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Adaptive maximum likelihood estimators of unit roots in autoregressive processes
with possibly non-Gaussian innovations are considered+Unit root tests based on the
adaptive estimators are constructed+ Limiting distributions of the test statistics are
derived, which are linear combinations of two functionals of Brownian motions+A
Monte Carlo simulation reveals that the proposed tests have improved powers over
the classical Dickey–Fuller tests when the distribution of the innovation is not close
to normal+We also compare the proposed tests with those of Lucas~1995, Econo-
metric Theory11, 331–346! based onM-estimators+

1. INTRODUCTION

Testing for autoregressive unit roots has attracted a great deal of attention since
the influential works of Fuller~1976, 1996! and Dickey and Fuller~1979!+ Vari-
ous extensions have been and are currently being made in several directions+One
research direction is to widen the applicability of the unit root tests under broader
correlation structures for the innovations+ Phillips~1987! and Phillips and Perron
~1988! developed tests that are applicable under weakly dependent innovations+
Said and Dickey~1984, 1985!, Pantula and Hall~1991!, and others constructed
tests that work for the innovations of stationary autoregressive moving averages
~ARMA !+ Another direction is to improve powers of tests as studied by Pantula
et al+ ~1994!, Park and Fuller~1995!, Shin and So~1997!, and others+ The power
improvements are achieved by a proper handling of the initial observation or by
considering symmetric estimation of the unit root parameter+

All of the above-mentioned tests are based on the ordinary least-squares esti-
mator ~OLSE!, the Gaussian maximum likelihood estimator, or variants of it,
which is optimal if we assume normality of the innovation+ However, if the dis-
tribution of the innovation is not normal, one can improve the power perfor-
mances of the tests+ The OLSE-based tests have the same limiting distributions
regardless of the distribution of the innovation provided the distribution has a
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finite variance+However,when the innovation distribution has fat tails, the OLSE-
based tests have lower powers compared with tests that take advantage of non-
normality+ Lower power implies that the OLSE-based tests tend to give false
evidence for unit roots even though the series under study may not have a sto-
chastic trend+

There is abundant evidence that certain economic variables have non-normal
distributions, as discussed by Judge et al+ ~1985, Chap+ 20!, Fama~1965!, and
others+ Also Franses and Haldrup~1994!, Shin et al+ ~1996!, and Lucas~1995b!
pointed out that many economic time series are subject to sudden changes+ They
handled the sudden changes by introducing the concepts of outliers+ In fact, the
occurrences of sudden changes or outliers are the rule rather than the exception in
empirical data+ In these cases, distributions of the innovations are non-normal,
and thus non-Gaussian maximum likelihood estimations are required+ Cox and
Llatas ~1991! studied non-GaussianM-estimation for unit roots in AR~1! pro-
cesses and derived the distribution of theM-estimator+ Their result, despite its
theoretical elegance, is not of direct practical use for unit root testing for two
reasons+ One reason is that they assumed that the true score function is known,
which is unrealistic because in practice the true distribution is rarely known+ The
other reason is that their expression of the distribution depends on this unknown
score function+ Lucas~1995a! constructed unit root tests based onM-estimator
that also require specification of a score-type function+ Herce~1996! studied the
asymptotic theory of the estimator obtained from minimizing the sum of absolute
deviations+

In this paper, we develop a new class of unit root tests based on adaptive
maximum likelihood estimation+We observe that the score function can be esti-
mated by a nonparametric density estimator of the innovation distribution based
on ordinary least-squares residuals+ In maximum likelihood estimation, the un-
known density function is replaced by its estimator+Under the assumptions stated
in the present paper, the resulting estimator is asymptotically equivalent to the
maximum likelihood estimator computed under the known density function+ In
the literature, this approach is called an adaptive procedure because it works well
under a broad class of unknown innovation distributions+ Some results on adap-
tive estimation in time series models are available by Kreiss~1987! and Gassiat
~1993! for the stationary AR~1! model, Koul and Pflug~1990! for the explosive
AR~1! model, and Hidalgo~1992! and Steigerwald~1992! for linear regression
with ARMA errors+ Drost, Klaassen, and Werker~1997! obtained general LAN
~locally asymptotic normal! results that can be applied to adaptive estimation in
stationary time series models such as ARMA and ARCH models+Also, Hodgson
~1996, 1998a, 1998b! applied adaptive maximum likelihood estimation to a class
of multivariate time series models: cointegrating regressions, error correction
models, and reduced rank error correction models+ Jeganathan~1995! developed
general asymptotic frameworks that can be applied to adaptive estimation in non-
stationary time series models such as AR models with autoregressive unit roots+

The asymptotic distributions of the proposed adaptive tests are linear combi-
nations of two well-known distributions: the distributions of the OLSE-based
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unit root tests of Dickey and Fuller~1979! and the standard normal distribution+
The weights are functions of one parameter that can be consistently estimated
from the density estimates+ This permits us to construct tables of null percentiles
of the test statistics+ Hence our tests are applicable under a wide class of innova-
tions as in Assumption 1 in Section 2+ Our results do not assume the knowledge
of the density or the score function of the innovation distribution+

In a Monte-Carlo study, the tests based on the adaptive estimator are shown to
have improved powers over the classical Dickey–Fuller tests, especially when
the distribution of the innovation differs significantly from the normal distribu-
tion+Also, the Monte-Carlo study reveals that the adaptive tests have better pow-
ers than theM-estimator-based tests of Lucas~1995a! if the quasi score of the
M-estimator differs significantly from the true score+

The remainder of the paper is organized as follows+ In Section 2, adaptive
estimation for the unit root in an AR~1! model with symmetric errors is intro-
duced+ In Section 3, tests for a unit root based on the adaptive estimators are
developed+Also tables of null percentiles of the test statistics are constructed+ In
Section 4, an extension to an AR~ p! model is made+ In Section 5, a Monte-Carlo
simulation is conducted+ In Section 6, some discussion is offered+ In the Appen-
dix, proofs of theoretical results are provided+

2. ADAPTIVE MAXIMUM LIKELIHOOD ESTIMATION

Consider an AR~1! model

yt 5 ryt21 1 et , t 5 2, + + + ,n,

where$ yt %t51
n is a set of observations, et is a sequence of innovations, andr is an

AR parameter of interest+We are interested in testing the unit root hypothesis

H0 : r 5 1

against the stationarity alternativeH1 : r , 1+ Let f ~{! be the probability density
function of et , let c~x! 5 2f '~x!0f ~x! be the score function, and let I ~ f ! 5
*2`
` ~ f ' !20f dxbe the Fisher information number+We assume the following con-

ditions for the innovation+

Assumption 1+

~i! et are independent and identically distributed~i+i+d+! random variables with
E~et ! 5 0, s2 5 var~et ! ,`, E~6et 621d ! ,` for somed . 0, and 0, I ~ f ! ,`,

~ii ! f is differentiable andc~x! is first-order Lipschitz, that is, there is a constantM ,
` such that6c '~x! 2 c '~y!6# M 6x 2 y6 for all x, y [ R,

~iii ! f is symmetric, that is, f ~x! 5 f ~2x!, f ~x! . 0 for all x [ ~2`,`!+

Conditions~i! and~ii ! are used to characterize the limiting distribution of the
maximum likelihood estimator+ Condition ~ii ! is a Lipschitz condition that is
essential in establishing the asymptotic equivalence of the maximum likelihood
estimator and the adaptive estimator+We impose the symmetry condition~iii ! in
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our study for two reasons+ One reason is that~iii ! simplifies the derivation of the
asymptotic equivalence of the maximum likelihood estimator and the adaptive
estimator+ The other,more important, reason is that, if the innovation is symmet-
rically distributed, sizes of the tests based on symmetric density estimators are
better than those based on the density estimators that are not necessarily sym-
metric+ However, in a Monte-Carlo experiment in Section 5, it is shown that the
tests based on the symmetric density estimator still work well for a skewed dis-
tribution+

Usually the autoregressive coefficientr is estimated by the OLSE

[rL 5 (
t52

n

yt21 ytY(
t52

n

yt21
2 ,

which maximizes the conditional Gaussian log-likelihood(t52
n log fN~ yt 2

ryt21!, wherefN~x! 5 ~2ps2!2102 exp~2221x20s2! is the Gaussian density+ As
was shown by Dickey and Fuller~1979!, the limiting distribution ofn~ [rL 2 1!
underr 5 1 is given by

n~ [rL 2 1! nE
0

1

W~r ! dW~r !YE
0

1

W2~r ! dr,

wheren denotes convergence in distribution andW~r ! is a standard Brownian
motion on@0,1# +

If the true densityf is known, by maximizing the true log-likelihood
(t52

n log f ~ yt 2 ryt21!, one can construct a better estimator than the OLSE[rL+
One-step application of the Newton–Raphson procedure for maximization of
the true likelihood with an initial estimator, say, Ir, gives the following one-
step maximum likelihood estimator:

[rM 5 Ir 1 Dn~ Ir!YHI ~ f ! (
t52

n

yt21
2 J , (1)

where

Dn~ r! 5 (
t52

n

c~et ~ r!!yt21, et ~ r! 5 yt 2 ryt21+

Cox and Llatas~1991! and Lucas~1995a!, under regularity conditions similar
to ~i! and~ii ! of Assumption 1, derived the limiting distribution ofn~ [rM 2 1!+
Their estimators are slightly different from estimator~1! in that they are solutions
of the score equations+However, their estimators are asymptotically equivalent to
estimator~1! if the true score function is used in theM-estimation+ In the follow-
ing theorem, we derive expressions for the limiting distributions ofn~ [rM 2 1!
and its pivotal statistic that are useful for unit root testing+

4 DONG WAN SHIN AND BEONG SOO SO

https://doi.org/10.1017/S0266466699151016 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466699151016


THEOREM 1+ Under the regularity conditions of Assumption1 and n~ Ir 2
1! 5 Op~1!, we have

~i! n~ [rM 2 1! n D~l!,
~ii ! $I ~ f !(t52

n yt21
2 %102~ [rM 2 1! n T~l!,

where

D~l! 5 lT~l!YFE
0

1

W2~r ! drG102

,

T~l! 5 lE
0

1

W~r ! dW~r !YHE
0

1

W2~r ! drJ102

(2)

1 ~12 l2 !102E
0

1

W~r ! dV~r !YHE
0

1

W2~r ! drJ102

,

l 5 $s2I ~ f !%2102,

and W~r ! and V~r !, 0 # r # 1 are two independent standard Brownian motions+

By the Cauchy–Schwartz inequality,we obtains2I ~ f ! $1 with equality if and
only if f is the normal density+The quantityl can be interpreted as the correlation
coefficient betweenet andc~et !+ In casel 5 1, the distributionsD~l! andT~l!
reduce to those of Dickey and Fuller~1979!+ We can interpretl as an intrinsic
measure of normality for the innovationet + The closerl is to zero, the more the
distribution of the innovations differs from the normal distribution+ For innova-
tions with infinite variances, l 5 0 becauses2 5` andI ~ f ! , `+

In the real world, the densityf ~x! is usually unknown, and hence the one-step
maximum likelihood estimator[rM cannot be evaluated+ However, if a good esti-
mator Zf ~x! of f ~x! is available, we can construct an estimator like

[rA 5 Ir 1 ZDn~ Ir!YH ZI ~ Zf ! (
t52

n

yt21
2 J , (3)

where ZDn~ Ir! and ZI ~ Zf ! are estimators ofDn~ Ir! andI ~ f !, respectively, constructed
from an appropriate density estimatorZf ~x!+We call the estimator[rA an adaptive
estimator ofr+ For an initial estimatorIr,we use Ir 51 as Said and Dickey~1985!
did in their estimation of unit roots in the ARMA models+ The main reason for
using the null valuer 51 as the initial estimator is that, as is discussed at the end
of Section 5, it provides us with stable sizes of the unit root tests based on the
adaptive estimator+

Usually, the densityf ~x! is estimated by the kernel method which is well sum-
marized in Silverman~1986!+ The kernel estimator off ~x! is defined by

Zfns~x! 5 221$ Zfn~x! 1 Zfn~2x!%,
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where

Zfn~x! 5 ~nhn!21 (
t52

n

K~hn
21$x 2 et ~ Ir!%!, (4)

K is a function called kernel satisfying*2`
` K~x! dx5 1, K~x! . 0, andhn is a

sequence of positive numbers called the bandwidths+ The function Zfn~x! in ~4!
is the usual kernel-based density estimator under no symmetry assumption on
f ~{!+ The function Zfns~x! is a symmetrized version ofZfn~x!+ Because Zfns~x! uses
the information thatf ~{! is symmetric, when the error distribution is symmet-
ric, Zfns~x! is a better estimator thanZfn~x! in the sense thatZfns~x! gives more
stable sizes for the adaptive unit root tests+ The assumption of symmetry and
the use of a symmetrized estimator are quite important to the proof that our
estimator is adaptive+ It is apparently much more difficult, if not impossible, to
get an adaptivity result without the assumption of symmetric errors+ We take
the kernel and the bandwidth to be

K~x! 5 e2x0~11 e2x !2 (5)

and

hn 5 k2
2205HE

2`

`

K~x!2 dxJ105 HE
2`

`

f ''~x!2 dxJ2105

n2105, (6)

respectively,wherek25 *2`
` x2K~x! dx+We have taken the logistic kernel~5! for

two reasons+ First, density estimation is not too sensitive to the type of kernel
~Silverman, 1986, p+ 43!+Second, as noted by Schick~1987!, it simplifies asymp-
totic analysis because of simple bounds of all derivatives of it+We have chosen
the bandwidth~6! because it asymptotically minimizes the mean integrated square
errorE*2`

` $ Zfn~x! 2 f ~x!%2 dx, ~Silverman, 1986, p+ 40!+Note that the bandwidth
hn involves the integral of~ f '' !2, which is unknown+ Later, in Section 5, we
suggest a way to deal with this problem+

The termsDn~ r! andI ~ f ! are now estimated by

ZDn
s ~ Ir! 5 (

t52

n

Zcnt
s ~et ~ Ir!; Ir!yt21 and ZIn

s 5 (
t52

n

$ Zcnt
s ~et ~ Ir!; Ir!%20n, (7)

respectively, where

Zcnt
s ~x;r! 5 2$] Zfnt

s~x;r!0]x%0 Zfnt
s~x;r!, (8)

Zfnt
s~x;r! 5 $ Zfnt~x;r! 1 Zfnt~2x;r!%02, (9)

Zfnt~x;r! 5 sn 1 ~nhn!21 (
i52, iÞt

n

K~hn
21$x 2 ei ~ r!%!, (10)

and sn . 0 is a sequence of positive real numbers+ The reason for using the
delete-one-versionZfnt

s~x! instead of Zfns~x! is for technical simplicity, because it
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allows independence ofZfnt
s~x! andet , as noted by Schick~1987!+ The termsn in

~10! is included to preventZfnt~x! from being close to zero, and it guarantees better
numerical performance of the score function estimatorZcnt

s ~x! 5 2 Zfnt
s'~x!0 Zfnt

s~x!+
We now, in ~3! and ~5!–~10!, have fully implemented an adaptive estimation
procedure+ In Theorem 2, we show that the adaptive estimator and the maximum
likelihood estimator are asymptotically equivalent+

THEOREM 2+ Assume sn 5 o~1!, hn 5 o~1!, and hn
24sn

22n21 5 o~1!+ Then,
under the regularity conditions of Assumption1 and r 5 1, we have n~ [rA 2
[rM ! 5 op~1!+

Theorem 2 implies thatn~ [rA 2 1! and n~ [rM 2 1! have the same limiting
distribution,which is given in~2!+ Becausel 5 $s2I ~ f !%2102 can be consistently
estimated from the estimated density, the null distribution ofn~ [rA 21! can also
be estimated+ These facts enable us to construct a class of adaptive unit root tests
as discussed in the following section+

3. TESTING FOR A UNIT ROOT

To test the unit root hypothesis,we consider three estimators corresponding to the
regression models

yt 5 [rA yt21 1 [et , (11)

yt 2 Sy 5 SrA~ yt21 2 Sy! 1 Set , (12)

and

yt 2 Tm 2 Tg~t0n 2 0+5! 5 rA
*@ yt21 2 Tm 2 Tg$~t 2 1!0n 2 0+5%# 1 et

*, (13)

where [et , Set ,et
* are the corresponding residuals, Sy 5 (t51

n yt 0n, and~ Tm, Tg! is the
OLSE obtained by regressingyt on ~1, t 2 n02!, t 5 2, + + + ,n+ The coefficients SrA

andrA
* are estimated by the adaptive procedure~3! and~5!–~10! using the mean-

adjusted observationsyt,m 5 yt 2 Sy and the trend-adjusted observationsyt,t 5 yt 2
Tm 2 Tg~t0n2 0+5!, respectively, instead ofyt , t 5 2, + + + ,n+ For testing the unit root

hypothesis, the statisticsn~ [rA 21!,n~ SrA 2 1!,n~ rA
*2 1! can be used+ Also, the

pivotal statistics

[tA 5 ~ [rA 2 1!0se~ [rA!, StA 5 ~ SrA 2 1!0se~ SrA!, tA
*5 ~ rA

*2 1!0se~ rA
*!

can be used, where

se~ [rA! 5 ~ ZIn
sSyt21

2 !2102, se~ SrA! 5 ~ ZIn
sSyt21,m

2 !2102,

se~ rA
*! 5 ~ ZIn

sSyt21,t
2 !2102

are the standard errors of the estimators+ The limiting distributions of the test
statistics are given in Theorem 3+
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THEOREM 3+ Under the conditions of Theorem2,

~i! n~ [rA 2 1! n D~l!, n~ SrA 2 1! n Dm~l!, n~ rA
*2 1! n Dt~l!,

where Dm~l! and Dt~l! are the same as D~l! in ~2! except, instead of W~r ! in
D~l!,

Wm~r ! 5 W~r ! 2E
0

1

W~s! ds

and

Wt~r ! 5 W~r ! 2 4HE
0

1

W~s! ds2 1+5E
0

1

sW~s! dsJ
1 6r HE

0

1

W~s! ds2 2E
0

1

sW~s! dsJ
are used in Dm~l! and Dt~l!, respectively,

~ii ! [tA n T~l!, StA n Tm~l!, tA
*n Tt~l!,

where Tm~l! and Tt~l! are the same as T~l! in Theorem1 except, instead of W~r !
in T~l!,Wm~r ! and Wt~r ! are used in Tm~l! and Tt~l!, respectively+

The expressions of the limiting distributions in Theorem 3 are similar to those
of the M-estimator-based tests of Lucas~1995a, Theorem 1! and the LAD-
estimator-based tests of Herce~1996, Theorem 1!+ In their results, the parameter
l is the correlation coefficient between the innovation and the quasi score~the
M-type score for theM-estimator of Lucas; the sign for the LAD estimator of
Herce!+However, because of the use of the quasi scores, the limiting distributions
of theirn~ r 21!-type tests depend on the other distributional parameters+ In our
approach, the limiting distributions depend only onl because a consistent esti-
mator of the true score is used+ The M-estimators and the LAD estimators of
Lucas, Herce, and Cox and Llatas are robust in that their performances are not
sensitive to outliers, because they discount wild observations in the case of heavy-
tailed error distributions+ However, when the error distributions are not close to
those of the specified score functions, the robust methods may lose efficiency+
Now, our adaptive method attains both robustness and efficiency by selecting a
consistent estimator of the true score automatically+However, the adaptive method
is not necessarily easy to implement+

Note that, in contrast to the limiting distributions of the regression biases
n~ [rA 21!, n~ SrA 21!, andn~ rA

*2 1!, those of the pivotal statistics[tA, StA, andtA
*

do not degenerate to zero and converge to the standard normal distribution asl
approaches zero+ The distributionsT~l!, Tm~l!, andTt~l! of the pivotal statistics
are mixtures of the Dickey–Fuller distributions~DF! and a standard normal dis-
tribution ~Z! independent of DF because they are of the form

lDF 1 ~12 l2 !102Z+
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Whens2 is infinite andI ~ f ! . 0, l 5 0 and the distributionsT~l!, Tm~l!, and
Tt~l! become standard normal as Knight~1989! observed for theM-estimator-
based tests+On the other hand, the limiting distributions of the OLSE-based piv-
otal statistics of Chan and Tran~1989! and Phillips~1990! are not normal+ The
fact thatD~l!r 0 aslr 0 ~ors2 r`! means that, in the infinite variance case,
the OLSE gets infinitely less efficient than theM-estimator or the adaptive esti-
mator+ This agrees with the result of Knight~1989!, who proved that, in the in-
finite variance model, the rate of convergence of the OLSE isn21 whereas that of
theM-estimator isn2~10a1102! when the error distribution belongs to the domain
of attraction of a stable distribution with index 0, a , 2+

To test the unit root hypothesis, we need percentiles of the null distributions+
For finite sample sizes, the distributions of the test statistics depend on the un-
known distributionf ~{! of the innovation+ However, by Theorems 1 and 3, the
limiting distributions of the test statistics depend on the unknown distribution
only throughl+ Hence finite-sample distributions of the statisticsn~ [rA 21! and
[tA should be close to those of

nlCn~l!Y(
t52

n

yt21
2 and Cn~l!YS [s (

t52

n

yt21
2 D102

, (14)

respectively, where

Cn~l! 5 Hl (
t52

n

yt21et 1 ~12 l2 !102 (
t52

n

yt21dtJ ,
[s2 5 ~n 2 2!21 (

t52

n

~ yt 2 [rL yt21!2,

yt 5 yt21 1 et, $et% is an independentN~0,1! sequence, and$dt % is an independent
N~0,1! sequence independent of$et %+ Therefore, we can construct empirical per-
centiles for various values ofl between~0,1! by a Monte-Carlo simulation of
~14!+ Using 100,000 replications of~14! with y0 5 0, empirical 1%, 5%, 10% left
percentiles are computed+ Independent~et ,dt ! were used for different combina-
tions of ~n,l!+ Also empirical percentiles of the other statisticsn~ SrA 2 1!, StA,
n~ rA

*2 1!,tA
* are simulated by~14! usingyt,m andyt,t, respectively, instead ofyt ,

and proper adjustment for degrees of freedom for[s2+ Because the statistics
n~ [rA 21! and [tA are rarely used in practice, we only report the percentiles of the
mean-adjusted statistics and the trend-adjusted statistics in Table 1+

We now state our test procedure+ Compute the test statisticsn~ [rA 2 1!,
n~ SrA 2 1!, n~ rA

* 2 1!, [tA, StA,tA
*+ Also compute the corresponding estimates of

Zl 5 Min @$ [s2 ZI ~ Zf !%2102,1# of l in the estimated models~11!, ~12!, and~13!+ From
Table 1, using interpolation, find the percentiles corresponding toZl+Compare the
test statistics with the corresponding percentiles+ Reject the unit root hypothesis
if the statistics are smaller than the tabulated percentiles+
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Table 1. Left percentage points of null distributions of the adaptive test statistics for the hypothesis of unit rootH0 : r 51 in the
modelyt 5 ryt21 1 et

Mean adjusted Mean and trend adjusted

n~ SrA 2 1! StA n~ rA
*2 1! tA

*

Probability of smaller value

l 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%

n 5 25
1+0 217+1 212+5 210+2 23+7 23+0 22+6 222+6 218+0 215+6 24+3 23+6 23+2
0+8 212+7 28+9 27+2 23+6 22+8 22+4 216+9 212+9 210+9 24+1 23+3 23+0
0+6 28+5 25+9 24+6 23+4 22+6 22+2 211+3 28+4 27+1 23+9 23+0 22+6
0+4 25+0 23+4 22+6 23+2 22+3 21+9 26+8 24+8 23+9 23+6 22+7 22+2
0+2 22+2 21+4 21+1 22+9 22+1 21+7 22+9 22+0 21+6 23+1 22+3 21+8
0+0 20+0 20+0 20+0 22+6 21+7 21+3 20+0 20+0 20+0 22+7 21+8 21+4

n 5 50
1+0 218+8 213+2 210+7 23+5 22+9 22+6 225+4 219+7 216+8 24+1 23+5 23+2
0+8 213+5 29+3 27+4 23+4 22+7 22+4 218+4 213+8 211+5 23+9 23+2 22+9
0+6 29+0 26+0 24+7 23+2 22+5 22+2 212+0 28+9 27+4 23+7 22+9 22+5
0+4 25+1 23+4 22+6 23+0 22+3 21+9 27+0 25+0 24+0 23+3 22+6 22+2
0+2 22+2 21+4 21+0 22+7 22+0 21+6 22+9 22+0 21+6 22+9 22+2 21+8
0+0 20+0 20+0 20+0 22+4 21+7 21+3 20+0 20+0 20+0 22+5 21+7 21+3

1
0
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n 5 100
1+0 219+4 213+5 210+9 23+5 22+9 22+6 227+3 220+5 217+4 24+0 23+5 23+1
0+8 214+1 29+6 27+6 23+4 22+7 22+4 219+3 214+3 212+0 23+8 23+2 22+9
0+6 29+1 26+1 24+8 23+2 22+5 22+1 212+5 29+1 27+6 23+5 22+9 22+5
0+4 25+2 23+4 22+6 23+0 22+3 21+9 27+1 25+0 24+1 23+2 22+5 22+2
0+2 22+2 21+4 21+0 22+7 22+0 21+6 22+9 22+0 21+6 22+8 22+1 21+7
0+0 20+0 20+0 20+0 22+4 21+7 21+3 20+0 20+0 20+0 22+4 21+7 21+3

n 5 250
1+0 220+2 213+9 211+1 23+5 22+9 22+6 228+5 221+3 217+9 24+0 23+4 23+1
0+8 214+3 29+7 27+7 23+3 22+7 22+4 220+1 214+6 212+2 23+8 23+2 22+8
0+6 29+2 26+2 24+9 23+1 22+5 22+1 212+9 29+3 27+7 23+5 22+8 22+5
0+4 25+2 23+4 22+6 22+9 22+2 21+9 27+2 25+1 24+1 23+2 22+5 22+1
0+2 22+2 21+4 21+0 22+6 22+0 21+6 22+9 22+0 21+6 22+8 22+1 21+7
0+0 20+0 20+0 20+0 22+3 21+7 21+3 20+0 20+0 20+0 22+4 21+7 21+3

n 5 5,000
1+0 220+5 214+1 211+2 23+4 22+9 22+6 229+1 221+6 218+3 24+0 23+4 23+1
0+8 214+4 29+8 27+7 23+3 22+7 22+4 220+4 214+9 212+4 23+7 23+1 22+8
0+6 29+3 26+2 24+9 23+1 22+5 22+1 213+0 29+4 27+7 23+5 22+8 22+5
0+4 25+3 23+4 22+6 22+9 22+2 21+9 27+3 25+1 24+1 23+1 22+5 22+1
0+2 22+2 21+4 21+0 22+6 21+9 21+6 22+9 22+0 21+6 22+7 22+1 21+7
0+0 20+0 20+0 20+0 22+3 21+7 21+3 20+0 20+0 20+0 22+3 21+7 21+3

Note:This table is constructed from a Monte-Carlo simulation with 100,000 replications; l 5 $s2I ~ f !%2102 wheres2 5 var~et !, f is the probability density function ofet , andI ~ f ! is the
Fisher information number off+
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An alternative estimator ofl can be obtained by estimatings2 from the den-
sity estimator

Is2 5E
2`

`

x2 Zf ~x! dx+ (15)

Then Dl 5 ~ Is2 ZI ~ Zf !!2102 is an estimator ofl that is always less than or equal to
one+

4. AN EXTENSION

An extension of our approach to apth-order autoregression is obvious+ Consider
an AR~ p! model

yt 5 a1 yt21 1 {{{ 1 ap yt2p 1 et +

To estimate the possible unit root, we reparametrize the model into

yt 5 ryt21 1 b1zt21 1 {{{ 1 bp21zt2p11 1 et ,

wherezt 5 yt 2 yt21 andbk, k 5 1, + + + , p 2 1 are linear combinations ofak, k 5
1, + + + , p+ The adaptive estimator ofu 5 ~ r,b1, + + + ,bp21!' is given by

ZuA 5 Dun 1S (
t5p11

n

X t X t
'D21

ZDn
s ~ Dun!0 ZIn

s, (16)

whereX t 5 ~ yt21,zt21, + + + ,zt2p11!', Dun 5 ~1, Db1, + + + , Dbp21!', and~ Db1, + + + , Dbp21!' is
the OLSE in the regression model

zt 5 b1zt21 1 {{{ 1 bp21zt2p11 1 et +

Also,

ZDn
s ~ Dun! 5 (

t5p11

n

Zcnt
s ~et ~ Dun!; Dun!X t

and ZIn
sare estimators ofDn~u!5(t5p11

n c~et ~u!!X t andI ~ f !, respectively, based
on the residuals

et ~ Dun! 5 zt 2 Db1zt21 2 {{{ 2 Dbp21zt2p11, t 5 p 1 1, + + + ,n+

Let [rA be the first component ofZuA+ The pivotal statistic of [rA is

[tA 5 ~ [rA 2 1!0se~ [rA!, se~ [rA! 5 ~ ZIn
s0c11!

2102,

wherec11 is the~1,1! element of~SX t X t
'!21+ Define the mean-adjusted statistics

SrA and StA and the trend-adjusted statisticsrA
* andtA

* similarly+ The limiting dis-
tributions of the test statistics are given in Theorem 4+
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THEOREM 4+ Assume that the characteristic roots of mp21 2 b1 mp22 2
{{{ 2 bp21 5 0 lie inside the unit circle+ Then, under the conditions of Theorem
2, we have

~i! n~ [rA 2 1! n cD~l!, n~ SrA 2 1! n cDm~l!, n~ rA
*2 1! n cDt~l!,

~ii ! [tA n T~l!, StA n Tm~l!, tA
*n Tt~l!,

where c5 ~12 b1 2 {{{ 2 bp21!+

5. A MONTE-CARLO STUDY

In this section,we compare the adaptive tests with the OLSE-based tests of Dickey
and Fuller~1979! and theM-estimator-based tests of Lucas~1995a! for AR~1!
models+We select four distributions with the relevant parameters being

D1: N~0,1!, I ~ f ! 5 1, l 5 1,
D2: t~3!, I ~ f ! 5 2

3
_ , l 5 +796,

D3: 0+5N~23,1! 1 0+5N~3,1!, I ~ f ! 5 +963, l 5 +322,
D4: x1

2 2 1, I ~ f ! 5`, l 5 0,

whereN~a,b! denotes the normal distribution with meana and varianceb, t~k!
denotes thet-distribution withk degrees of freedom, andx1

2 is the chi-square
distribution with one degree of freedom+ The three distributions D1, D2, and D3
are symmetric, and the last distribution D4 is skewed+ The distribution D2 shows
a moderate departure from the normal distribution in thatl is around 0+7; D3
shows a substantial departure from the normal distribution while retaining sym-
metry; D4 is not symmetric and reveals a big departure from normality+

We describe our choice of the bandwidth~6! in more detail because adaptive
estimators are sensitive to the bandwidth+According to Silverman~1986, p+ 50!,
the key ingredient in~6!, *2`

` f ''~x!2 dx can be consistently approximated by

n22h0
21 (

i52

n

(
j52

n

K ~2! ~h0
21$ei ~ Ir! 2 ej ~ Ir!%!, (17)

whereh0 is an initial bandwidth andK ~2!~x! 5 exp~2x204!+ As discussed in Sil-
verman~1986!, expressions~6! and~17! can be iterated, starting with an initial
valueh0+We observed, through a Monte-Carlo simulation, that two iterations are
sufficient+We usedh0 5 0+4+We tried other initial bandwidthsh0 5 0+1, 0+7+ The
results are almost the same as those forh050+4 as a result of the fact that iteration
of ~6! and~17! gives a stabilized new bandwidth for a wide range of the initial
bandwidthsh0+ The termsn in ~10! is chosen to be 0+001hn

103+ However, the value
0+001 is not critical+ In a Monte-Carlo experiment not reported here, it was shown
that the estimator[rA is not sensitive to the value ofsn+ Values ranging fromsn 5
hn

103 to sn5 1025hn
103 give almost the same performance in the adaptive tests+ For

an estimator ofl, we used Zl 5 Min @ [s2 ZI ~ Zf !%2102,1# because Zl is simpler to
compute thanDl of ~15!+
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The data are generated according toyt 5 ryt21 1 et , t 51,2, + + + ,n with n5 50,
100; r51, 0+95, 0+9, 0+8; y050+We consider two cases of adjustments: the mean-
adjusted case and the trend-adjusted case+The mean-adjusted Dickey–Fuller tests
n~ SrL 21! and StL and the trend-adjusted Dickey–Fuller testsn~ rL

*2 1! andtL
* are

computed+For a quasi-score function of theM-estimators of Lucas~1995a!,we se-
lected thet~5! distribution+ The mean-adjusted and trend-adjustedM-estimators
Srm andrm

* of Lucas~1995a! are computed by solving theM-equations

Sc~s21~ yt,m 2 Srmyt21,m!!yt21,m 5 0

and

Sc~s21~ yt,t 2 rm
* yt21,t!!yt21,t 5 0,

respectively, wherec~x! 5 6x0~5 1 x2! is the score function of thet~5! distri-
bution ands is the median absolute deviation of the OLS residuals divided by
0+6745+ Then~ [r 2 1!-type test statistics based on theM-estimator are adjusted
for nuisance parameters as in~8! of Lucas~1995a! to have the same limiting
distributions as the Dickey–Fuller tests and are given byn~ [r21!mcse0sc,where
[r 5 Srm or rm

* ,mc 5 n21Sc '~s21 [et !, se
2 5 n21S [et

2, andsc
2 5 n21S$c~s21 [et !%

2s2+
The mean-adjusted and the trend-adjusted pivotal statistics of theM-estimators
of Lucas~1995a! are [tm 5 ~ [rm 2 1!0se~ Srm! andtm

* 5 ~ rm
* 2 1!0se~ rm

* !, respec-
tively, where se~ Srm! is the standard error ofSrm given by

$se~ Srm!%2 5
s2S$c~s21~ yt,m 2 Srmyt21,m!!%2yt21,m

2

@Sc '~s21~ yt,m 2 Srmyt21,m!!yt21,m
2 # 2

and se~ rm
* ! is defined analogously+The nominal level is set to 5%+Corresponding

critical values are from Fuller~1996, App+ A! and Table 1+
In Table 2, rejection frequencies in 1,000 independent Monte-Carlo samples

are reported+We see that sizes of the Dickey–Fuller tests and the adaptive tests do
not deviate much from the nominal 5% level for all cases, whereas those of the
M-estimator-based tests have size distortions in some cases, especially for the
[t-statistics for D3+

One interesting point is that, for distributions D2–D4, the adaptive tests have
significantly better powers than the Dickey–Fuller tests+ For example, under D3,
whenn5100, r 5 0+9, we note that the trend-adjusted Dickey–Fuller testtL

* has
power 20+4%, whereas the corresponding adaptive test has power 98+1%+ For all
innovations D1–D4, the Dickey–Fuller tests have about the same finite-sample
powers against a given alternative+ On the other hand, powers of the adaptive
tests get higher asl decreases+

For D3 and D4, the true scores are substantially different from the quasi score
of the t~5!-basedM-estimator+ For these distributions, except in a few cases for
D4, our adaptive tests have higher powers than theM-estimator-based tests of
Lucas~1995a!+ However, for D1 and D2, which are relatively closer tot~5! than
D3 and D4, the adaptive tests do not outperform the tests of Lucas~1995a!+ Es-
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pecially for D2 which ist~3! and is close tot~5!, the tests of Lucas~1995a! have
substantially higher powers than the adaptive tests+ Even though our adaptive
tests are constructed using the symmetric kernel estimatorfn

s~x!, they still work
well for the skewed distribution D4 having sizes close to the nominal level 5%
and higher powers than the other two tests+

Because the initial estimatorIr 5 1 in ~3! is consistent only under the null
hypothesis, the adaptive tests based on the null value would have lower powers
compared to adaptive tests based on consistent initial estimators+ In a Monte-
Carlo simulation similar to that used for constructing Table 2,we computed sizes
and powers of the adaptive tests based on consistent initial estimators, the OLSE+
We found undesirable size distortions for the OLSE-based adaptive tests for the
non-normal innovations+ For example, the empirical sizes~%! of the mean-
adjusted testStA for ~D1,D2,D3,D4! are~4+3, 17+1, 23+7, 12+4! for n5 50 and are
~5+1, 18+4, 13+5, 9+5! for n 5 100+ Also, for all r 5 0+95, 0+9, 0+8, we found no
significant power improvements for the OLSE-based adaptive tests over the null-
based adaptive tests+However,whenr is not close to one, the null-based adaptive
tests seemed to lose some power+ For example, whenr 5 0+7, n 5 50, and the
innovation is D1,we found the same size 4+3% for both the OLSE-based adaptive
test StA and the null-based adaptive testStA and found smaller powers for the null-
based testStA ~47+5%! compared to the OLSE-based testStA ~52+1%!+ From this
analysis we may conclude that the null valuer 5 1 as the initial estimator pro-
vides us with more stable sizes than the OLSE, without big power losses whenr
is not much different from one+

6. DISCUSSION

In our research, we found that the adaptive estimators provide us with higher
powers than the Dickey–Fuller tests based on the OLSE when the error distribu-
tion is different from a normal distribution, whereas our tests have comparable
performances when the error distribution is near normal+Also, if the score func-
tion is suitably specified, M-estimation would give us tests with higher powers
than adaptive estimation+However, if the score function is not well specified, the
performance of theM-estimator-based tests would not be as good as that of the
adaptive tests+

We have seen that when the innovation has heavy tails in the sense thatl 5
$s2I ~ f !%2102 is close to zero, the OLSE-based tests have significantly lower
powers than the adaptive tests+ By contrast, for heavy-tailed error distributions,
M-estimators take full advantage of good leverage points, and this gives them an
edge in terms of better efficiency than the OLSE+ The adaptive estimator is even
asymptotically better than theM-estimator because it guesses the true score+

We should mention that Beelders~1996! also independently obtained similar
adaptive tests utilizing asymptotic theories from Jeganathan~1995!+ He obtained
the results in a more general setting of ARMA processes and discussed some
optimality properties of the adaptive estimator+ In comparison to his tests, our
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Table 2. Empirical sizes~%! and powers~%! of tests forH0 : r 5 1 againstH1 : r , 1

Mean adjusted Mean and trend adjusted

n~ [r 2 1! [t n~ [r 2 1! [t

r DF AD M5 DF AD M5 DF AD M5 DF AD M5

n 5 50
1+0 D1 4+4 6+0 3+0 5+3 4+3 9+4 4+8 6+6 2+0 5+5 2+5 14+8

D2 3+9 5+2 2+6 4+5 4+5 5+2 3+9 3+3 2+0 4+6 2+6 6+2
D3 5+6 5+0 4+0 5+7 4+0 17+8 5+5 2+4 3+2 5+0 2+4 29+2
D4 4+9 4+5 2+4 5+3 4+8 5+8 3+6 2+8 1+2 4+5 2+6 6+4

0+95 D1 9+9 11+9 7+5 7+3 4+9 13+4 6+0 9+2 2+6 6+5 2+9 16+1
D2 8+1 13+1 6+6 5+7 11+3 14+2 5+1 6+2 2+4 5+3 7+4 12+1
D3 11+4 45+1 8+6 7+9 46+4 18+5 7+1 22+0 3+6 7+3 28+3 25+9
D4 9+3 20+0 5+3 6+3 22+2 16+2 5+1 9+8 2+4 5+7 12+5 14+5

0+9 D1 19+2 22+1 13+8 12+2 9+1 19+8 9+0 12+6 4+9 9+0 4+9 20+4
D2 15+5 23+9 18+4 9+6 19+7 29+1 7+6 12+1 5+8 7+8 12+0 23+1
D3 19+2 85+8 13+8 13+3 79+0 21+7 11+9 59+0 6+3 11+1 62+8 25+8
D4 16+3 37+5 15+3 10+1 36+0 33+2 8+1 20+8 4+5 7+7 25+1 27+7

0+8 D1 47+9 48+2 37+9 34+6 24+2 44+5 23+9 27+0 13+9 20+7 12+6 37+8
D2 47+6 54+9 55+4 29+7 39+5 63+5 18+2 28+8 23+8 16+2 25+6 49+3
D3 48+7 95+8 31+7 34+0 93+5 31+7 24+9 88+5 13+8 22+0 86+0 33+3
D4 47+3 63+5 56+6 31+4 55+3 68+5 22+3 40+4 21+4 18+0 37+5 55+6

Critical values
213+3 214+1 22+90 22+90 219+9 221+6 23+49 23+40
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n 5 100
1+0 D1 4+9 7+7 4+3 5+0 4+9 6+9 4+3 6+0 3+6 4+4 3+5 7+8

D2 5+8 7+3 3+9 6+1 6+7 3+7 4+6 4+6 3+0 4+3 3+9 3+6
D3 5+5 4+9 5+1 5+2 4+9 13+0 4+9 3+3 3+5 4+6 2+7 19+2
D4 4+7 5+1 2+1 5+4 4+7 3+6 4+0 4+0 1+0 5+2 3+8 4+8

0+95 D1 16+9 20+0 13+9 10+8 9+5 13+7 9+4 9+7 6+4 8+3 5+4 12+5
D2 17+6 31+4 21+2 11+4 26+9 25+5 8+5 16+6 7+7 8+5 19+2 18+5
D3 19+3 92+9 14+6 11+9 88+1 15+1 9+7 76+0 7+4 9+4 76+7 18+1
D4 15+9 52+0 16+6 10+3 55+6 27+4 9+2 31+6 4+7 7+6 41+0 18+2

0+9 D1 46+0 48+1 41+8 31+4 26+3 34+6 22+2 23+9 16+8 19+0 12+9 25+1
D2 44+0 65+8 62+7 31+0 53+5 64+9 21+2 41+2 30+4 18+2 38+6 49+5
D3 48+2 100+0 36+5 34+2 99+1 28+1 24+2 98+8 16+7 20+4 98+1 25+5
D4 45+3 81+2 61+3 30+0 79+6 66+6 20+6 61+4 25+8 16+9 64+7 50+6

0+8 D1 94+1 93+4 91+9 86+0 74+8 81+0 72+5 72+9 63+5 64+4 51+2 64+7
D2 96+0 95+2 98+8 87+0 84+5 94+9 72+0 82+6 86+8 64+7 72+4 87+9
D3 96+2 100+0 83+2 87+8 100+0 63+1 72+5 99+9 53+0 66+3 99+7 52+2
D4 94+5 96+4 99+1 86+1 91+4 95+7 70+7 90+6 88+4 62+9 84+8 88+2

Critical values
213+8 214+1 22+86 22+90 220+9 221+6 23+45 23+40

Note: Nominal level5 5%+ Number of replications5 1,000+ D1: N~0,1!; D2: t~3!; D3: 0+5 N~23,1! 1 0+5 N~3,1!; D4: x1
2 21; DF: Dickey–Fuller tests; AD: tests based on adaptive

estimator;M5: tests based onM-estimation of Lucas~1995a! usingt~5! as a quasi score+ Critical values of DF are from Fuller~1996,App+A!; those of AD depend onZl, are from Table 1,
and are not given in this table; those of M5 are the critical values of DF for largen ~5,000! as suggested in Lucas~1995a!+ Then~ [r 21! for M5 is adjusted for nuisance parameters as in
~8! of Lucas~1995a! and isn~ [r 2 1!mcse0sc, wheremc 5 n21Sc '~s21 [et !, se

2 5 n21S [et
2, andsc

2 5 n21S$c~s21 [et !%
2s2+
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tests have more desirable size properties than those of Beelders because, in our
adaptive estimation, the unity is used as an initial estimator of the unit root and an
iterated estimate of the nearly optimal bandwidth~6! is used+

An interesting future research topic would be to extend our results to the
case of serially correlated errors as Lucas~1995a! and Herce~1996! did for
their M-estimation and LAD estimation+ Even though a rigorous justification
seems nontrivial, we expect that the limiting distributions of the adaptive tests
for the dependent error model would be similar to those in Theorem 3, except
for nuisance parameters of scale factors and location shifts due to the serial
correlation+ Such an extension would permit us to construct test statistics ad-
justed for the nuisance parameters as equations~8! and ~9! of Lucas~1995a!
and equations~21!–~24! of Herce~1996!+ An extension to an ARMA model is
relatively straightforward+ The arguments of Theorem 4 in Section 4 for an
AR~ p! model easily extend to an ARMA modelyt 5 ryt21 1 b1zt21 1 {{{ 1
bp21zt2p11 1 et 1 g1et21 1 {{{ 1 gqet2q with X and Dun in ~16! being replaced
by X t 5 ~yt21,zt21, + + + ,zt2p11, Iet21, + + + , Iet2q!' and Dun 5 ~1, Db1, + + + , Dbp21, Jg1, + + + , Jgq!'

where Iet and ~ Db1, + + + , Dbp21, Jg1, + + + , Jgq!' are estimated residuals and a consistent
estimator, respectively, in an ARMA~ p 2 1,q! model fitting tozt +
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APPENDIX

Proof of Theorem 1. This is due to Lucas~1995a!+ n

To prove other theorems,we need some results on adaptive estimation+So,before giving
the proofs,we give some preliminary steps+We first need the concept of contiguity+Let $Pn%
and$Qn% be two sequences of probability measures defined on the sample spaceRn+
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DEFINITION 1 ~Contiguity; Bickel, Klaassen, Ritov, and Wellner, 1993, p+ 498!+ We
say Pn is contiguous to Qn if, for every sequence of Borel sets Bn in Rn,Qn~Bn! r 0 implies
Pn~Bn! r 0 as nr `+

Let u be a vector of parameters in the regression model~13! exceptr or subvector of
parameters in reduced models of~13! and letu0 be the true value ofu+ Because we use the
initial estimator Ir 51, the parameterr is not included inu+ Throughout the proof, r is set
to one+ Let $un% be a deterministic sequence satisfying

dn :5 n102~un 2 u0! 5 O~1!+ (A.1)

In the sequel, Pn andQn denote the probability measures of$ y2, + + + , yn% conditional ony1

that are defined by the following AR~ p! model with a linear trend

yt 5 m 1 g~t0n 2 0+5! 1 ryt21 1 b1zt21 1 {{{ 1 bp21zt2p11 1 et ,

underu 5 ~m,g,b1, + + + ,bp21!' 5 u0 5 ~0,0,b1,0, + + + ,bp21,0!' andu 5 un 5 u0 1 n2102dn,
respectively, wheredn [ Rp11+ In Lemma 2, we show that under the regularity conditions
of Theorem 4, Pn is contiguous toQn for any deterministic sequence$un% satisfying~A+1!+
We first need a preliminary lemma+

LEMMA 1 ~Hall and Loynes, 1977, Proposition 4!+ If the likelihood ratio, log dQn0
dPn, is bounded in probability under Pn, then Pn is contiguous to Qn+

LEMMA 2 + Assume the conditions of Theorem4+ Then Pn is contiguous to Qn+

Proof. By Lemma 1, we have only to show that,n~dn! 5 log Ln~dn! is bounded in
probability underPn, whereLn 5 dQn0dPn anddn 5 O~1!+ First we note that

,n~dn! 5 S$log f ~et 2 n2102dn
'Zt, t ! 2 log f ~et !%

5 n2102Sc~et !dn
'Zt, t 1 221n21Sc '~et !~dn

'Zt, t !
2 1 Rn,

whereZt, t 5 ~1,~t0n 2 0+5!, zt21, + + + ,zt2p11!' andRn is the remainder term+ Now, under
conditions~i! and~ii ! of Assumption 1, the strong law of large numbers and the central
limit theorem for martingale sequence imply that, underPn,

n2102Sc~et !Zt, t n N~0, I ~ f !V!,

n21Sc '~et !Zt, t Zt, t
' 5 I ~ f !V 1 op~1!,

and

6Rn6 # Kn21S~dn
'Zt, t !

2n2102 max
1#t#n

6dn
'Zt, t 65 Op~1!op~1! 5 op~1!,

whereV 5 limnr` n21SE~Zt, t Zt, t
' !+ This completes the proof+ n

Let Sn~u! 5 n21$ ZDn
s ~u! 2 Dn~u0!% and let ZIn

s~u! be the value of ZIn
s evaluated atu+

LEMMA 3 + Under the conditions of Theorem4, Sn~un! r 0 in Qn probability implies
Sn~un! r 0 in Pn probability+

Proof. This follows from the contiguity ofPn toQn ~Lemma 2! and Borel measurability
of the set$6Sn~un!6 . e% for all e . 0+ n
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DEFINITION 2+ Let Du be an n102-consistent estimator ofu0+ A discrete n102-consistent
estimator Nun of Dun is defined as the point in n2102Zd closest to Dun, where Z denotes the set
of integers and d denotes the dimension ofu+

LEMMA 4 + Assume the conditions of Theorem4+ Let Nun be a discrete n102-consistent
estimator of Du+ If Sn~un! r 0 in Qn probability for all un 5 u0 1 n2102dn with dn 5 O~1!,
then Sn~ Nun! r 0 in Pn probability+

Proof. This follows from the contiguity ofPn to Qn, Lemma 3, discreteness ofNun, and
n102-consistency of Nun+ n

Lemma 4 simplifies our proof very much+The major part of the proofs of Theorems 2–4
is to show, with u 5 Dun, underPn,

n21$ ZDn
s ~u! 2 Dn~u0!% 5 op~1! and ZIn

s~u! 2 I ~ f ! 5 op~1!, (A.2)

which is not simple becauseDun is random andet~ Dun! is a dependent sequence underPn+
Note that, in the real world, we are using the discrete estimators as a result of rounding off
in computing estimators+ Thus a practical version of~A+2! with u 5 Dun is that based on the
discrete estimatorNun of Dun+ Hence proving~A+2! with Nun instead of Dun is a practical equiv-
alent of proving~A+2!+Thanks to Lemma 4, the problem reduces to showing~A+2! with u5
un underQn, which is simpler becauseun is deterministic and, underQn, the residuals
$et~un!% become i+i+d+ random errors+ Throughout the remainder of the proof, if not spec-
ified otherwise, all the probability statements are under the probabilityQn+

We are now ready to state the key substitution lemma that is the most crucial step toward
our theorems+

LEMMA 5 ~Substitution lemma!+ Assume the conditions of Theorem4+ Let Nun be a
discrete n102-consistent estimator of the initial estimatorDun+ Then we have, under Pn,

n21S$ Zcnt
s ~et ~ Nun!; Nun! 2 c~et ~ Nun!!%Xt, t 5 op~1!, (A.3)

ZIn
s~ Nun! 5 I ~ f ! 1 op~1!, (A.4)

whereXt, t 5 ~1,~t0n 2 0+5!, yt21,zt21, + + + ,zt2p11!'+

Proof. By Lemma 4, we have only to show that~A+3! and~A+4! hold under the deter-
ministic sequence$un% satisfyingun 5 u0 1 n2102dn instead of underNun, wheredn 5 O~1!+
Because our proof follows closely that of Bickel~1982! and Schick~1987! in the semi-
parametric adaptive estimation for the independent case, we summarize the key results of
Schick~1987!:

n2102S$ Zcnt
s ~et ~un!;un! 2 c~et ~un!!% 5 op~1!, (A.5)

EE@ Zcnt
s ~x;un! 2 c~x!# 2f ~x! dx 5 o~1!, (A.6)

ZIn
s~un! 5 I ~ f ! 1 op~1!, (A.7)

sup
x
6 Zcnij

s ~x;un! 2 Zcni
s ~x;un!6 # ~hn

2snn!21 5 o~n2102 !, (A.8)

where Zcnij
s ~x;u! is the estimator of the score functionc~x! constructed from deleting two

errorsei ~u! andej ~u!+ Note that~A+4! directly follows from~A+7!+We give proof of~A+3!
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only for the third elements ofXt, t , that is, yt21, because proofs for other elements are
similar or easier+We need the decomposition of AR~ p! processes

yt 5 y0 2 h0 1 ht 1 c21wt , (A.9)

wherewt 5 (i51
t et and$ht % is a stationary process that is negligible compared withwt

~Fuller, 1996, p+ 556!+ The representation~A+9! together with~A+5!–~A+8! takes care of
most of the terms in~A+3! except for the last two terms in~A+9!, which are investigated in
more detail subsequently+ Now, by the Cauchy–Schwartz inequality and~A+6!,

6n21Sht $ Zcnt
s ~et ~un!;un! 2 c~et ~un!!%6

# ~n21Sht
2!102 @n21S$ Zcnt

s ~et ~un!;un! 2 c~et ~un!!%2 #102 5 Op~1!op~1! 5 op~1!+

As for the last term of~A+9!, we observe

E @n21S$ Zcnt
s ~et ~un!;un! 2 c~et ~un!!%wt21# 2

5 n22SEFE$ Zcnt
s ~x;un! 2 c~x!%2f ~x! dx wt21

2 G (A.10)

because Zcnt
s ~x;un! 2 c~x! is odd and hence the cross-product terms are all zero+ Now

~A+10! becomes

n22 (
t5p11

n

(
j5p11

t21

EFej
2E$ Zcnt

s ~x;un! 2 c~x!%2f ~x! dxG
1 n22 (

t5p11

n

(
j5p11

t21

(
i5p11, iÞj

t21

EFei ejE$ Zcnt
s ~x;un! 2 c~x!%2f ~x! dxG +

We note that by~A+6! and~A+8!,

sup
j,t

EFej
2E$ Zcnt

s ~x;un! 2 c~x!%2f ~x! dxG
# sup

j,t
H2EFej

2E$ Zcntj
s ~x;un! 2 c~x!%2f ~x! dxG

1 2EFej
2E$ Zcntj

s ~x;un! 2 Zcnt
s ~x;un!%2f ~x! dxGJ

# 2s2 sup
j,t

EFE$ Zcntj
s ~x;un! 2 c~x!%2f ~x! dxG1 2s2~hn

2snn!22 5 o~1!+ (A.11)

Because Zcnt
s ~x;un! is an odd function with respect to each of$ej %jÞt , we get the identity

EFei ejE$ Zcnt
s ~x;un! 2 c~x!%2f ~x! dxG 5 0, i, j Þ t, i Þ j+

This together with~A+11! finishes the proof for~A+3!+ n
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Proof of Theorem 2. We get the result from Theorem 1 and observing that, by
Lemma 5,

n~ [rA 2 1! 5 n21S Zcnt
s ~et ~ Ir!; Ir!yt210$n22Syt21

2 ZIn
s%

5 @n21Sc~et !yt21 1 op~1!#0@n22Syt21
2 $I ~ f ! 1 op~1!%# 5 n~ [rM 2 1! 1 op~1!+

n

Proof of Theorem 3. By Lemma 4, we have only to prove the result under the deter-
ministic sequence ofun 5 n2102@~a,g! 2 o~1!# ' with ~a,g! 5 ~0,0!+ Now the result for
n~ SrA 2 1! follows from

n~ SrA 2 1! 5 n21S Zcnt
s ~et ~un!;un!~ yt21 2 Sy!0$n22S~ yt21 2 Sy!2 ZIn

s~un!%

5 @n21Sc~et ~un!;un!~ yt21 2 Sy! 1 op~1!#0@n22S~ yt21 2 Sy!2$I ~ f ! 1 op~1!%#

n Dm~l!,

which is a consequence of Lemma 5 and the bivariate functional central limit theorem+The
result forn~ rA

*2 1! follows from similar arguments+ n

Proof of Theorem 4. The results follow from combined arguments for proof of Theo-
rem 3, Lemma 5, and the representation~A+9!+ n
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