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Abstract. The nature of stationary-wave structures in multi-ion plasmas with dif-
ferential streaming between the ions is elucidated by making use of the concept
of a generalized sonic point for such plasmas and the Bernoulli equation for each
flowing ion species. It is shown that the Bohm criterion for the existence of solitons
and double layers is an expression of either the supersonic nature of the collective
ion flow or the subsonic nature of individual ion flows. From the perspective of the
dispersion equation for stationary waves, both of these requirements, and hence the
Bohm criterion, merely ensure that the wave is evanescent, rather than sinusoidal,
which, in turn, ensures that the system can evolve nonlinearly. The structure of
the ion flows in these transitions is determined by the Bernoulli equation, a funda-
mental property of which is that the ion plasma energy exhibits a minimum where
the ion flow speed equals the local ion sound speed. This implies that for positive
flowing ions, a positive change in electric potential induces a deceleration (pile-
up) if the flow is supersonic or an acceleration (spread-out) if the flow is subsonic.
This feature limits the maximum strength of the potential in a soliton, and sheds
light on the underlying reason why double layers can only exist in very special
circumstances without the introduction of additional trapped or reflected particle
populations.

1. Introduction
The multicomponent nature of many space and astrophysical plasmas (for example
the solar-wind, which contains a non-neglible component of alpha particles as well
as protons and other plasmas associated with comets and planetary magnetospheres
where there can be a significant charged dust content) leads to interesting properties
that do not arise in single-ion plasmas. These are manifested in the appearance of
new, collective modes of the compound system by the coupling of the various ion
species through the Lorentz force and the Poisson equation.

In this paper, we consider the special case of stationary-wave structures in a multi-
ion plasma flowing with differential speeds along an ambient magnetic field or in
an unmagnetized plasma. Although there is a considerable body of literature on
the topic of solitons and double layers (see e.g. Deutsch and Räuchle 1992; Verheest
and Hellberg 1997; Baboolal et al. 1991; Verheest 1993; Mace and Hellberg 1993;
and references therein) the physical properties and structure of these stationary
transitions has tended to be obscured by, for example, mathematical developments
involving the expansion of the so-called full Sagdeev potential and by a lack of
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appreciation of the concept of a collective sonic point, without which the Bohm
criterion is bereft of its proper meaning.

In the first place, it is emphasized that the structure equation is an expression of
total momentum (particles plus field) conservation in which the Sagdeev potential
is the difference between the incoming particle momentum and its local value in the
transition and that this difference is balanced by the momentum associated with
the electric field tension and pressure. It is important to realize that the Bohm
criterion for the existence of such a transition is an expression of the supersonic
condition for the collective ion flow and also a subsonic condition for individual ion
flows – both of which conditions follow from the requirement that the stationary
wave of the system be of the evanescent type. Without this evanescent feature, the
structure could not evolve nonlinearly. Furthermore, the Bernoulli equation for
each ion flow reveals the nature of the flow in the transition through the property
that the particle energy (enthalpy plus kinetic) exhibits a minimum where the local
ion speed equals the ion sound speed.

These various interlinking themes are discussed in the paper, which is laid out as
follows.

In Sec. 1, we introduce the idea of a sonic point in a multi-ion plasma. The concept
of a sonic point of flow is generalized to a plasma system consisting of different
ion species flowing with differential speeds ui. This is done by using the linear
dispersion equation to find the condition that waves, as viewed in a laboratory
frame S relative to which the various ion species stream, appear stationary. For
example, in a bi-ion plasma, this condition translates into two loci in the plane (u1,
u2) of the ion speeds on which compressional waves are stationary in S. One locus is
a closed curve encircling the origin, and corresponds to stationary waves associated
with the slower mode, while the other locus is an open rectangular hyperbolic-like
curve on which the faster mode waves appear stationary. Similarly in a three-ion
plasma, stationary waves exist on certain surfaces in (u1, u2, u3) space defined by
the dispersion relation, and so on for an N -ion plasma.

In Sec. 3, we investigate finite-amplitude transitions and the criterion for their
existence. This is done by casting the conservation law for the total momentum of
the multi-ion beam system in the form of a classical energy integral of a particle
moving in an effective potential well V (φ), the full Sagdeev potential, where φ
is the electric potential. Three conditions for the existence of either a monotonic
electrical potential transition or for a solitary pulse in φ must be met. The first
two conditions merely express respectively total momentum balance and charge
neutrality on either side of the transition/pulse, and therefore in no way impose any
new restrictions. The third condition, relating to the curvature Vφφ of the potential
well, yields the generalized Bohm criterion for a multi-ion flow. It is shown that
this is equivalent to an expression of the ‘supersonic’ nature of the collective ion-
beam system for which the loci, or surfaces, in ion-speed space on which waves in
S are stationary provide the appropriate generalization of the idea of a sonic point
to a multi-ion system. However, it also follows that individual subsonic ion flows
satisfy the Bohm criterion, which in fact can be more properly interpreted as a
requirement that the stationary wave be of the ‘evanescent’ type so as to allow for
its nonlinear evolution.

Finally, in Sec. 4, we examine the structure of the ion flow in solitons and
double layers. This is done by making use of a fundamental property of the Bernoulli
equation, namely that the ion energy (enthalpy plus kinetic) exhibits a minimum
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where the ion speed equals the ion sound speed. It follows that a positive change in
potential induces an acceleration (depletion) in a positive ion if the flow is subsonic,
whereas it causes a deceleration (enhancement) if the flow is supersonic. This prop-
erty limits the maximum (positive) potential attainable in a soliton. It also sheds
light on the reasons why a double layer can only exist in very special circumstances
in the absence of trapped or reflected particle populations.

The basic results are summarized in Sec. 5.

2. The governing equations for a multicomponent unmagnetized
plasma
2.1. The general equations

The macroscopic conservation laws of continuity, momentum and energy for each
ion species i, with density ni, velocity ui and pressure pi acted upon by an electric
field E, may be written

Dini
Dt

+ ni∇ · ui = 0, (1)

mini
Diui
Dt

= −∇pi + ZiniE + Mi, (2)

Dipi
Dt
− c2

imi
Dni
Dt

= (γi − 1)Qi, (3)

in which i = 1, 2, . . ., N and
Di

Dt
=
∂

∂t
+ ui · ∇, (4)

mic
2
i = γikTi ≡ γi pi

ni
.

Here Mi, stands for momentum exchange (through, for example, Coulomb friction
with other species), Qi represents heating or dissipative processes, and γi is the
‘appropriate’ adiabatic index.

We shall assume that the electrons are massless (but this restriction can easily
be lifted) and therefore obey the force-balance condition

∇pe = −eneE. (5)

An electron energy equation may be written in the same form as (3), namely

Depe
Dt

− γekTeDene
Dt

= (γe − 1)Qe. (6)

Finally, the Poisson equation

∇ · E =
e

ε0

(∑
i

Zini − ne
)

(7)

provides the coupling between the various ion species and the electrons through
the electric field.

2.2. The dispersion equation for a homogenous plasma with differential ion streaming

We shall derive the dispersion equation in a laboratory frame S relative to which
the various ions stream with constant velocities ui0, and assume that Mi is negligible
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and also thatQi = Qe = 0, the latter being necessary to ensure that the background
quantities ni0, ui0 and pi0 are uniform and constant. The linearized equations for
the perturbed quantities ni, ui, pi and E may be written

∇ · ui = − 1
ni0

Dini
Dt

, (8)

mini0
Diui
Dt

= −∇pi + eZini0E, (9)

Dipi
Dt

= c2
i0mi

Dni
Dt

. (10)

Taking the divergence of (9), using (8) to eliminate ui, and then taking Di/Dt of
the resultant equation and using (10) to eliminate pi, gives

Di

Dt

[(
D2
i

Dt2
− c2

i0∇2
)
eZini
ε0
− ω2

pi∇2φ

]
= 0, (11)

in which we have introduced the electric potential φ, where

E = −∇φ, (12)

and the ion plasma frequency ωpi is given by

ω2
pi =

(eZi)2ni0
ε0mi

. (13)

Compressional waves are described by the zero of the square brackets in (11). (The
operator Di/Dt, which may be factored out, merely corresponds to the convection
of the perturbed entropy of each ion fluid).

With Qe = 0, the perturbed electron equations (5) and (6) yield

φ =
γeTe0

ene0
ne. (14)

Finally, the linearized Poisson equation takes the form(
1
λ2
d

−∇2
)
φ =

e

ε0

∑
i

Zini, (15)

in which we have used (14) and introduced the Debye length λd, where

1
λ2
d

=
e2ne0

ε0γekTe0
. (16)

For plane waves varying as exp [i(ωt−k · r)] the zero of the square brackets in (11)
yields the following relation ni and φ:

eZini
ε0

=
ω2
pik

2

ω′2i − c2
i0k

2
φ, (17)

in which ω′i is the Doppler-shifted wave frequency for each streaming ion species,

ω′i = ω − ui0 · k. (18)

Substituting (17) into the Poisson equation (15) yields the following dispersion
relation for the system:

1
λ2
d

+ k2 =
∑
i

ω2
pik

2

ω′2i − c2
iok

2
, (19)
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or

1 =
∑
i

V 2
ei

(Vph − uio cos θi)2 − c2
io

, (20)

in which

Vph ≡ ω

k
is the phase velocity, (21a)

V 2
ei ≡

λ2
dω

2
pi

1 + k2λ2
d

, (21b)

cos θi ≡ k · ui0
ki0ui0

. (22)

The quantity
√
c2
i0 + V 2

ei is the ‘ion acoustic’ speed for each ion species. In our
subsequent discussion of the relevance of the dispersion equation (20) to the Bohm
criterion for double layers and solitons, we shall see how both the long- and short-
wavelength versions make their appearance.

In a bi-ion plasma with no differential streaming, (20) shows that there are two
compressional modes: one a slow mode with a phase speed Vph <

√
c2

20 + V 2
e2 and

the other a fast mode with phase speed Vph >
√
c2

10 + V 2
e1 (where for the sake of

definiteness we have taken c20 < c10).

2.3. The ‘sonic point’ in a multicomponent plasma

In a single ion plasma streaming with positive speed ui0 the sonic point occurs where
the flow speed matches the phase speed of a backward-propagating compressional
wave, i.e. where

ui0 =
√
V 2
e1 + c2

1, (23)

since at that point the speed Vph of waves in S is reduced to zero and therefore the
wave appears stationary in S. In a multicomponent plasma, it follows from (20)
that waves appear stationary in S (i.e. Vph = 0) if we have

1 =
∑
i

V 2
ei

(ui0 cos θ)2 − c2
i0
. (24)

This provides the generalization of the idea of a sonic point to a multicomponent
plasma. To elucidate its meaning, consider a bi-ion plasma in which the waves
propagate parallel to ui0, so that, with θi = 0, (24) takes the form

1 =
V 2
e1

u2
1 − c2

1
+

V 2
e2

u2
2 − c2

2
, (25a)

or

[u2
1 − (c2

1 + V 2
e1)][u2

2 − (c2
2 + V 2

e2)] = V 2
e1V

2
e2, (25b)

or

k2λ2
α =

a2
1

u2
1 − c2

1
+

a2
2

u2
2 − c2

2
− 1

=
a2

1 − [u2
1 − (c2

1 + a2
1)][u2

2 − (c2
2 + a2

2)]
(u2

1 − c2
1 − c2

2)
, (25c)
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in which

a2
i = λ2

αω
2
pi =

kTe
mi

ni
ne
. (25d)

Equations (25a–d) represent two loci in the (u1, u2) plane, on which the waves are
stationary as viewed in the laboratory frame (see Fig. 1). The closed locus encircling
the origin is associated with the slower of the two modes of the dispersion equa-
tion (20), while the other, a open rectangular-hyperbolic-like curve, corresponds
to stationary waves of the faster mode. In this context, region 1 in Fig. 1 may be
labelled ‘subslow’, region (2) ‘superslow’ but ‘subfast’, and region 3 ‘superfast’. This
labelling is of significance in considerations of the evolutionarity of double layers
or shock-like transitions, since in the different regions of (u1, u2) space, the number
of waves that communicate upstream and downstream of the transition depend on
the regions of the parameter space involved.

Similarly, in a three-ion plasma, stationary waves in S occur on the surfaces in
(u1, u2, u3) space defined by

1 =
V 2
e1

u2
1 − c2

1
+

V 2
e2

u2
1 − c2

2
+

V 2
e3

u2
3 − c2

3
, (26)

and so on for an N -ion system.

3. Finite-amplitude transitions in a multi-ion plasma and the Bohm
sheath criterion
We consider stationary structures in a laboratory frame S relative to which each
ion species streams steadily with speed ui along the x axis. The relevant equations
for the ions follow from (1)–(5), in which ∂/∂t = 0, with the result that we have the
equations

niui = const = ji, say (27)

miniui
dui
dx

= −dpi
dx

+ eZiniE +Mi, (28)

dpi
dx

= c2
imi

dni
dx

+ (γi − 1)
Qini
ji

, (29)

0 = −dpe
dx
− eneE, (30)

coupled through Poisson’s equation

dE

dx
=
e

ε0

(∑
i

Zini − ne
)
. (31)

Summing (28) over all ions and adding (30) gives, after using the Poisson equation,
the total momentum balance equation in the form

d

dx

[∑
i

(miniu
2
1 + pi) + pe − 1

2ε0E
2

]
= 0. (32)

This form has already been used by McKenzie et al. (1977) and Zank and McKenzie
(1988), in their discussions of the properties of transitions and waves in a plasma.
It is worth noting that the appearance of − 1

2ε0E
2 may be interpreted in terms of
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the electric Maxwell stress tensor, which assigns an isotropic pressure 1
2ε0E

2 and a
tension− 1

2ε0E
2 along the electric field direction. Alternatively (32) may be regarded

as the first integral of the Poisson equation (Sagdeev 1966), and its interpretation
in terms of momentum balance has been noted by several authors (see e.g. Andrews
and Allan 1971; Torvén 1980; Raadu 1989):

ε0

2

(
dφ

dx

)2

= −V (φ), (33a)

where

V (φ) = M0 −
[∑

(p +mnu2) + pe

]
, (33b)

in which M0 represents the upstream momentum of the system. Thus (33a) is anal-
ogous to an energy integral of a particle moving in a potential well V (φ). The
type of electric potential transition implied by (33a, b) depends on the shape of the
equivalent potential well V (φ).

Let us seek a solution of (33a, b) in which φ(x) is a monotonic function of x going
from φ = 0 at one end (x = −∞) and approaching asymptotically a constant value
φ0 at the other end (x = +∞). Such a double layer or potential jump requires V (φ)
to meet the following conditions at both ends:

V (0) = V (φ0) = 0, (34a)(
dV

dφ

)
0

=
(
dV

dφ

)
φ0

= 0, (34b)

d2V

dφ2 < 0 at φ = 0 and φ0. (34c)

Condition (34a) is equivalent to the total momentum jump relation, and there-
fore imposes no restrictions whatsoever. Condition (34b) ensures charge neutrality,∑
i Zini = ne, on each side. This can be proved by noting that (with Mi = Qi = 0)

(28)–(30) imply the following differential relations:

mi(u2
i − c2

i )
1
ui

dui
dφ

= −eZi (35a)

dpi
dφ

= −γipi 1
ui

dui
dφ

, (35b)

dpe = +ene dφ = γekTe dne. (35c)

dV/dφ becomes

dV

dφ
= −dpe

dφ
−
∑
i

(
mini

dui
dφ

+
dpi
dφ

)
= −ene +

∑
i

eZini, (36)

on using the relations (35a–c). Hence condition (34b) implies charge neutrality at
each end. Similarly, condition (34c) follows from differentiating (36) with respect
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to φ to obtain

d2V

dφ2 = −edne
dφ
−
∑
i

Zi
dni
dφ

= −e
(

ene
γekTe

−
∑
i

ZinieZi
min2

i − γikTi

)

= −ε0

(
1
λ2
d

−
∑
i

ω2
pi

u2
i − c2

i

)
. (37)

Thus condition (34c), d2V/dφ2 < 0 on each side, yields

1
λ2
d

>
∑
i

ω2
pi

u2
i − c2

i

, (38a)

or

1 >
∑
i

V 2
ei

u2
i − c2

i

. (38b)

This is the generalized Bohm criterion for the existence of a double layer (Block
1978) or solitary pulse. From the dispersion relations (20) and (24), the inequality
(38a) or (38b) is evidently an expression of the required ‘supersonic’ nature of the
collective multi-ion flow, in which the sonic condition corresponds to an equality
in (38a, b). For the case of wall sheaths, Allen (1976) pointed out that the Bohm
criterion is equivalent to the condition that an ion acoustic wave cannot propagate
back into the ambient plasma. However, it is clear that (38a, b) are also satisfied if
each ion flow is individually subsonic relative to its own sound speed, i.e. ui < ci.
Figure 1 depicts the regions in the (u2, u1) plane of a bi-ion flow in which the Bohm
criterion is satisfied. At first glance, it may seem somewhat surprising that the Bohm
criterion also allows for individual subsonic flows as well as collective supersonic
flows. The reason for this can be gleaned from the dispersion equation (20), which,
for a stationary structure with spatial variation exp (κx), may be written, in the
simplest one-ion case, in the form

λ2
dκ

2 = 1− λ2
dω

2
p1

u2
1 − c2

1
. (39)

This shows that exponentially growing (or decaying) structures are only possible if
κ2 > 0, requiring that the flow speed satisfies

u1 >
√
c2

1 + V 2
ei, V 2

ei ≡ λ2
dω

2
pi (supersonic), (40a)

or

u1 < c1 (subsonic). (40b)

The generalization to a bi-ion or multi-ion plasma is obvious. Thus the Bohm cri-
terion viewed from this perspective is merely an expression of the fact that near the
endpoints of stationary structures, the spatial variations must be of the exponential
type (i.e. ‘evanescent’) rather than sinusoidal, otherwise they could not possibly
evolve. Alternatively, the Bohm criterion follows from the evanescent requirement
(k2 < 0), which from the dispersion equation translates into Vph >

√
u2

1 + V 2
ei

https://doi.org/10.1017/S0022377801001106 Published online by Cambridge University Press

https://doi.org/10.1017/S0022377801001106


Stationary structures in multi-ion plasmas with differential streaming 189

Region 1

Region 2

Region 2

Region 3

Region 2

u2

i =1

i =2

i =3

Slow
   sonic locus
     (Vph = 0)

Fast
   sonic locus
     (Vph = 0)

Vph2i

i =3 i =2 i =1Vph1i

u1

Figure 1. The generalized Bohm criterion for a bi-ion plasma in (u2, u1) space. There are
two sonic loci (for k = 0); the one encircling the origin is associated with the slow mode,
and the hyperbolic-like one corresponds to the fast mode. In region 3 the collective flow is
‘superfast’, while in region 2, the flow is ‘superslow’ but ‘subfast’. The rectangular region 1
is not only ‘subslow’ but also subsonic for each species. The various speeds Vph1i and Vph2i

are defined as (see (25c)) Vph11 =
√
c2

1 + a2
1, Vph12 =

√
c2

1 + c2
1/(1 + a2

2/c
2
2) and Vph13 = c1 (and

similarly for Vph21). Thus u1 = Vph11 and u2 = Vph21 are the pair of asymptotes for the fast
sonic locus for long wavelengths (k = 0), and u2 = Vph12 and u2 = Vph32 are the endpoints of
the slow-mode locus (for k = 0). On the lines u1 = Vph13 = c1 and u2 = Vph23 = c2, k =∞. In
the hatched regions, the Bohm criterion is not fulfilled.

for ‘long wavelengths’ or Vph < u1 for ‘short wavelengths’. These conclusions were
arrived at by Bertrand and Feix (1968) for water-bag distribution and Raadu (1989)
for general distribution functions.

4. The structure of finite-amplitude transitions

4.1. The Bernoulli equation

The structure of the flow in either a soliton or a double layer (monotonic transition
in φ) is readily deduced from the Bernoulli-type energy equation for each species.
For adiabatic transitions (pu ∝ nγin ∝ u−γii ), this follows as the integral of (35a),
i.e.

γi
γi − 1

pi
ni

+
1
2
miu

2
i + eZiφ = const = Ei, say, (41)

which states that the sum of the enthalpy (the first term on the left-hand side), the
kinetic energy (second term) per ion and the electrostatic potential is conserved.
(In the isothermal limit γi → 1, the enthalpy becomes ki logni). A fundamental
property of one-dimensional flow is that the plasma energy Epi associated with
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each ion species, i.e.

Epi =
γi

γi − 1
pi
ni

+
1
2
miu

2
i , (42)

possesses a minimum when the flow speed ui equals the sound speed
ci (=

√
γikTi/mi) for the species. Therefore the question of whether a flow is

accelerated or decelerated by a change in potential depends not only on the sign
of the charge Zi but also on whether the flow is subsonic or supersonic. If the flow
is supersonic (i.e. the kinetic energy dominates) then a positive change in potential
induces a deceleration (acceleration) if the ion is positively (negatively) charged.
This is the familiar (‘intuitive’) result that follows from the (‘cold’ energy equation,
and implies pile-up. On the other hand, if the flow is subsonic (i.e. the enthalpy
dominates) then exactly the opposite result follows – namely that a positive change
in the potential induces an acceleration (deceleration) if the ion is positively (nega-
tively) charged and hence there is a spread-out. This arises because the ion pressure
gradient must balance the electric field force, which is negative (Zi > 0), and hence
the flow goes from higher pressure (density) to lower pressure (density) and is
thereby accelerated. Thus we must expect that the minimum value of Epi will play
a critical role in determining the maximum permissible strength of the potential in
the structure.

This reasoning can be put in a more analytical way by writing the Bernoulli
equation (41) in the normalized form

Li ≡ 1
γi − 1

[(
u0i

ui

)γi−1

− 1

]
+
M 2

0i

2

[(
ui
u0i

)2

− 1

]
=
−eZiφ
γikT0i

, (43)

where Li is the change in the normalized ion plasma energy accompanying the
change in potential φ. Here u0i is the entry speed and M0i the entry Mach number,

M0i = u0i/ci0.

Li has a minimum (negative) value

Limin =
1

γi − 1
[(M 2

0i)
(γi−1)(γi+1) − 1] +

M 2
0i

2

[(
1
M 2

0i

)2/(γ+1)

− 1

]
, (44a)

occurring at
ui
ui0

= (M−2
0i )1/(γi+1), (44b)

which corresponds to the local flow speed ui matching the local sound speed ci.
Equation (43) lends itself to the simple graphical construction shown in Figs 2(a)

and (b) for subsonic and supersonic entry flows. The interaction between the hori-
zontal lines representing the right-hand side of (43) with the curve Li(ui) provides
the value of the flow speed ui as a function of the potential φ. This construc-
tion clearly illustrates the fundamental property of such flows – namely that pos-
itive changes in φ induce accelerations in subsonic flow and decelerations in su-
personic flows for Zi > 0, and vice versa if Zi < 0. We can use this feature to
build up a picture of the flow structure in any given potential structure and ask if
it is compatible with the charge-neutrality and generalized Bohm conditions. We
also note from Fig. 2 the maximum value of the potential φmax, say, permitted in
the structure occurs where the horizontal lines touch Li at its minimum, and is
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φ = φmax

ui/u0

0 1 2 3 4 5
–1 –1

0 0.5 1.0 1.5

Sonic point

Decelerated point

Initial point

Accelerated point

1

ui/u0

φ > 0

φ = 0

φ < 0

Li

Sonic point

Accelerated point

Initial point

Decelerated point

φ = φmax

1

φ > 0

φ = 0

φ < 0

Li
(a) M0i <1 (b) M0i >1

Figure 2. Graphical construction of the solution of the Bernoulli equation for ui/u0 as a
function of φ for positive (Zi > 0) ions. (a) In subsonic flows, positive changes in φ induce an
acceleration (depletion), whereas negative changes in φ cause a deceleration (enhancement).
(b) In supersonic flows, positive changes in φ lead to a deceleration (pile-up), whereas negative
charges in φ induce an acceleration (spread-out).

given by
cZi
γikT0i

φmax = −Limin. (45)

4.2. Soliton structures

A soliton pulse in φ of the classical type

φ = φ0 sech2 (kx) (46a)

is a solution of the total momentum equation (33a) if the effective potential well
has the form

− V (φ) ∼ k2φ2(φ0 − φ). (46b)

In the following discussion it is not necessary to restrict the potential to be of the
form (44a) so long as it is pulse-like in the sense that φ rises from zero (with zero
derivative), reaches a maximum within the transition, and falls to zero at x = ∞.
The corresponding flow trajectories for the ions in the transition follow directly
from Fig. 2, and are shown in Fig. 3 for the cases of subsonic and supersonic entry
speeds for φ < φmax as defined by (45). If φ0 = φmax, there is a critical solution in
which the flow undergoes a smooth subsonic–supersonic (or vice versa) transition
in which the exit speed u∞ is given by the zero (other than ui/u0 = 1) of Li, i.e.
where

u∞
u0
≈


[

2
(γi − 1)M 2

0

]1/2

(M0i� 1),[
2

(γi − 1)M 2
0i

]1/(γi−1)

(M0i� 1).

(47)
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φ

φm

x

xx
(hole) (hill)

1

1
ui/u0 ui/u0

(b)   M0i >1(a)   M0i <1

Figure 3. A solitary pulse (positive) in φ gives rise to either (a) an initial acceleration followed
by a deceleration (a hole in ni) if the flow is supersonic or (b) a deceleration–acceleration (a
hill in ni) if the flow is supersonic. The maximum strength of the pulse is limited by Limin,
which reflects the minimum in the ion particle energy occurring where the local flow is sonic.
There is no such limitation for a negative pulse in φ, which is accompanied by either a hill
in ni (if M0i < 1) or a hole in ni (if M0i > 1).

φ
φm

x

xx
(depletion) (enhancement)

1

1

ui/u0 ui/u0

(b)   M0i >1(a)   M0i <1

Figure 4. A monotonic transition (positive) in φ induces either (a) an acceleration (a
depletion in u2) if M0i < 1 or (b) a deceleration (an enhancement in ni) if M0i > 1.

However, in this critical solution, the charge-neutrality requirement downstream
cannot be met, since there is either a depletion or an enhancement of ions – unless, of
course, a trapped ion species is added downstream to compensate for the depletion
or enhancement. Finally, if φ0 > φmax, the ion flow is choked and there are no
smooth single-valued ion trajectories connecting upstream with downstream. In
summary, any pulse-like potential in the transition is permitted, provided that
φ0 < φmax and the corresponding ion trajectories can be of either the type shown
in Fig. 3(a) if M0 < 1 or the type shown in Fig. 3(b) if M0i > 1. Also note that if
φ is negative throughout the transition, arbitrary-amplitude pulses are possible in
which subsonic ions are first decelerated and then accelerated back to their entry
values, and vice versa for supersonic ions.
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4.3. Monotonic structures (double layers)

Monotonic variations in φ of the type

φ =
φ0 exp(kx)
1 + exp(kx)

, (48a)

are solutions of the momentum equation (38a) if the potential well takes the form

− V (φ) = k2φ2(φ0 − φ)2. (48b)

Again this is merely illustrative, and it is permissible to choose any monotonic po-
tential variation, provided that it is a solution of the equations. Once again, the
associated ion flow trajectories in such a transition follow from Fig. 2, and are
shown in Fig. 4. In the subsonic case and for φ0 < φmax, ions are accelerated to
a final speed uif (< ci), so that such ions are depleted at the end of the transi-
tion, while in the supersonic case, ions are decelerated to a final speed uif (> ci),
with the consequence that such ions are enhanced. Since ne increases through-
out such a transition, charge neutrality downstream cannot be fulfilled in general.
Thus such transitions cannot exit in general unless the incoming ion speeds are so
finely tuned as to ensure that the sum of their exit depletions and/or enhancements
satisfy the downstream charge-neutrality requirement. However, these restrictions
can be relaxed somewhat by including the effects of trapped particles, which ex-
ert pressure and have a corresponding enthalpy but no net kinetic energy. For
example, if there is a depletion of streaming ions downstream then charge neutral-
ity there would require a population of (positive) trapped particles in that region.
Clearly, there is also the possibility of including trapped-particle populations both
upstream and downstream (see McKenzie et al. 1976), which allow for momentum
deficits (surpluses) in total momentum and charge enhancements or depletions in
order to maintain charge neutrality at either end of the transition. In this way, it
is possible to escape the conclusion drawn by Verheest and Hellberg (1997) that
arbitrary-amplitude double layers cannot exist in plasmas with one Boltzmann
species (i.e. subsonic ions) and any number of cold (i.e. supersonic) species. The
conclusion was based on expanding V (φ) in powers of φ, using a combination of
Boltzmann ion species and cold ions, and examining the nature of the solutions
of the structure equation (33). This procedure tends to obscure the underlying
physical reason for the non-existence of double layers, in the absence of trapped-
particle populations – namely that if the ion flow is subsonic, the flow is decelerated
and the ion density is enhanced, with the result that, in general, charge neutral-
ity at both ends cannot be maintained without introducing trapped or reflected
particles.

5. Summary and conclusions
We have used the linear dispersion equation for coupled ion acoustic waves in a
plasma consisting of different ions flowing with differential speeds to generalize
the concept of the sonic point in a single-ion plasma to a multi-ion plasma. For
example, in a bi-ion plasma in which the ion speeds are u1 and u2 relative to a
laboratory frame S, the requirement that the waves appear stationary in S results
in two loci in the (u2, u1) plane – one being associated with the slow mode of the
compound system and the other belonging to the fast mode, on which the wave
system appears stationary.
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The conservation of the total momentum of a multi-ion system can be cast
in the form of a classical energy integral of a particle moving in an effective
Sagdev potential well V (φ), where φ is the electric potential and V (φ) reflects
the difference between the entry momentum and the momentum at any point
in the transition. For either a monotonic electric potential transition or a soli-
tary pulse transition to exist, three conditions must be met. The first two express
that total momentum and charge neutrality must be maintained, and therefore
do not impose any new restrictions. The third condition, relating to the curva-
ture Vφφ of the effective potential well, yields the generalized Bohm criterion for
a multi-ion flow. In certain regions of flow space, for example (u2, u1) space in
a bi-ion plasma, this condition is an expression of the required ‘supersonic’ na-
ture of the collective ion-beam system for which the loci in ion-speed space on
which waves in S are stationary provide the generalization of the idea of a sonic
point to a multi-ion system. However, this condition is not exclusively a super-
sonic one, since it can also be met if the ion flows are individually subsonic. Fig-
ure 1 depicts the regions in a bi-ion flow that satisfy this generalized Bohm crite-
rion, which is merely the evanescent requirement in the stationary-wave dispersion
equation.

The structure of the ion flow within solitons or monotonic potential transi-
tions can be analysed by using the Bernoulli equation for each species. A fun-
damental property of an ion flow is that the ion plasma energy (enthalpy plus
kinetic) exhibits a minimum where the local ion speed matches the ion sound
speed. The consequence of this basic feature is that a positive change in poten-
tial induces an acceleration in subsonic (positive) ions and a deceleration in su-
personic (positive) ions, and vice versa for negative ions. In a solitary pulse in φ
for which the charge-neutrality constraint at either end is automatically satisfied,
its maximum strength is given by the difference between the incoming ion energy
and its minimum value attained at the ion sound speed. However, for negative-
potential pulses, there are no constraints on the strength of the pulse, and in
this case a negative change in potential induces a deceleration in subsonic flow
and an acceleration in supersonic flow. In a monotonic transition in φ (a dou-
ble layer), the charge-neutrality constraint restricts their existence to very spe-
cial cases without the introduction of trapped- or reflected-particle populations,
which can provide both momentum defects and the necessary additional enhance-
ments or depletion in charge to maintain charge neutrality at the ends of the
transition.
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