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Abstract

We present an example of an entire function with a Baker domain such that the comple-
ment of the set of singular values of the function contains annuli of arbitrarily large width.
This is the first known example of a function with this property.

1. Background

Let f be a meromorphic function which is not rational of degree one and denote by
f", n €N, the nth iterate of f. The Fatou set, F(f), is defined to be the set of points, z € C,
such that the sequence (f"),cn is well-defined, meromorphic and forms a normal family
in some neighbourhood of z. The complement, J(f), of F(f) is called the Julia set of f.
An introduction to the properties of these sets can be found in, for example, [3] for rational
functions and in [4] and [7] for transcendental meromorphic functions.

The set F(f) is completely invariant so for any component U of F(f) there exists, for
each n e N, a component U, of F(f) such that f*(U) C U,.If U,=U for some minimal
p €N, then we say that U is a periodic component of period p. There are five possible types
of periodic components; (see [4, theorem 6]). In particular U is called a Baker domain if
there exists zo € dU such that f"’(z) — zp asn — oo, for ze U, where f?(zy) is not
defined. In this case, there is at least one component U, 1 < k < p, with the property
that f*”(z) — oo asn — oo for z € Uy. If U is a Baker domain of a transcendental entire
function f, then f"(z) — oo asn — oo for z € U and, moreover, U is simply connected
(see [1, theorem 5]).

For p e N, we denote by sing(f~") the set of finite singularities of f~7; that is, the set
of points w € C such that some branch of f~7 cannot be analytically continued through w.
The set sing(f~") consists of the critical values and finite asymptotic values of f, and we
refer to these points as singular values of f.

In [2] Bargmann proved the following result.

THEOREM 1. Let f be an entire function with an invariant Baker domain. Then there
exist constants C > 1 and ro > 0 such that:

{z:7/C < |zl < Cr}Nsing(f™Y £ &, forr >ro. (1-1)
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In [8] Rippon and Stallard generalized this result to meromorphic functions that have
a finite number of poles and a p-cycle of Baker domains, with sing(f~!) replaced by
sing(f~").

It is natural to ask if condition (1-1) of Theorem 1 is sharp. Many known examples of
functions satisfying the hypotheses of Theorem 1 have the property that sing(f~!) meets
every annulus of some uniform width. For example f(z) =z + ¢~ * 4+ 1 has an invari-
ant Baker domain with no finite asymptotic values and critical points {2nmi : n € Z} so
sing(f H)={2nmwi +2:neZ}.

In this paper, we give an example of a transcendental entire function with a Baker domain
such that C\sing(f~!) contains a sequence of annuli whose widths tend to co. This is the
first example shown to have this property.

We consider the function

sin \/z
NG +c (1-2)

where c is a positive constant. In [1] Baker proved that f has an invariant Baker domain for
all ¢ sufficiently large. He gave this example in relation to the question of whether functions
of order at most 1/2, minimal type, can have an unbounded Fatou component.

In this paper, we prove:

f@=z+

THEOREM 2. For the function f defined in (1-2) the set C\sing(f~") contains an infinite
sequence of nested annuli {A,} with A, ={z : a, < |z| < a, + Kn} where {a,} is an
increasing sequence which tends to oo and where K is a positive constant.

Figure 1 presents the result of a computer experiment to estimate the shape of the Julia
set (black) of f with c=6.

For large values of ¢ the function f has a Baker domain that is symmetric about the
real line and which contains the open interval (0, co). For points in the plane near the real
axis and far to the right, the magnitude of sin \/z//z is small and so the function behaves
essentially like z + c. Thus, for ¢ positive, f acts on points with large magnitude and small
argument like a translation to the right.

To identify all the singular values of f, we must consider both finite asymptotic values
and critical values. We begin by considering the finite asymptotic values.

2. Finite asymptotic values of f

First we note that the order of growth of f is 1/2. Therefore, by the Denjoy—Carleman—
Ahlfors theorem (see [5, theorem 5-4], for example) we see that f can have at most one
finite asymptotic value. In fact f has no finite asymptotic values, and we prove this here for
completeness.

THEOREM 3. The function f(z) =z + (sin/z2)/+/Z + ¢ has no finite asymptotic values.

Proof. We claim that if f(z) =z + (sin \/z )/+/z + ¢ has a finite asymptotic value « along
some path y starting at the point 0 and tending to oo then the function ¢ defined as

q(w) = f(w?) 21

also has a finite asymptotic value «.
Indeed we can assume that such a path y is simple by removing any closed curves in y
and replacing them by points (see [6, theorem 4-20]). Then C \ y is simply connected so we
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Approximation to the Julia set of the function f(z) =z+ %‘{ﬂ +6 +0i. Resolution = 1000, TestLength = 200. Run on 21-Aug-2007 18:25:48
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Fig. 1. Julia set of f for c =6.

can define an inverse branch p~! of p(w) = w? which maps C \ y onto a simply connected
domain bounded by a curve consisting of two pre-images of y one of which we denote
y'. Now as w — oo along y’, p(w)=w?— oo along y, so f(w?)=w? + (sinw)/w +
¢ — « as required. Thus, by disproving the existence of finite asymptotic values of g we
can deduce that f also has none. We consider all possible types of paths tending towards
infinity and show that for each type there are no finite asymptotic values of g thus proving
Theorem 3.

Let y be a curve in the w-plane tending to infinity. Then at least one of the following must
occur:

(i) y contains a sequence w, =u, + iv, with |w,| tending to co such that, for some
d>0,|v,| <dforn=1,2,...;
(i) y contains a sequence w, =u, + iv, with |w,| tending to oo such that, for some
d>0,|u,| <dforn=1,2,...;
(iii) for each a >0, b >0, the path y lies eventually outside the set D, ;= {w
[R(w)| <a or |I(w)| < b}.
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In case (i), we have

sin w,
lq ()| = |w} +—= s —

+ C‘ 2 |w,
n
|2

> |w,l* — e /|w,| —c.

Thus |g(w,)] — oo as n — 00, so g does not have a finite asymptotic value along y in this
case.
In case (ii), we have |v,| — oo. Without loss of generality, we assume v,, — 00, s0O

Un —Un
w > — —|w,|* — ¢
lg (w,)| = il 2] [w,|
e’ e U
= - —d*—vl—c
T 2w, 2wyl "
el 1
2————(1’2—1),21—0
2 /d*+v2 2

whenever v, > 1. Thus, the right-hand side certainly tends to infinity as » tends to infinity,
so g does not have a finite asymptotic value along y in this case.

It remains to consider case (iii). In this case we deduce that y lies eventually in one
quadrant. By the symmetry properties of ¢, that is, g(—w)=g(w) and q(w)=q(w),
it is sufficient to assume that y lies in the first quadrant. In this case, we must have
MR(w) — oo and J(w) — 00 as w — oo along y. Also, eventually we have J(w?) > 0. Since
sinw = sinu coshv + i cosu sinh v we deduce that | sin w| — oo and arg(sin w) — 0o as
w — oo along y. Thus the image of y under the sine function is a curve that tends to infin-
ity and winds infinitely often around the point 0. Hence y contains a sequence w, = u, +iv,
tending to infinity (which implies that u, — oo and v,, — 00) such that

arg(sinw,) = % mod 27

so J(g(wy,)) = 3(w5) + J((sinw,)/w,) = 2u,v, — 0o as n — oo. Hence ¢ does not have
a finite asymptotic value along the path y in this case.

Since there are no finite asymptotic values associated with any of the cases (i), (ii) or
(iii), we conclude that g (and thus f too) has no finite asymptotic values so the proof of
Theorem 3 is complete.

Remark 1. In Theorem 3 we introduced the function g. We will use ¢ again in the follow-
ing sections to establish certain additional properties of f.

3. Critical points of f

A critical value of a function is the image of a critical point. Unfortunately it is not possible
to determine the critical points of f precisely. However, we can estimate their locations (and
hence their distribution) with a good level of precision. We will use these estimates to obtain
estimates for the locations of the critical values of the function f.

The critical points of f are the solutions of

V208 \/z —siny/z

2732

=1+ 0. 31
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To estimate their locations we make the substitution w = 4/z, the principal square root, to
obtain the equation

w CcoS w — sin w

1+ ——— =0. 3.2
+ S (3-2)
Dividing by w? and defining
i 1 . 1 )
hw) =w?+ o2 _ T 2w +—w— e, (33)
2 2w 4w 4w

we see that / vanishes precisely at the critical points of the function ¢ defined in (2-1).
Since & is symmetric in the sense that 2(—w) =h(w) and h(w) =h(w), we need only
locate the zeros of 4 in Q ={w : R(w) > 0, T(w) > 0}.
The function

~ |
h(w) = w? + Zef“” (3-4)

is a good approximation to & in Q since h(w) — h(w)=e"/4 + ie'™ /4w — ie ™ /4w
and these three terms are all small in magnitude compared to those of E(w) when R(w) is
positive and J(w) is large. In particular, when J(w) is very large, the zeros of h approximate
those of 2 with considerable precision.

We start by finding the zeros of /i and then show that all but finitely many zeros of A are
close to the zeros of h.

The zeros of 1 in Q satisfy

1 _.
arg (wz) = arg (—Ze“”> 3-5)
and
w?] = |5 (3:6)
4
For w = u +iv € Q, these conditions can be expressed as
2argw = (—u +m) mod 2xw 3-7)
and
2 1 v
lw|” = —e". (3-8)

4

These equations define curves in the w-plane and we see that the zeros of I lie at the inter-
sections of these curves, where both conditions are satisfied simultaneously.
Since arg w = tan~!(v/u), we can write (3-7) as

1 1
Y —tan(=(—u+7)). thatis, v = ucot ( =u ). (3-9)
u 2 2

Therefore we can express the family of curves defined by (3-7) using the parametrisa-
tion o (u) =u + iu cot(u/2), whose image has one connected component for each interval
2nmw <u<2n+2)m,neN.

Next we consider the curve defined by (3-8). This can be written as

(v)—,/i—vz—l—iv
Ya(v) = 1 .
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Fig. 2. The curves y4 and 0.

Figure 2 indicates the geometry of these two curves.
In what follows we will study the properties of ~ and & near to y4. To establish these
properties we define a family of curves

ya(v):”ea_”_v2+iv (3-10)

parametrised by «. As the value of « varies continuously through 4, the curve y, sweeps out
a region of the complex plane containing ;.

Note that if 0 < @ < o', then y, lies to the right of y,,. We proceed by describing certain
other properties of the family y,. We prove

LEMMA 1. Let wo=ugy + ivg € Q with ug> 0 and vy > 2. Then there exists a unique
ap > 0 such that wy lies on the curve y,, and R(yy,) is strictly increasing with v on a max-
imal interval of the form [v,, 00), such that vy > vy, = 2. If vy, > 2, then y,, meets the
imaginary axis (at ivg,).

Proof. We have u§+vj > 0, so there exists a unique o such that org (1 + vg) = e™. Thus

€ v
u=— —v:, souy=, — —vi. 3-11)
0 o 0
(&4 oo

Hence wy lies on the graph

U= P () = | & 2 (3-12)
) o
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and, since the inequality e™ /g — v2 > 0 is strict, this graph exists for values of v that include
an open neighbourhood of vy. Now eV /v? is strictly increasing for v > 2, so

v v
e e
— —v? =12 2—1
(o4 ()%

is strictly increasing on any interval where e'/(aov?) — 1> 0 in [2, c0). Thus the graph
u = Y4, (v) exists and is strictly increasing on a maximal interval of the form [v,,, 00) such
that vy > v,, > 2. The final statement holds because if v,, > 2, then Y, (vy,) = 0.

It is straightforward to check that vy & 4.3 > 2, so the curve y, meets the imaginary axis.
From the form of the curves defined in (3-8) and (3-9), we conclude that the zeros of h
in Q all lie on the curve y, and so, for each n >0, there is one zero, w, say, in the set
{w: 2nm <R(w) <2nm + 27} with

R(W,) — 2nwT —> T asn —> 00. (3-13)

Now we fix ¢ such that 0 < ¢ < /4. It follows from (3-13) that there exists Ny € N such
that

2n+Dr —e <RW,) < 2n+ D+, foralln > N,. (3-14)

In the remainder of this section we will show that there exists N € N such that, for all

n > N, exactly one zero of £ (a critical point of ¢) lies in a small neighbourhood of @, and

that there are only finitely many other zeros of A.
We define the following three regions.

E'={w:we Q,I(w) <b}, whereb >0, (3-15)
Ey={w:weQ,|w| <r}, wherer >0, (3-16)

and
Es={w:wey,(v),4d—ec<a<d+ev >} (3-17)

These three regions are indicated in Figure 3.
We begin by proving:

LEMMA 2. There exist constants v,,;,, Ry > 0 such that there are no zeros of h in D = Q\
(EV U EX U Es).

Proof. From Lemma 1, we see that whenever # > 0 and v > 2, there exists a unique «
such that w =u +iv € y,.

We now define the following sets, using the function v, defined in (3-12) with ¢ replaced
by4+¢cand4 —¢:

A={w=u+ive Q:u <Py, (V),v > v4i,}
and

B={w=u+ive Q:u> vy (v),v> v4_}
so that when v,,;, > v4_, we have D ¢ AU B.
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Fig. 3. The three regions Eq, E5 and E3.

Let we A, so w €y, where a >4 + ¢. To show that 2(w) £0 it is sufficient (from the
definition of 4 in (3-3)) to show that

1|7iw| | |2 171)_'_ 7v+ 1 v
—le —|w|" > -e —e —e".
4 4 4|w| 4|w|
Using the substitution |w|> = e”/a we see that this inequality is equivalent to
llvl_v+1_v+1v
———]e' > -e —e —e".
4 o 4 4 w| 4lw|
Now « > 4 + ¢, so whenever |w| > max{1, 2(4+¢)/e}, we see that it is sufficient to show
that
€ eZv
2(4+¢)
Taking logs, we see that the inequality is true, and so 2(w) = 0, provided that v > (1/2) In
(44 +e)/e).

Now suppose w € B. Then w € y,, where @ < 4—¢. By a similar manipulation as above we
obtain the result that 2 (w) & 0 whenever v > (1/2) In(4(4 — ¢)/¢) and |w| > max{1, 2(4 —

g)/e}.
Since ¢ < m/4 we have 1 < 2(4 + ¢)/e. Thus by taking Ry =2(4 + ¢)/e and
Upin = max{vs_, (1/2) In(4(4 + €)/¢)} we see that the proof is complete.

LEMMA 3. There exists uy;, > 0 such that there are no zeros of h in {w : 0 < J(w) <
Unmins %(U)) 2 umin}'

Proof. From the definition of & in (3-3) we have

, 1 1 1 1
hw)| = wl* — = [1+ — ) — =" [ 1+ —). (3-18)
4 lw|) 4 lw]
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Cn+l)r-¢  (QCn+l)r  (2n+l)r+s u
Fig. 4. Geometry of I'j;.

Now, whenever |w| > 1 we have (1 + 1/|w]) < 2 so,

1 1
|h(w)] > |w]* — 5e—v - 5ev > |wl>—e’, forwe Q.

If 0 < v < Upin, we deduce that |h(w)| = |w|* — e’. Thus h(w) £ 0 whenever
lw|* = u® + v? > e, (3-19)
So, it is sufficient to take u,,;, = max{1, e"n/2}.

We now show that for all  sufficiently large there is exactly one zero, w, say, of & in Q
located close to each zero @, of 7. We do this by using Rouché’s Theorem.

To apply Rouché’s Theorem near w,, we construct a closed curve I',, surrounding w, on
which |5(w) — h(w)| < |ﬁ(w)| holds, so % also has exactly one zero inside I[',.

By (3-3) and (3-4) we see that it is sufficient to construct a curve I', such that for all
w € I', we have

1 .
2 —miw
w” + 46‘ .

-V —v v

+—e +—e <
4 4wl 4wl

(3:20)

Definition 1. Let T, be the closed bounded curve determined by the four unbounded
curves

u=2nTt+m+e Vi U=2nm+m—¢e and Y4,

and let T}, '2, "2 and I'? be the parts of I, lying on the above four curves respectively; see

Figure 4. Note that, by (3-14), 7 has exactly one zero, Ww,, inside I',, whenever n > Nj.

First we check (3-:20) on T}
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LEMMA 4. There exists M| € N such that whenever n > M, the inequality (3-20) holds
onT).

Proof. Forallw €T}, we have Rw = (2n+ 1)7 + ¢ and Jw > 0, so arg(e " /4) =7 —¢
and J(w?) > 0. Thus

2 1 —iw ~ 1 —iw 1 v o 1
>J(lw —I—Ze >TJ| -e :Ze sing, forwel,.

w2+ lefiw
4 4

Thus it is sufficient to show that if n is large enough and w € T'}, then
1 1

1
—e '+ —e '+ —¢" < —€'sing;
4 4w 4|w| 4

. 1 . 1 )
thatis, | 1+ — ) < {sine — — ) e".
lw| |w]

This inequality is certainly true if |w| > max{1, 2/ sin e} and 4 < " sin &. We can arrange
for these two conditions to be true for all w € I'! and all n > M; by choosing M; large
enough, and this completes the proof.

Next we check (3-20) on T'2.

LEMMA 5. There exists M3 € N such that whenever n > M3, the inequality (3-20) holds
on T3,

Proof. Let w € I'}. We consider the term on the right-hand side of (3-20) and we derive
a lower bound expressed in terms of an exponential only. First note that, for all w € '} we

have Rw = 2n + 1) — ¢, so
|
2 .l <__e—lw _ w2>
4

= le” sing — |w2| sin(arg(w?
=1 g(w?)).

1
2 —,miw
w” + 4e

1 .
— __e—lw _ w2
4

We deduce from the definition of y4.. (equation (3-10)) that max{arg(w?) : w € I'}} tends
to zero from above as n — oo. Thus there exists N; € N such that arg(w?) < &/2 whenever
w e foralln > Nj. So, whenever n > N, we have

2 1 —iw 1 v oL 2 €
w”+ —e > —e"sing — |w|”sin —.
4 4 2
Now whenever 0 < ¢ < /4, we have cos(e/2) > 9/10 so sin(e) > (9/5) sin(e/2), and
hence
2+1 —iw > e’ 5|LU|2 .
w’+ —e — = sine.
4 “\4 9
Next, since w € y, for some @ > 4 — ¢, we have
w < ——.
4—c¢
o}
2+1 —iw > 1 5 v .
w4+ —e - — —— | e’sine.
4 “\4 94 -9
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Since 0 < ¢ < 1 we deduce that

1 .
2 —iw
w” + —

4e

Using the same re-arrangements as in Lemma 4 we deduce that it is sufficient to show that

1 sine 1 ) 3
I+ — ) <|———)¢", foralweTl,.
|w] 5 |w]

This inequality is certainly true if |w| > max{1, 10/ sin e} and 20 < e* sins. We can ar-
range for these two conditions to be true for all w € '} and all n > N, by choosing N, large
enough. Then, taking M3 = max{N,, N,}, the proof is complete.

1 5 . | 3
2| - — = )e'sine > —e"sine, forwel;.
4 27 20

Finally we check (3-20) on y4,, and y4_,.

LEMMA 6. There exists R, > 0 such that the inequality (3-20) holds for all w in y,_, U
Vare Such that |w| > R;.

Proof. On y4,, and y,_, we have |w|*> =e"/(4 + ¢) and |w|* =e"/(4 — &) respectively.
Substituting for |w|?, we can estimate the right-hand side of (3-20) by

1 . £

w? + Ze*“” > me”, for w € vy,
and
w? + 1e‘“” > Le”, forw € y4_,.
4 44 —¢)
Thus, when |w| > max{1, 2(4 + ¢)/¢}, inequality (3-20) holds as long as
2 < ﬁezv onys,, and 2 < ﬁezv on y4_,,

that is,
1 1 1 1
v > 3 In(4(4 +¢)) — 3 Ine =c¢;onyy . and v > 3 In(4(4 —¢)) — 3 Ine=c,onyy .

From the form of the curves y, it is clear that there exists some R, > max{1, 2(4+¢)/e} such
that v > max{c,, ¢;} for w € y4_, U y4,, whenever |w| > R,. Thus the proof is complete.

It follows from Lemmas 4, 5 and 6 that there is exactly one zero of & in I, for each
n> max{NO, Ml, R2/27T, M3}

To show that there are no other zeros of i near y, we note that equation (3-20) holds on
the closed curve defined by F},, Fsﬂ, v4_e and 4, for all n > max{Ny, M, R,/2m, M3}.
Since there are no zeros of /1 in the interior of this closed curve, by Rouché’s Theorem, there
are no zeros of & there either. Thus, we have proved

THEOREM 4. There exists N € N such that T, contains exactly one critical point w, of q
foralln > N. There are only finitely many other critical points of q.

4. Distribution of the Critical Values of f

In this section we complete the proof of Theorem 2 by estimating the positions of the
critical values of f. Since the non-zero critical values of the function ¢ as defined in (2-1)
are equal to the critical values of f, it is sufficient to work with g.
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In Theorem 4 we only address the critical points of ¢ in Q. For each critical point w in Q
there are three additional corresponding critical points contained in the other three quadrants
which are given by —w, w and —w. The corresponding critical values are q(—w) =g (w)
and ¢ (+w) = g (w). Therefore, to prove Theorem 2 it is sufficient to obtain estimates of the
images of the critical points lying in Q.

We proceed by obtaining an asymptotic formula for the positions of the points
q(w,) where w, =u, + iv, is as defined in Theorem 4. From the definition of g, we
have

q(w,) =w? + (e —e™) +c

2iw,

2 —_ —vy iU vy ,—ilt
=w,+ ———w, (e e —ere ")+
20w, |? ”( )

w, e™ . w, e .
=w — — se '+ — e +c.
20 |w,| 20 |w,|

Since v, — 00 as n — 00, we have

—
, W, e”

- — e 4+ O(l)asn —> oo.
20 w,l? &

q(wn) =w

Since w,, lies inside I",,, we can write

q(w,) = wﬁ — %ane_i"” + 0(1) = wﬁ — %ane_ie” + O(1) asn —> o0, 41
i i

where |, — 4| <¢ and u, = (2n + 1) + 6, for some 0, satisfying |6,| < e.

Now we can estimate the sizes of a family of annuli centred at the origin which contain no
critical values of ¢g. We do this by estimating the difference between the modulii of adjacent
critical values as n gets large.

We begin with the following two results.

LEMMA 7. Foreachn > N, let w, =u, + iv, be as defined in Theorem 4 and let v, be
such that W, = u, + iv, € y4. Then, for all sufficiently large n, |v, —v,| < &.

Proof. Let w=u + iv be any point inside ', and let W =u + iV € y, as indicated in
Figure 5. We show that if n is sufficiently large, then the point w™ =u + i (v + ¢) lies above
the curve Y44, and the point w™ =u + i (v — ¢) lies below the curve y;_,.

Since v + € > 2, it follows from Lemma 1 that there exists a unique « such that w* € y,,.
It is sufficient to show that o > 4 + ¢.

Since w lies in Y, we can write

eﬁ+s

o = = —
lwr]2  u?+70%+ 2ve + &2

eve’

e’ﬁ es(u2_|_i]\2) 4 et
T\ 4+ )\ 02+ 20+ 62 ) 20+¢
1+¢
u? 472
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<%
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|
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Fig. 5. The points wy, and @, from Lemma 7.

So it is sufficient to show that
&

e l+8
— > -,
1+ 20+ ¢ 4
£
u? + 2

Now e > 1 + ¢ and, for large n, we have (20 + ¢)/(u*> + %) <1/2 so

e’ 14¢ - & 1+e
— > = - > =,

l+e 2v+¢ 1+ 5 24+¢ 4
u? + 02

as required. Note that in the last inequality we have used the fact that ¢ < /4. A similar
argument shows that w™ lies on y,, for some « satisfying ¢ <4 — ¢.

Since w € I',, was chosen arbitrarily, and since w, lies inside I',,, we see that the proof is
complete.

LEMMA 8. For eachn> N, let w, =u, +iv, be as defined in Theorem 4. Then |v,| =
o(lu,|) as n — oo.

Proof. Let w=u + iv € E;. Then there exists some « satisfying |@ — 4| < & such that

W € Yy Thus
[v] v 1
e — Qasv — o0. 4-2)
|ul Jverja —v? ‘\/(e”/(owz)— 1)

Since w, € E; foreachn > N, and v, — 00 as n — 00, the result follows.
We are now in a position to estimate the difference between the modulii of adjacent critical
values. Using (4-1) we can write

an+l
2

g Wai)] = [wap|* = [Wni1] + O(1) asn —> o0
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and

g < lw, > + 2 |wn| + O(1)asn —> oo.
Combining these estimates we have

Qpp |

lg(W, )] = |qg(W)| = [wap|* — [w,]* — 5

Wyyt| — %'wnl + O(l)asn —> o0.
4-3)

Now, since «,, < 4 + ¢ for all n > N, we deduce from (4-3) that

44¢
g Wi D] = 1g )| = [was]* = [w,l* = ——(wup1 | + [w,]) + O(1)
2

4
> (ol = w,* = (24 5 ) (wnatl + [wn) + 01 asn — oc,
(44)

where we have used the fact that ¢ < /4.

Now we consider the expression |w,1|*> — |w,|?

in (4-4) above. Multiplying out, we have

2 2
|wn+l| - |wn| n+1 + vn+1 u, —v,

=(un 1 —uz) + (v — v3)
:(un-H - un)(un-H + un) + (vn+l - vn)(vn-H + vn)'

Since w,, is in the interior of [, we have 2n7 + 37 /4 <u, <2nmw + 57 /4, so

) , 3w 37 37
[Wpi1]” — [wy] 27 (2n+2)n+7+2nn+7 + (g1 — V) (Vg1 + v,)

,  2lx?
= (6nm” + 4 + (vn+l - Un)(vn-H + vn)-

Now by Lemma 7, since U, > U,, we have v, — v, > —2¢ > —x/2, s0

2172 b
|wn+1|2 - |wn|2 2 (6’17[2 + 4 ) - E(Un-&-l + vn)-

Since v, = o(|u,|) as n — oo by Lemma 8, and since u,, v, > 0 for all n, we deduce that

for all sufficiently large n we have v, < 2u, /73, so

T2 ( tu) 4n + 9

—— (uy Uy < —+ —

273 21’

where we have used the facts that ¢ < /4 and u,, <2nmw + 571/4. So, for large n,
2172 4n 9

T 2

T st + )
— (v, V) <
2 +1

2 2 2
|wn+l| _|wn| 267’17‘[ +

Substituting this estimate for |w,4|*> — |w,|? into (4-4) we have

4n
gl = lg@wn)| > 6n7® = = — (24 ) (wya] + lw,)) + O(1) as n —> oc.
*5)
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Now we consider the |w,.| + |w,| term. Since |w,| < u, + v, and since v, =o0(u,) by

Lemma 8, we can write |w,| < u,(1 + o(1)) as n — oo. Thus

(2+ %) (el + ) < (2+ %) (tns1 + 1) (1 + (1))

9
<(2+ %) (4nn + 7”) (1 +o(1))

=n(87 +7%/2) + o(n) as n — oo.
Substituting this estimate into (4-5), we obtain

4n 2
g (was)] = lg(wy)| = 6nm* — — — 8w — == —om)

2
:n(“” —i—8n>—o(n)
T

2

> Knasn — o0

for some positive constant K. The proof of Theorem 2 can now be completed by taking
a, = |q(w,)| for all n sufficiently large.
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