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Abstract. In 2002, Kamae and Zamboni [Ergod. Th. & Dynam. Sys. 22(4) (2002),
1191-1199] introduced maximal pattern complexity and determined that any aperiodic
sequence must have maximal pattern complexity at least 2k. In 2006, Kamae and Rao
[European J. Combin. 27(1) (2006), 125-137] examined the maximal pattern complexity
of sequences over larger alphabets and showed that sequences which have maximal
pattern complexity less than £k, for £ the size of the alphabet, must have some periodic
structure. In this paper, we investigate the structure of sequences of low maximal pattern
complexity over £ letters, where lim inf_, o pj (k) — 3k = —oo. In addition, we show
that the minimal maximal pattern complexity of an aperiodic sequence which uses all ¢
letters is p (k) = 2k 4+ £ — 2 and give an exact structure for aperiodic sequences with this
maximal pattern complexity.
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1. Introduction
There are various methods to study the complexity of symbolically defined dynamical
systems. Block (word) complexity, which counts the number of blocks of size k which
appear in a subshift, was introduced in 1938 by Morse and Hedlund as a way to determine
the ‘size’ of different subshifts. Their first paper, [MH38], contains the proof of the
Morse—Hedlund theorem, which states that any aperiodic sequence must have block
complexity at least k + 1 for all k € N. Their second paper, [MH40], introduces Sturmian
sequences, defined to be infinite sequences over two letters that have block complexity
k + 1 for all kK € N and that can be represented as a coding of an irrational circle rotation.
For larger alphabets, a similar proof shows that the block complexity of an aperiodic
sequence over £ > 2 letters must be at least k + £ — 1. A Sturmian sequence over £ > 2
letters is defined to be an aperiodic sequence with block complexity k + £ — 1 forallk € N
[Fog02].
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The maximal pattern complexity of an infinite sequence «, denoted pJ(k), was
introduced by Kamae and Zamboni in 2002 in [KZ02b] as a way to link word complexity
and sequence entropy. In their first paper, they showed that the maximal pattern complexity
of any aperiodic sequence must be at least 2k for all k € N, which is a direct analog to the
Morse—Hedlund theorem.

In [KZ02b], they also introduced pattern Sturmian sequences as an analog to Sturmian
sequences and defined pattern Sturmian sequences over two letters to be aperiodic
sequences with the lowest possible maximal pattern complexity, 2k. In [KZ02a], they
furthered their study of pattern Sturmian sequences, showing that sequences generated
by a coding of an irrational circle rotation by any two interval partitions of a circle and
simple Toeplitz sequences are examples of pattern Sturmian sequences over two letters.

In 2006, Kamae and Rao extended the study of maximal pattern complexity for
sequences over finite alphabets of size greater than two in [KR06]. They determined that
a sequence over £ > 2 letters which has maximal pattern complexity less than £k for some
k € N is periodic by projection, meaning there is a non-constant, coordinatewise, factor
map f that maps the sequence to a periodic sequence. They extended the definition of
pattern Sturmian sequences over two letters to pattern Sturmian sequences over € > 2
letters, defining them to be sequences of maximal pattern complexity £k that are not
periodic by projection.

As stated in their paper, their results hold for sequences in which every letter appears
infinitely often. We will make this same assumption for all sequences in this paper, since
the ability for a letter to show up a finite number of times can be eliminated with a finite
shift.

Although [KRO06] isolates the minimal maximal pattern complexity for aperiodic
sequences which are not periodic by projection, there are aperiodic sequences with lower
maximal pattern complexity. The goal of this work is to isolate the lowest maximal pattern
complexity for any aperiodic sequence and determine the structure of such sequences. We
define a strong pattern Sturmian sequence over £ > 2 letters to be an aperiodic sequence
with maximal pattern complexity 2k + £ — 2. As seen in Theorem 2.11, this is the lowest
possible maximal pattern complexity an aperiodic sequence can have (given all letters of
the alphabet appear in the sequence) and this notion aligns closely with the definition
of a Sturmian sequence over £ letters. Furthermore, since the notions of pattern Sturmian
sequences and strong pattern Sturmian sequences coincide when the alphabet is two letters,
we will restrict our study to sequences for which the size of the alphabet is greater than two.

In this paper, we introduce three main results. The first result, Theorem 1.1, gives a gen-
eral structure for aperiodic sequences with low maximal pattern complexity. Example 6.3
demonstrates that the bound of 4k in Theorem 1.1 cannot be substantially improved.

THEOREM 1.1. Let « be an aperiodic sequence such that #4, = € > 3. If
lim inf p} (k) — 3k = —o0, (1.1)
k— 00
then there exists some decomposition of o into m > 1 residues

{a(’)=a1a1+maz+2mOSlSm_l}
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such that exactly one of these residues is aperiodic over eventually only two letters, a and b,
and any residue containing finitely many a and b symbols is eventually constant.
If a is uniformly recurrent, then the bound in (1.1) can be improved to 4k.

The second result, Theorem 1.2, states that any strong pattern Sturmian sequence must
consist of a pattern Sturmian sequence over two letters threaded together with constant
sequences. Example 6.1 demonstrates the existence of sequences which are strong pattern
Sturmian.

THEOREM 1.2. Let a be an aperiodic sequence such that #A, = £ > 3. If p}k(k) =
2k + € — 2 for all k € N, then the aperiodic residue from Theorem 1.1 must be a pattern
Sturmian over two letters and all other residues must be constant.

The third result, Theorem 1.3, is a partial converse of Theorem 1.2, which states that
a sequence that can be decomposed into a pattern Sturmian sequence threaded together
with constant sequences must have maximal pattern complexity 2k 4 C for some constant
C € N. Example 6.2 demonstrates that a literal converse to Theorem 1.2 is untrue. When
C = { — 2, the sequence is strong pattern Sturmian.

THEOREM 1.3. Let a be an aperiodic sequence such that #4, = € > 3. If a can be
decomposed into residues such that one residue is a pattern Sturmian over two letters
and all other residues are constant, then for sufficiently large k, p}; (k) = 2k + C for some
CeNwithC>1¢€-2.

It is important to note that Theorem 1.1 allows for certain residues to be eventually
periodic over two letters, but any non-constant periodic residue must be periodic over
the alphabet of the aperiodic residue. However, Theorem 1.2 requires that any residue
be aperiodic or constant. Strong pattern Sturmian sequences also cannot have eventually
constant residues and the aperiodic residue can only witness two letters.

It is also important to recognize that in the case where ¢ = 3, these results give a general
structure for all aperiodic sequences « that have maximal pattern complexity less than 3k.
These sequences require a single aperiodic residue that is eventually over two letters, a and
b, threaded together with eventually constant sequences of the third letter c.

2. Definitions and preliminaries
This section is dedicated to introducing definitions and results needed in the following
sections.

Definition 2.1. Let A be a finite set and @ = apajas . . . € AN, Then, « is a (one-sided)
infinite sequence over finite alphabet A.

As mentioned in the introduction, we only consider sequences in which a letter

appearing once in the sequence means the letter appears infinitely in the sequence.
Throughout this paper, AN is endowed with the product topology.
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Definition 2.2. Let o : AN — ANo be the shift map defined by o(apaion . ..) =
ajay . ... We say that a finite shift of o is the sequence o'(a) = oy 1047 . . . for
any integer t € Ny. We say that the orbit of o, denoted O(«r), is the set O(a) := {0’ (@) :
t € No}. The orbit closure of « is the orbit of « together with its limit points and is denoted

O(w).

While « uses letters from .4, it may not use all letters from .A. Thus, to denote the letters
that appear in an infinite sequence «, we use

Ay :={a € A: there exists i € Ny such that o; = a}.

Definition 2.3. A sequence « is periodic if there exists some ¢ € N such that « = o’ («).
A sequence « is eventually periodic if there exists some ¢ € N such that o’ () is periodic.
A sequence « is aperiodic if « is not periodic or eventually periodic.

Definition 2.4. A sequence « is recurrent if for all L € N, there exists some M € N such
thatoo ... 0p—1 =apy ...opyyp—1. Ifforall L e N, theset Ry, ={M g ...0p—1 =
apy .. .op+r—1}) is syndetic (there are bounded gaps between subsequent elements),
then « is uniformly recurrent.

Definition 2.5. A k-sized window 7 is an increasing set of k indices beginning with zero:
T ={0=1(0) <t(1) <---<t(k—1)} CNp.

We say a (k + 1)-sized window t’ is an immediate extension of a k-sized window t if
v ={1(0),t(1),...,t(k — 1), h} for some h > T(k — 1).

Given a k-sized window 7, we use the notation mt to denote the k-sized window
mt = {mt(0), mt(1),...,mtk — 1)}.

Definition 2.6. A t-word over « is a finite word of length k denoted «[n + t] and
defined as

aln + 1] = Qe 4ne(tytn - - - re—tytn € A

for some n € Ny.
The set of all T-words over « is the set denoted by Fy, () and defined by

Fy(t) :={a[n+ 1] :n € Np}.

Since Fy(7) is finite, there exists some L € N such that F,(t) = {a¢[n+t]:n € NN
[0, L)}.

Definition 2.7. The maximal pattern complexity of an infinite sequence « is the function
py N — N defined by

pa(k) = sup #Fy (1),
T
where the supremum is taken over all k-sized windows t.

We note that for any k € N, there exists some k-sized window t such that
Da(k) = #F,(t) and we call any such window t a maximal k-sized window t.
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In [KZ02b], Kamae and Zamboni proved the following two theorems for maximal
pattern complexity, the first that acts as an analog to the Morse—Hedlund theorem for block
complexity and the second that relates the number of T-words to the number of t’-words
in an aperiodic sequence « for some immediate extension t’ of 7.

THEOREM 2.8. [KZ02b] An infinite sequence o € AN for a finite alphabet A is
eventually periodic if and only if p} (k) < 2k — 1 for some k € N.

THEOREM 2.9. [KZ02b] For an arbitrary word o over a finite set A, if there exists
k € N and a window t of size k such that #F,(t") < #F,(t) + 1| holds for any immediate
extension T’ of T, then a is eventually periodic.

The following fact is an extension of the Morse—Hedlund theorem for any window t,
which follows from the same proof.

Fact 2.10. For any aperiodic sequence «, any k € N, and any k-sized window 7,
#Fy(t) > k+ 1.

Using Theorem 2.9, it is easy to extend Theorem 2.8 to the case where A4, = A as
shown in the following theorem.

THEOREM 2.11. If an infinite sequence « is aperiodic and #Ay = £ > 2, then p};(k) >
2k + € —2 forallk € N.

Proof. Suppose « is aperiodic and #.4, = £ > 2. Clearly, since #4, = £, p3(1) = €.
Suppose for some k > 1, we have p} (k) > 2k + ¢ — 2.
Let v be a maximal k-sized window for «. Then, #Fy(r) >2k+ ¢ —2. By
Theorem 2.9, since « is aperiodic, there exists some immediate extension t/ of T such
that #F, (t') > #F,(t) + 2. Thus,

Pitk+1) > #Fy(t) > #Fo (1) +2>2(k+ 1) + £ — 2.
Hence, forallk e N, p¥(k) > 2k + £ — 2. O

In [KZ02b], Kamae and Zamboni defined the maximal pattern complexity analog for a
Sturmian sequence over a two-letter alphabet.

Definition 2.12. A pattern Sturmian sequence over a two-letter alphabet is an aperiodic
sequence « for which p¥ (k) = 2k for all k € N.

Kamae and Rao introduced the singular decomposition of an infinite sequence in
[KR06]. In what follows is a quick outline of this process, but a more in depth exploration
can be found in [KRO06].

In Definition 2.15, the singular decomposition of a recurrent sequence is defined and
in Definition 2.17, the singular decomposition of a non-recurrent sequence is defined.
A singular decomposition requires a recurrent sequence, so for a non-recurrent sequence
o, we need to find some recurrent sequence f in the orbit closure of « that satisfies some
technical conditions outlined in Definition 2.16, then decompose o with respect to the
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decomposition of 8. The following definitions outline the singular decomposition of any
sequence «.

Definition 2.13. A sequence « is periodic by projection if there exists some proper,
non-empty subset of the alphabet, S C A, such that the sequence 1g(ap)1s(e)1s(e2) . . .
€ {0, 1}™o is eventually periodic.

A letter b € A is singular if the sequence 1y (o) 1ipy (1) Lipy(e2) - . . € {0, I}NO is
periodic.

Definition 2.14. Let B be some recurrent sequence. We say m € N is the decomposition
cycle of B if mis the smallest integer which is a period of 1) (ctg) 1(py (1) 1(py(ex2) . . . for
each singular letter b of g. If 8 has no singular letters, then we set m = 1.

Definition 2.15. The singular decomposition of a recurrent sequence P is the set of
sequences

(BD = BiBismBitom - .. 0 <i <m),

where m is the decomposition cycle of §.

Definition 2.16. Choose some r € {0, 1, ..., m — 1} such that lim,,_, okt (@) con-
verges for some sequence (k,),en. Let 8 = o™ " (lim,— o0 okt (@)). Here, B is an
auxiliary word of « if the following conditions are true:

(1) B isrecurrent;

2) BeOw:

3) BD e O@D)foralli e NN[0, m — 1].

In [KRO06], Kamae and Rao proved that any aperiodic sequence has at least one auxiliary
word.

Note that if § is an auxiliary word of «, then p}; (k) > p;; (k) for all k € N since for any
k-sized window 7, Fg(t) C Fyu(1).

Definition 2.17. The singular decomposition of a non-recurrent word o with respect to an
auxiliary word B is the set of sequences

{a(i) = o iymitom - --:0<i <m}
for m the decomposition cycle of the auxiliary word 8.

Definition 2.18. Define an undirected graph I' on the residues of the singular decom-
position of « by V(I') = {0, 1,2, ..., m — 1}, the residues of «, and E(I") = {(i, j) :
Aa(i) n .Aau) % (¢}

Definition 2.19. For any infinite sequence «, k-sized window t, and residue i, 0 <i <
m — 1 for m the decomposition cycle of o, we define the set of t-words beginning on the
ith residue as the set

Ci(t,a) ={a[n+t]:n=i mod m}.

We note that U;":_Ol Ci(t,a) = Fy(7).
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In [KRO06], Kamae and Rao also proved the following theorems about the maximal
pattern complexity of sequences and found a threshold under which a non-trivial singular
decomposition is forced.

THEOREM 2.20. [KRO06] Let B be a recurrent sequence over { letters, £ > 2. If
p;g (k) < Lk holds for some k € N, then B contains at least one singular letter.

THEOREM 2.21. [KRO06] If £ > 2 and p}(k) < Lk holds for some k € N, then T is
disconnected.

Definition 2.22. [KR06] A sequence « over £ > 2 letters is called a pattern Sturmian
sequence if p} (k) = £k and « is not periodic by projection.

We define the following slightly more restrictive condition.

Definition 2.23. A sequence « over £ > 2 letters is called a strong pattern Sturmian
sequence if p}(k) =2k + ¢ — 2.

Clearly, if £ = 2, the notions of pattern Sturmian and strong pattern Sturmian are the
same.

In general, two sequences may have very different maximal windows. However, when
both sequences are uniformally recurrent, the following theorem shows we can find a
window which gives at least 2k words for each sequence. This is a shared maximal window
when both sequences are pattern Sturmian. We prove this with an argument from the proof
of Theorem 2.9, which can be found in [KZ02b].

THEOREM 2.24. For any two aperiodic sequences oo and 8 that are uniformly recurrent
and for each k € N, there exists some k-sized window t such that #Fy(t) > 2k and
#Fg(T) > 2k.

Proof. Consider the product space O(a) x O(B) withthemap o x 0. O(xr) x O(B) hasa
recurrent point (by a simple application of the Poincaré recurrence theorem), call it (y, n).

Since o and S are uniformly recurrent, y and n are both aperiodic.

Clearly, y and n share a window of size one, and since they are both aperiodic, this
window gives at least two words of length one for each sequence.

Now, suppose for some k > 1, there exists a (k — 1)-sized window t such that F,, (1) >
2(k — 1) and Fy(t) = 2(k — 1).

Let L € N such that gy ... yr—1 and nony . . . np—1 witness all T words over y and
n, respectively. Since (y, 1) is recurrent, there exists n € N such that for all 0 <i < L,
(v, n)i = (¥, Mn+i. Therefore, forall 0 <i < L, y; = Yi4n and n; = Njyn.

Define 7’ to be an immediate extension of 7 by /(i) = (i) forall 0 <i < k —2 and
t/(k—1) =n.

In the proof of Theorem 2.9 from [KZO02b], the following fact was proved: if §
is aperiodic and there is some t/ = t U {n} for some n such that awa € #Fs(z’) for
all aw € #Fs(t), a a single letter, and w a k — 2-sized 7 \ {0} word, then #Fs(z’) >
#Fs(t) + 2.

https://doi.org/10.1017/etds.2026.10303 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2026.10303

2138 C. Schlortt

Thus, for § € {y, n}, #Fs(t") > #Fs(t) + 2, and by the inductive hypothesis, #F, (') >
2k and #Fg(t) > 2k. O

3. Recurrent case
The purpose of this section is to prove Theorem 1.1 in the case where « is recurrent.

For the entirety of this section, we assume « is aperiodic, recurrent, #4, = £ > 3,
and lim infy_, o p(k) — 3k = —oo (or in the case where « is uniformly recurrent, that
lim infy_, o p}(k) — 4k = —00).

By Theorem 2.20, since p}; (k) < 3k < £k for some k € N, o has a singular letter. Let
m be the decomposition cycle of o, m > 2 since the decomposition is non-trivial by the
existence of a singular letter.

THEOREM 3.1. If « is aperiodic, recurrent, and lim infy_, o pj(k) — 3k = —oo, then
exactly one residue in the singular decomposition of o is aperiodic. In the case where
«a is uniformly recurrent, the implication holds for 4k instead of 3k.

Proof. Suppose « is aperiodic, recurrent, and lim infy_, o, p} (k) — 3k = —oo. Let m be
the decomposition cycle of o, m > 2.

Since « is aperiodic, there exists some p, 0 < p < m — 1, such that a? is aperiodic.
Let k >m and let t be a maximal (k— (m — 1))-sized window over «?. Then,
#F,» (1) > 2k — 2(m — 1) by Theorem 2.8.

Define a k-sized window 1’ over @ by t/=mtU{h; :1<i<m—1} for
hy >mttk—(m—1)—1), hjpz1 > h; for all 1 <i <m —2, and h; =i mod m for
alll <i<m—1.

Define x € (AU {?)N by x; = «; if o; is a singular letter and x; = ? if not. Then, x has
least period m since a smaller least period for x would result in the singular letters of «
sharing a period smaller than m.

Therefore, C;(t,a) N Cj(t',a) =@ for all 0 <i < j <m — 1 since the position
of the singular letters uniquely determines to which set C;(t/, @) a word belongs.
Furthermore, #Cp(t’ ,a) > 2k — 2(m — 1) since every word in F_, (t) must appear as
a prefix for some word in Cp(t’, o).

Suppose toward a contradiction that there exists an i, 0 <i <m — 1 and i # p, such
that «® is also aperiodic. Consider 7 over a®. Since a¥) is aperiodic, then by Fact 2.10,
#F,i)(t) = k — (m — 1) + 1. Thus, #C;(t', ) > k — (m — 1) + 1, and since C, (7', &)
and C;(t/, «) are disjoint, #Fy(t") > 3k — 3(m — 1) + 1. Therefore,

lim inf p} (k) — 3k > liminf 3k —3(m — 1) + 1 =3k > =3(m — 1) + 1.
k— 00 k— 00

Since m is fixed, this is a contradiction.

In the case where « is uniformly recurrent, any aperiodic residue must also be uniformly
recurrent. This is because the appearance of singular letters in any block of « forces the
points where the block begins again to fall on exactly the same residue as the original block.
Thus, blocks in each residue must also appear syndetically, as they directly correspond
to the uniform recurrence of the original sequence. Therefore, if «” and «® are both
aperiodic, then they are both uniformly recurrent, and by Theorem 2.24, there exists
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a (k — (m — 1))-sized window t such that #F, ) (t) > 2k —2(m — 1) and #F o (t) >
2k —2(m — 1). Define a k-sized window t/ over @ by v/ =mt U{h; : 1 <i <m — 1}
forhy >mttk—(m—1)—1),hjy1 > h;foralll <i <m —2,and h; =i mod m for
all 1 <i <m —1. Then, C,(t", ) N Ci(t', &) =¥, #C,(t', &) = 2k — 2(m — 1), and
#C; (', a) > 2k — 2(m — 1). Therefore,

lim infpz(k) — 4k > liminf4k —4(m — 1) — 4k > —4(m — 1),
k—o00 k— 00

which is a contradiction since m is fixed.
Thus, exactly one residue of the singular decomposition of « is aperiodic. O

PROPOSITION 3.2. [f«a is aperiodic, recurrent, and lim infy_, o pk(k) — 3k = —o0, then
the aperiodic residue from Theorem 3.1 must be over two letters and for all c € A if c is
not a letter in the aperiodic residue, c is singular for o.

Proof. Let a'? be the aperiodic residue from Theorem 3.1, 0 < p < m — 1. Suppose
toward a contradiction that #.4,, > 3. Since for any k € N and k-sized window 7 over
o) F (1) C Fy(mt), then P, (k) < pi(k) < 3k. Thus, by Theorem 2.20, aP) must
have a singular letter, call it c. Since all other residues are periodic and ¢ appears in o (")
periodically, ¢ must appear in « periodically, and so ¢ is singular for @ and thus cannot
appear in P, which is a contradiction. Thus, #A,m» =2.

Suppose ¢ € A, ¢ ¢ A, . Then, c only appears in residues which are periodic. Thus, ¢
appears periodically in «, so c is singular for o. O

Clearly, Theorem 3.1 and Proposition 3.2 together prove Theorem 1.1 in the case when
o is recurrent.

4. Non-recurrent case

This section is dedicated to proving Theorem 1.1 in the non-recurrent case. For the entirety
of this section, we assume that « is a non-recurrent, aperiodic sequence, #A4, = £ > 3,
and lim infy_, o, p}(k) — 3k = —o0.

Let 8 be an auxiliary word for . By Theorem 2.21, since p (k) < 3k < £k for some
k € N, T' is disconnected. Let m be the decomposition cycle of the singular decomposition
of o with respect to 8, m > 2 since the decomposition is non-trivial.

For each eventually periodic o”), there exists an n; € Ny such that o (a")) is periodic.
For each aperiodic a there exists an n; € Ny such that each letter in A _», (@) appears
in o” («®) infinitely often. Let r = max{n; : 0 <i < m — 1}. Then, for the sequence
a' = o™ (a), all residues of «’ are aperiodic or periodic, every letter appearing in a
residue of & appears in that residue infinitely often, « = wa’ for some finite word w,
and pj (k) = p;, (k) + C " for some constant C’ € Ny and k sufficiently large (since for
any window, a finite prefix can only contribute a finite number of words). We further
note that B is an auxiliary word for ' and the singular decomposition of &’ is {a’') =
o'(@?):0<i <m—1}. The graph I'” of the residues of &' is such that V(I') = V(I'))
and E(I'") Cc E(I"), and so I'/ is also disconnected.
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LEMMA 4.1. Exactly one connected component of U contains aperiodic residues and all
other connected components of ' contain only singular residues.

Proof. Since o' is aperiodic, at least one connected component of I contains residues
which are aperiodic.

Suppose toward a contradiction that there are two disjoint connected components
of I'” which contain aperiodic residues. Then, there are two residues, i # j for which
o' and o’ are both aperiodic on disjoint alphabets. Let k € N and let T be a
maximal k-sized window over &’®). Then, by Theorem 2.8, #F,, () > 2k. Furthermore,
Fi)(t) N Fj (t) = ¥ since the alphabets of ') and ’/) are disjoint, and by Fact 2.10,
#F, () > k+ 1 since o'V s aperiodic. Then, #F, (mt) > 2k + k + 1, which is a

contradiction.
Let A C {0, 1,...,m — 1} be the set of residues in the aperiodic connected component
and S ={0,1,...,m — 1} \ A be all other residues.

Leti € S. Then, a’® is periodic and so 8) is also periodic. Since the letters appearing
in ) only appear in residues from S, those letters must appear periodically in 8 and thus
are singular for B. Therefore, since the letters are singular for 8 and periodic in «, they
must be singular for o/, and for all i € S, &’® is constant. O

For the remainder of this section, let A be the set of residues in the aperiodic connected
component and S be the collection of all other residues.

LEMMA 4.2. If more than two letters appear in a single aperiodic residue, o'®, then one
of the letters must appear periodically within o’ ).

Proof. Suppose o) is an aperiodic residue for o’ and #A,6 > 3. Then, p;,(,.) k) <
pu (k) < 3k for sufficiently large k.

If o'® is recurrent, then by Theorem 2.20, it must have some singular letter and, by
definition, this letter is periodic in &’ @,

If o’ is not recurrent, then by Theorem 2.21, the graph Flf of o’® is disconnected, and
by Lemma 4.1, only one connected component has aperiodic pieces and all other pieces
are singular for o). Thus, there is at least one letter that appears periodically in o’/®. [

LEMMA 4.3. Ifc € Ap := ;s Agir, then there exists some residue j, 0 < j <m — 1
such that ¢ appears aperiodically in o').

Proof. Let c € Aya. If ¢ appears periodically in each o’/), 0 < j < m — 1, then ¢ would
appear periodically in each 8. Thus, ¢ would be singular for A and since c is periodic in
every residue of o/, ¢ would be singular for ’, which is a contradiction. O

THEOREM 4.4. The alphabet of the aperiodic residues, Ay = |J;cp Ayi), has exactly
two letters.

Proof. Clearly, #44 > 2 or else no residue from A would be aperiodic. Thus, suppose
toward a contradiction that #44 > 2.
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Since B is contained in the orbit closure of o/, p:’; (k) < p;,(k). Thus, since B is
recurrent, § either has the form outlined in the conclusion of Theorem 1.1 by §3, or g
is periodic.

Let a, b, and ¢ be distinct letters in A4 and let k > m.

Case I. Suppose § has the form outlined in the conclusion of Theorem 1.1.

Suppose ,8(”), 0 < p < m — 1, s the only aperiodic residue and is over the letters {a, b},
and all other residues of g are either non-constant periodic over {a, b} or constant.

Let v be a maximal k-sized window over '), Since B is in the orbit closure of «’,
Fﬂ(,,) (tr) C F»(t) and since ,3(1’) is aperiodic, F» (t) contains at least 2k T-words
which only have a and b as letters.

By Lemma 4.3, since ¢ € A4, there exists some residue i, 0 < i < m — 1, such that ¢
appears aperiodically (and infinitely) in o’®. Since ¢ # a, b, then either 8¢ = ¢ or ¢
does not appear in ) because any non-constant residue of 8 can only be over the letters
a and b.

If 8O = ¢, then by the aperiodicity of o’®, there are k — 2 t-words over o’® of the
form ¢/dju;, 0 < j <k,dj #c,and u; € AA*=J=1 Thus, p%(k) > #F, (mt) > 3k — 2,
which is a contradiction.

If ¢ does not appear in B®), then there are at least k — 2 t-words over ') with
the form ujcu’j for 0 < j <k, and some u; € (A\ {ch/, u/j e AK=J/=1 Thus, pE(k) =
#F, (mt) > 3k — 2 for all kK > m, which is a contradiction.

Case I1. Suppose B is periodic.

Since every letter of .44 must appear aperiodically in some residue of o’ and #.4,4 > 3,
by Lemma 4.2, there must be at least two residues of o’ which are aperiodic, o (P) and
a’D for some 0 < p <i <m — 1. Since B is periodic, every letter in Ag is singular for
B. Then, without loss of generality, either ™ = P # ) = p>® or a™ = pP) = g0,

Let 7 be a maximal k-sized window over o/(P).

Case Ila. Suppose that a® = () £ @) = p>_ Then, b must appear in o’? infinitely
often (and likewise, a must appear in /@ infinitely often) or otherwise there are at
least 2k t-words in &'‘”) with no b in them and k — 2 t-words of the form b/du; for
O<j<k d#b, andu; € A==l in ¢ Thus, #F,(mt) > 2k + k — 2, which is a
contradiction.

Since ¢ must appear in some residue of &’ aperiodically, then either there exists some
g, 0<qg<m—1and g # p,i such that 9 = ¢*, or ¢ appears in «’?) and o'®
infinitely often (since appearing in one and not the other would give at least 2k words
with no ¢ in one residue and k — 2 words of the form ujcu’j for 0 < j < k in the other
residue).

If there exists some ¢, 0 < g <m — 1, and ¢ # p, i such that 8@ = ¢, then there
are k — 2 t-words of the form a/du; for 0 < j <k, d # b, and u; € A=/~ in aP);
k — 2 t-words of the form b/eu; for 0 < j <k, e # b, and u; € AA=/=1 in «@; and
k — 2 t-words of the form cffuj forO<j <k, f#candu; € A=i=1in @ Thus,
#F,(mt) > 3k — 6 for all k > m, which is a contradiction.

Thus, ¢ appears in «’?) infinitely often. Since o’(?) sees a, b, and c infinitely often, by
Lemma 4.2, there is at least one letter in o’(P) that appears periodically in «’?), which is a
contradiction.
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Case IIb. Now, assume that (") = ) = 4> Further, assume that there are no
residues ¢ for which o’@ is aperiodic and 9’ = d* for d # a or else we can reduce
to Case Ila.

Thus, b and ¢ must appear aperiodically in either o’”) or o’® by Lemma 4.3.

If, without loss of generality, b only appears in «’® and not in o’”), then there are at
least 2k t-words from «/(”) that do not contain a b and k — 2 t-words from o’® of the
form ujbu’j for0 < j <k,uj € (A\{b})/ and u/] e Ak-i-1,

Thus, b and c appear in o’ infinitely often. Then, by Lemma 4.2, there is some letter
in o/(P) that appears periodically, which is a contradiction.

Therefore, by Cases I and II, #.44 = 2. O

THEOREM 4.5. There exists some decomposition of o’ into 1 < my < m residues, where
m is the singular decomposition cycle of o', such that exactly one residue of the
decomposition is aperiodic over two letters and any letter not in A4 is singular for o',

Proof. Suppose that &', 0 < p < m — 1, is aperiodic.

Let k > m and let T be a maximal (k — (m — 1))-sized window over «’?). Then,
#F,»(t) > 2k —2(m — 1) by Theorem 2.8.

Define a k-sized window 1’ over o by v/ =mtU{h;:1<i<m-—1} for
hy >mttk—(m—1)—1), hjy1 > h; for all 1 <i <m —2, and h; =i mod m for
all <i<m-—1.

Define x € (AU {?)Y by x; =cq)ifi € Sandx; =?ifi € A.

If x has least period m, then C;(t/, &) NCj(t",a') =@ forall 0 <i < j <m—1.
Furthermore, #C,(t’, ') > 2k — 2(m — 1) since Cp,(t/, &) witnesses t over o/ (P,

If a second residue o’@, 1 <i <m— 1, were also aperiodic, then #F, ) (1) >
k — (m — 1) + 1 by Fact 2.10. Thus, #C; (t/, &') = k — (m — 1) + 1, and since C,, (1, &)
and C;(t/,a’) are disjoint, #F, (t') > #F,(t') > 3k —3(m — 1) + 1 for all k > m,
which is a contradiction.

If x has least period my < m, then mo divides m. Suppose that there is a second
aperiodic residue, o', By Lemma4.1,i € A.

If i p mod mo, then Cp(t',a')NCi(t',a’) =@. Thus, since #C,(t',a’) >
2k —2(m — 1) and by Fact 2.10, #C;(t/,a') >k — (m — 1)+ 1, then #F,(t') >
3k — 3(m — 1) + 1, which is a contradiction.

Ifi = p mod mg and for all j £ 0 mod myg, «’/) is periodic, and by Theorem 4.4,
#A4 = 2, then o’ can be decomposed with respect to mg. We denote this decomposition
{of il.0<i< mo — 1}. Then, the only aperiodic residue is a/IP] and all other residues
either belong to S and thus are singular for o/, or are periodic over the alphabet of o/l7].

Thus, we have exactly one aperiodic residue over two letters.

Suppose ¢ ¢ A, ». Then, ¢ only appears in periodic residues. Thus, ¢ appears
periodically in o’ and thus, must appear periodically in 8. Hence, c is singular for 8 and
must be singular for o’ O

By Theorem 4.5 and the discussion at the beginning of this section, the conclusion
for Theorem 1.1 has been proved for when « is not recurrent, completing the proof of
Theorem 1.1.

https://doi.org/10.1017/etds.2026.10303 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2026.10303

On the structure of sequences with minimal maximal pattern complexity 2143

5. Strong pattern Sturmian sequences

In this section, we prove Theorems 1.2 and 1.3. First, Lemma 5.1 and its immediate corol-
lary introduce the relationship between the maximal pattern complexity of a sequence and
the maximal pattern complexity of its aperiodic residue, which is unique by Theorem 1.1.

LEMMA 5.1. If lim infi_, o p}(k) — 3k = —o0 and a'P) is the aperiodic residue from
Theorem 1.1, then p}; (k) > p;‘:(p) k) + ¢ —2.

Proof. Letk e N and let  be a maximal k-sized window over «(P). Consider the window
mt over . Then, #F,(mt) > #F,» (t) + £ — 2 since there is at least one word beginning
with each letter of the alphabet. Thus, p} (k) > #F,(mt) > p;(p) k) +¢—2. O]

An immediate corollary of Lemma 5.1 is as follows.

COROLLARY 5.2. If pX(k) = 2k 4 C for some C > £ — 2 and o) is the only aperiodic
residue, 0 < p <m — 1, then p:(p) (k) <2k + D for some 0 < D <C — (£ —2)and all
keN.

Lemma 5.3 sets the foundation for proving Theorem 1.2 by showing that a non-trivial
prefix of a non-recurrent sequence, as discussed in the beginning of §4, cannot occur when
the maximal pattern complexity is restricted to 2k + £ — 2.

LEMMA 53. If pi(k) =2k+£—2 for all k € N, then the aperiodic residue from
Theorem 1.1 is over two letters, a and b, and for any ¢ € A that is not equal to a or b,
c is singular.

Proof. If « is recurrent, this is clearly true by Theorem 3.1 and Proposition 3.2. Therefore,
we will assume that « is not recurrent. By the discussion at the beginning of §4, there
is a word w such that @ = wa/, all residues of o’ are aperiodic or periodic, and since
pi/(k) < ps(k), by Theorem 4.5, &’ is a sequence with exactly one aperiodic residue over
two letters, a and b, and for any ¢ € A, ¢ # a, b, c is singular. Thus, it suffices to show
that w is trivial.

Assume, toward a contradiction, that w is non-trivial.

Define x € (A, U {?})NO by x; =? if A € {a, b} and x; = Oll{ if Ao & {a, b}.
Without loss of generality, we can assume x has least period m, or else o could be
decomposed with respect to mg < m, and « = w’a”, where w is still non-trivial and a”
has the same structure as o’.

Leto/P, 0 < p < m — 1, be the only aperiodic residue of «'.

Since w is non-trivial, there is some residue i such that either there exists some ¢ € A,
such that ¢ ¢ A o and A,o # {a, b} or A,» = {a, b}, o'@ is periodic (potentially
constant), and for any # € N, o (@) # o).

Consider the first case, where there exists some ¢ € A, such that ¢ ¢ A, and
Ay # {a, b}.

Let k> 2 and let T be a maximal k-sized window over o’?). Then, F, (mt) =
F,p(t)U {dk :d € Ay and d # a, b}, and so #F,/ (mt) > 2k + £ — 2. We also note that
F,» (7) only contains words over the letters a and b.
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However, since there is some residue i for which there exists some ¢ € A, such that
¢ ¢ Ay, then either the mt-word cd*~! for ¢ ¢ {a, b}, cd*~! for d ¢ {a, b}, or cu for
c¢{a,byandu € F ) (1t \ {r(k — 1)}) must also appear in F, (mt), and so #F, (mt) >
2k + £ — 1, which is a contradiction.

Now, consider the second case, where A, = {a, b}, o’ s periodic (potentially
constant), and for any r € N, o (D) #= oD, We will further assume that the first case
cannot occur, so constant residues in o’ over letters other than a and b must also be constant
in .

Let ¢ be the least period of «’®. Since m is the least period of x, there exists some
J,0<j <m—1,suchthat A a+; mod my N Ayp+j moa my = . Without loss of generality,
suppose that p 4+ j #i mod m (otherwise, use the distance —j mod m instead).

Define a g-sized window t by t = {0, m, 2m, . .., (g — 1)m}. Define an immediate
extension t/ of T by v/ =t U {h} for some & > (g — 1)m and h = j mod m. Then,
Ci(t,d)NCp(r',a') =@ and {o' (@ D)go' (@ D)y ...0 (@ D)1 :0< t <q—1)
U {ot(()i)ay) ... oe;ill} C Ci(r, ), so #Ci(r, ) = q + 1.

Ifi+j=p mod m, then #C;(z/, @) > g + 2 since at least one word from C;(t, )
must have at least two extensions in C;(z/, @) or else P would be eventually periodic.
Furthermore, #C, (7', @) > g + 1 by Fact 2.10 since aP) is aperiodic. Since there are at
least £ — 2 residues that are constant over letters not equal to a or b, there are at least £ — 2
more t’-words. Thus, #F,(t’) > 2g + 2 + £ — 1, which is a contradiction.

If i+j#p mod m, then #C;(t', &) > g + 1, #Cp(t", ) = g + 1 by Fact 2.10.
Since Ci(z,a) N Cp(z, a) =B, either oP~/ mod M) — 00 op gli=j modm) — ;0 for
some ¢ ¢ {a, b}. Thus, either #C;_; mod m (7', @) = 20r#Cp_; mod m (7', @) > 2. Then,
there are at least £ — 3 7/-words over the residues that are constant over letters not equal to
a, b, or c. Thus, #F,(t") > 2 + 2 + £ — 1, which is a contradiction.

Thus, w must be trivial. O

We now prove Theorem 1.2.

Proof of Theorem 1.2. Suppose that « is an aperiodic sequence such that #4, = £ > 3
and pl(k) =2k + ¢ —2forall k € N.

By Lemma 5.3, exactly one residue is aperiodic over a two-letter alphabet {a, b}. Let
aP 0 < p < m — 1, be the aperiodic residue. Also by Lemma 5.3, for all ¢ € A such that
¢ ¢ Ay, cis singular for .

By Lemma 5.1, since 2k + ¢ —2 = p}(k) > p;(l,) (k) + £ — 2, then p;(,,) (k) < 2k.
Since a(? is aperiodic, by Theorem 2.8, p(’;(m (k) > 2k, and so the aperiodic residue must
have maximal pattern complexity 2k and is a pattern Sturmian over two letters.

Since each letter not witnessed by () is singular, any residue on letters other than
those in A (») are constant. Thus, it suffices to show that there is no residue alh, j#p,
which is non-constant periodic over A, ).

Suppose that there is some residue j, 0 < j <m —1 and j # p, such that
a) is non-constant periodic over A, = {a,b}. Let k>m, v be a maximal
(k — (m — 1))-sized window over «”, and define a k-sized window t’ over « by
'=mtU{h:1<i<m-—1} for hy >mtk—(m—1)—1), hjx1 > h; for all
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1<i<m-—2, and h; =i mod m for all 1 <i <m—1. Then, #Cp(r/,a)z
2k —2(m — 1). Since &) is non-constant and «® is aperiodic, in every C;(7/, o),
there are at least three distinct words classified by the letters appearing in the parts of the
window centered over & and o): two distinct words with an a or b in the &) slot, and
a third word since if the letter appearing in the (/) slot always forced the letter appearing
in the «P) slot, then (P would be periodic (either constant, equal to «/), or the bit flip
of o). Therefore, #F,(t) > 2k —2(m — 1) + 3(m — 1) = 2k + m — 1. Furthermore,
m > € since a'” and o) only use the letters a and b, and there are at least £ — 2 other
constant residues over the letters not equal to a or b. Therefore, #Fy(t) > 2k + € — 1,
which is a contradiction. O]

The next part of this section is dedicated to proving Theorem 1.3.

Proof of Theorem 1.3. Suppose « is aperiodic, #.4, = £ > 3, and there exists some m > 2
such that the decomposition of o with respect to m has one residue that is a pattern
Sturmian over two letters and all other residues are constant.

Leta'?,0 < p < m — 1, be the aperiodic pattern Sturmian over two letters.

Let £ € N and let T be any k-sized window. Define t; = {t(j) : j =i mod m} for all
O0<i<m-—1.Then,t =719UTU...UTH_1.

Supposethat I ={i : 0 <i <m — 1 and 7; # 0}.

Since any word in C; (z, ) is completely determined by the letters of «(”) which appear
init, #C; (7, a) < 2(#Tp—i mod m)-

Furthermore, #(Ui¢1 Cpi mod m(t,@)) <m—1—#I since for all i¢lI,
Cp—i mod m(T, ) is a set of words that only see constant sequences, so each
Cp—i mod m(T, @) can contribute at most one word.

Therefore, for all k-sized windows t,

#F, (1) < Z 2(#7;) +#(U Ci(r,a)) <2k+m—1—#I <2%k+m—2.
iel igl
Thus, p}(k) <2k 4+ m — 2. By an application of Theorem 2.9, p¥(k + 1) > pk (k) +2
for all k €N, and so for sufficiently large k, p}(k) =2k + C for some ¢ —2 <
C<m-2. O

6. Examples
This section introduces some relevant examples. Example 6.1 demonstrates the existence
of strong pattern Sturmian sequences over any finite alphabet.

Example 6.1. We define a sequence o € {0, 1,...,¢ — 1}NO that has maximal pattern
complexity pj (k) =2k + € — 2.
Let x € {0,1}0 be a pattern Sturmian sequence over two letters. Define
ae{0,1,...,6—1Nopy
X; if j=0 mod ¢ —1,
Q(—1)i+j =
U T 41 ifj£0 mod €— 1.

The singular decomposition cycle of « is £ — 1.
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Let £ € N and let T be any k-sized window. Define t; = {t(j) : j =i mod m} for all
O0<i<m-—1.Then,t =719t U -UTp_1.

Supposethat / = {i : 0 <i <{¢—2and t; # 0}.

Since any two residues have disjoint alphabets, for all 0 <i < j <€ —2, Ci(r,a) N
Ci(t,a) =0.

Furthermore, C;(t, o) < max{2(#ty_1—;), 1} and so #F,(t) = Zf;g #Ci(t,a) <
2k+ (£ —1—#I) <2k + € —2since#I > 1.

Since this is true for any k-sized window 7, we have that p} (k) < 2k + £ — 2 and since
by Theorem 2.11, p} (k) > 2k 4+ £ — 2, for this sequence, pj; (k) =2k + ¢ — 2.

Example 6.2 is a sequence that has the structure outlined in Theorem 1.3, but has
maximal pattern complexity strictly greater than 2k + ¢ —2 demonstrating that the
converse of Theorem 1.2 is not true.

Example 6.2. We will define a sequence « € {0, 1,2, 3}™0 that is a pattern Sturmian
sequence zippered with constant sequences, but has maximal pattern complexity
pa(k) =2k+ Cfor C > £ —2.

Letx € {0, 1}No be a pattern Sturmian over two letters. Define o by

x; ifj=0 mod 5,
as5iyj=12 ifj=1,4 mod 5,
3 ifj=2,3 mod 5.

Let T be a maximal window for x of size k — 1. Define ¢/ by /(i) = mt (i) for all
O0<i<k—2andt'(k—1)=hforsomeh =1 mod 5and h > mt(k — 2).

Then, #Co(7’, ) = 2(k — 1) since @ is a pattern Sturmian sequence over two letters
and 7 is a maximal window for «®. Furthermore, #C4(t, @) =2 since Ca(t, o) =
{2510, 2k=11}, and #C| (t, o) = #C» (1, @) = #C3(t, @) = 1 since C;(t, o) = {2k713},
Cr(t,a) = {3"}, and C3(t, ) = {3]‘_12}. Clearly, {C;(z/,a) : 0 < i < 4} are pairwise
disjoint. Thus, #F, (') =2k +3 > 2k + (4 — 2) =2k + £ — 2 for £ = 4.

Example 6.3 is a uniformly recurrent sequence with two aperiodic residues that has
complexity 4k, showing that the bound in Theorem 1.1 cannot be substantially improved
below 4k.

Example 6.3. We create a sequence that has complexity 4k and is two recurrent pattern
Sturmian sequences zippered together with a constant sequence.
Let x € {0, 1}NO be the Fibonacci substitution defined by 0 — 01 and 1 — 0, a
Sturmian and therefore pattern Sturmian sequence, which is also uniformly recurrent.
Define o € {0, 1, Z}NO by

x; if j=0,1 mod 3,
o3 =
72 ifj=2 mod 3.

First, we must show that « is uniformly recurrent. Let L > 0 and let Ry (x) =
{(MeN:ag...ap 1 =ap...ayqyr—1}). Let L'=T[L/3] and define Rj(x)=
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{(MeN:xo...xp -1 =xp...xXp+p—1}. Since x is uniformly recurrent, Ry/(x) =
{M1, M, ...} is syndetic and for any M;, Xxox1...Xp/—| = XM;XM;4+1 - - - XM, +L/—1-
Thus, x0x02x1x12 e xL/_le/_lz = xMixMizxMi+1xMi+12 e XM[+L’—1xM,-+L/—12,
and so Ry () ={3M;,3M>, ...} is syndetic and thus, o is a uniformly recurrent
sequence.

Now, we show that o has maximal pattern complexity p} (k) = 4k for all k > 2.

First, we show that for any k-sized window t over «, p} (k) < 4k.

Let k € N and let 7 be any k-sized window over . If forall 0 <i <k —1,t(i) = 0
mod 3 (i.e. T only sees one residue at a time), then Cy(r, ) = Ci(r,®) since
a® = ¢ =%, and #Co(t, ) <2k since x is a pattern Sturmian sequence.
Furthermore, Cy(t, o) = {Zk}. Thus, #F,(t) < 2k + 1.

Suppose now that t =ty U U 3 for i; = {7(j) : 7(j) =i mod 3} and there exists
i # j such that #t;, #7; > 0. Then, forall 0 <i < j <2, Ci(z,a) N Cj(z, a) = ¥ since
the position of the 2s uniquely determines to which set C; (7, o) a T-word belongs.

Then, #Co(1/, @) < 2(#10) + 2(#11), #C; < 2(#10) + 2(#12), and #Co < 2(#1)) +
2(#17). Therefore,

#F, (1) < 2(#10) + 2(#11) + 2(#10) + 2(#12) + 2(#11) + 2(#12) = 4k.

Thus, for all k¥ € N and any k-sized window t, #F, (t) < 4k, and so p (k) < 4k for all
k e N.

Now, we show that for all kK > 2, there exists some window 1’ such that #F, (t/) = 4k.

Let T be a maximal k-sized window for x such that the immediate restriction of 7 is
a maximal (k — 1)-sized window. Define 7’ by /(i) = 37 (i) for all 0 <i < k — 2 and
t/(k—1)=3t(k—1)+ 1.

Forall 0 <i < j <2, Ci(tr,a) N Cj(t, @) =¥ since words in Co(z’, &) are of the
form wyq for wq € {0, 1}", words in C are of the form w;2 for w; € {0, 1}/‘_1, and words
in Cy are of the form 2k_1w3 for wz € {0, 1}.

Then, #Co(z',a) =2k since Co(t/,a) = Fy(t), #Ci(t/,a) =2k —2 since
Ci(t/,a) ={wi2:w; € Fr(t \ {t(k — D)}, and #Co(t', ) =2 since Car(7/,a) =
{2k=10, 2k—11).

Thus, #F, (t") = 4k and so p}(k) = 4k forall k € N.
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