Ergod. Th. & Dynam. Sys. (2009), 29, 1327-1347 (© 2009 Cambridge University Press
doi:10.1017/S0143385708000667 Printed in the United Kingdom

Entropy production at weak Gibbs measures and
a generalized variational principle

MICHIKO YURI

Department of Mathematics, Graduate School of Science, Hokkaido University, Kita 10,
Nishi 8, Kita-ku, Sapporo 060-0810, Japan
(e-mail: yuri@math.sci.hokudai.ac.jp)

(Received 31 May 2007 and accepted in revised form 25 June 2008)

Abstract. We consider piecewise invertible systems exhibiting intermittency and establish a
generalized variational principle adapted to a non-stationary process in the following sense;
the supremum is attained by non-singular (not necessarily invariant) probability measures
and if the system exhibits hyperbolicity, then it reduces to the usual variational principle
for the pressure. Our method relies on Ruelle’s program in the study of non-equilibrium
statistical mechanics to analyze dissipative phenomena. We show non-positivity of entropy
production at weak Gibbs measures and clarify when it indeed vanishes. We also discuss a
generalized variational principle in the context of o -finite invariant measures.

1. Introduction

In the study of non-equilibrium statistical mechanics, Ruelle introduced the concept of
entropy production to explain irreversibility on the basis of microscopic dynamics and
to give quantitative prediction for dissipative phenomena. In his program, invertible time
evolution that does not preserve any smooth measure was considered [R1, R2, GR]. In this
paper, we take the first step towards placing these approaches in a more general framework.
We are concerned with dissipative phenomena observed in complex systems exhibiting
intermittency. More specifically, we consider a non-stationary non-invertible process of
which statistical laws are determined by either (bi-)non-singular probability measures or
o -finite infinite invariant measures. Let (X, d) be a complete separable metric space and
let F be the o-algebra of subsets of X generated by the collection of open sets. We consider
piecewise invertible systems (7, X, QO = {X;}ier) (see the definition in §3) and (bi-)non-
singular probability measures m on (X, F) with respect to 7. Let £, be the transfer
operator associated with m. Then we define

1
er(m) :=lim sup — / log £ 10 T"(x) dm(x),
X

n—oco N

which is called the asymptotic averaged entropy production of T at m.
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The main purpose of this article is to show the following facts.

(1) If er(m) at m is non-zero, then there is a gap between the next two generalized
entropies:

n—oo

Tom (T, Q) 1= lim sup — Lh, (\/T kQ)

and

N 1
h (T, :=limsup — . Tk
(T, ©) i=lim sup /X (\/ 0

(2) At a weak Gibbs measure m, e (m) is non-positive. We give a sufficient condition
for e (m) being zero.

(3) For a given potential ¢, we introduce a generalized pressure GP7(¢) in the context
of non-singular probability measures. Then we establish a generalized variational
principle for GP7(¢). Moreover, we clarify when it can be reduced to the usual one
for the pressure Pr(¢) in the framework of invariant probability measures. This
allows us to obtain naturally a weaker notion of equilibrium state for ¢. More
specifically, we answer the following questions.

Question (A). When does Pr(¢) < GP7(¢) hold?

Question (B). When does the equality Pr(¢) = GPr(¢) hold? In this case, does the
usual equilibrium state for ¢ attain GP7(¢)?

\/ T kQ) (x) dm(x).

k=n

We should remark that e7(m) = 0 if m is T-invariant. Even if m is not T -invariant,
er (m) vanishes if {log £ 1(x)},>1 is uniformly bounded. This property fails typically in
case that the potential ¢ =log(dm/d(m o T)) admits an indifferent periodic point. As
we will see in §5, our results can apply to various types of intermittent systems. In
particular, we have a complete answer to Questions (A) and (B) if the second moment of
the stopping time over a hyperbolic region is finite. We should remark that this phenomena
is observed for another type of non-hyperbolic maps (unimodal and multimodal maps) for
which the usual variational principle can be established (see [PS1, PS2, PZ]). Finally, we
can verify that as long as we restrict our attention to uniformly expanding Markov systems
and potentials of summable variations there is no difference between our generalized
variational principle and the usual variational principle for the pressure.

The paper is organized as follows. In §2, we introduce definitions of generalized
entropies for non-singular transformations. In §3, we collect fundamental results
for piecewise invertible sofic systems which play important roles in establishing our
main results in §4. In particular, we give sufficient conditions for (bi-)non-singular
probability measures satisfying the weak Gibbs property [Y4] and a formula of conditional
probabilities that allows one to establish the Dobrushin—Lanford—Ruelle equations
[MRTMYV, Y8]. In §5, we apply our results to intermittent systems and establish a
generalized variational principle in the context of o-finite invariant measures. All proofs
of the results in §§3-5 are postponed to §6.
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2. Generalized entropies for non-singular transformations

Let (X, d) be a complete separable metric space and let F be the o -algebra of subsets of X
generated by the collection of open sets. Here (X, F) is called a standard Borel space. Let
m be a Borel probability measure on the standard Borel space (X, F). We call (X, F, m)
a standard probability space. We consider a (bi-)non-singular transformation 7' of the
standard probability space (X, F, m), (i.e. mo T ! ~m). Suppose that Q = {X;}ies
is a measurable disjoint countable partition of X. The information function of Q 1is
defined by 7,,(Q)(x) := — ) ;; log m(X;)1x,; (x) (where 0 log 0 := 0) and the entropy of
the partition Q is defined by H,,(Q) := fX 1,,(Q)(x) dm(x). We use the notation

n—1

Xi, i, ._ﬂT kX,kHe\/T 20)

which is called a cylinder of rank n (with respect to T').

Definition. The generalized entropy of T on (X, F, m) with respect to Q = {Xi}ie; 1is
defined by

him(T, O) = lim sup H <\/T kQ)

n—o0

(= lim sup / (— Liogm(xi, s, (x))> dm(x)),
n—oo JX n

where X;, ;. (x) denotes the unique cylinder of rank n containing x.

When m is T-invariant, f,, (T, Q) just coincides with the entropy 4, (T, Q) of T with
respect to Q. We also introduce another description of the entropy of a (bi-)non-singular
transformation in terms of the conditional information. In order to simplify the notation, if
P is a sub-o -algebra of F generated by elements of a partition P, then 7, (Q | P) denotes
the conditional information of Q given ‘P defined by

In(Q | P)(x) =— Z log m(X; | P)(x)1x; (x).

iel
Definition. The generalized conditional entropy of T on (X, F, m) with respect to
0 ={Xi}ier is defined by

hw(T, Q) :=1imsup1/ <\/T ko
X

n—oo N k=0

(_hmsupnle ( 770

In particular, if m is T-invariant and satisfies H,,(Q) < oo, then fzm (T, Q) coincides
with the next description of %, (T, Q) in terms of conditional information,

Hm<Q ]SZT_kQ>=Llnz<Q

\/ T~ Q) (x) dm(x)

k=

\/ T~ Q> dm(x)>.

I=k+1

—k

) (x)dm(x).
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3. Weak Gibbs measures for piecewise invertible systems

We consider a measurable countable disjoint partition Q = {X;};c; of X which satisfies

cl(UieI int X;)=X and cl(int X;) D X; if int X; 2#@. Let T be a non-invertible

transformation of X satisfying the following conditions.

€D Uiey int X; C T Uy int Xi) and T(Uspy x, = X1) € Uing x,20 Xi3

(C2) (local invertibility) T'|x, is one-to-one for every X; € O, and for X; € Q with
int X; #9, Tlint x; : int X; — T (int X;) is a homeomorphism; moreover (7 [ine X,.)_1
is extended to a homeomorphism v; : ¢l T'(int X;) — clint X;;

(C3) (T-generator condition) \/20:0 T~" Q = € (the partition into points).

We call (T, X, Q) a piecewise invertible system. We remark that for every

Xiyiy = zo T~ Xy, with int X;, i, #0, T"|x, , : Xiy.iy > T"Xi,_i, is one-

to-one.  Moreover, T"|inx vint X;, ; — T"(int X;, ;) is a homeomorphism

and (T"|int X,.lmin)’1 is extended to a homeomorphism v;, ;, :=v;; 0v,, 0 -0V;, :

cl T"(int X;,  ;,) = clint X;, ;,. For every n>1 we define A, :={(@1...i,) €l"|

int X;, i, #9} and U™ = {T"(int Xiy.i) I Y1 ... ip) € Ay}, We use the notation

U :=J,~, U™. Then we have the following.

i].in

LEMMA 3.1. We have |y U =Uyey U-

Suppose that the next condition is satisfied.

Finite range structure (FRS). The set U is a finite set.

Then (T, X, Q) provides nice (countable) symbolic dynamics similar to sofic shifts
(see [Y1, Y2]). Therefore, we call (T, X, Q) satisfying the FRS condition a sofic system.
If Tint X; Nint X; # ¢ implies T int X; D int X ;, then U =UD and the (T, X, Q) is
called a Markov system. In particular, if U consists of a single element, then (7, X, Q)
is called a Bernoulli system. We also call X; € Q with T (int X;) = Jy ¢y U a Bernoulli
cylinder. Here N7 (X) denotes the set of all (bi-)non-singular probability measures with
respect to T and M7 (X) denotes the set of all T-invariant probability measures. Then
Mr(X) C N7(X). We recall that a (bi-)non-singular transformation 7 of the standard
probability space (X, F, m) is locally invertible (i.e. 3P = {Y;} e, a disjoint partition of
X such that m(X \ Ujej Y;) =0and T is invertible on each Y; € P) if and only if T 1{x)
is countable for m-almost every x € X (cf. [Aa]). Since the condition (C2) implies that T is
countable-to-one, if m € N7 (X), thenm o T < m so that there exists a measurable function
¢ : X — R satisfying ¢(x) =log(dm/d(m o T))(x) (m-almost every x € X). Then the
transfer operator £, : L'(m) — L'(m) associated with m is defined as follows; for all
feLlm),

Lnfx)= Z expl¢ ()1f(y) (m-almostevery x € X).
yeT~Hx)

We note that m € N7 (X) withm({Jy g U) = 1 satisfies m(|_J;; int X;) = 1. In this case,
m-almost every x € X, Ly, f(x) = Ly f(x), where Ly is the so-called Perron—Frobenius
operator associated with ¢ defined by

LofG) = explep (i ()1 f 0 0D g rm x,) (0) (. [YTD),

iel
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Since m({Jy gy U) =1 gives m(U(il...in)e.A,, int X;, ;) =1 (foralln > 1), we see that
for every n > 1 and m-almost every x € X

L f(x)=Ly" f(x)

n—1
= Y exp [Z ¢ o T*(viy ., (x))]f(v,-l..,in GO Tel(rngint X;, ) (X).
(i1.in) €A, k=0
In particular, if (7, X, Q) is a Bernoulli system and {exp[¢ o v;]| X — R};es is an
equicontinuous family satisfying sup,.y D ;c; expl¢ o v;(x)] < oo, then Ly preserves
C(X).
We introduce a weaker notion of Bowen’s Gibbs measure (cf. [Y4]).

Definition. A Borel probability measure m on (X, F) is called a weak Gibbs measure
for ¢ with a constant P if there exists a sequence of positive numbers {K,},>1 with
lim;,_, o0 (1/n) log K, =0 such that for all n>1, for all X; ;, € \/Z;(l) T_kQ with
m(X;,..i,) > 0 and for m-almost every x € X;,_;,

x-1< m(Xi..i,) <K
n _— — —
exp[ Z:é ¢T*(x) +nP]

PROPOSITION 3.1. Let m be a T-invariant weak Gibbs measure for ¢ with 0. If
either H,,(Q) < o0 or fX ¢ dm > —oo is satisfied, then h, (T, Q) + fX ¢ dm = h,,(T)
+ fX ¢ dm=0.

We should remark that if H,,(Q) < oo, then h,,,(T, Q) = h,,,(T) because of (C3). Next
we introduce another notion of Gibbs measures which is more closely related to the

Gibbsian states in statistical mechanics.

Definition. A Borel probability measure m on (X, F) is called a (WG-1) measure for ¢
if for all n > 1, for all X;, ;, \/Z;(l) T”‘Q with m(X;, ;) > 0, and for m-almost every

X € TﬁnTnXil_._in,
Loy,
—k _ i1...in n
(\/ ! Q>>(x)_< Ly"1 )OT .

m< i1..in

Indeed, the (WG-1) property allows one to establish the Dobrushin—Lanford—Ruelle
(DLR) equations (see [Y8] and [MRTMYV] for more details).

Definition. We say that ¢ : X — R is a potential of weak bounded variation (WBV) if
there exists a sequence of positive numbers {C,},>1 satisfying lim,_, - (1/n)log C, =0
and for alln > 1,

SUPxeX;, i, exp[)__ ¢(Tkx)
sup _
Xil...iné\/z;é T=%Q meGXil.“i,, eXP[Z k=0 d)(Tkx)]

Remark (A). If Var, (T, ¢) := SuPYG\/Z;(l) 7k SUPx yey lp(x) —d(y)| — 0 as n — oo,
then ¢ satisfies the WBYV property. If {¢ o v; | clI(T int X;) — R},¢; is a family of partially
defined equicontinuous functions and o (n) := sup,, eVitl 7k diamY — 0 as n — oo,
then Var, (T, ¢) — 0(n — 00).
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THEOREM 3.1. Let (X, F) be a standard Borel space and let (T, X, Q ={X;}ier) be

a piecewise invertible system. Suppose that m € N7(X) admits a function ¢ : X — R

satisfying ¢ =log(dm/d(m o T)). Then we have the following:

(1) misa(WG-1)-measure for ¢;

(1) if ¢ satisfies the WBYV property and infycyy m(U) > 0, then m is a weak Gibbs
measure for ¢ with 0.

We refer the reader to [Y3, Y7] which contains sufficient conditions for ¢ possessing
m € N7 (X) with ¢ = log(dm /d(m o T)).

4. The asymptotic averaged entropy production and a generalized variational principle
Now we come to discuss properties of the asymptotic averaged entropy production of T
associated with (bi-)non-singular probability measures.

LEMMA 4.1. Let (X, F) be a standard Borel space and let (T, X, Q) be a piecewise
invertible system. If m € N7(X), then for all n > 1 and for m-almost every x € X

n—1

n—1
dm
—k —-n . k — n n
Im(k\=/0 %0 ‘ T e)(x) + k§=0 log "o o THw) =log £, 10 7" (2),

As we have already remarked in §1, our main interest is in the case that the WBV
sequence {Cp},>1 for ¢ :=log(dm/d(m o T)) diverges as n — 00.

Definition. A periodic point xo with T9xg = x¢ is called indifferent with respect to m if
Y075 b o T*(xo) = 0 for ¢ : X — R with exp[¢] = dm/d(m o T).

Neither summability of variations of ¢ nor the uniformly bounded distortion property
for exp ¢ holds under the existence of an indifferent periodic point with respect to m (see
[Y5, Lemma 6.1]). The next result insists that e (m) at a weak Gibbs measure m is non-
positive and it indeed becomes zero under certain conditions.

THEOREM 4.1. Let (X, F) be a standard Borel space and let (T, X, Q) be a piecewise

invertible sofic system. Suppose that m € N (X) withm (¢ U) = 1 admits a potential

¢ of WBYV satisfying expl¢] =dm/d(m o T). Then m is a weak Gibbs measure for ¢ (with

0) and et (m) < 0. Assume further that either of the following conditions is satisfied:

1) (T, X, Q) is a Bernoulli system,

(i) m possesses an indifferent periodic point xo with period q which is contained in a
Bernoulli cylinder of rank q.

Then we have

er(m)= lim 1/ log £1 0 T" (x) dm(x) = hy(T, Q) — h(T, Q) =0.
n—»oon [y

LEMMA 4.2. Under the assumptions in the Theorem 4.1,

=0
Lo (m)

1
li —log L1
im H" og L,

n—o0

and the decay rate is subexponential.
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Definition. For a given potential ¢ : X — R we define
Nr(X, ¢) = {M eNTOIL(TQIT™ " Ve) + ¢ o T,

1, (T7*0|T=*De) 4 10g

H k 1
duT) oT" e L () (VkZO)}.

For every € N7 (X, ¢), we use the notation

Jx Eiso ¢T'®)
n

F(¢. u) = hy(T, Q) +lim inf (x)

1
—er () — lim sup — min{A,, By},
n

where |
L ewlel
Ay ._/szo <£“1(x)—d,u/d(,uT) (x) 1) du(x)
and

B, = /;((£¢"l(x) — 1) dux).

THEOREM 4.2. Let (X, F) be a standard Borel space and let (T, X, Q = {Xi}ics) be a

piecewise invertible sofic system. If m € Nt (X) with m(UUeL{ U) = 1 admits a function ¢

satisfying expl¢] =dm/d(m o T) and sup,.x Ly1(x) < 00, then the next two properties

hold.

(1)  If ¢ satisfies the WBV property and m possesses an indifferent periodic point with
period q in a Bernoulli cylinder of rank q, then

n—1
er(m) = hy(T, Q) + lim inf/ 1 Z ¢ o TF(x) dm(x) =0.
n—o00 xn o

(i) Forevery u € N7(X, ¢)

1

n—1 n—1
lim sup — /X <1M< \/ 770 ’ T”e) @)+ ¢o Tk(x)> du(x)
k=0 k=0

n—oo N

1
<er(u) + lim sup — min{A,, B,} < oco.
n—oo N

Definition. We define a generalized pressure GP1(¢) of ¢ by

GPr(9) :=sup{F (¢, n) | n € N1(X, $)}.

We say that i € N7 (X, ¢) is a weak equilibrium state for ¢ if F(¢p, n) = GPr(¢). Here
WET(¢) denotes the set of all weak equilibrium states for ¢.

THEOREM 4.3. (A generalized variational principle) Let ¢ be a potential of WBV with
sup,ex Lol(x) <o0o.  Assume that there exists m € Np(X) with m((Jyey U) =1
satisfying expl¢]l =dm/d(m o T) and possesses an indifferent periodic point xo with
T9xg = xq in a Bernoulli cylinder of rank q. Then GP1(¢) = 0 and we have the following.
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(i) Every u=hmwithh/(hT) =1 (m-almost everywhere) satzsﬁes weWEr(¢).
@) If the zndszerent periodic point xq satisfies (1/q) Zk -0 exp[d)(Tkxo)] =1, then

(/@) YISy € WET(@).

Remark (B). If m is not T -invariant, then y = hm with h/(hT) = 1 is also not T -invariant.
If m is a weak Gibbs measure for ¢, then the supremum is attained by every weak Gibbs
measure for the common potential ¢.

Since m itself and (1/q) ZZ;& 874y, are weak equilibrium states for ¢, we have the
following result.

COROLLARY 4.1. Here WET(¢) consists of more than two elements.

We observe further details for (ii) in Theorem 4.2 in the case when u <m with
du/dm = h. First, we note that

A= [ 3 Z (—(Tkx> 1) dueco

e (F
n - X h

Then the following are obtained.
(@) Inthe case when u € M7 (X), we see that

and

— 1) du(x).

Ay =n</ hT (x) dm(x) — 1), B, =f hT"(x)dm(x) — 1
X X
and

hT
F, u) = / log - (x) dia()
X

. { hT"(x)
— min / hT (x)dm(x) — 1, hmsup/ dm(x )}
X

n—oo

(Here, we use

h
hu (T, Q)~I-/ ¢(x) dM(X)~I-/ log ﬁ(X) dp(x)=0
X X

which follows from Lemma 4.1.)
(b) In the case when m € M7 (X), L} 1(x) = L4"1(x) =1 (u-almost every x € X) so

that
n—1 k
~ YA
F@, 1) = hy(T, Q) +lim inf M du(x)
—er(pn) —lim sup mm{A,,, 0}.
n—oo
Therefore,

(c) if both u and m are T -invariant, then F (¢, u) = fx log((hT)/h) dp.

https://doi.org/10.1017/50143385708000667 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385708000667

Entropy production at weak Gibbs measures 1335
Definition. For given ¢ : X — R, we define

Mr(X, ¢) = {M e Mr(X) | 1,(Q | T e) + ¢ € L' (), either h, (T) < o0

or / ¢ dp > —oo with h,,(T) =/ 1,0 | T e)duis satisﬁed}.
X X
The pressure of ¢ is defined by
Pr(¢) := sup {hu(T) + /x ¢du ‘ e Mr(X, ¢)}~

If we Mr(X, ¢) satisfies h, (T) + fX ¢ du = Pr(¢), then u is called an equilibrium
state for ¢. Here E7(¢p) denotes the set of all equilibrium states for ¢.

The next result gives an answer to Question (A) in §1.

LEMMA 4.3. If Pr(¢) coincides with

Pr(¢) := sup {hM(T) + /X ddu ‘ w=nhme Mr(X, $),

hT . hT"
log — du =0 and lim sup dm=0¢,
X h n—oo X hn
then Pr(¢) < GPr ().
We have the following answer to Question (B) in §1.

THEOREM 4.4. Let (T, X, Q) be a piecewise invertible sofic system and let ¢ be a
potential of WBV with sup, .y L41(x) < oo. Assume that there exists m € N7 (X) with
m(Uyey U) = 1 satisfying exp[¢] = dm/d(m o T) and possesses an indifferent periodic
point with period q in a Bernoulli cylinder of rank q. If there exists an absolutely
continuous weak Gibbs measure € Mt (X, @) for ¢ (with 0) with respect to m and
satisfies lim, o0 (1/n) [y L1 dp =0, then we have:

(i) F@ mw)=0=h,(T)+ [y pduand pe WET(9);

(i) € Er (@) ifand only if Pr(¢) = Pr(¢) and in this case Pr(¢) = GPr(d);

(iii) if sup,cy ﬁgl(x) = o(n), then E7(¢p) C WET(P).

We will see in §5 that all examples admitting indifferent periodic points xq satisfy that

w, (1/q) ZZ;I 7k, € Er(¢) and (1/q) ZZ;(I) S1kyys m € WET(¢). In order to clarify
whether 1 € WET (¢), we need to verify finiteness of the second moment of the stopping
time over hyperbolic regions (see Proposition 5.2).

COROLLARY 4.2. (The uniqueness of weak equilibrium states) If the weak Gibbs mea-
sure i = hm for ¢ satisfies u ~ m and
1L, 1 — hliLo@m) — 0 (n — 00),
then
11 (@) = WET(9) = 1.
Indeed, the assumption in Corollary 4.2 implies that © and m are exact and hence

ergodic [Aa]. Therefore, the condition i/(hT) = 1 forces h to be m-almost everywhere
constant.
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Remark (C). If m € N7(X) admits an indifferent periodic point x, then the uniform
convergence of £}, 1 typically fails. Even if the L' (m) convergence is valid, the invariant
density 4 may be unbounded.

5. Applications to intermittent systems
In this section, we apply our results in previous sections to intermittent phenomena caused
by indifferent periodic points. Let (T, X, Q) be a piecewise invertible sofic system
and let ¢ be a potential of WBV with sup,.x L£41(x) < oo. Assume that there exists
m € Nt (X) with m(Jy oy U) =1 satisfying exp[¢p] =dm/d(m o T) and possesses an
indifferent periodic point with period ¢ in a Bernoulli cylinder of rank g. Here A
denotes the set of all admissible cylinders | oo {Xi, i, | (i1 ... in) € Ay}. For R C A, we
define the stopping time over R, R : X — NU {oo} by R(x) =inf{n e N| X;, ;, (x) e R}.
Then, for every n > 1, we define D, ={x € X | R(x) > n}and B, ={x € X | R(x) =n}.
Put Dp=X. Define I*=J°2 {(i1...in) | Xi,. iy C Bs}. Then Q* ={Xy}aer+ is
a countable partition of | J72; B;. Now we define Schweiger’s jump transformation
T*: U2, Bi — X by T*x =TR®x. Put X* =X\ (Un—o T* (>0 Pn)). Then
(T*, X*, Q%) is a piecewise invertible sofic system. We impose the following two
conditions on R:
(M) Xiyipji...jm € R whenever X, _;, € R (the strong playback property);
(2) there exists 0 <T <oo,y*>1 such that for every (a...a,) €™ with
Xo,..a, € Aandforalln > 1,

d(v(xl...()(,«,xv qu...otny) = FV*_n dx,y) (Vx,ye T*nxal...otn)-

If the induced potential ¢* := Z,I:i())_l $T* satisfies equi-Holder continuity of {¢*vg }aer
then the measure theoretical bounded distortion is valid for exp ¢* (=dm/d(mT*)). Then
we have a T*-invariant measure u* of which density is bounded and piecewise Holder
continuous with respect to a finite partition generated by {/. Furthermore, if each U e U
contains a full cylinder in R, then the density is bounded away from zero and u* is a Gibbs
measure for ¢* which is exact and exponential mixing. Moreover, if lim,_, o m(D,) =0,
then m(X) = m(X™) and the following formula gives a T -invariant o -finite conservative
measure u ~ m, which is exact [Y1] (cf. [Sch]):

o0
w(E) = Z w (D, NT™E) (VE € F).

n=0
Such p is unique up to constant. In particular, if Y oo, m(D,) < oo, then u is finite.
We should recall that the distortion of dm/d(mT™) over cylinders of rank n touching
indifferent periodic points diverges as n — oo (cf. [Y5, Lemma 6.1]). Therefore, all
indifferent periodic points with respect to m are contained in (7),., Ds. In particular,
(>0 Dn consists of only indifferent periodic points in our examples below. We have the
following results.

PROPOSITION 5.1. [Y4, Theorem 3.2] Suppose that:
(i)  there exists 0 < r; < rpy < oo and there exists a > 1 such that
rin~% <m(Dy) <ran”%;

(ii)  there exists 0 < G| < oo such that for all X4, 4, € Dy, m(D,) < Gim(Xy,...d,)-
Then  is a weak Gibbs measure for ¢ with 0.
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Definition. A cylinder X;, ;, is called a Markov cylinder if for every U € U with
UnNintX;, ; #%¥itholdsthatint X;, ;, CU.

If (T, X, Q) is a piecewise invertible sofic system, then it follows from
[Y2, Theorem 3.1] that there exists a Markov cylinder. We have the following result.

PROPOSITION 5.2. If B; consists of Markov cylinders and fX R?>dm < oo, then
satisfies

1
lim -/ L 1dp=0.
n—oon [y

Now we can apply all our results in §§3 and 4 and Propositions 5.1 and 5.2 to the
following intermittent systems preserving absolutely continuous probability measures.

Example 1. (A one-parameter family of maps on the interval [0, 1]) Let X =[O0, 1] and
let m be the normalized Lebesgue measure of [0, 1]. For 8 > 0 define

X

1 —xB)1/B
Ty =17 |

DF—1 T 1= (1/2)p

on Xo = [0, (1/2)'/F),

on X1 = [(1/2)'/8 1).

The map T has an indifferent fixed point 0. It is similar in its properties to the more
familiar Manneville-Pomeau maps: x — x + x!*# (mod 1), in that it also has intermittent
behavior. Here (T, X, Q = {Xo, X1}) is a piecewise invertible Bernoulli system and
¢ =log |T’'| satisfies the WBV property. Therefore, m is a weak Gibbs measure for ¢
with 0. If 8 < 1, then T admits an invariant weak Gibbs equilibrium measure u ~ m. We
see that ey (m) = er () =0 and w, &g € Er(¢p). We also know that m, §o € WET(p). In
particular, if 8 < 1/2, then u € WET(¢) too.

Example 2. (Inhomogeneous diophantine approximations [Y2, Y4, Y5, Y6, Y7, Y8]) We
deﬁneX:{(x,y)eR2|0§y§1,—y§x<—y+1}andT:X—>be

o= (=[5 [ --2)

where [x]=max{n € Z |n <x}(x eN) and [x] =max{n € Z |n < x}(x € Z\ N). This
map admits indifferent periodic points (1,0) and (—1,1) with period 2, i.e.
|det DT%(1, 0)| = |det DT?*(—1, 1)]=1.  Let a(x,y)=[(—y)/x]—[—y/x] and
b(x, y) = —[—y/x]. We can introduce an index set

I:={a, b eZ’|la>b>0, ora<b<0)

and a partition Q :={X (4 p)er}, where X, py ={(x,y) € X |a(x, y) =a, b(x, y) =b}.
Let m be the normalized Lebesgue measure of X. Here (T, X, Q) is a piecewise invertible
Bernoulli system and ¢ = log(dm/d(mT)) satisfies the WBV property. Therefore, m is
a weak Gibbs measure for ¢ with 0. There exists a 7T-invariant weak Gibbs equilibrium
measure u ~ m. We see that er(m) =er () =0 and p, 2_1(8(1,0) +8—1,1)) € €1 ().
We also know that m, 271 (8(1.0) + 8(—1.1)) € WET ().
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Example 3. (A complex continued fraction [Y6, Y7]) We can define a complex continued
fraction transformation 7' : X — X on the diamond-shaped region X = {z = x1o + x2¢ |
—1/2 <x1,xp <1/2}, where « =141, by T(z) =1/z—[1/z];. Here [z]; denotes
[x1 + 1/2]a 4 [x2 4+ 1/2]@, where z is written in the form z = xj« + xow, [x] = max{n €
Z|n<x}(xeN) and [x] =max{n € Z |n < x} (x € Z—N). This transformation has
an indifferent periodic orbit {1, —1} of period 2 and two indifferent fixed points at i
and —i. For each na + ma € I := {ma + na | (m, n) € Z* — (0, 0)}, we define Xno+ma
:={z € X |[1/z]1 = na + ma}. Then we have a countable Markov partition Q = {X,}aer
of X and (T, X, Q) is a transitive sofic system. For ¢ (z) = —log |T'(z)|(=—21log |z]),
we can verify the WBYV property of ¢ so that m is a weak Gibbs measure for 2¢
with 0. There exists a T-invariant ergodic probability measure pu ~m for 2¢, and
we see that er(m) =er(un) =0. Moreover, wu, §;, 6_;, 2’1(81 +61)) € Er(¢) and
m, 8, 8—i, 271 (81 + 8_1)) e WET(9).

In the case when )_,>, m(D,) = oo, Theorem 4.4 does not apply so that we need
further observations. Let MZ°(X) be the set of all o-finite invariant measures on
(X, F) and define £7°(X) := {v € MP(X) | v is conservative and ergodic}. For every
Ve 5$°(X ), we can define the induced transformation 74 over A € F with 0 < v(A) < o0
by Ta(x) = TRA™ (x), where R4 (x) :=inf{n € N| T"(x) € A}. Then vy :=v|4/v(A) is
T4-invariant and ergodic. Here v can be represented by v,4 via the following Kac formula:

Ra(x)—1
/ 1g(x)d(x) =/ Z 1£(T*x) dva(x) (VE e F).
X A k=0
Moreover, if A; € F satisfy 0 < v(A;) < oo (i =1, 2), then T4, = (T4,u4,)4, s0 that

hleUZ (TAIUAQ)

=huu ((Taua)a,)-
Va,ua, (A1) Un)g, 1UA2) Ay

Hence, we have
V(ADhy (Ta) = v(A1 U A2)hy 0, (Taua,) = (A2, (Th,).

This number is used as the entropy h,(7T) of T with respect to v (cf. [T]). For a
function f : X — R, define f4(x) := Y p 2597 fTH(x). If A; € F with 0 < v(A;) < 00

(i =1, 2), then the above Kac formula gives

/ Fay () dva, (x) = f Faron (¥) dvaua, (x) = / iy (6) dva, ()
Aq AjUA, A

whenever the integrals are well defined. Let A € O be a Markov cylinder and let
Q4 be a countable disjoint partition of {x € A | Ro(x) < oo} consisting of all cylinders
Xi,..i, Clx € A| Ra(x) =n — 1} with n > 2. We define

5;0()(’ ¢, A) = {v GE%O(X) ' 0<v(A) <00, 1,,(04 | TA_le) + ¢a € Ll(vA),

either /1, (T4) < oo or / ¢advy > —oo with h,, (Tx)
A

=fX L, (Qa | T;'e) dVA}
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and

P¥(T, ¢, A):=  sup {V(A)(th(TA) +/A¢A dVA)}

veEP(X,p,A)

(: sup {hv(T)—i-v(A)/ ba dvA}>.
veEX (X,$,A) A

By using a similar argument as in [Y1, Lemma 7.1] (cf. [T]), we can prove the following
result.

THEOREM 5.1. Let By be a Markov cylinder of rank one. If ¢p, € LI(MBl), then
P(T. ¢, By) = hy(T) + [y ¢ duu =0,

The following example gives a countable non-Markovian sofic system preserving an
absolutely continuous invariant measures to which Theorem 5.1 can apply.

Example 4. (A two-dimensional map related to a negative continued fraction) Let
X={(x,y)|0<x<1,0<y<1}and T is defined by

e (-2-[-2)2-))

The first component of 7 is known as a map related to a negative continued fraction
which preserves a o -finite infinite ergodic invariant measure equivalent to the normalized
Lebesgue measure of [0, 1]. We define

I={(@a,b)eNx (NU{0}) |a=>2,a>b}
and a countable disjoint partition Q = {X(4,5)}(a,b)e1, Where X, p) is defined by
(x,y) € X@p ifandonlyif —[-1/x]=a and [y/x]=0>.

Then (T, X, Q) is a piecewise invertible non-Markovian sofic system. Indeed, we see
that U consists of Uy = X and U; = {(x, y) € X | x + y < 1}. Let m be the normalized
Lebesgue measure of X. We can verify that ¢ = log(dm/d(mT)) is a potential of WBV
and m is a weak Gibbs measure for ¢ with 0. Let D, be the union of cylinders of rank
n touching {1} x [0, 1] which consists of indifferent fixed points with respect to m. Then
we see that Zn>0 m(Dy,) = o0 and T preserves a o-finite infinite conservative ergodic
measure y ~ m. The invariant density is given by

2ox g 1
du o Jan—wr PRI
dm ! ifx+y>1

20— ifx+y>1,

and there is no finite absolutely continuous invariant measure with respect to m
(see [Y1, Y2)).
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6. Proofs
Proof of Lemma 3.1. First we show that | ;s U S Uy eye-n U. Indeed,

U U=T”‘1< U (T int X;, ﬂintXiz,..i,,)>

Ueld™ (il-"in)e-An

— n—1 (T int X;, Nint X;, ;)
1 2--:ln

(in...in)€A,_1 ivel;(iyia...in) €A,
C -1 ( U int X, ;, N U U> - U U.
(iy...ip)eA_1 ved® Ueld =D

Next we assume x € UUeu(n—l) U. Then there exists (iy...i,—1) € A,—1 such that
X € T"‘l(int Xy i 1) Therefore, by (Cl) we have v; ; ,(x)e€intX; ;
C UU'qu U’. This implies that there exists X j € O with intX ; # () satisfying

Viy..i,_ (x) €int X;, i, N T (int X;)= T (int Xjiy.in_1)-
Since x € T"(int X j;,..i,_,) € UM we complete the proof. O

Proof of Proposition 3.1. First we note that the weak Gibbs property of m gives

1 1 = . 1
——log K, < — log m(X;, .., (x)) —Zd)oT (x) )dm(x) < —log K,,.
n n Jx = n
Therefore, if m is T-invariant, then for every n > 1

1 1 1
——logK,<— Y m(Xi.i,)logm(Xi, i) —/ ¢ (x) dm(x) < —log K.
n (ilu-in)e-An X n

From the above inequalities, we conclude 4,,(T, Q) + f x ¢dm=0. O
Proof of Theorem 3.1. First we note that o (T "e)=T""F. Therefore, for all

A eo (T "e), there exists E € F such that A =T7""E. It follows from the property of
Ly that

‘C¢n 1Xi1“,in n _ n ‘C¢n 1Xi1,..i,1 (x)
A<T> o T"(x) dm(x) —/Xﬁ¢ l(x)(w)lm) dm(x)
= m(A N Xil--~i)1)'

Since ((L4"1 Xivin )/(Ly"1)) o T" gives a o (T ~"€)-measurable function, we complete the
proof of (i). Next we note that for all X;, ; with (i1 ...i,) € A,

dm n—1
o= [ e = [ e [ ¢oT"<y)} dm(y).
e T"Xi, ..in d(mT") o T" Xiy ..in P kgo
Then (ii) follows from the WBYV property of ¢. O

Proof of Lemma 4.1. 1t follows from Theorem 3.1(ii) that m satisfies the (WG-1) property
for every ¢ : X — R satisfying exp ¢ = dm/d(mT). Therefore, we obtain for the unique
cylinder X;, ;, (x) of rank n containing x
(dm/d(mT"))(x)

L10T"(x)
and this equality gives the desired result. O

m(Xi, i, (x) | T"€)(x) =
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Proof of Lemma 4.2. Let xo be a fixed point with xg € X;,. First we note that iy(n) :=
ig...ip € A, (foralln > 1) and T" int X;,(») = Uy U. Since m(Uy ey U) =1, we

n
have for m-almost every x € X

d
£ 1(x) = Z Li(m—%(vil"‘i"(x))lTnXi""i"(x)

(i1.im) €A,
dm n—1 .
z dmoTm) (Vig...ig (X)) = exp []; ¢ o T"(viy...ig (x)):|

eXPLYY=) ¢ © T (Wig..ig()] _ o
explYF=g & o Ty ig(xo))]

On the other hand, we see that

dm
) L'1x)<C inf  ——— i, ()
" ' (i1..%:€.An YeT"Xi iy d(m o Ty "
<Co ), mXii)<Co
(i1...in) €A,

If all cylinders are Bernoulli cylinders, then we have that

am=ct > mXi ) = 6l
(i1in) €A,

These observations give us [|(1/n) log L} 1] Loy < (1/n) log C,, when either (i) or (ii)
with g = 1 is satisfied. Moreover, the decay rate (1/n) log C,, is subexponential. Let xo be
a periodic point with period ¢ in a Bernoulli cylinder of rank ¢g. Then, as we have observed
in the above, for every n =sq + r(0 <r < g — 1) we have Cs_q1 < L;q 1(x) < Csq which
allows one to see that

Egl(x) < quﬁqrbl(x) < CyyCy

and
Lo1(x) > Co' Ly 1(x) > G ¢! > m(Xi,...i,)-

(i1.0ir) XETT Xy iy
We complete the proof. O

Proof of Theorem 4.1. The first assertion follows from the WBYV property for ¢ directly.
Indeed we can take the WBV sequence {C },>1 for ¢ as the weak Gibbs sequence {K,},>1
for m. As we have observed the inequalities (x) in the proof of Lemma 4.2,

! 1
- / L 1(x) log £ 1(x) dm(x) < — log C,,
n Jx n

holds for all n > 1. Therefore,

lim sup l / L, 1(x) log L7 1(x) dm(x) <0.
X

n—oo N
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The second assertion is proved. It follows from Lemma 4.2 that

0=er(m)= lim 1 / log £,1 0 T"(x) dm(x)

—xon

= lim sup — / <\/T‘kQ‘ )(x)dm(x)

n—oo N

(x) dm(x).

dm
liminf — | 1
+ limin /Xog dmT™)

n—oo n

Hence, we have

N 1
hy (T, Q) = —lim inf — / log (x) dm(x)
n—-oo n X

d(m T”)

. 1 dm
= hr?LS;p - /;((—1 g aenT™ (x)) dm(x).

On the other hand, the weak Gibbs property of m for ¢ allows us to see that

1
lim sup — / (—log m(X;, ., (x)) dm(x) =limsup — / <—l (x)> dm(x).
n—oo N n—00 X d( Tn)
We complete the proof. O

Proof of Theorem 4.2. As we have already observed in the proof of Theorem 4.1, the weak
Gibbs property allows us to have

n—1
hw(T, Q) = lim sup/ ! > (=g o THx)) dm(x)
X0

n—oo

n—oo

n—1
= —lim inf / ! Y ¢oTHx) dm(x).
X"

Thus (i) is proved. For the proof of (ii), first we note the next equality.
n—1 n—1
/ <1ﬂ< \/ 770 ‘ T—"e)(x) +Y ¢o Tk(x)) dp(x)
X k=0 k=0
n—1 . du
= 1 T™ T—" 1
/x ( “( Ve ‘ 6)“” log gt @

= explp]l 4
+ log————oT d .
g 8 D) (x)) j(x)

Then by using the property that log x < x — 1 (for all x > 0) we have
n—1 n—1
/ (IM( \/ T750 ‘ T‘”e)(x) + Z b o Tk(x)) dp(x)
X k=0 k=0

n—1
1 T_k T I d in{A,, B,},
S/X < ;L<k\=/0 Q‘ e)(x)+ og I Tn)(x)) (x) + min{ }
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where

n—1
/Z( explg] Tk—l> du,
¥ 2 \dujd(uT)

and

exp[yj—gpoT )
B, = —1)d .
/x( dp/d(uT™) )

Moreover, we can write

[ (P $0 TE@] )
5= [,z Aed T L) dneo

n—1 o k
/ > - 0 )<exp[2k:o¢>nT (”]_1) i)
yeT oy (MT du/d(uT")(y)
(exp[ZmT"(y)} i Tn)(y)) dp(x)

-z
=/X(L‘¢,”1(x)— 1) du(x).

yeT"x

Then we obtain the desired inequality immediately.

Proof of Theorem 4.3. The result GP71(¢) = 0 follows from Theorem 4.2 directly.

1343

By

Theorem 3.1(i), we see that u = hm with h/(hT) = 1 is a(WG-1) measure for the common

potential ¢. Therefore, for all n > 1 and p-almost every x € X

n—1 n—1
(%) 1#( \/ 770 ‘ T—"e>(x) + Z ¢ o TH(x) =log L1 0 T"(x)
k=0 k=0

because of Lemma 4.1, and for . € N7 (X, ¢) we have

n—1 n—1
1 / I,L( \/ 770 ‘ T_"e)(x) du(x) + 1 / > poTrx) du(x)
nJx k=0 nJX =0

n

1
= —/ log L1 0 T"(x) dju(x).
X

Since p <m, u(Uyey U) =1 holds so that F(¢, ) =0 follows from Theorem 4.1.
Thus part (i) is proved. To proving part (ii), without loss of generality we assume that
xo is a fixed point. Then p = 8y, € M7 (X) satisfies du/duT =1 and L, f(x) = f(x0)
so that A, = 0. Also we have B, > 0 because xq is an indifferent fixed point for m. We

complete the proof.
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Proof of Lemma 4.3. First we note the following inequalities:
GPr(¢) = sup{F(¢, u) | u € Mr(X, ¢)}

1
= sup hM(T)+/X¢d,u—limsup;min{An,B,,}

neMr(X, ¢)}

1
> sup hM(T)+/ ¢d,u—1imsup;min{An,Bn} weMr(X, ¢),,u§m}
X

hT"
= sup hM(T)—i—/del,u,—min{/;(thm—l,limsup/X de,u,

n—00 n

=hm e Mr(X, ¢)}

hT"
sup hM(T)+-/ ¢ diu — min /thm—l,limsup/ dm; | 1
X X n—oo Jx N

hT
=hm e Mr (X, ¢), and / log o du :O}.
X

v

As [y log((hT)/h) dp < [y (((hT)/h) — 1) du holds, we have

hT
GPr(¢) zsup{hM(TH/ ¢du'u=hmeMT(X, ¢>,/ log —— dy =0.
X X

i hT" \
and lim sup dm =0t =Pr(¢). O
n—oo Jx N

Proof of Theorem 4.4. We first show that fX log(h/(hT)) du = 0. By Theorem 3.1(i), p is
a (WG-1) measure for (;AS : X — R with

d d h
° e +log —

b:=log ——— =1 .
¢o:=log oo =g o hT

Therefore, the equality (+x) in the proof of Theorem 4.3 holds for  so that

fX (10 | T 1)) dp(x) + $x)) dpa(x) =0.

On the other hand, since the weak Gibbs property of w for ¢ gives H,(Q) < oo, from
Proposition 3.1 we see that

fx(I“(Q | T "e)(x) du(x) + ¢ (x)) dpu(x)

=HM(Q|T_16)+/X¢(X) dM(X)=hM(T)+/X¢(X)du«(X)=0.

This implies f x log(h/(hT)) diu = 0. The observation (a) and the inequality
hT hT
[ log—dugf <——1>du
X h x \ h

1
limsup—min{An,Bn}=min{/ thm—l,O}:O.
X

n—oo N

allow us to have

https://doi.org/10.1017/50143385708000667 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385708000667

Entropy production at weak Gibbs measures 1345

Hence, we have F(¢, u) =0=h,(T) + fx ¢(x)du(x). On the other hand, from
Theorem 4.3 we know GPr(¢) =0. We have thus proved (i). If Pr (¢) =Pr(e),
then Pr(¢) <0 which implies u € E7(¢). Conversely, if u € E7(¢), then Pr(¢p) =0
> GPr(¢). Since u attains Pr (¢), we have Pr (¢) =Pr(¢) = GPr(¢p). We have thus
proved (ii). Let v € E7(¢p). Then we see that

An_ [ (_expd expp )
7_/x<dv/d(vT) l)dvzfxlog—dv/d(vn dv_h”(T)Jer(pd”_O‘

Hence, we have F (¢, v) = 0. We complete the proof. O

Proof of Proposition 5.2. By [Y4, Theorem 3.1], there exists 0 < H < oo so that

/cgl(x)du(x)ZZ/ L41(x)h(x) dm(x)gHZk/ L31(x) dm(x)
X k=1 "Bk k=1 By
=H Zk/ Lp o T"(x) dm(x) = H Yk x m(T " By).
k=1 YX k=1

Let V be a finite disjoint partition of X generated by {/. Then we can write

By = U Blz/ where B,:/ = U Xby..by-
Vey Xpy..by CBRNV

Define AY :={(i1 ...iy) € Ay | T"X;, i, D V}. For every Xp, 5 C BxNV, we can
define a finite disjoint partition of A} by AY = |/, AVl by .. by), where

A by o) =G in) € AY I Xiy iy € Ry Xiy oy inby b © Biett)-

Therefore, we have

m(T"By<y Y m( U Xl-l...i,,bl...bk>

VeV Xp,..b, CBNV (i1...in) €AY

n
= Z Z <Z Z m(Xiy iy N T(nI)Xi,,_,+|,..i,1b1..,bk)>~

VeV Xo1 b CBNV MI=0 iy _iye AV (by..by)

Since dm/d(mT*) satisfies the uniformly bounded distortion property, there exists
1 < C < oo such that

m(Xil...inbl...bk) =< Cm(Xi1‘..i,,_[)m(Xi,,,Hl...i,,bl...bk)-
Hence, we have

m(T " By)

<cy > (Z > m(Xil,..,-n,)m(X,-n_,H...i,,bl...bk)).

VeV Xp.by CBINV. M I=0 iy iye AV (by...by)
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The right-hand side is bounded from above by

cy Z > m(Xil...,-,l,)( > < > m(an_H....inbl...bk)))

VeV =0 Xil*'-in—l Xbl"'bk ({.n*lflmin):
D, CBNV (i1...in) €A,
Xi_ig1inb) by C Bl

=C Z Z ( Z m(Xil...i,,_l)>m(Bk+l)-

VeV =0 X,‘Imin_lCDc

n—I

Therefore, we have m(T " By) < C#V Y |, m(Bk41). Since

n

U Byt C Dy—y, n7! / Lyldu
1=0 X

is bounded from above by HC{V Z,fi] k(m(Dy—1)). We remark that there exists
1 <r| <r) <oosuchthatforalln > 1

rinf(‘”l) <m(By) < rénf(aﬂ).

Finally we see that [, R?dm =Y ;o | k?m(By) < oo implies Y5, km (D) < co. We

have thus completed the proof. O
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