below. These are
continuous positive-homogeneous functions of the vector X; see (0.1). Continuous positive-
homogeneous functions on R? form an infinite-dimensional linear space, an extension of the
d-dimensional space of linear functionals. We are interested in the upper tail and shall restrict
attention to variables U = u(X) where u is nonnegative.

Definition 1.4. A risk variable is a continuous nonnegative positive-homogeneous function of
the underlying random vector.

Examples of risk variables include the absolute value of a coordinate, U = |X;| (i=
1, ..., d); the positive part of a linear combination, U =&£X Vv 0, where & is a linear func-
tional; the €7 norm, U = (|X{|” + - - - + |X4|")'/P, for p > 1 as well as for p € (0, 1); the £
norm U = || X||sc = maxj<j<q |X;|; the geometric mean U = (X - - - X))V of the coordinates
on the positive orthant; the variable U =+ X” X for a positive definite matrix ; and the
maximum U = U; Vv U, of two of the variables above, or the minimum U = U; A Uj.

We collect some basic properties of continuous nonnegative positive-homogeneous func-
tions in the proposition below.

Proposition 1.6. The space Hy=H,.(RY) of all continuous nonnegative positive-
homogeneous functions u on R? has the following properties:

(1) Hy isacone: u,v e Hy implies ru+sve Hy forr,s>0.
(i1) Hy is closed for finite maxima: u, v € Hy impliesu Vv v e H.
(iii) Hy is closed for finite minima: u, v € Hy impliesu Av € Hy.
Gv) ut, ..., up € Hi(RY and v e Ho(R™) implies z=v(uy, . . ., upy) € H(RY).

(v) If u, € H4 converge uniformly on an open €-ball €B to a function u on €B, there exists
uy € Hy such that u, — ug holds uniformly on every open ball rB, r > 1.

https://doi.org/10.1017/apr.2020.14 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2020.14

500 G. BALKEMA AND N. NOLDE

Risk variables may be used to specify loss functions. In particular, for a given risk variable
U = u(X), one may define occurrence of a catastrophic loss as 1{y- ) for some large r. The
loss occurs if the sample point X falls in the risk region R = {u > r}.

Recall that R is the state space and that X, is the state of the system at time index n. A rea-
sonable assumption is that the sequence {X,},c7z is stationary. The present paper investigates
the situation for i.i.d. sequences. There is a central region where the states are safe, viable,
healthy, robust, secure. There may be regions far out where the states are risky, imperilled,
exposed, lethal, vulnerable. If a point X,, falls in such a risk region, action should be taken. If
a given state lies in a risk region, then so do states farther out. Thus a risk region R is an open
set in the state space which has the property that x € R implies #x € R for ¢ > 1. This may be
written concisely as R C R for all # > 1. We shall tighten this condition slightly in the defini-
tion below. Note that 0 € R implies that R is the whole state space. We exclude this case and
assume that there exist safe states: the complement of R is non-empty.

Definition 1.5. A risk region is an open set R in R? which does not contain the origin and
which satisfies
cl(tR) CR V> 1. (1.6)

Let C be a proper open convex cone. This is not a risk region, but p + C is for any point
p € C. The union of two risk regions is a risk region, and so is the intersection.

There is an alternative criterion for a set to be a risk region, which is simpler to verify since
one need only check it on rays.

Proposition 1.7. The open set R is a risk region if and only if cl(R) does not contain the origin
and if
pedR = 1peR, 1t>1. (1.7)

Proof. The definition implies that the origin does not lie in the closure of R, since it would
then lie in the risk region R/2 by (1.6). Now assume (1.6) and let p€ R, p#0, and ¢ > 1.
Then p € cl(R); hence 7p lies in cl(¢R), hence in R by (1.6). This proves (1.7). Conversely, if
tp € cl(¢R) for t > 1 then p e clR. If tp € 1R then p € R, but also if 7p € d(tR) by (1.7). This
proves (1.6). (]

With a risk variable U = u(X) one may associate a risk region, the open set R=R, =
{u > 1}. This map from u(X) to R, is monotone: smaller risk variables have smaller risk
regions. In particular, the risk region associated with the minimal risk variable, U =0, is the
empty set.

Risk regions have a geometric description; risk variables are defined analytically. There is
a one-to-one correspondence between risk regions and risk variables. This allows us to switch
from one to the other using geometric arguments for risk regions and analytic arguments for
risk variables. Observe, in particular, that continuity of the function u corresponds to the simple
geometric condition (1.6) for the risk region R = {u > 1}.

Theorem 1.6. If u is a nonnegative continuous positive-homogeneous function, then
R={u> 1} is a risk region. Conversely, a risk region R determines a unique continuous
nonnegative positive-homogeneous function u on R? such that R = {u > 1}.

Proof. Tt is clear that {# > 1} is a risk region if u is a nonnegative continuous positive-
homogeneous function on R?. Now let R be a non-empty risk region and define u by the
level sets {u > r} = rR. The function u does not vanish identically; it is continuous since it is
continuous on the unit sphere. This is shown as follows. Let e, € 9B converge to ey. Set u,, =
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u(e,). Then e, /u, € aR if u, # 0. The sequence u,, is bounded since the closure of R does not
contain the origin. We may assume that u, — u, € [0, 00), taking a subsequence if necessary.
If u, is positive then x,, = e, /u, are boundary points of R. Since this sequence is bounded, the
limit eg/u, also is a boundary point. But so is eg/ug. Then (1.7) ensures that u, = ug. If ug is
positive then 2ep/ug is an interior point of R, and 1/u(p) <2/up for p € 9B NugR/2 implies
uy > up/2. Hence u, = up as above, and moreover u, = 0 implies ug = 0. O

Define a metric on H by setting

d(u, v) = max |u(x) — v(x)|.
Ixl<1

This metric is the restriction to H of a norm on the linear space of all continuous positive-
homogeneous functions on R¢. By homogeneity u, — uq if and only if u, converges to
uo uniformly on all compact sets in R?. The space H with this metric is complete; see
Proposition 1.6(v).

We can now formulate a basic result on the asymptotic behaviour of partial maxima of risk
variables.

Theorem 1.7. (Convergence Theorem.) Let X be a random vector and a, an unbounded
sequence of positive constants. Suppose the samples from X scaled by a, converge onto the
compact set S. Let u, € Hy forn=0, 1, 2, .. .. If u,, — ug then the maximum of n independent
observations of u,(X) scaled by a, converges in probability to u; = max uo(S).

Proof. We first prove convergence for a fixed u € H.. Let N,, denote the random sample of
size n from X scaled by a,. The maximum of n independent observations of U scaled by aj
is max u(N,). Let R = {u > u*}. If u* is positive then R is a risk region which abuts S, and the
events ‘the scaled sample N, intersects gR’ and ‘max u(N,) > qu*™’ agree. The probability of
the first goes to zero for ¢ > 1 and to one for g € (0, 1). If u* = 0, then u vanishes on S, and for
any € > 0 the set {u < €} is an open neighbourhood of S; the probability that N, lies in this open
set goes to one. Hence, so does the probability that the scaled maximum of the samples from
U lies in the interval [0, €). Now consider a sequence u,, — ug. Let ro be so large that S C ryB,
and let N}, be the restriction of the scaled sample N, to roB. The uniform convergence u, — ug
on roB implies that max u,,(N,,) — uj; if this holds for max ug(Ny,). Since P{N,, # N,} — 0, the
second limit relation holds for N, and thus the first holds for N,,. [

Definition 1.6. A continuous unimodal positive function f on RY is homothetic if all level sets
{f > c}, 0 < c <f(0), have the same shape.

Suppose S is a compact star-shaped set in R? and the complement is a risk region. The
function u = rg € H associated with this risk region satisfies {u < 1} = S. It is called the gauge
function of S since u(x) =inf{r > 0| x € rS}. If S is convex and invariant under the reflection
X — —X, then u is a norm and S the closed unit ball of this norm. Let fy be a positive strictly
decreasing continuous function on [0, co) and set f(x) = fy(rs(x)). There is a simple formula
for the integral:

J= / F@dx =] / Hldfo(r)] = 18] / ~ fordr*ar. (1.8)
0

If the generator fy varies rapidly then f is integrable. Let Xj, X, ... denote independent
observations from the associated probability density f/J.
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Proposition 1.8. There exist a,, > 0 such that the intensity f,(u) = aﬂfo(rs(anu)) /C of the sam-
ple clouds N, ={Xy, ..., X,}/a, satisfies f,=1 on 3S. The sample clouds N, converge
onto S.

Proof. The function go(r) = dfo(r)/J > (O varies rapidly and is continuous. Let go(a) =
6 > 0. For any integer n > 1/§ there exists a, > a such that go(a,) = 1/n. Let §o = max go.
The sample cloud N, has intensity

fa() = nalf(a,u)/C = ngo(rs(ayw)),

and f,(u) =ngop(a,) =1 for ue dS and n > 1/8yp. By rapid variation of go, for any interior
point u of S the sequence f,,(u) tends to infinity, and f,(u) — O for any u € S¢. Rapid variation
of go ensures that the integral J,- of f over the rim 2rS \ rS varies rapidly for r — oo. Since for
any q € (1, 2) the integral of f;, over the rim 2¢S \ ¢S vanishes for n — 00, so does the integral
over gS°. (]

2. Tail coherence

Traditional multivariate extreme value theory of componentwise maxima uses component-
wise normalizations. Tails of the margins are unrelated. Margins may lie in different domains
of attraction. The more geometric theory treated in the present paper is based on scalar trans-
formations. As a result the decrease in the tails of the different components is governed by the
same sequence of scaling constants. Not only the tails of the components but also the tails of
risk variables are related. This tail coherence will be investigated in the present section. It is
well expressed in the main result: standardized risk variables have the same upper quantiles up
to asymptotic equality.

Theorem 2.1. (Tail coherence.) Suppose the random samples of X scaled by the unbounded
sequence a, converge onto S for a compact set S containing more than one point. For any risk
variable U = u(X), the upper quantiles uy by definition satisfy P{U > u,} < 1/n <P{U > u,}.
In addition,

uy/a, — u* = max u(S). (2.1)

Proof. We may assume that U is a standardized risk variable, u* = 1. If u* is positive, apply
scaling; if * vanishes, a monotonicity argument yields the desired result. So let F denote the
df of the standardized risk variable U = u(X). We have to show that M,,, the partial maxima
of a sequence of independent observations from F scaled by a,, converge to the constant 1 in
probability. This implies that the (1 — 1/n)-quantiles u, of F are asymptotically equal to a,.
For a standardized risk variable, the risk region R = {u# > 1} abuts S. Let g > 1. The closure of
gR is disjoint from S, and hence

P{M,, > q} =P{N,(¢gR) > 0} — 0.

Similarly,
P{M, > 1/q} =P{Nn(R/q) > 0} — 1
since R/g contains a boundary point of S. O

For heavy tails—more precisely, tails which vary regularly with positive exponent—
asymptotic equality of the quantiles is equivalent to asymptotic equality of the tails. For light
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tails, asymptotic equality of the tails is a more stringent condition. Asymptotic equality of the
upper quantiles may be expressed in terms of the tails as quantile equivalence.

Definition 2.1. The dfs F| and F; have quantile equivalent tails if for all ¢ > 1 eventually

(I =F1)(gx) < (1 = F2)(x) < (1 = F1)(x/q). 2.2)

Example 2.1. The gamma distributions with density x¥~!'e™/I'(y), y >0, are quantile
equivalent to the standard exponential distribution, and so are the discrete distributions on
{0,1,4,9, ...} with mass p, ~ e’”2 in n? for n — oo. Note that the gamma distributions lie in
the domain of attraction of the Gumbel distribution for maxima, but the discrete distributions
do not, since pp+1/pn — 0.

Remark 2.1. For any df F whose tail varies rapidly at co, there exists a continuous strictly
increasing df Fo on [0, oo) which vanishes at zero and whose tail is quantile equivalent to
1-F.

Remark 2.2. For any df F on [0, co) whose tail varies rapidly at oo, there exists a df Fp with
quantile equivalent tail whose tail decays exponentially. See Appendix B in [14].

We write f < g for functions f and g if f(r)/g(r) — 0 as r — oo.
Proposition 2.1. Let the risk regions Ry and R> abut S. Let g > 1. Then

P{X € qgrR1} K P{X € rR2}, r — 00. (2.3)

Proof. The dfs F;, i=1, 2, of the risk variables U; = u;(X) with level set {¢#; > 1} =R;
have quantile equivalent tails which vary rapidly by tail coherence. Hence (1 — F1)(gr) <
(1 — F2)(,/qr) eventually. Rapid variation gives

(I = F2)(/qr)/(1 = F2)(r) > 0.

This result shows that the probability of 7R far out for risk regions R which abut S depends
on r rather than R. For Weibull-like tails, the log-probabilities of 7R for different risk regions R
which abut S are asymptotically equal. How much variation is there in the probability of 7R for
fixed large r when R varies over risk regions which abut the limit set S? In the example below
the limit set is the closed unit disk in the plane and a,, = /2 log n. The tails are Weibull-like,
1 — F=e"T with T(r) ~ r%/2. O

Example 2.2. If S is the closed unit disk, the complement is a risk region and abuts S. The
same holds for the half-plane {y > 1}, the sector {y > 1 + |x|}, and the cusp {y > 1+ /]x[}.
Call these risk regions Ry, Rz, R3, R4. The number of points from the scaled sample N,, which
fall in R; is determined by the underlying probability distribution 7. Suppose a, = +/2logn.
This scaling sequence implies a Weibull-like tail with 7(r) ~ r%/2. Since the four regions R;
all abut the limit set S, the log-probabilities of 7R; are asymptotically equal to —r?/2. If 7 is
standard Gaussian then
pa(r) L p3(r) L pa(r) L pi(r)

for r — oo. Convergence onto the unit disk does not imply that the underlying distribution is
circle-symmetric. Take a fair mixture of the Gaussian distribution and a probability distribution

concentrated on the positive vertical axis with density 2yze’y2/ 2/J/2m. The limit set is not
affected but the probability of the cusp now is asymptotically equal to the probability of rS¢.
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Set r,, = apn. If the sequence N, = {X1, ..., X;;}/a, converges onto the deterministic set S,
then both {X1, ..., Xo}/r, and {Xonqq, ..., Xout1}/r, are close to S, and hence so is their
union. This implies that r,,1/r, — 1. Asymptotic equality, r,,+1/r, — 1, is equivalent to the
condition that a, is asymptotically equal to Ly(1/n) for a function Ly which varies slowly at
zero.

Let r,, ~ r(n) for a continuous strictly increasing function » which maps (0, co) onto itself.
There exists a unique df Fy such that r(7) is the (1 — 1/2")-quantile: 1 — Fo(r(r)) = 1/2". Write
1 — Fy=e~T. Then T(r(t)) = tlog 2. Thus r is the inverse function of 7'/ log 2. The df Fy has a
Weibull-like tail with exponent t € (0, co) if and only if r varies regularly with exponent 1/t €
(0, 00). For Weibull-like tails with 1 — F = e~ there is a simple description of tail coherence
in terms of log-probabilities.

Proposition 2.2. Let the standardized risk variable U = u(X) have Weibull-like tail P{U >
uy = e T where T varies regularly with exponent t € (0, o). For any risk region R which
abuts the limit set S,

—log P{X € rR} ~ T(r), r— 00. 2.4)

There is a simple characterization of Weibull-like tails in terms of the sequence r,, = asn.

Proposition 2.3. Suppose the sample clouds {Xi, ..., X, }/a, converge onto a compact set S
which contains more than one point. Let rp, ~ ay — 00. If rop /1y — c2 and r3,/r, — ¢3 > 1,
then the standardized risk variables have Weibull-like tails.

Proof. There exists a strictly increasing continuous function » mapping (0, co) onto itself
such that r(n) ~ r,,. This function satisfies r(2¢)/r(t) — c» and r(3t)/r(t) — c3. This implies
regular variation with exponent A € [0, 00), since r is increasing and log 2/ log 3 is irrational.
Moreover ¢3 = 3*. Thus ¢3 > 1 implies A = 1/7 > 0. O

Tail coherence also exists in the case of multivariate regular variation. There the sample
clouds converge in distribution to a Poisson point process N weakly on the complement of
the ball €B for every € > 0. The mean measure v of the Poisson point process satisfies the
symmetry conditions

v(rA) = v(A) /1", r>0, AaBorelsetinR?,

where —X <0 is the exponent of regular variation. Define a risk variable U = u(X) to be
standardized if v{u > 1} = 1. For any standardized risk variables U = u(X) and V = v(X),

P{U > r} ~P{V > r}, r— 0.

See Theorem 17.4 in [1].
For Weibull-like tails the log-probabilities of risk regions are comparable.

Theorem 2.2. Let the sample clouds from X converge onto S, and let Ry and Ry be two risk
regions. Define
ri=sup{r>0|rSNR; =0} >0, i=1,2.

Suppose ry or ry is finite and X has Weibull-like tails with exponent T > 0. Then
logP{X € rR 1}/ log P{X € rRy} — (r2/r1)", r— 00. (2.5)

Proof. The constants r| and r; are positive. First assume both are finite. Let U; be the stan-
dardized risk variable associated with Q; = R;/r;, and let T be a continuous strictly increasing
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function which varies regularly with exponent T > 0, such that — log P{V > ¢} ~ T(¢) holds for
all standardized risk variables V. Then

—logP{X € rR;} = —log P{U; > r/ri} ~T(r/r)) ~ T(r)/(r)", r— 00 i=1,2.

If one of the constants is infinite, say r; = oo, the limit in (2.5) is less than (r»/n)" for
all n. O

3. Intermediate tail dependence

This section investigates the dependence between extreme values of two risk variables.
What is the role of the shape of the limit set in the dependence?

Definition 3.1. Suppose the margins of (X, Y) are continuous at their upper endpoints. Let x,
and y, denote upper (1 — «)-quantiles of X and Y. If

y()=P{X>xq, Y >y} /a0 — y, a—0T, 3.1)

then y is the coefficient of tail dependence for (X,Y). If y vanishes, X and Y are tail
independent.

Sibuya [28] used the notion of a copula to define ‘asymptotic dependence’. Geffroy [19],
[20] observes that the condition

PX>x,Y>y}/(P{X>x}+P{Y>y})— 0, X,y — 00,

implies tail independence. He distinguishes several forms of asymptotic dependence for
sequences of partial maxima. Like Sibuya, he proves that X and Y are tail independent if (X, Y)
has a bivariate Gaussian density, whatever the correlation. The term ‘tail independent’ in the
sense of the definition above was used in [7, Example 1]. In [23, Property 6], the term ‘upper
tail dependence’ is used for copulas.

Copulas play a crucial role in the theory of multivariate extremes. The assumption of con-
tinuous margins is innocuous if one assumes that the margins lie in the domain of attraction
of an extreme value limit law. For limit sets, copulas may not be of much use, as the example
below shows.

Example 3.1. Suppose (X, Y) has standard exponential margins and the samples scaled by
ap = log n converge onto a compact set S Define discrete variables X and ¥ by setting X = n>
for n> <X < (n+1)> and ¥ =n3 for n> <Y < (n+ 1)3, for n> 0. Since X is asymptotic to
X and Y to Y, the random samples from (X, Y) scaled by log n converge onto S. The copula
of (5( Y ) lives on the lattice created by intersection of the horizontal lines y =1 — n, and the
vertical lines x = 1 — &,,, where &, is asymptotically equal to ¢ and Ny to ¢~ Tt is not clear
how one should describe the asymptotic behaviour of this copula at the upper right corner of
the unit square.

If the partial coordinate-wise sample maxima from (X, Y) have a nondegenerate limit
distribution, then independence of the coordinates of the limit vector is equivalent to tail
independence of (X, Y). If the limit distribution has standard Gumbel margins, the exponent
measure v has standard exponential margins and the coefficient of tail dependence is y =
v((0, 00)?).
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Tail independence is related to the shape of the limit set. Let s=max S denote the
coordinate-wise maximum of the points in the limit set S of the scaled random samples of
vector (X, Y). By Theorem 4.1 in [3],

X and Yare tail dependent = s=max(S)eS. (3.2)

The converse need not hold. See [4] and [3].

British statisticians, including Tawn, Ledford, Heffernan, and others, were interested in
applications and realized in the early 1990s that there exist gradations of tail independence.
A coefficient which would help to distinguish different rates of tail independence was sorely
needed. In the case of independent margins, the probability P{U > 1 —r, V > 1 — r}, where U
and V have standard uniform margins, equals 2. If instead this joint exceedance probability
varies regularly with exponent A > 1, the exponent A may be regarded as a coefficient for dis-
tinguishing different rates of tail independence. (See (5.3) in [25].) The inverse of this exponent
has been called the residual tail dependence in a preprint of [22] cited in [18] and ‘extreme
residual dependence’ in [11]. Residual tail dependence was introduced (with a different mean-
ing) in the thesis [18], where the author observes in the introduction: ‘Because in important
cases tail independence is attained at a very slow rate, the residual dependence structure plays
a significant role.” Recall that regular variation with exponent A € [0, oo] at zero of a positive
function ¢ implies that the function 7 — log @(e’) is equal to the sum of a C! function whose
derivative tends to A and a function which tends to zero; see [6, Theorem 1.8.2]. It follows that

log (¢(r))/ log (r) = A.

Definition 3.2. Suppose the margins of (X, Y) are continuous at their upper endpoints. Let x,
and y,, denote the upper (1 — «)-quantiles of X and Y. If

—log P{X > xq, Y > y4}

— 1€l o0, a— 0t (3.3)
—loga

then A is the coefficient of intermediate tail dependence for (X, Y).

For bivariate Gaussian densities, there is a simple link between the coefficient of interme-
diate tail dependence of the components and the correlation: p =1 —2/X (see [25]). We find
it convenient to define the coefficient of intermediate tail dependence to lie in [1, oo] to dis-
tinguish it from the coefficient y € [0, 1] of (extreme) tail dependence. The significance of the
term ‘intermediate’ as opposed to ‘extreme’ will become clear in the next section. A finite
value of X in (3.3) does not imply regular variation of y(«) in (3.1).

3.1. Intermediate tail dependence and the shape of the limit set

The paper [27] gives a simple geometric recipe for the coefficient A of intermediate tail
dependence for bivariate random vectors with Weibull-like tails when the limit set is the com-
plement of a risk region. In the theorem below this recipe is used to determine the coefficient
of intermediate tail dependence for pairs of standardized risk variables. No conditions are
imposed on the limit set. The risk variables have tails e~ T with T ~ T, for a function Ty which
varies regularly with exponent t € [0, oo].

Theorem 3.1. Let the sample clouds from X converge onto S, and let (1.4) hold. Let U =
u(X), V=v(X), and W =w(X) be risk variables, and assume u* = max u(S), v* = max v(S)
are positive and max w(S) = 1. Let P{W > t} = e~ 7" for t > 0. Let R denote the risk region
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{u>u*,v>v*}, and let r, =sup{r | rSNR=0)}. Let u, and vy for o € (0, 1) denote upper
(1 — a)-quantiles of U and V.

(1) If the closure of R is disjoint from S, then U and V are tail independent:
P{U > uy, V> vy}/a — 0, a— 0.
(2) If T varies regularly with exponent t € (0, 00), the limit A in (3.3) exists and A =r},:
log P{U > ug, V > vy}/ loga — rL, a— 0. (3.4)
(3) If T varies slowly and r* € [1, 00), then
logP{U > uy, V> vy}/loga — 1
foroa — 0T,
(4) If T varies rapidly and ry € (1, o], then
log P{U > uy, V> v}/ loga — 0o
fora — 07,

Proof. First observe that u), = uy/c is a (1 — «)-quantile of U’ =U/c if u, is a (1 — a)-
quantile of U. Hence, we may assume that U and V are standardized. Let Z = z(X) denote the
risk variable associated with risk region R. ThenR ={z > 1} ={u Av > 1} and hence z=u A v.

(1) The sets {u > 1} and {v > 1} are disjoint from S. Hence so is their intersection. If S
and the closure of R are disjoint, then r, > 1. The risk variables U, V, and r,Z are
standardized, and hence, by Theorem 1.4, their (1 — «)-quantiles uy, vy, and ryzq
are asymptotically equal for o — 0T, Let 1 < g < r,. Then gz4 <ty and gz < Vg
eventually, and hence, for « close to zero,

P{U > uy, V>vq} <P{U > qz4, V> qza} =P{Z > qz4} K P{Z > 2} =«
by rapid variation of the tail of the risk variable Z.

(2) Let g1 <ry« <g2. The event {U > uy, V > vy} is enclosed between {Z > giz4}, i=1, 2,
eventually, as in (1). Apply (2.5) to obtain the convergence

logP{Z > qizg}/ log o =1og P{Z > qiza}/ l0g P{Z > 24} — qf, o« — 0%, i=1,2.
This holds for all g; < r, < g2 and implies convergence of
log P{U > uy, V> vy}/ loga
to r;. For r = 00, it suffices to use the inequality g1 < r.
(3) The proof here proceeds in the same way as the proof of (2) for finite r,.
(4) Let 1 < g < ry. Then ryzy ~ uy ~ vy implies, as in (1),
P{U > g, V > v} <P{Z > qzo} = e 1@
eventually. Rapid variation of the function 7 gives the limit above. O

Similar results hold for any finite set of risk variables. The risk region R is the intersection
of the risk regions R; = {u; > max ©;(S)}, and

logP{U; > uiq, - .., Un > e}/ loga — 1, a— 0t
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(@ ®) _ © @

ng (E) = 1,200,000 ny(C) = 3,000 ng (L) = 40 x 10° ny(Q) = 500

FIGURE 2: Limit sets S = E, C, L, Q and the numbers ny(S). The first three have the same coefficient of
intermediate dependence, A = 4. The dotted lines are the coordinate lines x = +1 and y = 1. The dashed
line is the tangent to S parallel to the boundary of the risk region H = {x 4+ 3y > 14}.

3.2. The contribution of shape

The remainder of this section is devoted to an example which shows that it is advisable to
take a geometric point of view and use the limit set rather than the coefficient of intermediate
tail dependence in evaluating the probability of risk regions.

We change our point of view and consider a fixed region, the half-plane H = {y + 3x > 14}
from the introduction, and four bivariate distributions. In each case the components X and
Y have tails asymptotically equal to those of the standard Gaussian df. The distributions are
symmetric: (X, Y) has the same distribution as (—X, —Y) and as (Y, X). The sample clouds
with the scaling a, = +/21og n converge onto a compact set. The shapes of the four limit sets
are an ellipse E, a cross C, a lozenge L, and a square Q; see Figure 2. The first three limit sets
yield the same coefficient of intermediate tail dependence. We are interested in the following
question: how much extra information does the shape give us about the risk of a sample point
falling in a half-plane H far off? In the example, H = {y + 3x > 14}. We shall determine ng
for the four distributions. Here ny is the smallest integer for which a,,S intersects H. One may
think of ny as an indication of the sample size for which there is a reasonable chance of a point
falling in H. The difference in the values of ny in the four examples in the figure below shows
that shape matters.

Tail coherence implies that all standardized risk variables have Weibull-like tails with
exponent T(f) ~ > /2. This also holds for the margins. By Theorem 3.1, the coefficient of inter-
mediate tail dependence for (X,Y)isA =1/ ri =4 for the limit sets S = E, C, L, since the risk
region R = {x > 1, y > 1} abuts r*S for r* = 2. For the square, A = 1. The lower value of X for
Q is reflected in the higher risk: ngy(Q) = 500.

The half-plane {x + 3y > cs} abuts S, where cg = /7 for the ellipse, cc = 3.5 for the cross,
and ¢y = 2 for the lozenge. The equality a,cs = 14 for a,, = /2 log n gives

logn=98/ck = 14,8, 24.5

for S=E, C, L, respectively, yielding the values of the sample size ny in Figure 2.

The coefficient of intermediate tail dependence gives information on the risk for the specific
regions rRo, where Ry = (1, 00)? if max § = (1, 1). The probability of such regions can be read
off from the bivariate df and its margins. For other regions, even simple regions like the half-
plane H above, knowledge of the shape of the limit set is essential to evaluate the risk of a
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sample point falling in the region. Basically the question here is, if one knows the risk for one
region, R = Ro, what does this tell us about the risk for another region, say R = H?

In the Appendix, it is shown that the limit shapes above can occur in combination with
the prescribed margins: there exist homothetic densities with level sets shaped like E, C, L,
O such that the margins of the df have tails asymptotically equal to e/ /~/27. For these
particular densities, one may compute the asymptotic value of P{(X, Y) € rH} rather than that
of —log P{(X, Y) € rH} for r — oo, but our aim is to show that the orders of magnitude of the
probabilities diverge:

—logP{(X,Y) e rH} 98
- —, r— 00.
—log P{X > r} 3

Here X is standard normal and the coefficient cg introduced above is determined by the shape
of S. The result holds for any vector (X, Y) whose samples scaled by a, = /2 log n converge
onto one of the sets S=E, C, L, Q.

4. The distribution of the scaled sample points

The limit set S has no structure apart from its shape. The sample clouds N,,, which converge
onto S, have more structure. The density of the sample points may vary over S.

The descending order statistics of a sample from a continuous distribution on R are the
sample points arranged in decreasing order, Uy., > - - - > Uy, In the asymptotic theory, there
is a distinction between central order statistics Uy., for k =k,, where k/n tends to a limit
p € (0, 1), intermediate upper order statistics, where k, — oo but k/n — 0, and extreme upper
order statistics, where &, is constant eventually.

If the sample clouds converge to a Poisson point process N, the points of N accumulate
at the origin of RY. Arrange the points of the scaled samples N, and of the point process
N in decreasing order of the norm. It is convenient to use Skorohod’s representation theo-
rem and consider almost sure convergence N, — N (weakly on the complement of any e-ball
€B). We then see that the limit N contains infinitely many points, but only the extreme upper
order statistics. Let Zy., denote the point in N,, with the kth largest norm, with k € {1, ..., n}.
Then k, — oo implies Zy,., — 0. The intermediate upper order statistics, the central order
statistics, and the intermediate lower and extreme lower order statistics disappear into the
black hole at the origin. If the sample clouds converge onto a set S, the situation is differ-
ent. Now the central order statistics disappear at the origin, and so do the intermediate and
extreme lower order statistics, since for any € > 0 the number of points of N, outsige the ball
€B is binomial(n, p,) with p, =P{||X]|| > €a,} — 0, which implies N,(eB)/n— 0. Thus
S\ {0} only shows the intermediate and extreme upper order statistics.

A basic question is the following: for an open set O intersecting S, how many points of the
sample cloud lie in O?

Proposition 4.1. Suppose the random samples of X scaled by a, converge onto the compact
set S. Suppose S contains more than one point and X is unbounded. Assume Weibull-like tails
with exponent t. Let U = u(X) be a risk variable such that R = {u > 1} abuts S. Then P{U >
u) = e~ T® for a function T which varies regularly with exponent t, and

—log P{U > 0a,} N

0r, 0>0, n— oo. 4.1)
logn
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Proof. The fraction is asymptotically equal to T(fay)/T(a,). Regular variation yields the
limit. ]

Corollary 4.1. Consider the setting of Proposition 4.1. Let N,, be a scaled random sample of
size n from the distribution of X. Then

log Na(BR)/ logn > 1—-07,  6e(0,1), n— oo 4.2)

Proof. Add a factor n to the probability in the numerator in (4.1) to obtain the limit 1 — 67,
and observe that N,(6R) is binomial(n, P(fa,R)); hence

Na(OR)/nP(BanR) - 1

for0 € (0, 1). O

Corollary 4.1 implies that, for 6 € (0, 1), one may write N,(6R) = n'=%" in the sense that
forany ) <6 and 6, > 6,

P{n'~% < N,(OR) <n'T} > 1, n— o0. (4.3)

If the complement of the limit set is a risk region, the limit in (4.2) tells us for any 6 € (0, 1)
how many scaled sample points lie outside 6S. With the same arguments one can show that
if T varies slowly, then the tail of U is relatively heavy, and N,(6S°) ~ n for all 6 € (0, 1) in
the sense that P{NV,,(05¢) < nl_‘s} — 0 for any § > 0. If T varies rapidly, then for any 6 € (0, 1)
the probability P{N,(8S5¢) > n’} vanishes for § > 0 and n — oo. Since N,((1 — €)R) — oo for
€ > 0 holds without any assumptions apart from convergence onto S, we see that on arranging
the sample in decreasing order of the gauge function ng, the limit points of the extreme upper
order statistics lie on the boundary of S.

Proposition 4.2. Let the sample clouds for X with scaling a, — oo converge onto a compact
set S containing more than one point. Let the open set O abut S, and suppose there exists a risk
region R which contains O and abuts S. Then

N,(00)/N,(01R) — oo in probability, in probability, 0<0<6; <1. 4.4)

Proof. Let 6y € (0, 01). Choose indices m = my,, such that a,,/a,, — 6y. Then m, /n — 0. The
m-point sets N,(lm) ={Xi/ay, ..., X,/a,} are rescaled m-point sample clouds and converge
onto So = 6pS. The open set 6O is a neighbourhood of a point p € Sy, and the closure of 61 R is
disjoint from Sy. By definition of convergence onto,

N™©0) S 00 and  N™(@R) > 0.

This also holds for the m-point sets {Xun+1/an, - - - , Xkm+m/an} for all k> 1 for which km +
m < n. The final set Ny = {Xyxy1/an, ..., Xy/a,} contains m points or fewer. For this set,
Nr(61R) — 0 in probability and Ny(6O) > 0. O

Corollary 4.2. In the case of Weibull-like tails with exponent T,
log (N,(00))/logn— 1—0% in probability, 6 e(0,1). 4.5)

The result also holds for T =0 and t = oo.
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Proof. Use Proposition 4.1. The inequality N,(0O) <N,(0R) gives an upper bound
1—6°. O

Example 4.1. The number of points in an open set may be larger than one might expect. The
technical condition in Proposition 4.2 that there should exist a risk region shielding O from §
cannot be ignored. Let (X, Y) have density

e_‘zx‘e_y2/2/\/27r, y>0,

Jx,y) =
e We=vl /4, y<0.

Scale the samples by a, =logn. The limit set S is the triangle with vertices (£ 1, 0) and
(0, —1). The open sets R=(1/2, c0) x (—o0, —1/2) and Oy = (8, c0) x (0, 00), 6 € [0, 1],
abut S. The mean measure of R is j1,(R) = 1/4; that of Og is o(1) for 6 > 1/2 and n' =2 for
6 € [0, 1/2] (since P{X > 0a,} = 1/n%?).

4.1. Concentration

Suppose the risk region R abuts § in the point p and only in this point. One would expect
the scaled sample points in R to lie close to p. We will show that this is the case.

Lemma 4.1. Let S be a compact star-shaped set in RY. Define f(x) for x e R as the distance
from X to S: f(X) = minyeg [|X — y||. The function f satisfies |f(x) — f(y)| < |x —yll. The sets
{f <€} are star-shaped for € > 0, their complement is a risk region, and {f =0} = S.

Proof. Let D denote the closed unit ball. The set S¢ =S + €D is compact. We claim that the
complement is a risk region. Let p be a boundary point of S + €D. Then p + €B is disjoint from
S. (Otherwise S contains a point z such that ||z — p|| < €, and so p € z + €B is an interior point
of S+ €D.) There is a point z € S such that ||z — p|| = €. Now suppose 7p also is a boundary
point for some ¢ € (0, 1). Then tp + €B is disjoint from S by the argument above, but 7z € S and
||tz — tp|| = €t < €. This is a contradiction. O

Lemma 4.2. (Concentration Lemma.) Let the scaled random samples N, = {X1, ..., X,}/an
converge onto a compact set S which contains more than one point. Assume that a, > 0 is
unbounded. Let the risk region R abut S and let O be an open neighbourhood of S N cl(R). Let
v, denote the mean measure of N,,. Then

v(ONR)/v(R) — 1, 7 — 00. (4.6)

Proof. The closed set cI(R) \ O is disjoint from S. Intersect it with the closure of a large open
ball rpB which contains S to obtain a compact set K disjoint from S. One of the risk regions R,
in the corollary above contains K. Its closure is disjoint from S. Hence there exists ¢ > 1 such
that R, /q abuts S. Then

P{X e g(rR,/q)}/P{X erR} — 0

for r — oo by Proposition 2.1.
The asymptotic equality (4.6) need not hold if we replace R by an open set Q which
abuts S. U

Example 4.2. Let the probability measure 7z give mass 1/2 to the lower half-plane with den-
sity e~" /27, and mass 1/2 to the upper diagonal L with density ce™"", where r = /2 + y2.
The samples scaled by a, =logn converge onto the intersection S of the closed unit disk
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and the closed lower half-plane. The open set Q = (1/2, 0o0) x (0, co) abuts § in the inter-
val E=[1/2, 1] x {0} and intersects L. Let O =(1/3,4/3) x (—1/3, 1/3). Then ONL = 0.
Hence v,(QN 0O)=0and v,(Q) >0 foralln> 1.

Let Z'R denote a random vector Z conditioned to lie in a risk region 7R. In [1], Z'R for t
large is referred to as a high-risk scenario, since Z is conditioned to lie in an extremal region
associated with high risk.

Proposition 4.3. Let a,, be an unbounded increasing sequence of scaling constants. Let 1,
i=0, 1, be probability measures on R¢ for which the samples scaled by a, converge onto a
compact set S; containing more than one point. Let the open half-space H = {§ > 1} abut Sy
and Sy in the point p and only in p. Suppose there exist an open cone C which contains p, and
a compact set K such that dry = dmy on C\ K. Suppose there exist linear transformations A;
mapping the upper half-space Jo = {xq > 0} onto {§ > 0}, such that the normalized high-risk
scenarios for the probability measure wy converge:

W, =AY Z" —1p) =W, t— oo.

Then this also holds with the same normalization for the high-risk scenarios under w1, and the
two limit scenarios have the same distribution.

Proof. Choose € > 0 so small that the open ball p + €B is contained in the cone C. Let 7; ;
be the distribution of W; when Z has distribution 7;, and let i, , denote the restriction of 7; ;
to A,_I(teB). By the Concentration Lemma, the total mass of the measures 8; ; = m; ; — (i
vanishes for t — co. By assumption 7o ; — 7 weakly for a probability measure 7 on Jy. Let ¢
be a bounded continuous function on R¢. Then [ ¢dno;— [ @dn and [ @déy; — 0. Hence
[ edur = [ @duo:— [ edr,and [ @dri— [ @dr since [ @ds;; — 0. a

Samples from the standard Gaussian distribution on R? scaled by /2 Tog n converge onto
the closed unit ball S. Let p= (0, 0, 1). Then P{Z € R? x (1,, 00)} ~ 1/n, where

th=+/2logn — \/E( loglogn + log (4m))/+/logn + o(1/ log n); “4.7)

see, e.g2., [16]. Samples shifted over —#,p and expanded by a, in the vertical direc-
tion converge in distribution to the Gauss-exponential Poisson point process with intensity
e_“e_(“%Jr”%)/z/Zn weakly on all half-spaces v > ¢, t € R. (See [15].) By symmetry, this Gauss-
exponential point process describes the distribution of the scaled sample around any boundary
point of S.

Let p1, ..., pn be distinct unit vectors and Fy, ..., Fy, dfs on R2. One can construct a
probability distribution 7z on R3 such that the samples scaled by a,, = /2 Tog n converge onto
the closed unit ball S, and the renormalized scaled samples around p converge to a Gauss-
exponential point process for every point p € 95, except for the points p;, i =1, ..., m, where
they converge to a Poisson point process with mean measure dF;(uy, up)e " dv.

The example below gives the basic idea of the construction. Here m=1,d =2, p; = (0, 1),
and F is the Cauchy distribution with density 1/(zr (1 + x2)).

Example 4.3. It is possible to alter the standard Gaussian distribution 7y on the plane so
that the high-risk scenarios Z# for the half-plane H = {y > 1}, suitably normalized, con-
verge to a limit scenario (U, V), where U is Cauchy and independent of V, which is standard
exponential.
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Let 7, be a probability distribution on the parabola P = {y > x*/2} whose density agrees

with y2e’y2/ 2 J(m(1+ xz)) outside a bounded set. The random samples from 7y scaled by a,, =
/2 log n converge onto the line segment with endpoints (0,0) and (0,1). Observe that

po) =moly > 1} ~ " 12 )(tN2m) < pi (1) =iy > 1} ~ te" /2.

Set os(u, v) = (u, t +v/t). Let g;; be the density of at_l(m) and h; ;= gi:/8i+(0,0). Then
ho,(u, v) = e Ve /2 uniformly on bounded sets and in L' on {v> 0}, and hy(u, v) —
e /(1 4+ u?) uniformly on bounded sets and in L. on {v > 0}, by monotone convergence. Let 77
be a probability measure whose density agrees with that of g + 771 outside a bounded set. Then
p(t) =m{y >t} ~pi(t) for t — oco. Hence the normalized high-risk scenarios «; ! (Z™) for the
half-planes tH = {y > t} and the probability measure 7 converge to the Cauchy-exponential
limit scenario (U, V) above.

Proposition 4.3 ensures that for any half-plane R which abuts S in a point p # (0, 1), the
high-risk scenarios have a Gauss-exponential limit.

The reader might prefer an example where the df F, of the horizontal part of the distribution
of the limit scenario varies continuously with the boundary point p € 35, and is not Gaussian.
It is not known whether such an example exists.

5. The intersection index

Given a finite set of risk variables, one may ask whether there exist sample points for which
two or more of these risk variables are large. The answer tells us something about the way large
values of these risk variables are linked. To be specific, one may ask, given the risk variables
U = u(X) and V = v(X), whether there is a sample point X for which u(Xp) and v(Xg) both
belong to, say, the twenty highest values. Given a sample of n points and an index i < n, let u[i]
denote the set of the i sample points with the largest u-values and v[{] the set of i sample points
with the largest v values. The intersection index I,,(U, V) is the least value of i for which u[i]
and v[7] intersect. To accommodate dfs with discontinuities we make the following definition.

Definition 5.1. For a finite sequence of points (ux, vk), k=1, ..., n, the intersection index I,
is the smallest integer i > 1 for which there is a point (u, vk) such that

#jluj>uw} <i and #{j|v;>w) <i. 5.1

With each point one may associate two ranks, the rank k, in the decreasing order statistics for
the vertical coordinate v and the rank k, for the horizontal coordinate u. If the marginal dfs are
continuous, the intersection index for almost every sample is the minimal value of k =k, \ k,
over the sample points. What can one say about the value of [, =I,,(U, V) for large n?

Proposition 5.1. Let (U, V) have continuous margins. The following are equivalent:
o P{I,=1}—0;
e UandV are tail independent;
e [, — 00 in probability.

Proof. We may assume that U and V are uniformly distributed on (0,1). Let u be the dis-
tribution of (U, V) on (0, 1)?, i, = nu the mean measure of the random sample of size n, and
Q, the square (1 — 1/n, 1). Let 11,0, = € > 0. The Poisson point process approximation to
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the sample on the complement C of (0, 1 — 1/n)? gives a probability of ee~€e~2(17¢) of one
point in C and that point in Q,,. This implies a record, I, = 1. Hence, P{/, = 1} — 0 implies
n(Qpn) — 0, which implies tail independence.

Let Uy, > - - - > U,.;, denote the order statistics for U and V., > - - - > V,,.,, those for V. Let
m > 1. Then

{I, <m, Upy > 1—=2m/n, Vyy > 1 —2m/n} C {N(Q) > 0}
for Q = Q,(m) = (1 — 2m/n, 1)%. Tail independence gives
pn=P{(U, V) € O} =0(2m/n) = o(1/n).

The event on the right has probability o(1). Since P{U,,., <1 —2m/n} and P{V,,,, <1 —
2m/n} are bounded by 1/m for m > mg and n > n,,,

P{l, <m} <3/m, n— 0o, m > myg.

So tail independence implies I, — oo in probability and hence P{/,, = 1} — 0. ]

The rate at which I, diverges depends on the limit shape. For Weibull-like tails, there is a
simple formula for the asymptotic behaviour.

We may and shall assume that U and V are standardized. Let z=u Av and R={z > 1}.
Define z* = max z(S). Then z*R abuts S if z* is positive. For 6 > z*, the closure of 6R is disjoint
from S, and the probability that N,(6R) =0 tends to 1 by definition of convergence onto. If
6 € (0, z*), then

log (N,((8/2)7*R)/ logn — 1 — (8/2")°

in probability by (4.2), and N,(6R) — oo. The quotients log (N, {u > 6})/ log n and log (N, {v >
0})/ logn, for 6 € (0, 1), converge to 1 — 607 in probability by the same relation. Hence, we
conclude that loosely speaking (see (4.3)),

LU, V)~ n/n<)" .

By Theorem 3.1, (z*)* = 1/, where A is the coefficient of intermediate dependence for U and
V as defined in (3.3). We have the following result.

Proposition 5.2. Suppose X has Weibull-like tails. Let U = u(X) and V = v(X) be risk vari-
ables for which max u(S) and max v(S) are positive. If the coefficient A € [1, o0] of intermediate
dependence between U and V exists, the intersection index I,(U, V) in (5.1) satisfies

log (I,(U, V))/logn— 1 —1/1 in probability. (5.2)

5.1. Heavy light tails and light light tails

Not every light-tailed distribution has Weibull-like tails. The class of dfs with tails which
vary rapidly is vast. It contains dfs with heavy light tails like 1 — F(r) = 1/£°¢" and dfs with
light light tails like the double exponential tail 1 — F(f) = exp (—e"). To see how large this class
is, observe that for any two dfs F| and F» with tails which vary rapidly at oo there exists an
increasing sequence f, — 0o and a df F with tail which varies rapidly at oo such that F agrees
with F| on the intervals I,, = (,, t, + n) with odd index and with F; on the intervals with even
index.
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For any df F whose tail varies rapidly at infinity, there exists a continuous strictly decreasing
function Ly which maps (0,1] onto [0, co) and which is asymptotically equal to (1 — F)< at
zero [6, Theorem 2.4.7]. Let S be a compact star-shaped set in [0, c>o)2 such that max (§) =
(1, 1). By the Existence Theorem, Theorem 1.4, there exists a nonnegative vector (U, V) with
marginal tails 1 — Fy and 1 — Fy whose inverses are asymptotic to Ly, such that the samples
from (U, V) scaled by Ly(1/n) converge onto S. Set R = (1, 00)? and let OR abut S for some
0 € (0, 1).

To determine a value k, € R which approximates the intersection index I, for (U, V), we set
Ly =1—F=e¢"T and solve the equations

T(a,)=logn, T(Oa,)=1log (n/k), k=k,— 0o, k/n—0.
We give four examples.

1. T(u)=u: then a, =1logn, and 6a, =0logn=1logn —logk. Hence logk=Ilogn —
Olognand k=n'""?.

2. T varies regularly with exponent T > 0: T'(a,) = log n, and

logn —logk=T(Oa,) ~ 0} T(a,) =06; logn.

Hence log k =logn — 6, log n with 6,, — 6 and k = nl=bn .
3. T(u) = e": then e’ = (log n)’ =logn — log k. Hence log k =log n — (log n)’ and k =
njelogn’

4. T(u)=(log u)?: then log a,, = 4/log n, and
logn —log k= (log ay)? = (v/logn+log 6)* = logn+2log6+/logn+ (log 6)>.
Hence k = 1/9%Vlogn+tlogd

For Weibull-like tails, &, is a power of n; more precisely, k, = n?" with ¢, — ¢ € (0, 1).
For the light light double exponential tail exp (—e"), the sequence k,/n vanishes, but k,
diverges faster than any power n' ~%; for the heavy light tail 1/u!°2%, the sequence k,, diverges
slower than any power n® with § > 0. In each case, k, = K(n, ) for some function K. Let
KD = K(n, 69) for 6D <9 < 6@ Then

Pk <1, <k?} > 1.

5.2. The coefficient of geometric tail dependence

In this subsection F; is the set of all strictly increasing continuous dfs Fj on [0, co) which
vanish at zero and have a rapidly varying tail. The inverse of 1 — Fy, Lo, is continuous and
strictly decreasing, varies slowly at zero, and maps (0,1] onto [0, o).

Let (U, V) be a pair of standardized risk variables with margins whose tails are quantile
equivalent to 1 — Fp with Fy € F. Motivated by the examples of order statistics above, we
construct a coefficient of geometric tail dependence for (U, V) as follows. Let pa(f) for t > 0
denote the probability that U >t and V > ¢, and let s = s(¢) satisfy 1 — Fo(s) =p>. Then s > 1.
If s/t — A €[], oo] for t — 0o, we call the limit the coefficient of geometric tail dependence
for the pair (U, V).
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Definition 5.2. Let the marginal quantile functions of the pair (U, V) be asymptotically equal
at zero to a strictly decreasing continuous function Ly which maps (0,1] onto [0, co) and which
varies slowly at zero. If

LoP{U >,V >1t})/t —> L €[, 0], t— 00, (5.3)

then A is the coefficient of geometric tail dependence of (U, V).

Remark 5.1. If the tails of the dfs of U and V are quantile equivalent to the tail of the standard
exponential distribution, one may take Ly(f) = — log #, and (5.3) becomes

—logP{U>tV>t}/t— A, t— 00,

the definition of the coefficient of intermediate tail dependence in (3.3). If the tails of the dfs
of U and V are quantile equivalent to the tail 1/¢ of the standard Pareto(1) df, then Ly(¢) = 1/1,
and (5.3) becomes

(1/P{U>t,V>1t})/t — A, t— 00.

Here A is the inverse of the coefficient y of extreme tail dependence in (3.1). The limit A is of
interest even when L does not vary slowly at zero.

Theorem 5.1. Let the random samples from X scaled by a, converge onto a compact set S
containing more than one point. Assume a, is unbounded. There exists a strictly decreasing
continuous function Ly mapping (0, 1) onto (0, 00) such that a, ~ Lo(1/n). Let U = u(X) and
V =wv(X) be standardized risk variables. The intersection index I,, for the random samples from
(U, V) satisfies

P
Lo(In/n)/an, — 0 = max ((u A v)(S)). 5.4)
Proof. The result follows from the two lemmas below. U

Define the df Fo by 1 —Fo=Lj . Let R={u Av > 1} and let N, be the random sample
of size n from (U, V) scaled by a,. Let Wj., denote the increasing order statistics from the
uniform distribution on (0,1). Set & = max ((u A v)(S)) as in (5.4).

Lemma 5.1. Suppose 0" <0 and k, > n(1 — Fo)(0"ay). Then P{I,, < k,} — 1.

Proof. Let 0’ = (0" + 0)/2. For the order statistics from the uniform distribution, Wy, ., ~
kn/n in probability if k,, — oo and k,/n — 0, since (Wy,., — k,/n)/ 'k, is asymptotically stan-
dard normal. Slow variation then implies Lo(W,.,) ~ Lo(k,/n). By tail coherence both Uy, .,
and Vj, ., are asymptotic to Ly(k,/n) in probability. Since Lo(k,/n) < 6" a, by assumption and
0" <0, both P{Ux,n/an < 0'Y = 1 and P{Vi,.n/ay <0’} = 1.If Ug, .n/fan <6’ Vin/an <6’
and N,(0'R) > 0, then I,, > k,,. O

Lemma 5.2. Suppose 6 < 0" and k, < n(1 — Fy)(0" ay). Then P{I,, > k,} — 1.

Proof. As above. U

There is an analogue of Theorem 3.1 for the coefficient of geometric tail dependence. If
an ~ log n then one may choose Lo(1) = — log u to obtain a special case of Theorem 3.1.

Theorem 5.2. Suppose the random samples from X scaled by a, converge onto S. Assume S
contains more than one point and a, — 00. Let Ly : (0, 1] — [0, 00) be continuous and strictly
decreasing and satisfy Lo(1/n) ~ a,. Then Ly varies slowly at zero. Let U = u(X) and V = v(X)
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be standardized risk variables. The quantile functions of U and V are asymptotically equal to
Ly at zero. The coefficient of geometric tail dependence of (U, V) is

Lo(P(U > 1, V
ae fim REWU=L V1) 0s A u= 1A= 1} = 7).

t—00 t

6. Domains of attraction for limit sets

A description of all possible limit sets is of theoretical interest. In applications one is more
interested in the domains of attraction. Does there exist a simple characterization of the domain
of attraction which enables one to estimate the limit set?

We begin with some notation: S is the set of all compact star-shaped sets S C RY which
contain more than one point, and £ is the set of all unbounded strictly decreasing continuous
positive functions L on (0,1] which vary slowly at zero: L(1/2n)/L(1/n) — 1 for n — oco.

Definition 6.1. For S € S and L € L, define the domain of limit-set attraction Diy(S, L) as the
set of all random vectors (or their dfs) for which the random samples scaled by L(1/n) converge
onto S.

By Theorem 1.4, all domains of attraction are non-empty.

Proposition 6.1. If the domains Djs(S1, L1) and Dis(S2, Ly) intersect, they coincide and there
exists a constant ¢ > 0 such that S» = ¢Sy and L) = cL,.

Theorem 6.1. The random vector X lies in the domain Dis(S, L) if and only if for every risk
variable U = u(X) its df F,, satisfies

(1 —F,)"(r)/L(r) = u* = max u(S), F— 00.

Proof. Necessity of the condition follows from tail coherence, Theorem 2.1. Sufficiency will
be proven below in Proposition 6.2. U

We now introduce a (d + 1)-dimensional class of risk regions, probes, which are able to
approach boundary points of S without intersecting S. Certain boundary points may be hard to
hit. Think of the boundary point (0,1) when S is the union of three unit disks centered in (0,0)
and (£ 1, 1).

Definition 6.2. For p #0 and ¢ € (0, 7 /2), let C(p, ¢) denote the open cylinder symmetric
cone around the ray through p consisting of all points x # 0 for which the angle between the
ray through x and the ray through p is less than . Define the corresponding probe as the
translate:

P(p. 9)=p+ C(p. ¢). (6.1)

Lemma 6.1. Let S be a compact star-shaped set containing more than one point and O D S
open. There is a finite set of probes which cover O° and whose closures are disjoint from S.

Proof. We may assume that O is bounded and contained in the closed ball »D. The set rD \ O
is compact, and hence it may be covered by a finite subset of the set of all probes P = P(p, ¢)
with p € O\ S and cl(P) disjoint from S. U
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In terms of risk regions, the limit set S is determined by the risk regions R which are disjoint
from S. In fact, S is already determined by the set of probes P disjoint from S. Recall thate € §
is extremal if re € S¢ for t > 1.

Proposition 6.2. Let S € S and L € L. Let &t be a probability distribution on RY. The samples
from 1 scaled by a, = L(1/n) converge onto S if the following two conditions hold:

(1) nr(a,P)— 0 for every probe P whose closure is disjoint from S;

(2) nm(a,P(re, ¢)) — oo for every extremal point e € S, every r € (0, 1), and every ¢ €
0, /2).

Proof. The two conditions imply the two conditions in the alternative definition of
convergence onto S in Proposition 1.1.

(1) Every open set whose closure is disjoint from § may be covered by a finite number of
probes whose closures are disjoint from S by Lemma 6.1.

(2) By Lemma 1.1 it suffices to show that N,,(p + €B) £ oo for every extremal point p € §
and every € > (. Let e be an extremal pointin Sand e > 0. Setp=reforr=1—¢€. We
claim that one may choose ¢ > 0 so small that the probe P(p, ¢) is contained in the union
of the ball e + €B and the complement of S, and that this holds even for the closure of the
probe if we delete the point p. (Otherwise there exist points a, € S\ (e + €¢B) which are
arbitrarily close to the ray through e. Since S \ (e + €B) is compact, it contains a point a
on the ray. This point has the form a = re with # > 1 4 €, contradicting the extremality
of e.) The closure T of P(p, ¢) \ (e + €B) is disjoint from S. Since S is compact the
distance between S and T is positive, say 6. The §-neighbourhood of S, S + 8B, is disjoint
from P(p, ¢) \ (e + €B). Hence,

7 (an(e + €B)) + m(an(S + 8B)°) > w(a, P(p. ¢)).

The limit relations nm(a,P(p, ¢)) = oo and nm(a,(S + 6B)°) — 0 imply nw(a,(e+
€B)) — oo. O

As a result one has a simple description of the domains of attraction.

Theorem 6.2. A probability distribution w belongs to Dis(S, L) if and only if two conditions
are satisfied:

(1) For the d quantile functions q; of the coordinates X;, the 2d limits Q(i, —) of qi(«))/L(x)
and Q(i, +) of q;(1 — «) for a — OV exist, and their sum is positive.

(2) All probes R = P(p, ¢) with p # 0 satisfy

0, cltR)NS=0,
n(L(1/n)tR) — (6.2)
oo, tRNS#(.

One may define the domain of S for S € S as the union D(S) of the domains Dy(S, L)
over L € L. It contains all vectors X for which there exist scaling sequences a, such that the
sample clouds with this scaling converge onto S. The domains D(S) and D(cS) coincide for
any ¢ > 0. In order to decide whether a vector X lies in Dj,(S), it suffices to take a continuous
positive-homogeneous function x on R¢ which does not vanish identically on S, scale it so
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that max u(S) = 1, and check that X € Djy(S, L,), where L, € L is asymptotic to the decreasing
quantile function of U.

There is a certain similarity with the domain of attraction for coordinate-wise maxima of
random vectors with positive components and identical heavy-tailed margins. Instead of probes
one works with generalized quadrants, intersections of coordinate half-spaces.

7. Conclusions

In the pages above we have investigated the implications of the assumption that the samples
from an unbounded random vector X have a limit shape. The assumption is geometric, and so
are the implications.

In a multivariate setting, risk varies with the direction. One can capture the dependence on
the direction by using linear functionals u or half-spaces H = {u > 1}. These half-spaces H do
not contain the origin, and H contains the closure of rH for all » > 1. Open sets which satisfy
these two conditions are called risk regions. Any risk region R determines a unique nonnegative
continuous positive-homogeneous functional u such that R = {u > 1}. The variable U = u(X)
is called the risk variable associated with the risk region R. The paper shows that risk regions
and risk variables are the proper instruments to monitor asymptotic risks when scaled random
samples converge. Tail coherence holds: standardized risk variables all have the same upper
quantiles asymptotically. The Mapping Theorem and the Convergence Theorem in Section 1
are two more simple results for risk variables. In the section on the asymptotic distribution
of the points in the sample cloud, risk regions rather than arbitrary open sets give the nicest
results. Risk regions are crucial in the description of domains of convergence.

Our results are crude. But so is our assumption. The limit shape does not change even under
quite severe perturbations of the underlying distribution, as in Example 3.1. For distributions
with Weibull-like tails, we derive asymptotic expressions for the logarithms of the probabilities
of risk regions rR for r — oo, rather than for the probabilities themselves. Weibull-like tails
play an important role in our analysis of the asymptotic distribution of the points in the scaled
samples. For such tails there is a simple recipe due to Nolde for calculating the coefficient of
intermediate tail dependence between two standardized risk variables U and V. For Weibull-
like tails, the asymptotics of the intersection index for the pair (U, V) have a simple form. The
intersection index tells us how many upper order statistics from U and from V are needed in
order to have a common sample point. Many well-known dfs with light tails have Weibull-like
tails, but the class of dfs on [0, oo) with rapidly varying tails is much larger. We introduce a
coefficient of geometric tail dependence to investigate the asymptotics of pairs of standard-
ized risk variables with rapidly varying tails. Coefficients of tail dependence are of theoretical
interest, but for good results it helps to know the limit shape, as is shown in Section 3.2.

The paper concentrates on the first-order asymptotics of partial maxima for samples with a
limit shape. Under extra conditions one may renormalize the scaled sample around a boundary
point of the limit set so that individual points remain distinct. The renormalization may yield a
second-order description of the local asymptotic behaviour in terms of a Poisson point process.
The paper presents examples of such local expansions. The relationship between the second-
order stochastic limits and the first-order deterministic limit is tenuous and not well understood
at present. A good description of this renormalization is the challenge which our paper poses.
The limit point process for coordinate-wise maxima may be regarded as a second-order expan-
sion, but only if one restricts to points with finite coordinates. If the coordinate-wise maxima
of the pair (U, V) of standardized risk variables have a limit distribution and one is interested
in partial maxima of linear functionals aU + bV, with a and b positive, the coordinate-wise
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limit theory will yield precise second-order asymptotic results which capture the random com-
ponent of the maximum if U and V are tail dependent. If U and V are tail independent, the
coordinate-wise limit is of little use. In that case the crude deterministic first-order results from
the theory of limit sets treated in this paper give more information. So too for partial maxima
of the functional U A V, or ~/U? + V2.

Appendix A. Densities with given margins and limit sets

In this section, we show how to construct probability densities for which sample clouds can
be scaled to converge onto one of the four limit sets described in Section 3.2 and which have
prescribed margins. Here we consider the case of standard normal margins. In the case of the
cross and lozenge, the margins are not exactly normal, but their tails are asymptotically equal
to the standard normal tails.

Let ¢ denote the standard normal density. The ellipse E corresponds to a bivariate normal
vector Z = (X, Y) with standard normal margins and correlation p = —1/2. Hence, the density
generator is f,(f) = ¢(t)/c with ¢ =27 +/1 — p2. The density is f,(rg).

If S is the cross, lozenge, or square, we choose homothetic densities of the form f = f.(rs),
where f. is chosen so that P{Y > t} ~ ¢(¢)/t; i.e. the marginal tail is asymptotically equal to that
of the standard normal distribution. Below we show that suitable choices of the density gener-
ator f; are f,(t) ~ ¢(t)/t for the cross, fi.(t) ~ 8t¢p(t)/3 for the lozenge, and f,.(t) ~ ¢(1)/(2t) for
the square.

Let Z = (X, Y) and let H, denote the half-plane {y > t}. The high-risk scenario Z" is the
vector Z conditioned to lie in H;. It has density f1y, /p;, where p; =P{Z € H;}. Let t — oo.

The cross C: By the Concentration Lemma (Lemma 4.2), we may replace C by the rectan-
gle [—1/2,1/2] x [ — 1, 1]. First assume f,(¢) = (). We claim that the high-risk scenarios
converge:

WU Vo= '@ = (U V), enu,v) = (u, 1+ v/1). (A1)

The components U and V are independent, U is uniform on (—1/2, 1/2), and V is standard
exponential. Indeed (Uy, V;) has density g,(u, v) = f(tu, t + v/t)/p; on the upper half-plane Hy,
and
8:(u, v)/810, 0) =f(tu, t +v/0)/f(0, 1) —> 1(—1/2,1/2)we".

Since the right side is a density on Hy, we see that p; ~ f(0, t) =f.(¢). If we choose fi(1) =
o(t)/t for t > 1, then these computations give p; ~ ¢()/t.

The lozenge L: An initial shear will yield a quadrilateral determined by the points (0, £1)
and £(1, 1/2). Take fi.(t) = ¢(¢) as above and o;(u, v) = (u/t, t + v/t). Then (A.1) holds with
U and V independent, V standard exponential, and U a Laplace variable with density

g, v)= (e A e"'PY(a+ b), a=2,b=2/3.
The limit relations
gi(u, v) =f(u/t, t+v/0)/1* [pr — g(u, v)
and
81, v)/81(0, 0) =f(u/t, t +v/0)/f(t) > 8g(u, v)/3
give p; ~ 3f.(1)/1%/8. Hence we now take f,() = 8¢(1)/3.

The square Q: Observe that f is a pile of squares, f(x) = fooo 1,o(®)|fs'(r)|dr, and hence the
marginal has the form

Fi) = /0 2FL O () dr = / 21 (P,
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where I =[ — 1, 1]. Take fi.(r) = (1 — ®(r))/2, where & is the standard normal df. Then f1(x) =

fxoo ro(r)dr = p(x) is the standard normal density. In this case there is a homothetic density

with standard normal margins.
We have glossed over the important distinction between L! convergence and pointwise
convergence in the presentation above. For this see [1] or [4].
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