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Abstract. Non-statistical (or historical) dynamics refer to systems where a set of points
with positive measure, relative to a reference probability measure (typically the Lebesgue
measure on a manifold), fails to exhibit a convergent sequence of empirical measures.
There are various strategies to identify maps with non-statistical behavior. In the first
part of this paper, we use a strategy related to statistical instability to demonstrate that a
Baire generic map in the space of Anosov—Katok diffeomorphisms of the annulus exhibits
non-statistical behavior and even maximal oscillation. The notion of statistical instability
was first formalized in its general format by Talebi [Non-statistical rational maps. Math.
Z. 302(1) (2022), 589-608], where its close connection to the existence of non-statistical
dynamics was established. In the second part, we extend this framework by introducing
analogous formalization and corresponding results in the case of pointwise convergence of
empirical measures. Additionally, we propose a general strategy to identify non-statistical
dynamics within other families of dynamical systems.
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1. Introduction

The aim of this paper is twofold: first, we wish to prove a theorem regarding the
Baire genericity of non-statistical behavior in the space of dissipative Anosov—Katok
diffeomorphisms of the annulus; second, we wish to present a pointwise convergence
version of an abstract setting developed in [41], where a new notion of statistical instability
was defined and its connection to the existence of non-statistical dynamics was explored.

1.1. Anosov-Katok diffeomorphisms of the annulus. In [10], Anosov and Katok intro-
duced a method for obtaining Lebesgue measure-preserving ergodic maps with unexpected
metric properties on manifolds that admit an S! free action. They considered a class of
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2 A. Talebi

measure-preserving maps on such a manifold that can be approximated by periodic maps
(like rational rotations of the torus) and prove that the set of ergodic transformations is
a Baire generic subset of this space (which is an intersection of countably many open
and dense subsets). Herman and Fathi in [20] pushed forward their method to construct
minimal and uniquely ergodic maps. They also proved that these maps form a Baire generic
subset of the space of maps that can be approximated by periodic ones. The state of the
art of the mentioned works was to use this new method of Anosov and Katok to conclude
the density of such properties. Herman could also apply the Anosov—Katok method to
construct exotic invariant sets for C*° diffeomorphisms of the Riemann sphere [25]. Here,
we discuss Baire generic properties of Anosov—Katok diffeomorphisms of the annulus
from a statistical point of view.

Let us denote the annulus [0, 1] x R/Z by A and for r € [0, co], the space of all C”
orientation preserving diffeomorphisms of A by Diff’, (A) endowed with the C"-topology.
We denote the C"-closure of the set of all C" diffeomorphisms of the annulus that are
C"-conjugate to a rotation by AK" and call it the space of C” Anosov—Katok maps. We also
use AK, | to denote the C”-closure of the set of C" volume-preserving diffeomorphisms
conjugate to a rotation with a conjugacy fixing every point of the boundary. The spaces
AK" and AK; endowed with the induced C"-topology are Baire spaces.

Fayad and Katok in [21, Theorem 3.3] obtained a description for the statistical behavior
of Baire generic area-preserving Anosov—Katok diffeomorphisms of the annulus. They
show that a Baire generic map in the space AKJ;, has only three ergodic measures:
two one-dimensional Lebesgue measures on the boundary components and the volume
measure of the annulus. In this paper, we obtain a description of the statistical properties
of Baire generic dissipative Anosov—Katok diffeomorphisms of the annulus and show that
they exhibit an extreme type of non-statistical behavior.

THEOREM A. A Baire generic map in the space of Anosov—Katok maps of annulus AK"
has exactly two ergodic invariant measures each of which is supported by a different
boundary component and, moreover, the map is maximally oscillating.

Definition 1.1. A map f is said to have maximal oscillation if the sequence of empirical
measures

1 n—1
e () = =3 8y
i=0

of almost every point accumulates to every invariant measure, going to some sub-sequence.

Definition 1.2. The map f is called non-statistical if there is a set of positive measure for
which the sequence of empirical measures {e,{ (x)} does not converge.

Remark 1.3. Note that an Anosov—Katok map of the annulus has at least two invariant
measures that are supported on different boundary components, so a generic map in AK"
has the minimum possible number of ergodic measures and, at the same time, maximum
possible oscillation for empirical measures of almost every point, and hence, it should be
non-statistical.
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In [27], Hofbauer and Keller demonstrated the existence of maximally oscillating
dynamics within the family of logistic maps. Similarly, in [41], the author established
analogous results for the family of rational maps on the Riemann sphere. Also, in the
work of Abdenur and Andersson [1], it has been shown in the family of maps that
are topologically conjugate to the expanding linear endomorphisms of the circle, being
maximally oscillating, is Baire generic. Despite great differences in their dynamical
properties—such as positive entropy in logistic maps, rational maps, and expanding
circle maps, and zero entropy in Anosov—Katok maps—the phenomenon of maximally
oscillating maps in all four families can be attributed to a common underlying mechanism:
statistical instability.

Statistical instability, in essence, refers to the sensitivity of the statistical behavior of
a dynamical system to small perturbations, leading to significant variations in statistical
properties. This concept was rigorously defined and studied in [41], where its deep
connection to the existence of non-statistical maps was explored. One of the contributions
of this paper is the combination of the abstract framework developed in [41] with the
Anosov—Katok method. We believe that more significantly, the paper introduces a general
strategy for identifying maximally oscillating—and, more broadly, non-statistical—maps
across other families of dynamical systems.

1.2. A general formalization of statistical instability and its connection to the existence
of non-statistical dynamics. Several results on statistical stability have been established
in the context of Axiom A diffeomorphisms, expanding maps, partially hyperbolic
diffeomorphisms, and non-uniformly hyperbolic maps, as can be found in [2, 3, 4, 6,
7,9, 11, 12, 19, 23, 33, 36, 43]. Additionally, there are a few works that address the
statistical instability of dynamical systems, such as [5, 42]. In all of these studies on
statistical (in)stability, the dynamics is assumed to have finitely many physical measures
and statistical stability is defined as the continuous evolution of the physical measures as
the dynamics change. However, as previously mentioned,

we extend the concept of statistical (in)stability and define it in a more general sense,
applicable to any dynamical system, regardless of its statistical behavior. In particular, we
do not assume the system has any physical measures.

Let us now be more precise. Let (X, d) be a compact metric space, f : X — X be a
continuous map, and p be a reference probability measure on X. By M (X), we denote
the space of probability measures on X endowed with Wasserstein distance d,, (see §2 for
definitions). Suppose A is a set of continuous self-mappings of X which is endowed with
a topology finer than C? topology (not necessarily strictly finer, it may be the C° topology
itself), e.g. the set of all C" diffeomorphisms of a compact smooth manifold endowed with
C" topology, for any r > 0.

Definition 1.4. A map f € A is called statistically unstable if the following condition
holds:

lim lim sup/ sup dy (ep (x), ef‘n(x)) du(x) > 0.
N—o0 hg—f JX N<nm
h,geA
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Remark 1.5. The triangle inequality implies easily that in the above definition, instead of
taking two maps % and g tending to f, we could consider one of them equal to f. The reason
we defined it in this way is to show ‘how different could the statistical behavior of the map
f be under small perturbations’, so we need to compare all maps around f together, not
only to f. We usually do the same thing when we want to know how discontinuous is a real
valued function at some point.

As an illustrating example, let A be the set of rotations of the circle, then f € A is
statistically unstable if and only if f is a rational rotation.

Remark 1.6. In an upcoming paper, we will discuss how our definition generalizes the
previous definitions of statistical stability in the case where all maps in A possess finitely
many physical measures with the full union of basins.

We are ready to state our main result in this direction.

THEOREM B. Suppose X is a compact metric space endowed with a reference probability
measure and A is a set of continuous self-mappings of X, endowed with a topology finer
than C° topology. Then, the non-statistical maps form a Baire generic subset of the interior
of statistically unstable maps.

Remark 1.7. Here, we take the usual definition for Baire genericity: intersection of
countably many open and dense subsets. It may happen that for non-Baire spaces, we
get empty Baire generic set in this theorem. As an example, let us take A to be the set of
all rational rotations on a circle. Every map is statistically unstable within this set, so a
Baire generic map in A should be non-statistical. However, we know that every rotation is
statistical. Here, there is no contradiction, as A is not a Baire space.

Theorem B provides a strategy for identifying new classes of non-statistical maps. It
suggests that, for this purpose, it is sufficient to find families of dynamical systems where
the set of statistically unstable maps has a non-empty interior. Non-statistical logistic
maps [26, 27], non-statistical rational maps [41], and Theorem A serve as examples of
this strategy. Additionally, there is another approach to obtaining non-statistical behavior,
which involves the concept of wandering domains. This idea was first introduced by
Colli and Vargas in [18], and has since been further developed by others, including
[13, 14, 30, 31, 32, 33]. One key difference between these two strategies is that the Baire
genericity of non-statistical maps is ensured by statistical instability, while there are no
results yet regarding the Baire genericity of non-statistical maps via wandering domains.
In [32], it is shown that non-statistical maps with wandering domains are dense in the
Newhouse domains within the space of surface diffeomorphisms. However, it remains an
open problem whether a Baire generic map in the Newhouse domains is non-statistical. We
believe this problem is challenging and our strategy of statistical instability may be useful
in addressing it. In an upcoming paper, we will explore this particular issue in more detail.

Now, let us explain some applications of Theorem B. For a dynamical system
f X — X, apoint x € X is called non-statistical if the sequence of empirical measures
e,fl (x) does not converge. Non-statistical points appear in many well-known dynamical
systems, for example, in the shift map (see Example 2.2) and in any other dynamics
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that includes a shift map as a subdynamics. Some of the first results in this area are the
Baire genericity of non-statistical points within the phase space for subshifts of finite type,
Anosov diffeomorphisms, and, more generally, any map with the periodic specification
property (see [28, 38, 39] and [24, Theorem 1.1.11]). In [16], Carvalho et al introduce a
sufficient condition for the Baire genericity of non-statistical points in the phase space of
a dynamical system. Although, at first glance, Theorem B seems to be applicable only for
obtaining the Baire genericity of non-statistical maps in a family of dynamical systems, but
indeed it can be applied in a way to give the Baire genericity of non-statistical points in the
phase space of a single system, and unifies most of the previous results in this direction.
To achieve this, we need to define statistical stability and instability for points in the phase
space. This is done in §4, where we prove the following theorem.

THEOREM C. Let f : X — X be a continuous map of a compact metric space. If every
point x € X is statistically unstable, then Baire generic points are non-statistical.

To see how general is this theorem, note that if the map f has two different periodic
points and the stable set of each of them is dense in X, then every point in the phase space
would be statistically unstable. This would be the case in many examples of hyperbolic or
partially hyperbolic maps. As another corollary, we will show the following.

COROLLARY 1.8. Let f be a minimal but not uniquely ergodic map on a compact smooth
manifold X (such as Furstenberg’s example on the torus). Then, a Baire generic point in X
is non-statistical.

1.2.1. Questions. This paper provides tools to study the statistical behavior of generic
dynamical systems in an abstract class. When the class of dynamical systems is formed by
dissipative C"-diffeomorphisms of a compact manifold, this study is traditionally related
to the notion of physical measures. We recall that an invariant probability measure v is
physical if its basin B, := {x € M : e, (x) — v} has positive Lebesgue measure.

Question. For r > 2, is it true for generic f in Diff" (M) that the union of the basins of the
physical measures of f has full Lebesgue measure in M?

This question has been asked by Wilkinson and Shub in [37], but was in the mind of
several other people (see [15, 34, 35]).

Let us now relax the conditions on physical measures and develop some questions on
the abundance of non-statistical dynamics.

Question. Is there any well-known finite-dimensional family of dynamical systems, such as
quadratic map of complex plane, Hénon family, and rational maps on the Riemann sphere
in which non-statistical parameters form a set of positive measure? (In all of the families
mentioned here, the answer is not known!)

Remark 1.9. Let us mention the interesting works of Andersson and Guihéneuf [8]
in which they have proved in a non-degenerated finite-dimensional family of irrational
flows with two quadratic stopping points that the set of parameters having non-statistical
behavior is both Baire generic and full measure (see also [29]).
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Question. Is there any open subset of dynamics in which the non-statistical maps are
generic? In Newhouse domains?

These questions are related to the following question.

Question. (Takens’ last problem [40]) Can non-statistical dynamics exist persistently
within a non-trivial class of smooth dynamical systems?

1.2.2. Appendices. In the appendices, alternative versions of the definitions of
non-statistical dynamics and statistical instability are developed, corresponding to different
types of convergence. Specifically, for each non-negative integer n, e,f, defines a map from
the phase space to the set of probability measures:

el X = Myx).

Thus, as a sequence of maps from a probability space to a metric space, various types of
convergence can be considered: pointwise, L!, and convergence in law. Here, we outline
three possible definitions based on these types of convergence.

e The map f is called non-statistical if the sequence of maps {e,{ } is not essentially
convergent:
lim | sup dy(e) (x), e (x) du(x) > 0.
N—oo Jx N<n,m
(This is equivalent to Definition 1.2, see Lemma 2.4.)
e The map f is called L' non-statistical if the sequence of maps {e,{ } does not converge
in the L' topology:

lim sup / dy (el (x), el (¥)) du(x) > 0.
X

m,n— 00

e The map f is called non-statistical in law if the sequence of pushforward measures

é,{ := (ej )« () does not converge as a sequence in M (M (X)):

#ace({é 1n) > 1,
where acc(-) denotes the set of accumulation points.

Remark 1.10. Recently, Coates and Melbourne, together with the author in [17], demon-
strated the existence of a large class of interval maps (including intermittent maps) that
are non-statistical when considering essential convergence. However, from the perspective
of convergence in law, these maps exhibit the best form of statistical convergence.
This example highlights the necessity of having distinct versions of definitions for
(non-)statistical dynamics.

Similarly, we can extend the definition of statistical instability to L' convergence
and convergence in law, obtaining counterparts to Theorem B in these settings. These
developments are detailed in the appendices. Notably, the initial versions of these
definitions and results focused on convergence in law, as introduced in [41]. However,
since the results in this version are used for proving Theorem A, we have included them
in the appendices for the sake of completeness. Another reason for their inclusion is that
some proofs presented here are new and more informative than those in [41].
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2. Statistical instability and non-statistical dynamics; an abstract setting

Let X be a compact metric space endowed with a reference (Borel) probability measure
@ and A a subset of continuous self-mappings of X endowed with a topology finer than
€Y topology. For instance, A can be a subset of C” self-mappings of a smooth manifold,
endowed with C" topology and u be a probability measure whose density with respect to
a Lebesgue measure is a smooth positive function. For a compact metric space (X, d), let
us denote the space of probability measures on X by M (X). This space can be endowed
with weak-* topology which is metrizable, for instance, with Wasserstein metric where the
distance d,, between two probability measures v and v; is defined as

dy(vy,vp) ;= inf / d(x,y)dg,
XxX

¢em(vy,v2)

where 7 (v1, vp) is the set of all probability measures on X x X whose projections onto the
first and second coordinates are equal to vy and v, respectively. The Wasserstein distance
induces the weak-x* topology on M (X) and, hence, the compactness of (X, d) implies that
(M1(X), dy) is a compact and complete metric space. We should note that our results and
arguments in the rest of this note hold for any other metric inducing the weak-* topology
on the space of probability measures.

For apointx € X andamap f : X — X, the empirical measure

i 1 n—1
e,{(x) = ; Z sz(x)
i=0

describes the distribution of the orbit of the point x up to the nth iteration in the phase
space, which asymptotically may or may not converge. If it converges, then by observing a
finite number of iterations (but possibly large), one can predict how the orbit of x behaves
approximately for larger iterations, from a statistical point of view. However, it may not
converge. In this case, we fix the following terminology.

Definition 2.1. Foramap f : X — X, we say the orbit of a point x displays non-statistical
behavior, or briefly, x is non-statistical if the sequence {e,{ (x)}, is divergent.

Example 2.2. This example shows the existence of non-statistical points for well-known
dynamics; the shift map o on X = {0, 1}%. Consider a point w € X

0w=0.0...00101...01010...0...
— —

ni ny n3

made by putting together consecutive blocks of zeros, and blocks of zeros and ones, and
suppose the length of the ith block is n; satisfying

. nj
lim — =0.
i—>00 Nj41

Then, it can be checked easily that w is a non-statistical point.

One can ask how large can the set of points be for which the empirical measures do not
converge. The notion of non-statistical dynamics arises here. See Definition 1.2.
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Remark 2.3. Being non-statistical for a map f : X — X really depends on the reference
measure. In Example 2.2, if the reference measure is taken to be the Bernoulli measure,
we know that the shift map is ergodic with respect to this measure and the sequence of
empirical measures of almost every point is convergent to the Bernoulli measure, hence,
shift is statistical with respect to this measure. However, if the reference measure is taken to
be the Dirac mass on the point w introduced in this example, then almost every point with
respect to this measure would be non-statistical and, hence, the shift map is non-statistical
with respect to §,,.

Let us prepare for the proof of Theorem B. First, we need to quantify how different are
the statistical behaviors of two arbitrary maps &, g € A for iterations larger than a fixed
number N € N. To this aim, we propose the following map Ay that associates to a couple
of maps &, g € A anon-negative real number:

An(h, g) :=/ sup  dy (el (x), el (x)) du,
X N<nm

which can be interpreted as the average of the maximum difference between statistical
behaviors that the orbit of a point can display under iterations of /& and g for iterations
larger than N. Note that Ay is not a distance. In particular, if f is a non-statistical map,
then A%, (f, f) is uniformly positive for every N.

LEMMA 2.4. A map f is non-statistical if and only if there is a real number d > 0 such
that for each N € N, we have AN (f, f) > d.

Proof. Let f be a non-statistical map and let x € X be a non-statistical point. Since the
sequence of empirical measures of this point does not converge,

de = Ai/nf sup du (e} (x), ey (x)) > 0.

>0 N<nm

By definition, the set of non-statistical points has positive measure and x > dy is
measurable, thus,

An(f, ) = f sup dy(ei) (x), e () du > / dy dp > 0.
X N<n,m X

To prove the other side, let f be a map for which the sequence of empirical measures of
almost every point converges. So, for almost every x € X, we have

lim sup dy(e] (x), e}y (x)) = 0.

N—oo N<nm

Since the distance between empirical measures is bounded, we can then use Lebesgue
dominated convergence theorem to conclude

lim Ay(f. f)= lim [ sup dyel (x). eh(x)) dpe
N—oo N—o0 X N<nm

= / lim sup dw(e,{(x), e/:,(x)) du = 0.
X

N—=00 N<nm

This finishes the proof. O
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We recall that A is a subset of self-mappings of X endowed with a topology finer than
€ topology. Now, we want to quantify the difference in the statistical behaviors of maps
converging to f € A. For this purpose, we introduce the following definition.

Definition 2.5. The amplitude of statistical divergence of amap f € A is defined as

A(f) := lim limsup An(h, g).
=X hg—f
h,geA

Observe that if A is positive at f, then the asymptotic behaviors of nearby maps are very
sensitive to perturbations of f and so the map f is unstable from the statistical viewpoint.

Definition 2.6. A map f € A is statistically unstable with respect to A if A(f) > 0.
Remark 2.7. Observe that this definition is the same as Definition 1.4 in §1.

Example 2.8. Let X be the circle st w the normalized Lebesgue measure, and A the
set of rotations of the circle. The map f = Idg is statistically unstable since the empirical
measures of any point are the Dirac mass at that point, but for any arbitrarily close irrational
rotation, the sequence of empirical measures converges to the Lebesgue measure.

Example 2.9. Let X be the Riemann sphere C and (4 its normalized Lebesgue measure.
Consider the set of quadratic maps:

A={f.:C>C| fux)=x*>+cforx € C, f.(c0) = oo}.

The map f1/4 has a fixed point at x = % which attracts the points in a non-empty open
set U. For any € > 0, the map f(1/4)+¢ has different dynamics: almost every point goes
to infinity. So, for any € > 0 and every point x € U, the sequence of empirical measures
converges to 812 and 8o under iterating the maps f1,4 and f(1/4)+¢, respectively.

Hence, the supremum in the definition of Ay is at least dy, (81,2, o) for almost every
point. So, Ay (f1/4, fi1/4+€) > w(U)dy (812, 8o0), Which is independent of € and N.
According to the definition, this means that f7,4 is statistically unstable.

PROPOSITION 2.10. The map A : A — R is upper semi-continuous.

Proof. Let { fi }x be a sequence of maps converging to f. For each k, we can find a natural
number N, and two maps g and /iy near f; such that

1
[A(fe) — A (8ks Br)| < 2

Note that we can choose the sequence { Ny} such that it converges to infinity, and also the
sequence of maps {gx }x and {hy} such that both converge to f. So, we obtain

A(f) = lim sup A(fi),
k

and this implies the upper semi-continuity of A. O
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3. Proof of Theorem B
Now, we are ready to prove Theorem B.

Proof of Theorem B. Since by Proposition 2.10 the map A is an upper semi-continuous
map, there is a Baire generic set G on which the map A is continuous. For a map f € G,
which is also in the interior of statistically unstable maps, there exists a neighborhood U/
around f on which A is uniformly positive:

there exists d > 0 suchthatforall g € Uy, A(g) >d.

Now, we construct a sequence of open and dense subsets in /¢ such that any map in the
intersection of these sets is non-statistical. Then, we can conclude that non-statistical maps
are Baire generic in Uy.

To construct such open and dense sets, we need to show a semi-continuity property of
the map Ay.

LEMMA 3.1. The map Ay is lower semi-continuous.

Proof. We recall that for h, g € A,

An(h, 8) :=/ sup dy (el (x), e (x)) dpu.
X N<nm

Now, note that

An(h, g) = Supf sup  dy (el (x), el (x)) dp,
N<M JX N<nm<M

and we know that f x SUPN<nm<m w (ef} (x), ey, (x)) dyu is continuous with respect to 4
and g, and supremum of a sequence of continuous functions is lower semi-continuous, so
we are done. 0

Next, we show that for any N € N, the set
d
E(N) = {h eUy | An(h, h) > 5}

is an open and dense subset of I/, and moreover, every map in the intersection ()5 E(N)
is non-statistical.

The openness of E(N) is guaranteed by lower semi-continuity of Ay. Now, we prove
the denseness of E (V). For any arbitrary map h € Uy C A, take a neighborhood Vj, such
that for any map g € V and any x € X,

h 8 d
dw(ey (x), ey (X)) < & (3.1)

This is possible because N is fixed, e}g\, depends continuously on g, and X is compact. Now,
since A(h) > d, we can choose g1, g2 € Vj, such that for some integer M > N, it holds
true that

Am(g1, g2) > d. (3.2)
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However, since Ay (g1, g2) is decreasing in N, we obtain

AN(81, 82) > d. 3.3)

Now, note that for each x € X, we have

sup dy (e’ (x), ep; (x))
N<n,m

< sup dylen' (x), e (X)) + sup  dy(ef? (x), ent (x)) + dy (e} (x), 57 (x)),
N<n,m N<nm

and hence, after integrating with respect to © and using inequality (3.1), we obtain

d
An(g1, 82) < An(g1, 81) + An(g2, 82) + 3

Now, using inequality (3.3), we conclude that at least one of the maps g and g; is inside
E(N), and then recalling that & was chosen arbitrarily in (/s and V), arbitrary small, we
conclude that E(N) is dense in Uy.

Observe that Lemma 2.4 implies that any map / in the set (\3_, E(N), which is a Baire
generic set inside U, is non-statistical. So, the non-statistical maps are generic in some
open neighborhoods of f and f is an arbitrary map in the interior of statistically unstable
maps intersected by the generic set G. This implies that non-statistical maps are indeed a
generic subset of the interior of statistically unstable maps as well. [

4. Proof of Theorem C
In this section, we show how our results for the Baire genericity of non-statistical maps in
a subset of dynamics can be used to obtain the Baire genericity of non-statistical points in
the phase space for a single map.

Suppose f : X — X is a continuous map of a compact metric space X. Using this map,
we will construct a family of dynamical systems parameterized by points of the space X.
Add an auxiliary point X to the space X to define a new compact metric space:

X:={f]UX.

We define the distance between x and any point in X to be equal to 1. For each point x € X,
define the map Fy : X — X such that Fy(x) = x and Fy|x = f. These maps will form
a family A := {Fy}xcx of maps on X, parameterized by points in X. Take the reference
probability measure w on the space X to be Dirac mass 3; on the auxiliary point x. The
push forward of this measure under any map F) is the Dirac mass on the point x. After
the first iteration, it is indeed the map f that is iterated, and so this reference probability
measure captures the statistical behavior of the f-orbit of x for the map Fy. We induce the
topology of the space X to the set A. We can apply our results in this case. Observe that a
map Fy € A is non-statistical if and only if the point x € X is non-statistical.

Definition 4.1. We say a point x € X is statistically unstable if the map Fy is statistically
unstable as an element of {Fy } cx.

Now, we are ready to prove Theorem C.
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Proof of Theorem C. By definition, every map in A = {Fy}yex is statistically unstable.
Using Theorem B, we conclude that a Baire generic map F, is non-statistical. This indeed
implies that the point x is non-statistical for the map f. O

In [16], sufficient conditions for an observable to have non-convergent Cesdro averages
on a Baire generic set in the phase space are introduced. Theorem C is similar to their
result. They also define a notion called sensitivity that is similar to the notion of statistical
instability. It can be checked that their corollaries can be obtained from Theorem C as well.
We should mention that their result covers the case of an arbitrary sequence of bounded
observables and not only observables coming from Cesdro averages. Let us now prove
Corollary 1.8.

Proof of Corollary 1.8. As the map f is not uniquely ergodic, it has at least two different
ergodic measures v and v;. As the map is minimal, the support of any invariant measure
is the whole space. So, for any x € X and any neighborhood U of x, there is two points y;
and y; in U such that

lim el (v) =v;, i e{1,2},
n—oo
This will imply that for the family of maps A = {Fx | x € X} defined as above, we have
Ap(Fy) =2 dy(vi, 12),

and hence, Fy is statistically unstable. This will imply that x is statistically unstable, so we
can use Theorem C. U

5. Proof of Theorem A
Let us first give an overview of the proof. In Lemma 5.2, we use the Anosov—Katok
method to show that the maps in AL are statistically unstable. Indeed, we show that near
any map and for any boundary component, we can find another map for which most of
the points spend most of the time close to that boundary component. This will give us
statistical instability and up to here, we can use Theorem B to obtain Baire genericity of
non-statistical maps in AX. However, we go further to use the theorem of Fayad and Katok
[21, Theorem 3.3], which describes Baire generic behavior of conservative Anosov—Katok
maps of the annulus to deduce Baire generic behavior in the dissipative setting and obtain
maximal oscillation. Here, we need to use some new definitions and results developed in
the version of convergence in law, which can be found in Appendix B. Let us recall some
of the definitions.

For each positive integer n, e,{ defines a map from the phase space to its set of
probability measures:

e,{ X - Mi(X).

We can investigate how the empirical measures e,{ (x) are distributed in M (X) with
respect to the reference measure p on X and what is the asymptotic behavior of these
distributions. To this aim, we can push forward the measure p to the set of probability
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measures on X using the map e,{ :

ea(f) == (e ().

The measure ¢,(f) is a probability measure on the space of probability measures on
X. We denote the space of probability measures on the space of probability measures
by M(M(X)). We denote the Wasserstein metric on this space by d. Note that the
compactness of X implies the compactness of M (X) and, hence, the compactness of
Mi(M(X)). So, the sequence {¢,(f)}nen lives in a compact space and has one or
possibly more than one accumulation points.

Definition 5.1. For a map f € A and a probability measure b € M (M (X)), we say f
statistically bifurcates toward b through perturbations in A if there is a sequence of maps
{fr}x in A converging to f and a sequence of natural numbers {ny}; converging to infinity
such that the sequence {é,, (fx)}x converges to D € M; (M (X)).

We recall that for any measure v € M (X), the Dirac mass on v, which is an element
of Mj(M (X)), is denoted by Sy.
Now, we are ready to begin proving Theorem A. We start with the following lemma.

LEMMA 5.2. Let C be one of the connected components of the boundary of A and f be
an arbitrary map in AK. Then, there is a measure v supported on the set C such that f
statistically bifurcates towards §,.

Proof. Since f can be approximated by maps that are conjugate to rotation, there is a
rational number p/q and a C” diffeomorphism 4 such that the map 2 ~'R p/qh is close to
f- Let

B :=[r;,n] xR/Z
for some distinct real numbers r, rp € (0, 1). Take a real number 6 > 0 and define
By :=[r1, 2] x [0, )
and
By :=[r1,m] x [0, 1).

SUBLEMMA. Foranyo < 1closeto 1 ande > 0 small, there is amap g € Diff’_ (A) with
the following properties:

e g isidentity on a neighborhood of the set C;
e Leb(g(By)) > o;
e 2(Byp) is included in the €-neighborhood N¢(C) of C.

Proof. Using bump functions, we construct a map g as depicted in Figure 1. The technical
details are left to the reader. O

Now, let ¢ be a map found in the Sublemma. This map can be lifted using the covering
mapw : A — A, 7w (r,0) = (r, g0). Let g be the lift of g that is identity around the set C.
The diffeomorphism g has similar properties:
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FIGURE 1. The map g.

e g isidentity on a neighborhood of the set C;
o Leb(g(x~'(B)) > ot

o g (B2) C Ne(O).

Now note that g commutes with R, /4, s0

hogoR[,/qog_loh_1 =hoRp/qoh_1.

Choose o irrational and small enough so that 1 o g o Ry 0 g~ ! o h~! is arbitrary close to
hoRp,oh~!. Indeed, hogis C" and the map sending @ to hogo Ryog~'oh lis
hence continuous. Since o is irrational, the orbit closure of any point in A under iterating
the map hogo Ry og ' oh™! =: f'is an h o g-image of the orbit closure of a point
under iterating the map R,/, which is a circle in A. So, for any point x € & o g(x~'(B)),
the orbit closure of x is the & o g image of a vertical circle C’ contained in 7 ~!(B). The
map h o go Ry og ' oh™!jeg(c) is conjugate to Rys|cr. Now, note that if R”, 0 g~ ! o
h='(x) € = 1(B;), then (f')"(x) € h o g(w~'(B;)) fori € {1, 2}. The orbit of each point
in C’, on average, spends 6 portion of times in 7' (B) and 1 — 6 portion of times in
771 (By). So, the orbit of the point x spends # portion of times in & o g(r~1(By)) and
1 — 6 portion of times in & o g(w ~'(B,)). By choosing 6 and € sufficiently small, we
can guarantee that the asymptotic averages of any point in & o g(w ~'(By)) is arbitrarily
close to a measure v supported on C, which is the pushforward of the Lebesgue measure
on the boundary component C by the map / o g. This is because the image of 7' (B;)
under the map g can be so close to C that after iteration by 4, it still remains arbitrarily
close to C. Since h is smooth and sends positive measure sets to positive measure sets,
it can be shown that the sets with large measure are sent to large measure sets. Hence,
if o is chosen sufficiently close to one, then map g is so that Leb(h o g(n_l(B]))) is
sufficiently close to one and so since for a large number #n, the nth empirical measures of
points in & o g(;r_1 (B1)) is close to vjg, the measure é,{/ is close to Svf,. Now, taking v
as any accumulation point of measures like v/, where f’ approaches f, according to the
definition, we can see that f statistically bifurcates toward 5, and so we are done. O
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Proof of Theorem A. Lemma 5.2 implies that for any map f € AK", there are two
measures v,y and vy that are supported on different connected components of the
boundary of A such that f statistically bifurcates toward both Svl'f and 3,,2’ ;- Now, using
Theorem B.16, we conclude that for a generic map f € AK" and for almost every point x in
the phase space X, the set of accumulation points of the sequence {e,{ (x)}, contains at least
two measures vy 5 and v, y. We are going to show that, generically, these two measures
are the only ergodic invariant measures of the map f and the empirical measures of almost
every point accumulate to any convex combination of these two ergodic measures (which
is indeed the whole space of invariant measures), and hence, f is maximally oscillating.
Now, approximate f by amap like 4 o0 g o Ry 0 g~ o h~! coming from Lemma 5.2. Using
the theorem of Fayad and Katok, we know that the map R, can be approximated in
C*°-topology (and hence in C”-topology) by a map e € AKS; that has only three ergodic
measures: two one-dimensional Lebesgue measures on the boundaries and the volume
measure of the annulus. The map 2o goeo g~ ' oh™! is close to the initial map f and
has only three ergodic invariant measures, which are the push forward of three ergodic
measures of e by the map & o g. Note that if in the Sublemma, the numbers r; and rp are
chosen close to 0 and 1, then the set B, has measure close to one. In this case, observe
that the pushforward of the volume measure by the map 4 o g is a measure that is close
to the pushforward of the one-dimensional Lebesgue measure of one of the boundary
components (which is denoted by C in the lemma). Hence, the set of invariant measures
for the map hogoeog™!
each other. We know that the map sending the dynamics to its set of invariant measures
is upper semi-continuous (see Lemma B.12) and, hence, it is continuous for maps in a
Baire generic set. Therefore, we can assume that f is a continuity point of this mapping
and the set of invariant measures of f is in an arbitrary neighborhood of a triangle that
is arbitrarily close to a segment. So, the set of invariant measures of f is a segment.
However, this means that f has exactly two ergodic invariant measures. Note that these

o h~!is a triangle that has two of its vertices very close to

measures are supported by different boundary components of the annulus. So, on each
boundary component of the annulus, there is only one ergodic measure and, hence, any
invariant measures on one of the boundary components are equal to the corresponding
ergodic measure on that component. So, f statistically bifurcates toward two measures
31,1’_/ and sz,_/, and vy, v, r are exactly two ergodic measures of f. Moreover, since these
two measures are in the accumulation points of the sequence of empirical measures for
almost every point and the set of invariant measures is the line segment between these two
measures, the sequence of empirical measures of almost every point has to accumulate to
every point in this line segment and this finishes the proof. O

A. Appendix. The L' convergence version
We recall the nth empirical function of a map f is the map e,{ : X = M(X) sending
a point x € X to the nth empirical measure e,f, (x). We are going to study the L!
(non-)convergence of the sequence of empirical functions. For this purpose, we need to
give some definitions.

Let us denote the space of Borel measurable maps from X to M;{(X) by
L' (X, M(X)). Note that since the empirical functions are continuous maps with respect
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to x, they are elements of L' (X, Mi(X)). We define a metric on this space where the
distance between two elements e, ¢/ € L' (X, M (X)) is defined as follows:

dpie,e) = / dy(e(x), €' (x)) du. (A.D)
X

Let us study the convergence of the sequence of empirical functions with respect to this
metric.

Definition A.1. We say a map f is L' non-statistical if the sequence of maps e;lr X —
M (X) is not convergent for the L' topology:

lim sup dj (e,{, e};) > 0.

m,n— o0

In the following, we introduce a condition that if it is satisfied by a Baire space of

dynamics A, then we can conclude the existence of L' non-statistical maps within A. Let
us first, quantify the extent to which the statistical behavior of amap f € A can be changed
by small perturbations. To this aim, we propose the following definition.

Definition A.2. The amplitude of L' statistical divergence with respect to A of a map
f € A is areal-valued non-negative mapping that is defined as follows:
AY(f):= limsup dji(el, ef).
h,g— f,m,n—00
h,geA

Note that the definition of A! depends also on the set A and not only on the map f.
However, for the sake of simplicity, we hid this in the notation.

Observe that if Al is positive at f, then the asymptotic behaviors of dynamics close to f
are very sensitive to perturbations and in this sense, the map f is statistically unstable. We
introduce the following definition.

Definition A.3. Amap f € A is L! statistically unstable with respect to A if its amplitude
of L statistical divergence with respect to A is positive:

AY(f) > 0.

Example A.4. Suppose A is the set of rigid rotations on S!. The identity map Idsi € A
is L' statistically unstable, since the empirical measures of all of its points are atomic,
whereas we can approach the map Idg: by irrational rotations and the empirical measures
of any point are close to the Lebesgue measure for large enough iterations.

Now, we want to investigate the relationship between L' statistical instability and the
existence of L! non-statistical maps. It is clear that if a map f is L' non-statistical, then
A'(f) >0 and so f is L' statistically unstable, but the existence of an L' statistically
unstable map does not necessarily imply the existence of L' non-statistical maps (see
Example A.4). However, if the interior of L' statistically unstable maps is non-empty,
then the existence of plenty of L' non-statistical maps is guaranteed.

THEOREM D. The L' non-statistical maps form a Baire generic subset of the interior of
L' statistically unstable maps.
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Remark A.5. Theorem D is the counterpart of Theorem B in the L' convergence version.
The proof of Theorem D uses the following lemma.
LEMMA A.6. The map A is upper semi-continuous.

Proof. Let{ fi}r be a sequence of maps converging to f. For each k, we can find two natural
numbers ny and my, and two maps g and hj near fi such that

1
A (fo) — dpi (e, el )] < 2

Note that we can choose the sequences {ny}; and {my}; both converging to infinity and
also the sequence of maps {gx }x and {&;}x both converging to f. So, we obtain

Al (f) = lim sup A' (o),
k
and this implies the upper semi-continuity of A, O

Proof of Theorem D. Since A! is upper semi-continuous, there is a generic subset G C A
on which the map A! is continuous. For a map f € G, which is also in the interior of L'
statistically unstable maps, there exists a neighborhood U/ C A around f on which Alis
uniformly positive:

there exists d > 0 such that for all g € Uy, Al(g) >d. (A.2)

Now, we construct a sequence of open and dense subsets in I/ such that any map in
the intersections of these sets is L' non-statistical. This will imply that L' non-statistical
maps are Baire generic in U and, hence, the L' non-statistical maps are locally generic in
the interior of L' statistically unstable maps.

To construct such open and dense sets, first note that the function A! can be written as

A'(f) = h““} sup Ay(h, g),
g.n—f,N—>00

1 h 8
where Ay (h, g) = sup; j>n dyi(ef, ej).
CLAIM. The map A}V is lower semi-continuous.

Proof. Note that

A}V(h,g): sup { sup dLl(e,h,ef)}.
M=>N | N<i,j<M

However, supy <; i<y dpi (efl, ef ) is continuous with respect to (%, g) and the supre-
mum of a sequence of continuous functions is lower semi-continuous. O

Next, we show that for any N € N, the set
d
E(N) := {h eUs | AN(h, h) > g}

is an open and dense subset of U/ s, and moreover, every map in the intersection () E(N)
is L' non-statistical.
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The openness of E(N) is guaranteed by lower semi-continuity of A}V. Now, we prove
the denseness of E(N). For any arbitrary map i € Uy, take a neighborhood V}, such that
for any map g € V), we have

d h 8 d A
LI(EN,EN)<6. ( 3)
This is possible because N is fixed and e/gv depends continuously on g. By (A.2), we know
that Al (h) > d and so we can choose g1, g2 € Vj, such that for some integers n, m > N,
it holds true that

dL1(en ,es) > d. (A4)
However, note that
dpi(es', ent) < dpi(eq', ef) +dpiey), ex) +dpi(el, en).

Inequalities (A.3) and (A.4) imply that either

d d
dpi(ey', ef)) > 3 o dpi(est, e5) > 3

So, at least one of the maps g or g is inside E(N), and then recalling that & was chosen
arbitrarily in Uy and Vj, we conclude that E(N) is dense in Uy .

Now, observe that for any map h € (%~ E(N), the sequence of empirical functions
is not a Cauchy sequence and, hence, £ is L! non-statistical. The set ﬂfvozl E(N) is a
Baire generic set in the open neighborhood U, so the L' non-statistical maps are generic
in the set Uy. Considering the fact that f is an arbitrary map in the generic set G, we can
then conclude that L! non-statistical maps are indeed a generic subset of the interior of L'
statistically unstable maps. O

B. Appendix. The version of convergence in law

For a dynamical system f :X — X, the map e,{ : X - M (X) associates to each
point x € X its nth empirical measure. Different points usually have different empirical
measures. We can investigate how the empirical measures e;, (x) are distributed in M (X)
with respect to the reference measure ¢ on X and what is the asymptotic behavior of these
distributions. To this aim, we can push forward the measure p to the set of probability

measures on X using the map e,{ :

en(f) = (e])u().

The measure ¢,(f) is a probability measure on the space of probability measures on
X. We denote the space of probability measures on the space of probability measures
by M1(Mi(X)). We denote the Wasserstein metric on this space by d. Note that the
compactness of X implies the compactness of M (X) and, hence, the compactness of
Mi(M(X)). So, the sequence {é,(f)}sen lives in a compact space and has one or
possibly more than one accumulation points.

Definition B.1. A map f is called statistical in law if the sequence {e,(f)}en is
convergent.
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Example B.2. For any u-preserving map f : X — X, the sequence {&, (f)},en converges
to a measure {1, which is the ergodic decomposition of the measure (.

Example B.3. If v is a physical measure for the map f : X — X whose basin covers
wu-almost every point, the sequence {&, (f)},en converges to the Dirac mass concentrated
on the point u € M/ (X), which we denote by S,L.

The following lemma provides some information about the sequence {€,(f)}neN-

LEMMA B.4. Forany f € A and any n € N, it holds true that
A f Af diam(X)
dy(en, €n+1) < n——i-l’

where diam(X) is the diameter of the space X.
Proof. We recall that
&l = (e,

First, let us show for any x € X the following inequality holds true independent of the
choice of f € A:

f f diam(X)
dy(en (x), €, (x)) < Tl
So, according to the definition, we should show that
diam(X
inf / d(x, y) dy(x, y) < 2220
yer (el ()e), (0) JXxX n+1
Consider the following element of n(e,{ (%), e,{ 11 (x)):
1 1
Y= Y Sy T TP D S
0<isn—1 0<i<n—1

Note that

1
(m)*<y)=e;{<x)=,—l > i

0<i<n—1

o oy = .
(772)*()/) = en+l(x) = m Z Sf’(x)’
0<ikn
where 71 and m, are the projection on the first and second coordinates. So, we have
V€ n(e,{(x), e,{H (x)) and, hence,

dy(ef (0, e () < / d(x, y) dy(x, y)

XxX

1 . )
) ogg_l n(n+1) d(f (), f7(x))

< diam(X)
n+1
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Now, consider the following measure on M (M (X)) x M(M(X)):

V= /X d(el orel o TP

Obviously, y € TL’(é,{, é,{H), and so

dAw(é;’}:9 ér{+1)</ d(x’ )’) d),/\(x9 y)
MyM (X)) x My (M(X)

diam(X)

f f
=fde(en(x),en+l(x))du§ P 0

Now, let A be a Baire space of self-mappings of X endowed with a topology finer than
C 0-topology. For each f € A, the accumulation points of the sequence {é, (f)},en form a
compact subset of M (M (X)), which we denote by acc({€,(f)}nen). This set can vary
dramatically by small perturbations of f in A.

For any map f € A, by Ba, r, we denote the set of those measures 1 € M (M(X))
that f statistically bifurcates toward ¥ through perturbations in A. Please see Definition 5.1.

Definition B.5. A map f € A is called statistically unstable in law with respect to A if the
set B, ¢ has more than one element.

Remark B.6. By definition, it holds true that
acc({é,{}n) C B,y
Here are some nice properties of the set B ¢.
LEMMA B.7. The set By, s is a compact subset of M{(M1(X)).

Proof. By the definition, it is clear that the set Ba s is closed. The compactness is a
consequence of the compactness of M (M (X)). O

LEMMA B.8. The set B,y is a connected subset of M1(M(X)).

Proof. For the sake of the contrary, assume that B, y is not connected, and can be
decomposed to two non-empty disjoint closed sets A and B. Therefore, there is some real
number d > 0 such that d,, (A, B) > d. Take two elements 7 € A and 7j € B and let N in
Lemma B.4 be chosen so that

d

foralln > N, c?w(é,{,éﬂl) < 3

We can find a neighborhood U of f so that

. d
forallg € U, dy(é},e8) < .

This is possible since the map sending f to éﬁ is continuous. Now, take two maps h, g € U

such that for some integers n1, ny > N, it holds true that
A g A d Ao d
dy(s,, D) < 3 ond dy (@) §) < 3
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Consider the following sequence of elements of M (M (X)):

~ N ~g Al

A, g ~h ~h A
V, €en;> enl_l, s O Ny s enz_l, €n2, n.

The distance between two consecutive elements of this sequence is less than d/3 and,
hence, there is an element of this sequence that lies out of the d/3 neighborhood of A U
B = B y. By taking N larger, we obtain another element of M (M (X)) out of the d/3
neighborhood of By r. So, there is a sequence like é,];f out of the d/3 neighborhood of
By, s and because of the compactness of M (M (X)), this sequence has a convergent
subsequence converging to an element out of B, ¢. By definition, any accumulation point
of this sequence is an element of By, which is a contradiction. O

LEMMA B.9. For any D € By y, any measure v in the support of v is invariant under
iteration of f.

Proof. By definition, there is a sequence of maps {fx}x in A converging to f and a
sequence of natural numbers {n;}; converging to infinity such that

lim dy (én, (fi), D) = 0.
k— 00

If v is in the support of b, then for any neighborhood ¢/ of v and for k large enough, we
have

e (fOU) > 0.
Recalling that
in (oW = [ 8, 00 dn.

we conclude that the integrand of the integral above is non-zero for a subset of X with
positive measure and, hence, in particular for each k, there is a point x; € X such that
e,{’; (xx) € U. Since U is an arbitrary neighborhood of v, we can choose x; such that

lim ehf’k‘ (xx) = v.
k—o00
However, note that for a large k, the map f is close to the map f so the measure e,{i (x) is
close to f (e,{’k‘ (x%). So, we have
lim dy (et (xi). fleit (42))) = 0,
k—o00
which, together with the continuity of f,, implies that f,(v) = v and so we are done. []

The set B, depends on the choice of the set of dynamics A in which we are allowed
to perturb the map f. If A is replaced by a larger set of maps, then we may have more
elements in M (M (X)) toward which f statistically bifurcates. In this appendix, we will
show the following theorem.

THEOREM E. Suppose X is a compact metric space, endowed with a reference probability
measure |, and A is a set of continuous self-mappings of X, endowed with a topology finer
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than C° topology. Then, for Baire generic maps f € A, we have
Bp j = acc({é] }n).

Remark B.10. Theorem E is the counterpart of Theorem B in the version of convergence
in law.

We will prove this theorem later. Let us recall some definitions that we need in the rest
of this section. Let X and Y be two topological spaces with ¥ compact. Denote the set of
all compact subsets of Y by C(Y).

Definition B.11. A map ¢ : X — C(Y) is called lower semi-continuous if for any x € X
and any V open subset of ¥ with ¢(x) NV # @, there is a neighborhood U of x such
that for any y € U, the intersection ¢ (y) NV is non-empty. The map ¢ is called upper
semi-continuous if, for any x € X and any V open subset of Y with ¢ (x) C V, there is a
neighborhood U of x such that for any y € U, the set ¢ (y) is contained in V. Finally, ¢ is
called continuous at x if it is both upper and lower semi-continuous at x.

We also recall the following theorem of Fort [22] which generalizes the well-known
theorem about real-valued semi-continuous maps to the set-valued semi-continuous maps.

THEOREM (Fort). For any Baire topological space X and compact topological space Y,
the set of continuity points of a semi-continuous map from X to C(Y) is a Baire generic
subset of X.

We recall the following fact on the semi-continuity property of the map sending the
dynamics to its set of invariant probability measures.

LEMMA B.12. The map sending f € A to its set of invariant probability measures is upper
semi-continuous.

We recall that by Lemma B.7, the set B, s is compact. We can ask about the dependence
of the set By, on the map f. The following lemma shows that this dependency is
semi-continuous.

LEMMA B.13. The map sending f € A to the set By is upper semi-continuous.

For the proof, see [41, Lemma 1.10].

To each map, f € A, one can associate the set of accumulation points of the sequence
{:(f)}nen, which is a compact subset of M|(M(X)). This map is neither upper
semi-continuous nor lower semi-continuous. However, if we add the points of this
sequence to its accumulation points and consider the map sending f € A to the closure
{e.(f) | n € N}, we obtain a semi-continuous map.

LEMMA B.14. The map £ : A — C(M (M (X))) defined as
E(f) :={en(f) | n e N}

is lower semi-continuous.
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For the proof, see [41, Lemma 1.11].
The following lemma is an interesting consequence of Lemma B.14 that shows how the
set £(f) depends on the dynamics f.

LEMMA B.15. A Baire generic map f € A is a continuity point for the map &.

This lemma gives a view to the statistical behaviors of generic maps in any Baire space
of dynamics: for a generic map, the statistical behavior that can be observed for times close
to infinity cannot be changed dramatically by small perturbations.

Proof. Using Lemma B.14, this is a direct consequence of Fort’s theorem. O

Now, we are ready to prove Theorem E. This theorem reveals how two notions of
statistical instability in law and non-statistical maps in law are connected. There is another
proof of this theorem which is communicated by Pierre Berger that can be found in [41,
Theorem 1.14].

Proof of Theorem E. Take a generic map f from the main lemma above. By Remark B.6,
acc({é,{}n) C Ba,f. So, if Bp,y has only one element, since acc({é,{}n) is non-empty,
the equality holds. Now, suppose that B ¢ has more than one element. For the sake of
contradiction, suppose there is a measure D € By that is not in acc({é,{ }n). Then, there

is a number n € N such that D = é,f, and é',’: is an isolated point of the sequence {é,{ bn.
Recalling that for generic f we have Bj y C £(f), we can conclude that B s can be
written as a union of two disjoint and non-empty closed sets:

Bas = (&1} Uer)".
This is contrary to the connectedness of the set B, . O

Consider all invariant measures v that the map f statistically bifurcates toward Spu. We
denote these measures by M, which are defined more precisely as

Mas={veMi(X)|8, €Bay).

THEOREM B.16. Let A be a Baire space of self-mappings of X endowed with a topology
finer than CP-topology. For a Baire generic map f € A, the empirical measures of ji
almost every point x € X, accumulate to each measure in My ¢, or in other words,

for p-almost every x € X, My C acc({e,{ (X)) }neN)- (B.1)

For the proof, see [41, Theorem 1.16].

If one can find any information about the set M ¢ for a generic map f in A, then
by Theorem B.16, we can translate this information to information about the statistical
behavior of p-almost every point for a generic subset of maps.

The following lemma shows how the set M5 ¢ depends on the map f.

LEMMA B.17. The map sending f € A to the set My, y is upper semi-continuous.

For the proof, see [41, Lemma 1.16].
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Now, let us see what is the consequence of this lemma and Theorem B.16 when we
know the maps in a dense subset bifurcate toward each Dirac mass at an invariant measure.

PROPOSITION B.18. (Maximal oscillation) If there is D C A dense such that any map
f € D bifurcates toward the Dirac mass at each invariant measure through perturbations
in A, orin other words, My = M (f), then a generic f € A has maximal oscillation.

For the proof, see [41, Proposition 1.19].

C. Appendix. Comparison between different versions

In this section, we compare different versions of defining statistical instability and
non-statistical dynamics and show how they are related. The first proposition describes
the relation between different versions of defining non-statistical maps.

PROPOSITION C.1. Suppose f : X — X is a continuous map of a compact metric space.
() Iffis non-statistical in law, then it is L' non-statistical.
(i) Iffis L' non-statistical, then it is non-statistical.

Proof. (i) Letf be non-statistical in law. So by definition, the sequence {é,(f) = (e',’: YsIn
is not convergent. We recall that

D = [ 8,7, duto,

where ge/(x) € M1(M(X)) is the Dirac mass supported on the point e,{ (x) € M (X).

Suppose to the contrary that f is not L! non-statistical. So, the sequence of maps {e,{ :
X — M (X)} is convergent in the L' topology. Let us call the limit point of this sequence
by ego. Now, we show that (e,{ )« L converges to (ego)*,u, which is a contradiction. For
simplicity, we denote (e‘,f )« by v, and (ego)*pc by vso. We recall that

du(e, ) d(e, €),

dAw(Un, Voo) = min /
E€m(Vn.vo0) J M (X)x My (X)

where 7 (v, Voo) is the set of all probability measures on M (X) x M (X) that projects
to v, and v, under the projections to the first and second coordinate, respectively. Consider
the following element of &,,:

Sn 1= /X B el o) el THE)-

We have

G (v Vo) < / due, &) dEn(e, &),
M(X)xM(X)

However,

/ du(e, ) den(e, ') = f du(e] (), el (x) du = dps (el o).
M (X)xM(X) X

So, we obtain c?w(vn, Voo) S dj1 (e,{ , ego), which implies that v, is converging to v, and
is a contradiction.
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(i) Let f be L' non-statistical. We show that f is non-statistical and so the maps
f : X - Mj(X) do not converge almost surely. By contrast, suppose the maps e,{ :
X — ./\/ll(X) converge almost surely to a map ef : X - M(X). Hence, the map
dy (e,{ O, eoo(.)) : X — R converges to zero almost surely and by dominated convergence

theorem, we obtain that
(el ely) = / dy(e (x), elo(x)) dpu(x) > 0 (n — o0),
X

which is a contradiction. O

We would like to announce here the existence of examples of maps that are L' statistical
but non-statistical and the maps that are statistical in law but L' non-statistical. These
examples could be constructed on S! x A, where A is the closed annulus, using the
Anosov-Katok method and similar ideas described in §5.

The next proposition shows that the same hierarchy holds for different versions of
defining statistically unstable maps.

PROPOSITION C.2. Suppose A is a set of continuous self-mappings of a compact metric
space X. The following hold true.

() If f € A is statistically unstable in law, then it is L' statistically unstable.

(i) If f € A is L statistically unstable, then it is statistically unstable.

Proof. (i) If f is statistically unstable in law, then by definition, there are at least two
different elements vy and Dy in M (M (X)) toward which f statistically bifurcates. This
means that there are two sequences of maps { fkl}k and { sz}k converging to f, and two
sequences of positive integers {n,lc}k and {n,%}k converging to infinity such that

lim ¢ 1(fk) =9, lim é,(f2) = D
k—o0 Tk

k— o0

Now, in contrast, suppose fis L' statistically stable. So, the sequences {e ’1‘ X —

M (X)} and {e 2 : X — M (X)}; both converge to a map ef : X - M(X) in the L!
topology. Using the same arguments in the proof of part (i) in the previous proposition, we

conclude that both sequences { (e ! )« M} and {(e 2 )* W}k converge to (eoo)* . Hence, we

have V] = 1, = (eoo)* 1, and since Dy and D, were distinct elements M (M (X)), this is
a contradiction.

(i1) Suppose f is not statistically stable, so there is a map e({o : X > M (X) such
that for any sequence { fx}x converging to f and any sequence of natural numbers {ny }x

converging to infinity, the sequence of maps {e/ £ X — Mj(X)}x converge almost surely

to the map e({o. Using the dominated convergence theorem, we conclude the convergence
of this sequence in the L' topology to the map ego and, hence, f cannot be L! statistically

unstable. O]
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