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UNIT ROOT TESTS BASED
ON ADAPTIVE MAXIMUM
LIKELIHOOD ESTIMATION

DoNG WAN SHIN AND BEONG Soo0 So
Ewha Womans University

Adaptive maximum likelihood estimators of unit roots in autoregressive processes
with possibly non-Gaussian innovations are considadedt root tests based on the
adaptive estimators are constructenhiting distributions of the test statistics are
derived which are linear combinations of two functionals of Brownian motiéns
Monte Carlo simulation reveals that the proposed tests have improved powers over
the classical Dickey—Fuller tests when the distribution of the innovation is not close
to normal We also compare the proposed tests with those of L2385 Econo-
metric Theoryll, 331-346 based orM-estimators

1. INTRODUCTION

Testing for autoregressive unit roots has attracted a great deal of attention since
the influential works of Fullef1976 1996 and Dickey and Fulle¢1979. Vari-
ous extensions have been and are currently being made in several dirgdtiens
research direction is to widen the applicability of the unit root tests under broader
correlation structures for the innovatiof®hillips (1987 and Phillips and Perron
(1988 developed tests that are applicable under weakly dependent innovations
Said and Dickey1984 1985, Pantula and Hal{1991), and others constructed
tests that work for the innovations of stationary autoregressive moving averages
(ARMA). Another direction is to improve powers of tests as studied by Pantula
etal (1994, Park and Fullef1995, Shin and Sd1997), and othersThe power
improvements are achieved by a proper handling of the initial observation or by
considering symmetric estimation of the unit root parameter

All of the above-mentioned tests are based on the ordinary least-squares esti-
mator (OLSE), the Gaussian maximum likelihood estimator variants of it
which is optimal if we assume normality of the innovatibtowever if the dis-
tribution of the innovation is not normabne can improve the power perfor-
mances of the test§he OLSE-based tests have the same limiting distributions
regardless of the distribution of the innovation provided the distribution has a
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finite varianceHoweverwhen the innovation distribution has fat tatlse OLSE-
based tests have lower powers compared with tests that take advantage of non-
normality Lower power implies that the OLSE-based tests tend to give false
evidence for unit roots even though the series under study may not have a sto-
chastic trend

There is abundant evidence that certain economic variables have non-normal
distributions as discussed by Judge et @985 Chap 20), Fama(1965, and
others Also Franses and Haldrui994), Shin et al (1996, and Lucag1995h
pointed out that many economic time series are subject to sudden ch@hggs
handled the sudden changes by introducing the concepts of oullidest the
occurrences of sudden changes or outliers are the rule rather than the exception in
empirical dataln these casedlistributions of the innovations are non-normal
and thus non-Gaussian maximum likelihood estimations are req@edand
Llatas (1991 studied non-Gaussiav-estimation for unit roots in ARL) pro-
cesses and derived the distribution of teestimator Their result despite its
theoretical elegancés not of direct practical use for unit root testing for two
reasonsOne reason is that they assumed that the true score function is known
which is unrealistic because in practice the true distribution is rarely kndke
other reason is that their expression of the distribution depends on this unknown
score functionLucas(19954a constructed unit root tests based Mrestimator
that also require specification of a score-type functidarce(1996 studied the
asymptotic theory of the estimator obtained from minimizing the sum of absolute
deviations

In this paperwe develop a new class of unit root tests based on adaptive
maximum likelihood estimatian/Ve observe that the score function can be esti-
mated by a nonparametric density estimator of the innovation distribution based
on ordinary least-squares residudts maximum likelihood estimatiagrthe un-
known density function is replaced by its estimatémder the assumptions stated
in the present papgthe resulting estimator is asymptotically equivalent to the
maximum likelihood estimator computed under the known density funchion
the literaturethis approach is called an adaptive procedure because it works well
under a broad class of unknown innovation distributi@mme results on adap-
tive estimation in time series models are available by Krgi887) and Gassiat
(1993 for the stationary ARL) model Koul and Pflug(1990 for the explosive
AR(1) model and Hidalgo(1992 and Steigerwald1992 for linear regression
with ARMA errors Drost Klaassenand Werker(1997) obtained general LAN
(locally asymptotic normalresults that can be applied to adaptive estimation in
stationary time series models such as ARMA and ARCH moédd®, Hodgson
(1996 1998a1998h applied adaptive maximum likelihood estimation to a class
of multivariate time series modelsointegrating regressionsrror correction
models and reduced rank error correction modédklganathafil995 developed
general asymptotic frameworks that can be applied to adaptive estimation in non-
stationary time series models such as AR models with autoregressive unit roots

The asymptotic distributions of the proposed adaptive tests are linear combi-
nations of two well-known distributionghe distributions of the OLSE-based
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unit root tests of Dickey and Fullé1979 and the standard normal distribution
The weights are functions of one parameter that can be consistently estimated
from the density estimate$his permits us to construct tables of null percentiles
of the test statisticdHence our tests are applicable under a wide class of innova-
tions as in Assumption 1 in Section Qur results do not assume the knowledge
of the density or the score function of the innovation distribution

In a Monte-Carlo studythe tests based on the adaptive estimator are shown to
have improved powers over the classical Dickey—Fuller tesigecially when
the distribution of the innovation differs significantly from the normal distribu-
tion. Also, the Monte-Carlo study reveals that the adaptive tests have better pow-
ers than theM-estimator-based tests of Lucgl9953 if the quasi score of the
M-estimator differs significantly from the true score

The remainder of the paper is organized as follolmsSection 2 adaptive
estimation for the unit root in an AR) model with symmetric errors is intro-
duced In Section 3 tests for a unit root based on the adaptive estimators are
developedAlso tables of null percentiles of the test statistics are construbited
Section 4 an extension to an ARp) model is madeln Section 5a Monte-Carlo
simulation is conductedn Section § some discussion is offerebh the Appen-
dix, proofs of theoretical results are provided

2. ADAPTIVE MAXIMUM LIKELIHOOD ESTIMATION
Consider an ARL) model

Vi = pY-1 T &, t=2,...,n,

where{y, }i-, is a set of observations, is a sequence of innovatiarendp is an
AR parameter of interestVe are interested in testing the unit root hypothesis

Hoip:].

against the stationarity alternatity: p < 1 Letf(-) be the probability density
function of g, let y(x) = —f'(x)/f(x) be the score functigrand letl(f) =
2 (f)?%fdxbe the Fisher information numbaie assume the following con-
ditions for the innovation

Assumption 1

(i) e are independent and identically distributéd.d.) random variables with
E(e)=0,02=var(e) < oo, E(|&|?*?) < co for somed > 0, and 0< I (f) < oo,
(i) fisdifferentiable and(x) is first-order Lipschitzthat is there is a constam <
oo such thaty'(x) — ¢'(y)| = M|x —y| for all x,y € R,
(iii) fis symmetrigthat is f(x) = f(—x), f(x) > 0 for all x € (—00,00).

Conditions(i) and(ii) are used to characterize the limiting distribution of the
maximum likelihood estimatorCondition (ii) is a Lipschitz condition that is
essential in establishing the asymptotic equivalence of the maximum likelihood
estimator and the adaptive estimaidie impose the symmetry conditidii ) in
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our study for two reason®ne reason is thdtii ) simplifies the derivation of the
asymptotic equivalence of the maximum likelihood estimator and the adaptive
estimatorThe otheymore importantreason is thaif the innovation is symmet-
rically distributed sizes of the tests based on symmetric density estimators are
better than those based on the density estimators that are not necessarily sym-
metric. However in a Monte-Carlo experiment in Sectionibis shown that the
tests based on the symmetric density estimator still work well for a skewed dis-
tribution.

Usually the autoregressive coefficignts estimated by the OLSE

n n
pL= >, ytlyt/Z V&1,
t=2 t=2

which maximizes the conditional Gaussian log-likelihodd,logfy(y, —
pYi—1), Wherefy(x) = 2mo?) V2 exp(—2 x?/o?) is the Gaussian densitis
was shown by Dickey and Fulléi979, the limiting distribution ofn( p. — 1)
underp =1 is given by

1 1
n(ﬁL—l):fO W(r)dW(r)/f0 W2(r) dr,

where= denotes convergence in distribution andr) is a standard Brownian
motion on[0,1].

If the true densityf is known by maximizing the true log-likelihood
Si,logf(y: — pyi—1), One can construct a better estimator than the OBSE
One-step application of the Newton—Raphson procedure for maximization of
the true likelihood with an initial estimatpsay g, gives the following one-
step maximum likelihood estimator

ﬁM=ﬁ+An(/3)/{l(f)Zzyt21}, 1)
where

An(p) = Zzw(et(p))ytfl, e(p) =Y — pYi-1.

Cox and Llatag1991) and Lucag19954, under regularity conditions similar
to (i) and(ii) of Assumption 1derived the limiting distribution ofi( oy, — 1).
Their estimators are slightly different from estimatbyin that they are solutions
of the score equationklowevertheir estimators are asymptotically equivalent to
estimator(1) if the true score function is used in tMeestimation In the follow-
ing theoremwe derive expressions for the limiting distributionsrgfpy — 1)
and its pivotal statistic that are useful for unit root testing
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THEOREM 1 Under the regularity conditions of Assumpti@rand n(g —
1) = Oy(1), we hae

(i) n(pm —1) = D(A),
(i) {1 ZLoy2 1} 2(hw — D = T(A),

where
1 1/2
D(A) = /\T(/\)/[f W2(r)dr} ,
0
1 1 1/2
= 2
T(A) )\fo W(r)dW(r)/{fO W (r)dr} (2)

+(1- AZ)l/Zle(r)dV(r)/{ flw2(r)dr}l/2,
0 0

A= {o2 (1)
and W(r) and (r), 0 =r = 1 are two independent standard Brownian motions

By the Cauchy—Schwartz inequalitye obtains 2l ( f ) =1 with equality if and
only if f is the normal densityl he quantityA can be interpreted as the correlation
coefficient betweer, andis(g). In caseA = 1, the distributiondD (1) andT(A)
reduce to those of Dickey and Full€k979. We can interpreiA as an intrinsic
measure of normality for the innovati@n The closen is to zerq the more the
distribution of the innovations differs from the normal distributi&or innova-
tions with infinite variances\ = 0 because ? = oo andl () < co.

In the real worldthe densityf (x) is usually unknownand hence the one-step
maximum likelihood estimatqgé,, cannot be evaluatetlowever if a good esti-
matorf (x) of f(x) is available we can construct an estimator like

pa=p + An(@/{r( f) tEZytzl}’ ©))

whereA,( 5) andl'( f) are estimators af,( 5) andl ( f), respectivelyconstructed
from an appropriate density estimafgx). We call the estimatof, an adaptive
estimator ofp. For an initial estimatop, we uses = 1 as Said and Dicke{1 985
did in their estimation of unit roots in the ARMA modelBhe main reason for
using the null valug = 1 as the initial estimator is thads is discussed at the end
of Section 5it provides us with stable sizes of the unit root tests based on the
adaptive estimator

Usually, the densityf (x) is estimated by the kernel method which is well sum-
marized in Silvermari1986. The kernel estimator df(x) is defined by

fS(x) = 27 £, (%) + fo (=)},
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where

fa(X) = (nhy) 22 K(hyH{x —&(p)}), (4)

K is a function called kernel satisfyin®, K(x) dx= 1, K(x) > 0, andh, is a
sequence of positive numbers called the bandwidths functionf,(x) in (4)

is the usual kernel-based density estimator under no symmetry assumption on
f(-). The functionf?(x) is a symmetrized version df(x). Because3(x) uses

the information thaf(-) is symmetri¢ when the error distribution is symmet-
ric, f3(x) is a better estimator thafy(x) in the sense thats(x) gives more
stable sizes for the adaptive unit root teStke assumption of symmetry and
the use of a symmetrized estimator are quite important to the proof that our
estimator is adaptivét is apparently much more difficyltf not impossible to

get an adaptivity result without the assumption of symmetric eridles take

the kernel and the bandwidth to be

K(x) = e ¥/(1+ e *)? 5)
and

) 1/5 [ -1/5
hn=k22/5{f K(x)zdx} {f f”(x)zdx} n-s (6)

respectivelywherek, = [ x?K(x) dx. We have taken the logistic kern@) for
two reasonsFirst, density estimation is not too sensitive to the type of kernel
(Silverman 1986 p. 43). Secondas noted by Schickl987), it simplifies asymp-
totic analysis because of simple bounds of all derivatives. &f/& have chosen
the bandwidtl{6) because it asymptotically minimizes the mean integrated square
errorE [~ { f,(x) — f(x)}2dx, (Silverman 1986 p. 40). Note that the bandwidth
h, involves the integral of f”)2 which is unknown Later, in Section 5 we
suggest a way to deal with this problem

The termsA,( p) andl ( f) are now estimated by

A:r;w( p) = Zzlﬁr?t(et(ﬁ)iﬁ))ﬁfl and IAnS: Zz{lﬁr?t(et(,ﬁ);ﬁ)}z/n, (7)
respectivelywhere

Pa(x;p) = —{ofs(x p)/ox}/Ts(%; p), ®)
fs(xp) = { T (% p) + T (=X p)}/2, 9
fo(X;p) = s, + (nhy) 2 ._; K(hyHx—&(p)}), (10)

ands, > 0 is a sequence of positive real numberke reason for using the
delete-one-versiofy;(x) instead off(x) is for technical simplicitybecause it
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allows independence &£ (x) ande, as noted by Schickl987). The terms, in
(10)isincludedto preverﬁ;n(x) from being close to zer@nd it guarantees better
numerical performance of the score function estimaithfx) = —f3(x)/f3(x).

We now in (3) and (5)—(10), have fully implemented an adaptive estimation
procedureln Theorem 2we show that the adaptive estimator and the maximum
likelihood estimator are asymptotically equivalent

THEOREM 2 Assume s= o(1), h, = o(1), and i;*s;2n~* = o(1). Then
under the regularity conditions of Assumpti@rand p = 1, we hae n( pp —
pm) = 0p(1).

Theorem 2 implies thah(p, — 1) andn(py — 1) have the same limiting
distribution which is given in(2). Because\ = {¢ 2l ( f)}~¥/2 can be consistently
estimated from the estimated dengsttye null distribution ofn( oo — 1) can also
be estimatedThese facts enable us to construct a class of adaptive unit root tests
as discussed in the following section

3. TESTING FOR A UNIT ROOT

To testthe unitroot hypothesise consider three estimators corresponding to the
regression models

Vi = paYi-1 + &, (11)
Ve =Y =paYi-1—Y) + &, (12)

and
Yo — 2 —¥({t/n—05) = paly-1 — & — y{(t —1)/n— 0.5}] + €, (13)

whereé,, &, e’ are the corresponding residugys= >i-, y;/n, and(,¥) is the
OLSE obtained by regressingon (1Lt — n/2),t = 2,...,n. The coefficientsoa
andpx are estimated by the adaptive procedi®eand(5)—(10) using the mean-
adjusted observationyg , =y; — ¥ and the trend-adjusted observatigns=y; —
i — ¥(t/n—0.5), respectivelyinstead ofy,,t = 2,..., n. For testing the unit root
hypothesisthe statistics1( pa — 1),n( pa — 1), n( pA — 1) can be usedilso, the
pivotal statistics

7a = (pa—1)/se(pp), Ta= (pa—1)/se pp), A= (pa—1)/se&(pa)
can be usedvhere

se( pa) = (|EEYE—1)71/2, se(pa) = (|EEYE—LM)71/2,

se(pp) = (IgSy2 1,) 2

are the standard errors of the estimatdiise limiting distributions of the test
statistics are given in Theorem 3
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THEOREM 3 Under the conditions of Theore®)
(i) n(pa—1)=D(A), n(pa—1) =D, n(pa—1) = D.(A),

where D,(A) and D,(A) are the same as DV) in (2) exceptinstead of Wr) in
D(A),

W, (r) = W(r) —fOlW(s)ds

and

1

1
W,(r) = W(r) — 4{f W(s) ds— 1.5f

+ 6r{f1W(s) ds— Zfls\/\l(s) ds}
[0] 0

are used in R (A) and D;(A), respectiely,
(”) %A:T(A% 7_-Aﬁ-l-p,()‘% TgiTT()\)9

sW(s) ds}

where T,(A) and T,(A) are the same as(h) in Theorentl exceptinstead of Wr)
in T(A), W,(r) and W(r) are used in (1) and T.()), respectiely.

The expressions of the limiting distributions in Theorem 3 are similar to those
of the M-estimator-based tests of Luc&s995a Theorem 1 and the LAD-
estimator-based tests of Herd®96 Theorem 1. In their resultsthe parameter
A is the correlation coefficient between the innovation and the quasi $twre
M-type score for thévi-estimator of Lucasthe sign for the LAD estimator of
Herce. Howeverbecause of the use of the quasi scottes limiting distributions
of theirn(p — 1)-type tests depend on the other distributional paramdtecair
approachthe limiting distributions depend only onbecause a consistent esti-
mator of the true score is usetihe M-estimators and the LAD estimators of
Lucas Herce and Cox and Llatas are robust in that their performances are not
sensitive to outlierdecause they discount wild observations in the case of heavy-
tailed error distributionsHowever when the error distributions are not close to
those of the specified score functionise robust methods may lose efficiency
Now, our adaptive method attains both robustness and efficiency by selecting a
consistent estimator of the true score automaticilibyveverthe adaptive method
is not necessarily easy to implement

Note thaf in contrast to the limiting distributions of the regression biases
n(pa—1),n(pa—1),andn(ps — 1), those of the pivotal statistics, 7a, andrA
do not degenerate to zero and converge to the standard normal distribution as
approaches zerdhe distributions (A), T,(A), andT.()) of the pivotal statistics
are mixtures of the Dickey—Fuller distributiofBF) and a standard normal dis-
tribution (Z) independent of DF because they are of the form

ADF + (1— A2)V2Z,
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Wheno 2 is infinite andl (f) > 0, A = 0 and the distribution (1), T.(2), and
T.(A) become standard normal as Knigh®89 observed for théM-estimator-
based test$On the other handhe limiting distributions of the OLSE-based piv-
otal statistics of Chan and Trat989 and Phillips(1990 are not normalThe
fact thatD (1) — 0 as\ — 0 (or o2 — c0) means thain the infinite variance case
the OLSE gets infinitely less efficient than tMeestimator or the adaptive esti-
mator This agrees with the result of Knigkt989, who proved thatin the in-
finite variance modethe rate of convergence of the OLSHis! whereas that of
the M-estimator isn~/«*%/2 when the error distribution belongs to the domain
of attraction of a stable distribution with index<0a < 2.

To test the unit root hypothesiwe need percentiles of the null distributions
For finite sample sizeghe distributions of the test statistics depend on the un-
known distributionf (-) of the innovation However by Theorems 1 and,3he
limiting distributions of the test statistics depend on the unknown distribution
only throughA. Hence finite-sample distributions of the statistiis), — 1) and
75 should be close to those of

n n 1/2

nAC,(A)/ X ¥ and cn(A)/ (&2;,31) : (14)
t=2 t=2

respectivelywhere

n n
C.(A) = {A 2 Vo1& + (1= A%)Y2 2 yt15t},
t=2 t=2

n
62=(n-27* E (Y = ALYe-1)2
t=2

Vi = V-1 T €, {e/} is an independemi(0,1) sequenceand{§,} is an independent
N(0,1) sequence independent{&}. Thereforgwe can construct empirical per-
centiles for various values of between(0,1) by a Monte-Carlo simulation of
(14). Using 10Q000 replications of14) with y, = 0, empirical 1% 5%, 10% left
percentiles are computebhdependente, 5;) were used for different combina-
tions of (n,A). Also empirical percentiles of the other statistitisoa — 1), 7a,
n(px— 1),74 are simulated byl4) usingy; , andy; ., respectivelyinstead ofy,,
and proper adjustment for degrees of freedomd&dr Because the statistics
n( pa—1) and7, are rarely used in practicere only report the percentiles of the
mean-adjusted statistics and the trend-adjusted statistics in Table 1

We now state our test procedur€ompute the test statistia®( pa — 1),
N(pa— 1), n(pa — 1),7a,7a,TA. Also compute the corresponding estimates of
A=Min[{62(f)} ¥21] of A in the estimated mode(4 1), (12), and(13). From
Table 1 using interpolatiorfind the percentiles correspondingtoCompare the
test statistics with the corresponding percentiRaject the unit root hypothesis
if the statistics are smaller than the tabulated percentiles
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TABLE 1. Left percentage points of null distributions of the adaptive test statistics for the hypothesis of ukigrpot 1 in the
modely: = py—1 + &

Mean adjusted Mean and trend adjusted

n(pa—1 Ta n(pa—1) TA

Probability of smaller value

A 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%
n=25
1.0 -17.1 —-125 —-10.2 -3.7 -3.0 —-26 —22.6 —-180 —-15.6 —4.3 -3.6 -3.2
0.8 —-127 -89 —-7.2 -3.6 —-2.8 —-2.4 —-16.9 —-129 —-10.9 —-4.1 -3.3 -3.0
0.6 -85 -59 —-4.6 -34 —26 2.2 —-113 -84 =71 -39 -3.0 —2.6
0.4 -5.0 —-3.4 —2.6 -3.2 —-2.3 -1.9 —6.8 —-4.8 -3.9 —-3.6 =27 —-2.2
0.2 —-22 -14 -11 —-29 -21 -17 —-29 —-2.0 -16 -3.1 —-2.3 -18
0.0 -0.0 -0.0 -0.0 —2.6 =17 -13 -0.0 -0.0 -0.0 2.7 -18 —-14
n=50
1.0 —188 —132 —-10.7 -35 —-2.9 —2.6 —254 —-197 —-16.8 —-4.1 —-35 -3.2
0.8 —-135 -9.3 7.4 -34 2.7 2.4 —-184 —-138 —-115 -39 -3.2 —-29
0.6 -9.0 —-6.0 4.7 —-3.2 —-25 22 —-120 -89 7.4 —-3.7 —-29 —-25
0.4 —-5.1 —-3.4 —2.6 -3.0 —-2.3 -1.9 -7.0 -5.0 —-4.0 -3.3 —2.6 —-2.2
0.2 —-22 -14 -1.0 —-2.7 -20 -16 —-29 -20 -16 -29 —-22 -18

0.0 -0.0 -0.0 -0.0 —24 -1.7 -13 -0.0 -0.0 -0.0 —-25 -17 -13
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n=100
1.0 -19.4 —-135 -109 -35 -2.9 —2.6 —-27.3 -205 -17.4 -4.0 -35 -3.1
0.8 —-14.1 —-9.6 —-7.6 —-34 —2.7 —24 —193 —14.3 —-120 —-3.8 —-3.2 —-29
0.6 -9.1 —-6.1 -4.8 -3.2 —-2.5 -2.1 —-125 -9.1 —7.6 -35 —-2.9 —-2.5
0.4 -5.2 -3.4 —-2.6 -3.0 -2.3 -1.9 -7.1 -5.0 -4.1 -3.2 -25 -2.2
0.2 —-2.2 -1.4 -1.0 —-2.7 -2.0 -1.6 -2.9 -2.0 -1.6 -2.8 -2.1 —-1.7
0.0 —-0.0 -0.0 -0.0 —24 -17 -13 -0.0 -0.0 -0.0 —24 -17 -13

n= 250
1.0 —-20.2 —-139 -111 -35 -2.9 —2.6 —-285 -213 -179 -4.0 —-3.4 -3.1
0.8 —-14.3 -9.7 -7.7 -3.3 —-2.7 —-2.4 —-20.1 —14.6 —-122 -3.8 -3.2 —-2.8
0.6 —-9.2 —-6.2 —-49 -3.1 —-25 -21 -129 -9.3 —-7.7 -35 —-2.8 —-25
0.4 -5.2 —-3.4 —-2.6 —-2.9 -2.2 —-1.9 —-7.2 -5.1 -4.1 -3.2 -25 -2.1
0.2 —-2.2 —-1.4 -1.0 —2.6 -2.0 -1.6 —-2.9 —-2.0 —-1.6 —-2.8 -2.1 —-1.7
0.0 —-0.0 -0.0 -0.0 —-2.3 -17 -13 -0.0 —-0.0 -0.0 —24 -17 -13

n = 5,000
1.0 -205 —-14.1 —-11.2 -3.4 -2.9 —2.6 —-29.1 —-216 -183 -4.0 —-3.4 -3.1
0.8 —-14.4 -9.8 -7.7 -3.3 —-2.7 —-2.4 —-204 —-149 —-124 -3.7 -3.1 —-2.8
0.6 —-9.3 —-6.2 —-49 -3.1 —-25 -21 —-130 —-94 —-7.7 —-35 —-2.8 —-25
0.4 -5.3 —-3.4 —2.6 -2.9 -2.2 -1.9 -7.3 -5.1 -4.1 -3.1 -25 -2.1
0.2 -2.2 -1.4 -1.0 —2.6 -1.9 -1.6 -2.9 -2.0 -1.6 —27 -21 -17
0.0 -0.0 -0.0 -0.0 -2.3 -17 -13 -0.0 —-0.0 —-0.0 -23 -17 -13

Note: This table is constructed from a Monte-Carlo simulation with,000 replicationsA = {o-2I ( f)} =2 whereo 2 = var(e,), f is the probability density function &, and! ( f) is the
Fisher information number df
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An alternative estimator of can be obtained by estimatimg’ from the den-
sity estimator

2= J : x2f(x) dx. (15)

ThenX = (621(f)) Y2 is an estimator of that is always less than or equal to
one

4. AN EXTENSION

An extension of our approach tgpgh-order autoregression is obvioonsider
an AR(p) model

Vi =arV1t - Faphpt €.
To estimate the possible unit roete reparametrize the model into
Vi = pYr-1t B1Ziat - T Bp1Zipi1 T &,

wherez; =y, — y;_1 andBy, k=1,...,p — 1 are linear combinations af,, k =
1,...,p. The adaptive estimator &= (p, B4,...,Bp-1)" iS given by

n -1
éA = 0~n + ( 2 XtX{> Ai(én)/rns, (16)
t=p+1

Wherext = (yt—l’ Zi—1,.. -9Zt—p+l),’ 0~n = (:L El’- --uép—l)l’ and(lél’- . -’Ep—l)’ is
the OLSE in the regression model

zy =1z 1+ - +Bp1Zipr1t &

Also,

A ~ n A ~ ~

A0 = X d(e(8,);60)X;
t=p+1

andl3are estimators of,,(8) = Sipr1¢(e(0)) X andl ( ), respectivelybased
on the residuals

&0)=z—P1zi1— - —Bp1Zpi1,  t=p+Ll..,n
Let pp be the first component d@s. The pivotal statistic op, is
7a = (pa—1)/se pa), s pa) = (I5/c11) "2,

wherec,, is the(1,1) element of X, X})~% Define the mean-adjusted statistics
pa and7, and the trend-adjusted statistigg and 7 similarly. The limiting dis-
tributions of the test statistics are given in Theorem 4
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THEOREM 4 Assume that the characteristic roots oPm — g, mP~2 —
.-+ — Bp—1 = Olie inside the unit circleThen under the conditions of Theorem
2, we hae

(i) n(pa—1) =cD(), n(pa—1)=cD.(A), n(pi—1) = cD(A),
(i) A= TW),  #=>T. ), =T,

where c=(1— By — -+ — Bp-1).

5. A MONTE-CARLO STUDY

In this sectionwe compare the adaptive tests with the OLSE-based tests of Dickey
and Fuller(1979 and theM-estimator-based tests of Luc@<995a for AR(1)
models We select four distributions with the relevant parameters being

D1: N(0,1), 1(f)=1, A=1
D2: t(3), I(f)=2, A=.796
D3: 0.5N(—3,1) + 0.5N(3,1), I(f)=.963 A=.322
D4: 2 -1, 1(f) = oo, A=0,

whereN(a, b) denotes the normal distribution with meamnd variancé, t(k)
denotes the-distribution withk degrees of freedopand y? is the chi-square
distribution with one degree of freedoifhe three distributions D2, and D3
are symmetricand the last distribution D4 is skewethe distribution D2 shows
a moderate departure from the normal distribution in th& around 07; D3
shows a substantial departure from the normal distribution while retaining sym-
metry; D4 is not symmetric and reveals a big departure from normality

We describe our choice of the bandwid6) in more detail because adaptive
estimators are sensitive to the bandwidtbcording to Silvermari1986 p. 50),
the key ingredient iri6), f*_f"(x)? dx can be consistently approximated by

n~*hg* 22 22 K@ (ho Y& (p) — &(p))), a7
i=2j=

wherehy is an initial bandwidth ané @ (x) = exp(—x?/4). As discussed in Sil-
verman(1986), expression$6) and(17) can be iteratedstarting with an initial
valuehy. We observegthrough a Monte-Carlo simulatiothat two iterations are
sufficient We usedhy = 0.4. We tried other initial bandwidthis, = 0.1, 0.7. The
results are almost the same as thoséfer 0.4 as a result of the fact that iteration
of (6) and(17) gives a stabilized new bandwidth for a wide range of the initial
bandwidthdh,. The terms, in (10) is chosen to be.001hY3. However the value
0.001 is not criticalln a Monte-Carlo experiment not reported hétrevas shown
that the estimatof, is not sensitive to the value gf. Values ranging frons, =
h¥3tos, = 10"°h} give almost the same performance in the adaptive.tEsts
an estimator of\, we usedA = Min[42( f)} 21] because\ is simpler to
compute tham of (15).
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The data are generated accordingite py,—1 + &,t=12,...,nwith n= 50,
100, p =1,0.95,0.9, 0.8; yo = 0. We consider two cases of adjustmeii® mean-
adjusted case and the trend-adjusted CHse mean-adjusted Dickey—Fuller tests
n( p. —1) and7_and the trend-adjusted Dickey—Fuller test®, — 1) andr;* are
computedFor a quasi-score function of tive-estimators of Lucad 9953, we se-
lected thet(5) distribution The mean-adjusted and trend-adjusté@stimators
pmandpy, of Lucas(1995a are computed by solving tHé-equations

S (S (Vo = PmYe-1u)Ye-1u =0

and

2l/j(sil(yt,r - p:’\ytfla'))ytfl,r = 0’

respectivelywherey (x) = 6x/(5 + x?) is the score function of thg5) distri-
bution ands is the median absolute deviation of the OLS residuals divided by
0.6745 Then(p — 1)-type test statistics based on thieestimator are adjusted
for nuisance parameters as(®) of Lucas(19954 to have the same limiting
distributions as the Dickey—Fuller tests and are givenlgy— 1)m, s./s,, where

H = PmOr pm, My, = N3¢’ (s71¢), £ =n"'2€7, ands] = n '3 {y(s71§)}?s>

The mean-adjusted and the trend-adjusted pivotal statistics &ftbstimators

of Lucas(19953 are7y, = ( pm — 1)/s€( pm) andri = (pm — 1)/s€ pr), respec-
tively, where sé p,,) is the standard error gf,, given by

SPS{Y (S (Vi = PmYe 1)) 2YE 1
[Edf,(s_l(yt,,u - ﬁmytfl,,u))ytzf],,u]z

and sé p,,,) is defined analogouslyhe nominal level is set to 5%€orresponding
critical values are from Fullegf1996 App. A) and Table 1

In Table 2 rejection frequencies in,Q00 independent Monte-Carlo samples
are reportedWe see that sizes of the Dickey—Fuller tests and the adaptive tests do
not deviate much from the nominal 5% level for all caselereas those of the
M-estimator-based tests have size distortions in some ,casescially for the
7-statistics for D3

One interesting point is thafor distributions D2—D4the adaptive tests have
significantly better powers than the Dickey—Fuller teBtsr exampleunder D3
whenn =100 p = 0.9, we note that the trend-adjusted Dickey—Fuller tggtas
power 204%, whereas the corresponding adaptive test has pow&#®&or all
innovations D1-D4the Dickey—Fuller tests have about the same finite-sample
powers against a given alternativ@n the other handpowers of the adaptive
tests get higher ak decreases

For D3 and D4the true scores are substantially different from the quasi score
of thet(5)-basedVl-estimator For these distribution®xcept in a few cases for
D4, our adaptive tests have higher powers thanNhestimator-based tests of
Lucas(1995a. However for D1 and D2 which are relatively closer t5) than
D3 and D4 the adaptive tests do not outperform the tests of Lt8954a. Es-

{se(pm)}? =
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pecially for D2 which ist(3) and is close td(5), the tests of Luca&l9954 have
substantially higher powers than the adaptive tdst®n though our adaptive
tests are constructed using the symmetric kernel estini&wy, they still work
well for the skewed distribution D4 having sizes close to the nominal level 5%
and higher powers than the other two tests

Because the initial estimatgr = 1 in (3) is consistent only under the null
hypothesisthe adaptive tests based on the null value would have lower powers
compared to adaptive tests based on consistent initial estimatoasMonte-
Carlo simulation similar to that used for constructing Table@ computed sizes
and powers of the adaptive tests based on consistent initial estintae@GLSE
We found undesirable size distortions for the OLSE-based adaptive tests for the
non-normal innovationsFor example the empirical size$%) of the mean-
adjusted tesk, for (D1, D2, D3, D4) are(4.3,17.1, 23.7, 12.4) forn= 50 and are
(5.1,18.4,135,9.5) for n = 100 Also, for all p = 0.95,0.9, 0.8, we found no
significant power improvements for the OLSE-based adaptive tests over the null-
based adaptive testdoweverwhenp is not close to onghe null-based adaptive
tests seemed to lose some powar examplewhenp = 0.7, n = 50, and the
innovation is D1 we found the same size3% for both the OLSE-based adaptive
test7, and the null-based adaptive tégtand found smaller powers for the null-
based test, (47.5%) compared to the OLSE-based tégt(52.1%). From this
analysis we may conclude that the null vajue= 1 as the initial estimator pro-
vides us with more stable sizes than the Ol @&Ehout big power losses when
is not much different from one

6. DISCUSSION

In our researchwe found that the adaptive estimators provide us with higher
powers than the Dickey—Fuller tests based on the OLSE when the error distribu-
tion is different from a normal distributignvhereas our tests have comparable
performances when the error distribution is near normlab, if the score func-
tion is suitably specifiedM-estimation would give us tests with higher powers
than adaptive estimatiorlowever if the score function is not well specifiethe
performance of th&/-estimator-based tests would not be as good as that of the
adaptive tests

We have seen that when the innovation has heavy tails in the sense=that
{o?1(f)} Y2 is close to zerpthe OLSE-based tests have significantly lower
powers than the adaptive tesBy contrastfor heavy-tailed error distributions
M-estimators take full advantage of good leverage ppand this gives them an
edge in terms of better efficiency than the OLSBe adaptive estimator is even
asymptotically better than tHé-estimator because it guesses the true score

We should mention that Beelde(3996 also independently obtained similar
adaptive tests utilizing asymptotic theories from Jeganath@®5. He obtained
the results in a more general setting of ARMA processes and discussed some
optimality properties of the adaptive estimatior comparison to his testeur
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TABLE 2. Empirical sizeg%) and powerg%) of tests forHy: p =1 againsH;:p <1

Mean adjusted

Mean and trend adjusted

Ssaud AJ!SJ%!EH abpriquie) Aq auljuo paysiiand 91015166999799205/£101°0L/Bi0 10p//:sd1y

n(p—1 7 n(p—1) 7
P DF AD M5 DF AD M5 DF AD M5 DF AD M5
n=50
1.0 D1 44 6.0 3.0 53 4.3 94 4.8 6.6 20 55 25 14.8
D2 39 5.2 2.6 45 4.5 5.2 39 3.3 2.0 4.6 2.6 6.2
D3 56 50 40 57 40 178 55 24 32 50 2.4 292
D4 49 45 24 53 48 5.8 3.6 2.8 12 45 26 6.4
0.95 D1 Q9 119 75 7.3 4.9 134 6.0 9.2 2.6 6.5 29 161
D2 81 131 6.6 5.7 113 142 51 6.2 2.4 53 7.4 121
D3 114 451 8.6 7.9 464 185 7.1 220 3.6 7.3 283 259
D4 9.3 200 53 6.3 222 162 51 9.8 2.4 57 125 145
0.9 D1 192 221 138 122 91 198 9.0 126 4.9 9.0 4.9 204
D2 155 239 184 9.6 197 291 7.6 121 58 7.8 120 231
D3 192 858 138 133 790 217 119 590 6.3 111 628 258
D4 163 375 153 101 360 332 81 208 4.5 1.7 251 217
0.8 D1 479 482 379 34.6 24.2 445 239 27.0 139 207 126 37.8
D2 476 549 554 297 395 635 182 288 238 162 256 493
D3 487 958 317 340 935 317 249 885 138 220 860 333
D4 473 635 56.6 314 553 685 223 404 214 180 375 556
Critical values
—-133 -14.1 —-2.90 —2.90 —-19.9 —-216 —3.49 —-3.40
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Ssaud AJ!SJGZ!EH abpriquie) Aq auljuo paysiiand 91015166999799205/£101°0L/Bi0 10p//:sd1y

n=100
1.0 D1 49 7.7 4.3 50 49 6.9 43 6.0 36 4.4 35 7.8
D2 58 73 39 6.1 6.7 37 4.6 4.6 30 43 39 36
D3 55 49 51 52 49 130 49 33 35 4.6 2.7 192
D4 47 51 21 54 47 36 40 4.0 1.0 52 38 4.8
0.95 D1 169 200 139 108 9.5 137 9.4 9.7 6.4 83 54 125
D2 176 314 212 114 269 255 85 166 7.7 85 192 185
D3 193 929 146 119 881 151 9.7 760 7.4 9.4 767 181
D4 159 520 166 103 556 274 9.2 316 47 7.6 410 182
0.9 D1 460 481 418 314 263 346 222 239 168 190 129 251
D2 440 658 627 310 535 64.9 212 412 304 182 386 495
D3 482 1000 365 342 991 281 242 988 167 204 981 255
D4 453 812 613 300 796 666 206 614 258 169 64.7 506
0.8 D1 941 934 919 86.0 748 810 725 729 635 644 512 64.7
D2 960 952 988 87.0 845 949 720 826 8638 647 724 87.9
D3 962 10Q0 832 87.8 10Q0 631 725 999 530 663 997 522
D4 945 964 991 861 914 957 707 906 884 629 848 882
Critical values
—-138 —-14.1 —2.86 —-2.90 —-209 —-216 —3.45 -3.40

Note: Nominal level= 5%. Number of replications= 1,000 D1: N(0,1); D2: t(3); D3: 0.5 N(—3,1) + 0.5 N(3,1); D4: xy? —1; DF: Dickey—Fuller testsAD: tests based on adaptive
estimator M5: tests based oMl-estimation of Luca§19953 usingt (5) as a quasi scor€ritical values of DF are from Fullg.996 App. A); those of AD depend oA, are from Table 1
and are not given in this tahléhose of M5 are the critical values of DF for largé5,000) as suggested in Luc&$9953. Then( p — 1) for M5 is adjusted for nuisance parameters as in
(8) of Lucas(1995a and isn(p — 1)m, s/, wherem, = n" 13y’ (s 1&), s2 = n *3€?, andsy = n 13{y (s 16)}%s2
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tests have more desirable size properties than those of Beelders hacause
adaptive estimatiagrthe unity is used as an initial estimator of the unit root and an
iterated estimate of the nearly optimal bandwitihis used

An interesting future research topic would be to extend our results to the
case of serially correlated errors as Luc¢a995a and Herce(1996 did for
their M-estimation and LAD estimatiorEven though a rigorous justification
seems nontrivialwe expect that the limiting distributions of the adaptive tests
for the dependent error model would be similar to those in Theoreex@pt
for nuisance parameters of scale factors and location shifts due to the serial
correlation Such an extension would permit us to construct test statistics ad-
justed for the nuisance parameters as equatiBnsnd (9) of Lucas(19953
and equation$21)—(24) of Herce(1996. An extension to an ARMA model is
relatively straightforwardThe arguments of Theorem 4 in Section 4 for an
AR(p) model easily extend to an ARMA modgl = py, 1 + 121 + --- +
Bp-1Zt-ps1+ & + y168-1 + -+ + Y484 With X and@, in (16) being replaced
by Xt = (yt—l’ Z’L—lw-w?t—p-%—b é(—1" --,Q—q)/ andén = (LBL---,Bp—1’71a---,7q)’
whereg and(fy,...,Bp-1,71,...,74) are estimated residuals and a consistent
estimatoy respectivelyin an ARMA(p — 1,q) model fitting toz.
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APPENDIX

Proof of Theorem 1. This is due to Luca$19953. |

To prove other theorem#e need some results on adaptive estimatmbefore giving
the proofswe give some preliminary stepa/e first need the concept of contiguityet{P,}
and{Q,} be two sequences of probability measures defined on the sample®pace

https://doi.org/10.1017/50266466699151016 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466699151016

20 DONG WAN SHIN AND BEONG SOO SO

DEFINITION 1 (Contiguity, Bickel, KlaassenRitov, and Wellney 1993 p. 498. We
say R is contiguous to Qif, for every sequence of Borel setsgiB R", Q,(B,,) — Oimplies
P.(B,) — 0as n— co.

Let 6 be a vector of parameters in the regression mot®lexceptp or subvector of
parameters in reduced modelg ®8) and letd, be the true value . Because we use the
initial estimatorp = 1, the parametep is not included ird. Throughout the progp is set
to one Let{6,} be a deterministic sequence satisfying

8, := n¥2(8, — 6,) = O(1). (A1)

In the sequelR, andQ,, denote the probability measures{gs, ..., y,} conditional ony,
that are defined by the following A®) model with a linear trend

Ve =p+yt/N=05 +pyr 1+ 1z a1+ - +Bp1Zpi1 T 6,

underé = (M,’}/,Bl, vee >Bp—l)l = 00 = (O’O’BLO’ oo ’IBD—LU), andé = 0n = 00 + n’1/28n,
respectivelywheres,, € RP™% In Lemma 2 we show that under the regularity conditions
of Theorem 4P, is contiguous t@®,, for any deterministic sequen¢é,} satisfying(A.1).
We first need a preliminary lemma

LEMMA 1 (Hall and Loynes1977 Proposition 4. If the likelihood ratiq log dQ,/
dR,, is bounded in probability under,Pthen R is contiguous to Q.

LEMMA 2. Assume the conditions of TheordnThen R is contiguous to Q

Proof. By Lemma 1 we have only to show that,(8,,) = logL(8,) is bounded in
probability undeP,, whereL,, = dQ,/dR, andé, = O(1). First we note that

€,(8,) = 2{logf(e, —n"¥28,Z, ;) — logf(e)}
=n"Y234(e)8nZ, + 2713y (e) (842, )% + Ry,

whereZ . = (L(t/n — 0.5), Z_1,...,Z—p+1) @andR, is the remainder ternNow, under
conditions(i) and(ii) of Assumption 1the strong law of large numbers and the central
limit theorem for martingale sequence imply thanderR,,

n Y23y (e)Z, .= N(O,I(f)Q),
NSy (e)Z, 25 = 1(F)Q + 0y(D),
and

|Rn| = Kn™'3(8,Z, )°n 2 max|8nZ, | = Op(1)0p(1) = 0p(1),

whereQ = lim,,_,,,n"*3E(Z, Z’ ;). This completes the proof n
Let $,(8) = n~1{AS(8) — An(80)} and letS(8) be the value of § evaluated a#.

LEMMA 3. Under the conditions of TheorefnS,(6,,) — 0in Q, probability implies
S.(6,) — 0in P, probability.

Proof. This follows from the contiguity oP,to Q, (Lemma 2 and Borel measurability
of the set|S,(0,)| > €} for alle > 0. [ |
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DEFINITION 2. Letd be an ri’2-consistent estimator d@,. A discrete i/2-consistent
estimatorg, of 6, is defined as the point inT¥2Z¢ closest td,,, where Z denotes the set
of integers and d denotes the dimensiod of

LEMMA 4. Assume the conditions of Theordniet 8, be a discrete H?-consistent
estimator ofd. If S,(8,) — 0in Q, probability for all 8, = 6, + n~1/28, with 8, = O(1),
then $(8,) — 0in P, probability.

Proof. This follows from the contiguity oP, to Q,, Lemma 3 discreteness d,, and
n2-consistency o#,,. u

Lemma 4 simplifies our proof very muchihe major part of the proofs of Theorems 2—4
is to showwith 6 = @,,, underP,,

n~HA3(0) — An(8p)} = 0,(1) and [3(8) — () = 0,(1), (A.2)

which is not simple becaud®, is random and (6, is a dependent sequence unégr
Note thatin the real worldwe are using the discrete estimators as a result of rounding off
in computing estimatord hus a practical version ¢A.2) with 8 = 8, is that based on the
discrete estimatdf, of §,,. Hence provingA.2) with 8, instead 0@, is a practical equiv-
alent of provingA.2). Thanks to Lemma,4he problem reduces to showif.2) with =
6, underQ,, which is simpler because, is deterministic andunderQ,, the residuals
{e(8,)} become.i.d. random errorsThroughout the remainder of the prodfnot spec-
ified otherwise all the probability statements are under the probabity

We are now ready to state the key substitution lemmathat is the most crucial step toward
our theorems

LEMMA 5 (Substitution lemmpa Assume the conditions of TheorémLet 8, be a
discrete i/2-consistent estimator of the initial estimat@y. Then we hae, under R,

N 3{d5(e(8,);0,) — (& ()} X, = 05(D), (A.3)
5(8,) = 1(f) + 0,(1), (A.4)
whereX, = (L(t/n—0.5),¥i-1,Z-1,...,Z—p+1)"

Proof. By Lemma 4 we have only to show th&#.3) and(A.4) hold under the deter-
ministic sequencéd,} satisfyingd, = 8, + n~Y25, instead of unded,,, whered,, = O(1).
Because our proof follows closely that of Bickdl982 and Schick(1987) in the semi-
parametric adaptive estimation for the independent,c@ssummarize the key results of

Schick(1987):
N~ Y23 (i€ (8,);00) — (e (8,))} = 05(D), (A.5)
Ef[t[fnst(X;On) — ¢ (0]2f (x) dx = o(1), (A.6)
15(8,) = 1(f) + 0,(2), (A7)
SUPIY7; (% 60) — J (60| = (W)™ = o(n™*/2), (A.8)

wherez,/?,?ij(x;o) is the estimator of the score functigrix) constructed from deleting two
errorse (6) ande; (). Note that(A.4) directly follows from(A.7). We give proof of(A.3)
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only for the third elements oX, ;, that is y;—1, because proofs for other elements are
similar or easienWe need the decomposition of AR) processes

Vi = Yo— Mo+ 7+ C Mg, (A.9)

wherew, = 3{_, e and{n,} is a stationary process that is negligible compared with
(Fuller, 1996 p. 556). The representatiofA.9) together with(A.5)—(A.8) takes care of
most of the terms ifA.3) except for the last two terms {\.9), which are investigated in
more detail subsequentljow, by the Cauchy—Schwartz inequality a(#.6),

NS (e (8n);6,) — (e (6)}]
= (N30 Y2 3 { (e (6n):0,) — (e (6,))12172 = Op(1)05(1) = 0,(D).
As for the last term ofA.9), we observe

Eln 1S {gs(e(6,);0,) — ¢ (e(8,)}we_1]2
= n‘ZEE[ f {h3(x:00) — P (X2 (%) dwizl} (A.10)

becauseﬁﬁt(x; 0,) — ¥ (x) is odd and hence the cross-product terms are all. 2¢omv
(A.10) becomes

n

n? > i E[qz J {t/?ﬁ«x;on)—w(x)}zf(x)dx]

t=p+1lj=p+1

n

t—1 t—1
+n2 Y > X E[e%f{tﬁﬁl(an)—tﬁ(X)}zf(X)dX}.

t=p+1lj=p+li=p+1i#j

We note that byA.6) and(A.8),

SUDE[%Zf{tﬁﬁt(x;on) — i (X)}2F (%) dx]

j<t
= supfze ¢ [ 2,050, ~ 0010 01
+ ZE[Q2 f {P35(%:00) — d(x:0)}°F (%) dX]}
= ZUZSJ_»gtpE[ f{«ﬁﬁq(an) — ()} (%) dX] +20?(his,n)?=0(1). (A.11)
Becausej(x;6,) is an odd function with respect to each{ef};..;, we get the identity
E[eq [iacsen - woorzeoo dx] —0. i et i)

This together with(A.11) finishes the proof fofA.3). u
https://doi.org/10.1017/50266466699151016 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466699151016

ADAPTIVE ML ESTIMATION UNIT ROOT TESTS 23

Proof of Theorem 2. We get the result from Theorem 1 and observing ,ttogt
Lemma 5

n(pa—1 = n_lzlﬁr?t(et(ﬁ);ﬁ)yt—l/{n_zzygfl|Ar?}
=[n"* Sy (e)yi-1+ 0p(D]/[n722y2 {1 () + 0y(D}] = n(pm — 1) + 0p(D).
|

Proof of Theorem 3. By Lemma 4 we have only to prove the result under the deter-
ministic sequence dof,, = n"Y2[(a,y) — o(1)]’ with (a,y) = (0,0). Now the result for
n(pa — 1) follows from

N(pa—1) = N 1345(e(6,);00) (Yeor — AN 22 (Y1 — 9)215(6,)}
=[N3y (e(61);00) (Vi1 — ¥) + 0p(D]/[N 22 (yer — 9 HI () + 0,(D}]
= D,(}),

which is a consequence of Lemma 5 and the bivariate functional central limit thebinem
result forn( pA — 1) follows from similar arguments n

Proof of Theorem 4. The results follow from combined arguments for proof of Theo-
rem 3 Lemma 5 and the representatidi.9). n
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