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In solving the Ion Cyclotron Resonance Heating wave equation, plane wave Fourier mode
explikx] base functions are often exploited to produce expressions for the dielectric
response when including the effect of finite temperature, requiring locally integrating
the equation of motion of charged particles by hand. Standard Fourier analysis notation
is used: x is the position, k is the wave vector component in the x-direction and i is
the imaginary number. In contrast, finite element techniques adopt base functions — typ-
ically low - order polynomials — that individually are only non-zero in a small domain.
They are a natural and easy approach to capture inhomogeneity effects and readily allow
grid refinement to zoom in on regions where this is required. To enable ample realism of
kinetic effects while profiting from the rich pool of numerical tools available for solving
differential and integro-differential equations relying on finite elements, it is desirable to
have a procedure allowing us to profit from both approaches: the detailed physics brought
by finite temperature effects — commonly described in terms of Fourier modes — as well
as the simplicity from a local polynomial representation. A novel technique is offered to
achieve that. It consists of finding the Fourier representation of the localised base func-
tions exploited in finite elements so that the richness of the dielectric response in k-space
can be accounted for. The resulting equation is assembled just like the finite element
method prescribes but the coefficients of the linear local system are assembled differently.
The technique allows us to capture finite temperature corrections in both the parallel and
perpendicular directions for a dielectric tensor model of choice. The focus in this paper is
on the numerical technique while the expressions for the dielectric response are assumed
to be known. A few first examples are briefly discussed: the wave equation solutions for a
typical minority heating (H)-D JET plasma are provided for (i) an all-FLR model, (ii) the
FLR-0 ‘tepid’ equivalent and (iii) a cold plasma model; FLR refers to the Finite Larmor
Radius expansion exploited to account for finite temperature corrections.

Key words: plasma heating, fusion plasma, plasma simulation

1. Introduction

Since it — up to higher-order corrections and depending on the level of realism
aimed at - allows us to locally solve the equation of motion of charged particles
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undergoing the Lorentz force by hand, it is customary to cast the wave equation in
k-space and ‘patch’ local solutions together to compose the global wave response.
A similar ‘patchwork’ approach is the basic idea of the method presented here: by
locally adopting a suitable set of finite element base functions, the necessary compu-
tations required to evaluate the dielectric response can be performed by representing
the electric field in terms of local base functions in each of the finite elements.
Subsequently representing the base functions in terms of their Fourier transform
allows us to make use of expressions for the dielectric response cast in k (wave
vector)-space, a key asset when including parallel and perpendicular electric field
gradient effects. It is stressed that the present paper does not explore new physics;
it adopts standardly known models for the dielectric tensor response but pushes
their potential further. In particular, it allows us to handle mode conversion in the
presence of finite temperature and a poloidal magnetic field since treating mode
coupling is at the heart of the technique. Accounting for other physics models (a
sketch of possible upgrades to account for inhomogeneity and decorrelation effects
is provided in Van Eester (2026)) leaves most of the wave equation solver intact and
just requires upgrading the parts actually describing the physics model. The avail-
ability of fast computers has triggered renewed interest in upgrading the realism
of physics models. Some relevant recent examples are Shiraiwa (2010), Svidzinski
et al. (2016), Green (2018), Machielsen (2023), Fukuyama (2025), Lamalle (2025),
Magquet (2026), Shiraiwa (2026) and Reman (2026).

Restricting to one dimension and to 1 electric field component for the moment
to merely show the principle of the proposed technique, the variational form of the
wave equation of interest can be written in the general form

+00 +00 +oo
/ dxf dk/ dk' F;G (k, k', x) Exexpli (k — k') x] =0, (1.1)

where F is the test function and Fj its Fourier component, E is the electric field and
E, its Fourier component and G (k, k’, x) contains the vacuum term arising from the
curl-curl operator as well as the plasma term. Strictly, k should be a Cartesian wave
vector. In practice, one often adopts a convenient local Cartesian frame when eval-
uating G. The exploited patching implicitly assumes the magnetic field curvature is
mild so that its variation can be neglected in a first approximation (upgrades can
be found in the literature, see e.g. Lamalle (1997)). The local and global frames are
related via a set of rotations. The actual wave equation has 3 electric field compo-
nents and a test function vector. The above scalar representations are then merely
to be generalised to vector-matrix—vector multiplications. The examples provided
later in the text result from solving the actual 3-component wave equation. The
one-dimensional integrals can also be upgraded to multiple dimensions in an equally
straightforward way. This - as well as a more in depth study focussing on the physics
rather than on the mathematical/numerical method - is left for later work.

2. Toy example wave equation

We sketch the method by first applying it to an elementary example, solving the
wave equation d’E/dx*>+ K*(x)E =0. K(x) is the local wave vector component.
In weak variational form this equation becomes

/ dx [—dF* dE + F*Kz(x)E] =0 (2.1)

dx dx
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FIGURE 1. The 4 Hermite base functions and their derivatives in a reference unity-width
interval.

provided the adopted base functions are sufficiently continuous to allow the surface
term to be dropped (which is why base functions that at least ensure the field and
its derivative to be continuous across elements are needed for this particular equa-
tion; we will come back to this point later in the paper). We subdivide the interval
into a set of finite elements [x;, x;;]. In each of these finite elements E is subse-
quently expressed in terms of a convenient set of base functions, yielding the local
approximation E; =) j EijBj, while the ' on which the equation is projected are
the various base functions B; themselves.

2.1. Usual finite element treatment

Strictly speaking, there is no actual need to make the detour via k-space for
solving the toy equation. For the present purpose we adopt the Hermite polyno-
mials as base functions in each finite element interval [x;, x;,1]. These functions are
Bi(5)=1=3¢2+2¢% By(§) =¢ — 202 +¢%, Bs(£) =302 = 20°, By(§) = —¢° 47,
where ¢ is the local variable ¢ = (x — x;)/Ax; they are depicted in figure 1. The
Hermite polynomials have the advantage that the unknowns of the equation solved
have a direct physical meaning at the grid points adopted to discretise the integra-
tion domain: they are the E-field and (up to a factor Ax =x;,; — x;) its derivative
dE/dx at the edges of each finite element. Assuming the grid is refined enough to
approximate K2 by its value K in the middle of the interval ¥ = (x; 4 x;,1)/2 s0
that it can be moved out of the integration, the local systems in each interval are
now of the form

[~Bi + K?Bo].E; =0 2.2)

in which B,,, is the matrix of the integrals of the product of the mth derivative of
the base function corresponding to F' and the nth derivative of the base function
corresponding to E; these can be evaluated by hand once and for all. Assembling
all the local systems in a global linear system and adding boundary conditions (e.g.
making use of Lagrange multipliers) allows us to solve the wave equation making
use of standard matrix inversion. The variation of K? can be better accounted for
at the price of needing to evaluate products of 3 rather than 2 base functions after
expressing K2 in terms of the same base functions on the adopted grid.

https://doi.org/10.1017/50022377826101639 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377826101639

4 D. Van Eester, V. Maquet and B. Reman

finite
element

A
| e | I I L] | I
e b b e b LA T TR A ST T T N >
LI I O O O T T L LB LA B L B
| I | I I\/l reference I | I | | X
interval /
Nextra Nextra
Mmax=(Nextra+1)Ndetail Mmax=(Nextra+1)Ngetail

# FFT points=# FFT modes=2mmax+1

=Mmax £ M < +Mmax

v

Li#t=2Mmax A X

FIGURE 2. Sketch of the reference interval and its neighbour (in which the hat functions have a
non-zero value) and the set of neighbouring elements in which a zero padding is imposed when
computing the Fourier representation of the Hermite base functions.

2.2. Quasi-base

We now introduce a quasi-local base exploiting Fourier analysis: we find the
local Fourier representation of the Hermite ‘hat’ base and then revert back to the
original 4 Hermite base functions’ ‘quasi-Fourier’ representation. Expressing F and
E in terms of their Fourier transform in the adopted simple equation yields

/ dx / dk / dk' F[—k'k + K*(x)] Exexpli (k — k')x] = 0. (2.3)

Determining the Fourier representations of a general function requires integrating
over the full domain but the Hermite base functions adopted are only finite on
a single interval; as there is a limited number of dominant modes of the Fourier
spectrum, one can define a convenient width of the spectrum and sample that by a
suitable number of discrete modes k,,. Since the actual Hermite functions have dis-
continuous jumps across elements for finite values of the base functions, using ‘hat’
base functions combining the B; two by two is handy as it avoids the Gibbs phe-
nomenon occurring at the position where the dominant contribution to the required
localised integrals is picked up. Combining B; in [x;_, x;] with By in [x;, x;,] yields
a basic ‘hat’ that is zero and has zero derivative at x;_;, but also that is 1 and has
zero derivative at x; and, finally, is zero and has zero derivative at x;,;. Similarly,
combining By in [x;_;, x;] with B, in [x;, x;;1] yields a function of which the deriva-
tive has the shape of a ‘hat’; it is zero and has zero derivative at x;_;, it takes the
value 0 but has a unity ¢-derivative at x;; finally, it has value zero and has a zero
derivative at x; ;. See figure 2 for an impression.

Traditional discrete Fourier transform requires the functions to be periodic while
such periodicity is often not present in practice. At first sight, exploiting Fourier
analysis thus seems inadequate. But as we seek a representation in a restricted
domain and the adopted base functions as well as their derivatives approach zero
at the outer edges of the 2-element interval, they are (quasi-)periodic by construc-
tion. This is the key to connecting the (global) Fourier treatment with the (local)
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finite element treatment. The grid distance being Ax and the Fourier base being
defined in double that length, the natural spectral resolution Ak for an inter-
val of length L, sampling the domain on which the hat function is defined is
2 /L ¢r, = 2w /[2Ax]. In general the thus obtained Ak is too large to capture the
spectrum of the waves modelled with sufficient detail so the natural L, is not a
suitable choice. Typical core parameters for the JET machine yield an Ion Cyclotron
Resonance Heating (ICRH) fast wave |k s, | around 40 m~" while for the Bernstein
wave and away from the confluence |Kgerngein] = 150m~!. Hence we would like
to cover the region —kp. <k < +kma fOr kpay ~200m~! with a sufficient num-
ber of k-modes allowing us to sufficiently faithfully represent local variations (e.g.
Ak~ 1m™"). But for a finite element grid with spacing Ax =0.02m - needed to
capture short wavelength modes when they appear in the core — the natural Ak
is already approximately 300 m~'. To have a finer Ak step we need to consider
a larger L, when evaluating the Fourier transform. Adding N, extra line seg-
ments of the same length Ax on each side and padding the functions with zeros there
(recall we want to ensure a local representation), yields Ak = 27 /[2(Neyira + 1) Ax],
which can be made as small as desired for any chosen grid distance Ax. The
adopted k-spectrum also needs to contain all physically expected modes i.e. we
must at least ensure that k., = m,. Ak exceeds some desired value. To guarantee
that, a supplementary variable is introduced: N is the number of subintervals
in which the basic interval of length Ax is subdivided. The length of the con-
sidered Fast Fourier Transform (FFT) domain is now L ¢, = 2(Neyrq + 1)Ax. In
general it is distinct from the width of the actual physical domain. The total num-
ber of modes is Ny =2mpy. + 1, where mpmax = (Nexira + 1) Nyoraiz and the modes
lie In —kpax = —Mpmax Ak < k < +knax = mma Ak. Next, the extended base functions
Bji.10r2 are evaluated at the N, sample points and their discrete Fourier transform
is computed

Nk

1
Biat i :ﬁk Z eXp[_ikmeFT,ide,u,-/]Bhat(xFFT,idL,m;,)- (2.4)
iderair=1

The above are evaluated in the reference interval 0 <xs;,,., <Ly on a set of
equidistant points. We will refer to the obtained set of modes as ‘quasimodes’ rather
than as actual Fourier modes. A key point is that the adopted Fourier coefficients
do not actually depend on Ax since Ak has been chosen for a provided Ax so
that AkAx is a constant; hence, the Fourier components need only be computed
once as they can be interpreted as relating to a fixed set of N, Fourier angles
0 <oy < 2m. Note that the angle used for the FFT has been defined to be oy, =7
at macroscopic grid point x;, which is the middle point of the extended interval used
for the Fourier transform so that the Fourier modes contain a supplementary phase
factor. An alternative would have been to define the FFT interval from —n to +m
and the detailed FFT grid from —L /2 to +L;/2 so that the reference point
x; corresponds to Xgeqi = 0 rather than xge.i = L s, /2. One of the supplementary
advantages of these modes is that we do not require the ‘plane wave’ base elements
to be periodic in the actual physical domain. The role of the quasi-base is merely
to locally represent the unknown and its derivatives sufficiently accurately while
the value of k has the physical meaning 2w /A, where XA is the local wavelength.
Evidently, if the domain is closed so that the solution is periodic, then there is a
natural preference for Ak i.e. then the quasimodes are the actual physical modes
and the mode number m has a physical meaning.
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FIGURE 3. Two-element ‘hat’ functions in a wider interval (clipped at |¢| = 2) of the original
hat functions (full lines) and their reconstruction using the quasi-Fourier base (dashed lines).

Figure 3 shows the hat functions and their derivatives as well as their Fourier
base reconstruction. Note the clear break in the derivative of the original second
base function at £ = 0. As the exp[ikx] have infinitely continuous derivatives, the
Fourier representation is smooth at that location but slightly deviates from the actual
function. This (so-called Gibbs) phenomenon is unavoidable since the original base
functions only guarantee continuity of the base function and its first derivative.
By adopting a sufficiently large number of modes the 2 sets of base functions — the
original hat functions and the quasi-mode counterparts — can be made to come as
close to one another as desired. In practice and for a suitable choice of Ax, the very
high-order modes associated with that lic outside the physical spectrum and hence
are inconsequential.

The next step is to revert to the original 4 Hermite base functions; in figure 3 they
are depicted in the light blue and light grey areas. Since the hat functions Bj; 142
are defined in double elements [x;_;, x;4] while we only evaluate B;_, in [x;, x; 4]
(requiring us to shift the Bsgq4 finite elements to the right) one has

B\ k,, = Bhat. 1.k »
B: 1,y = Bhat 2.k »
Bs i, = Bar 1.k €Xpl—im7t /[Nexira + 111,
Bay,, = Bhar .k, €Xpl—imm /[ Noxira + 111, (2.5)

because explik,, Ax(¢ — 1)]=explik, Ax¢]exp[—imAkAx] and Ak and Ax are
linked: in that reference interval B; and B, are identical to the right halves of the
hat functions while B; and B, are identical to the left halves of the hat functions
in the previous interval (—Ax < Xrrr.geair < 0). Hence the first 2 identities in (2.5)
for By, and B, do not carry a phase factor while the other 2 identities require a
phase shift corresponding to moving the reference position and hence the reference
phase in the exponential exp[ik,x]. Recall that x; is associated with the angle o = 7
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rather than zero and each shift by Ax gives rise to a phase shift mAa for quasi-
mode k,. As for the hat functions, the set has to be computed only once, different
reference points in the actual physical domain only requiring the evaluation of an
extra factor exp[—ik,,x..,] for each mode. We are now fully equipped to return to
the wave equation. The total integral over the physical interval is subdivided in finite
elements; we introduce quotes to distinguish between the index corresponding to
E and that corresponding to F. Since localised base functions are used, the only
finite contributions to the integral are picked up in the interval in which F and E
are described by the same set of base functions i.e. i =i’; we need - of course - to
consider all j for a chosen j’; the wave equation system is a set of projections on
the individual B; in each x-interval. Rather than a continuous k-integral we have
a sum over a discrete set of k values. The integral in each finite element [x;, x; ]
can now either be computed numerically or analytically. We label it as I (m, m’).
As the reference finite element in the adopted FFT interval has index N, + 1 we
immediately get

Ne)ctm""z
I(m,m') = / deexpli(k, — k) AxC]
N,

extra+1
_ [expli Aky (m — m") (Nexira + 2)] — expli Ak; m — m') (Nexira + D]
B i Ak, (m — m’)

’

(2.6)

with Ak, =7 /(Nyra +1); when m =m'’ the above correctly yields the limit 1. The
wave equation system has equations of the form

4 Ny

Z Z B L (m, m)Bj [~ kukn + K2 Eij =0, (2.7)

in which B, ,, = B; 4, exp[—ik,x;]. To avoid overly lengthy notation the sums can
compactly be written as vector-matrix—vector multiplications upon storing the base
function Fourier mode amplitudes B;,, in a vector B; for each base function B;.

Similarly we store the integrals / (m, m’) in a matrix /. Looping over all B ; and B;
and exploiting their local expression in terms of the Fourier modes, one obtains the

4 x 4 matrix with elements 8%.1.13;. The matrix elements only need to be evaluated
once and are used for assembling the global system, the rows corresponding to the
base functions composing the electric field and the columns corresponding to the
test functions F.

Note that B;,, only seemingly depends on the index i: when evaluating the Fourier
component B, in the interval [x;, x;;], the local variable ¢ is introduced so that
a factor exp[—ik,,x;] appears. But when assembling the linear system, the integral is
split into subcontributions over the same set of intervals so a compensating factor
appears: both E and E,, are defined via an integral but the former has an oscillating
factor explik,,x] associated with E,, while the latter contains the factor exp[—ik,,x]
in its defining integral. As this is the case not only for E but also for the test function
F, the actual position of the grid point only matters for the coefficients appearing
in the equation (here simply K?). The above (2.7) is the quasi-base equivalent of the
earlier found system of coupled linear equations (2.2) allowing us to find the E; ;.
Similar to directly evaluating the elementary integrals of products of base functions,
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FIGURE 4. Solutions of the toy wave equation. The left plots show the electric field for 3 types of
finite element base functions and either using the finite element or the quasimode technique for
solving the wave equation. The plot on the right shows the solution obtained using linear base
functions for an increasing number of grid points and compares it with the solution obtained
adopting higher-order polynomials. The detailed inset plots depict the solutions close to the left
edge where the largest difference is observed.

the expressions in the first big straight brackets can be evaluated once and for all:
the quasimode algebra being formulated in terms of angles rather than a specific
Ax or x; means that the proposed scheme allows for local x-grid refinement without
needing to recompute the quasimode amplitudes of the chosen base functions.

2.3. Example of the toy wave equation and adopting different base functions

Figure 4 provides the solutions of an elementary wave equation for a non-uniform
K? with a mild imaginary part (damping) and solved in various ways; a parabolic
profile with K2 = (103, 50)/m? at x =0 and K>=(—10%0.5)/m? at the edges is
adopted and the boundary conditions £ =1 at x =1m and E =0 at x = —1m were
imposed.

The key aim of the present paper is to propose a method exploiting standard
finite element techniques while allowing to account for detailed expressions of the
dielectric response which are usually formulated in k-space. The expressions finally
obtained are formally identical to those used for finite element solving except that
the coefficients appearing in it are computed differently. A specific set of polynomial
base functions — Hermite polynomials — has been adopted so far. Other choices of
polynomial base functions can be exploited. The only change that needs to be made
is to reformulate the system matrix in terms of these new unknowns by applying the
transformation matrix connecting the 2 representations, or — even more directly -
to compute the corresponding FFT coefficients By, .

The left subplots of figure 4 depict the result for 3 types of finite element base
functions when using 100 finite element grid points and corresponding to 3 dif-
ferent types of ‘hat’ functions: the ones used until now, an upgraded set where
continuity of the base elements across the boundaries is ensured up to the third
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derivative (these seventh-order polynomial base functions were already introduced
in Van Eester (1998)) and - finally — a downgraded set where the — piecewise linear
— base functions allow us to ensure continuity of E across boundary edges but not
of its derivatives. The philosophy for constructing these base functions is to repeat
what was done for the Hermite base but extend the adopted philosophy: we seek
polynomials that only have zeros as function values as well as derivatives at the
individual finite element’s edges (i.e. at the finite element grid points) except for 1.
This allows us to combine them into 2 neighbouring elements so that they — or
one of their derivatives — have the shape of a localised ‘hat’. Since the generalised
Hermite base functions with up to N continuous derivatives across the element

boundaries are of the form B; = ZzN 'B B; ;¢/, their mth derivative takes the form
ZZ.N ! B; ;j!/(j —m)!¢/~™ and hence — when exploiting this at { =0 and { =1 and

for all but one of the derivatives up to N - the set of 2N coefficients B, ; for each
B; can readily be found for any desired N.

Although all found solutions depicted in figure 4 are very similar, the ones found
adopting linear base functions slightly differ from the others, aside from the fact
that the various solutions can hardly be distinguished by the naked eye. Relying
on the original finite element method or using the quasimodes makes no noticeable
difference either, underlining the potential of the proposed quasimode technique.
One may suspect that the reason for the difference between the solutions found
using linear base functions and the other solutions comes from the fact that these
simple functions fail to correctly pass on the surface contribution i.e. the wave flux
F*dE /dx (arising from partial integration to get from the strong to the weak vari-
ational form) since the derivative of the piecewise linear ‘hat’ base functions jumps
discontinuously across elements and surface terms have been neglected so far; recall
that the Hermite base does allow us to connect the function as well as its derivative
and hence the simple wave equation’s flux. Computing the surface terms reveals that
the volume terms are actually much more important than the surface contributions:
solving the equation with or without them hardly makes a difference (one needs to
zoom in to see a difference) but, strictly, they need to be included for the specific
equation at hand and for the linear hats. The right plots of figure 4 illustrate where
the difference actually comes from: these drawings depict a subset of the solutions
when gradually increasing the number of grid points. Not surprisingly, it shows that
many more grid points are required to reach numerical convergence when adopting
lower-order polynomial base functions. Adopting higher-order polynomials allows
significantly cutting back on the number of finite element grid points needed.

3. General expression

The obtained result can now immediately be generalised: in the interval [x;, x;41]
and for a specific local base function B the corresponding wave equation reads

EN

Ni

Z Z (B I (m, m)B;,1] G (ki ke, 5)Eij =0, (3.1)

in which the expression inside the biggest square brackets — as mentioned in the
previous section - just needs to be evaluated once and can be stored and merely
reread for later computer runs.

Note that the m and m’ in the exponential in I (m, m’) appear as a difference
so that the integral fades when m and m’ go further apart. It was shown in
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Van Eester (2024) that one does not need to retain all couplings between all k,,
and k,, modes - as done in the Jaeger AORSA code Jaeger (2001) — as it suf-
fices to just retain the close couplings, contributions from k-modes further apart
having the tendency to be filtered out when integrated over a larger region. Aside
from the once-and-for-all obtention FFT of the base functions in a reference interval
allowing us to dramatically simplify the algebra and push down the required compu-
tational time, this decoupling allows for a further reduction of the CPU time needed
to assemble and solve the system. Intended optimisation strategies will briefly be
discussed in § 5.

4. First examples of the method

The present paper aims at presenting a numerical and mathematical method allow-
ing us to maximally exploit existing dielectric tensor models while also allowing us
to include finite temperature as well as parallel gradient effects. It does not bring
fundamentally new physics ingredients but provides a tool to include effects such as
mode conversion to the ion Bernstein or ion-cyclotron wave using standard models
such as described in Ichimaru (1973), Stix (1997), Swanson (2012) and Van Eester
(2021, 2024). As the accent is on the method rather than the physics, only a few
preliminary examples are provided; more in-depth exploitation using a wider set of
dielectric tensors and ICRH scenarios is reserved for a later publication concentrat-
ing on the physics instead. The parameters adopted are loosely inspired on those
of JET’s most exploited and robust wave heating scheme: H minority heating in a
D majority plasma. The toroidal magnetic field on axis is 3.45 T and the antenna
frequency is 51 MHz, which places the H fundamental cyclotron layer and the sec-
ond harmonic cyclotron layer in the centre of the plasma. Poloidal field effects are
qualitatively included by imposing a linear growth of B, /B, ., from the magnetic
axis where it is zero, to a maximal value of 0.3 at the edge, crudely representa-
tive for JET discharges. The wave equation is solved along a straight, slanted path
but away from the equatorial plane so that both the toroidal and poloidal magnetic
field components vary. A core (p =0) and edge (p =a,) density of respectively
N.o=8x 10" m~ and N, = 10" m— was assumed; p is the magnetic flux surface
labelling variable. Inside the last closed flux surface the density has a profile factor
ofay=1.6 (i.e. N, =[N.o— N ][l — (p/ap)z]""v + N, ) while in the edge it decays
with an exponential decay length of 0.02 m. Core and edge temperatures are 4 keV
and 70 eV with a profile factor of 2.5 and an exponential decay length of 0.1 m.
The major radius is R, =2.97m and the minor radius is a, =0.95m. Beyond the
last closed flux surface at p =a,, the plasma decays towards vacuum. For simplic-
ity the magnetic surfaces were assumed to have a circular cross-section so that all
profile computations can simply be done by hand. The integration path runs from
(x=R—-R,,Z)=(-0.95,0.15)m to (0.95,0.25) m where R is the major radius
and Z is the horizontal position with respect to the equatorial plane. As we are solv-
ing a one-dimensional wave equation, an assumption needs to be made on the wave
dependence in the other two dimensions. Toroidal curvature is included in the model
(kior =140,/ R); consistent with the dominant excitation for dipole phasing we chose
the toroidal mode number to be n,, =27. The x (or R) dependence of the waves
will be determined from solving the wave equation; we assume the k component in
the remaining direction to be k; = 5m™!, mimicking slightly oblique incidence. We
adopt N,y =240 and Ny...i; = 10. Figure 5 depicts the 3 electric field components
for 3 types of dielectric tensor descriptions.
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(i) The simplest model used is the cold plasma model (Stix 1997; Swanson 2012).
In that model, the dielectric tensor has no dependence on the temperature so
there is no thermal spreading in the parallel nor the perpendicular direction.

(i1) The ‘tepid’ model is a simplified version of the hot plasma model: it includes
finite temperature corrections in the parallel direction but only retains zero-
order finite Larmor radius terms in the perpendicular one (see e.g. Van Eester
(2024)).

(iii) The most sophisticated one adopts the full hot dielectric tensor description,
the original method of which was presented in Van Eester (1998) (itself
inspired by Kennel & Engelmann (1966)), which was applied in truncated
finite Larmor radius expansion form at that time; it was later upgraded to
include all finite Larmor radius effects in e.g. Van Eester (2021). This underly-
ing model expresses the wave equation in variational form and thereby allows
us to ensure a positive definite power balance for all (long or short wavelength)
modes admitted by the plasma when the plasma is in thermodynamical equi-
librium. The main difference between earlier and the present exploitation is
that — the dielectric response being cast in k space but the full response in
any given (but single) direction now being accounted for - parallel gradient
effects can now also be described, and extension to multi-dimensional appli-
cation is a technical rather than a difficult matter. Opposite to models that
can only describe the perpendicular dynamics when they need to restrain the
description to a single toroidal mode number, the advantage of the present
model is that it accounts for parallel as well as perpendicular gradients, be it
with the level of sophistication of the dielectric response model used. In the
present paper the usual ‘adiabatic switch on’ of the electric field almost always
used in ICRH wave modelling is exploited so that the dynamics of the Larmor
gyration is accounted for but only the end point of the integral is considered
when performing the orbit integral needed to obtain the perturbed distribution
function i.e. the dielectric response is local.

Depending on the choice of preferred reference frame the wave equation takes
a slightly different form. A typical choice is adopting cylindrical components
(Eg, Ez, E,), where E, is the toroidal electric field component, and E; and E
are the components in a toroidal cut. The equation can also be expressed in terms
of field-aligned variables (E, ;, E, », E;/), where // and L refer to the direction of
the static magnetic field. When opting for the latter, various choices are possible
for defining the 2 perpendicular directions. The dielectric tensor is most naturally
expressed in field-aligned variables. Choosing the first option requires rotating the
dielectric tensor to line up with the cylindrical frame; when choosing the latter the
curl-curl term needs to be rotated. The former has the drawback that the inde-
pendent variables contain a part of the perpendicular and the parallel electric field
component. Since E/, is typically orders of magnitude smaller than E, this choice
enhances the risk that the parallel electric field is computed with less accuracy
than needed to truthfully capture the effect of Landau damping, which is crucial
for electron damping. For that reason, and in spite of the 2 possible formulations
mathematically being equivalent, it is preferred here to opt for a field-aligned repre-
sentation. In what follows Ex=E, ;, E,=E,, and E, = E,,. The coordinate used
is x = R — R,, the horizontal difference between the major radius and the major
radius of the magnetic axis (note the difference in notation between x and x).
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Since a standard implicit assumption made is that the unit vectors on which the
equation is projected should be as coordinate-independent as possible, we opt for
one perpendicular unit vector being as close as possible to pointing in the major
radius direction (i.e. |E, j.er| being as small as possible, and E, , following from
E,,=E, x E, ;) rather than being aligned with Vp, where p is the magnetic
surface labelling parameter. This choice is inspired on what is done in the AORSA
code (Jaeger 2001) and avoids the E | g, components flipping discontinuously across
the magnetic axis.

Independent of the choice of variables, the following boundary conditions are
imposed: E, = E, =0 at the high field side edge of the integration interval and
E,=1and E, =0 at the low field side. Provided the metallic wall is aligned with the
magnetic surfaces, these conditions are consistent with metallic boundary conditions
except that the ‘antenna’ is mimicked by a non-zero E,, reminiscent of the polarising
effect of a perfect Faraday screen aligned with the magnetic field lines, shunting out
the parallel electric field there.

The top plots in figure 5 depict a fast wave launched from the right (low field
side) into a cold plasma; to bend resonances into quasi-resonances a small but finite
imaginary part (v/w=1073) was added to the driver frequency w — w +iv. As
the dominant contribution to the flux is coming from the E, component and its
derivative, and since almost no damping occurs in the cold plasma, the amplitude of
that component is crudely constant between the antenna and the core. The associated
E, component shrinks as the density is increasing. Once the wave reaches the plasma
centre, the electric field magnitude drops significantly over a short distance: the wave
is partly damped, partly converts into another wave, partly tunnels through that
central region to reach the high field side (left) and is partly reflected from the high
density fast wave core cutoff. On the high field side the transmitted wave amplitude
is modest; the wave undergoes a total reflection at the metal wall on the far left. Near
the ion-ion hybrid layer in the core the fast wave excites a short wavelength mode
which transports part of the wave energy back towards the low field side. Due to the
presence of a finite poloidal field the total static magnetic field exhibits a gradient
along its field lines and hence the electric field has a finite parallel gradient. As a
consequence the fast wave partly mode converts into a forward ion-cyclotron wave:
for fixed k,,, the slow wave can only propagate in the small region between Stix’s
S =0 and k2S = k?, but including poloidal field effects allows the ion-cyclotron wave
to emerge (see e.g. Perkins (1977)). Approximately 0.1 m away from where it was
excited, this short wavelength wave is already fully absorbed.

The middle plots show the electric field when adopting a tepid plasma model.
There are a lot of similarities with the previous plots but some aspects differ. Of
particular interest is that the amplitude of the mode converted wave is much smaller.
This is the case for 2 reasons: (i) the finite temperature accounted for in the parallel
direction now adds electron Landau damping to the picture. This damping has a
more global character than the damping occurring due to a finite collisionality at the
quasiresonance appearing in the cold plasma. (ii) The wave behaviour is similar on
the high field side but has a different amplitude while — more markedly - the wave
pattern is clearly different on the low field side. Both are a consequence of the fact
that the finite temperature impacts on the interaction between the waves (modifying
mode conversion, transmission through and reflection from the confluence region).
The excited short wavelength mode is still transporting wave energy from the centre
outwards (to the right).
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FIGURE 5. Electric field components for a JET (H)-D scenario with 5% of H: full hot plasma
i.e. retaining the full tensor of finite temperature corrections (bottom row), ‘tepid’ plasma (finite
temperature corrections but only to lowest order; middle row) and cold plasma (top row). The left
subplots show the 3 complex electric field components plotted in the entire machine while the
right subplots zoom in on the ion—ion hybrid region where the fast wave has a mode confluence
with a short wavelength mode.

The bottom line of plots in figure 5 shows the electric field when accounting for
the full hot dielectric tensor, adding finite temperature effects in the perpendicular
direction now as well. The fast wave dynamics at the low field side is very similar to
that of the tepid model but 2 differences are to be noted: (i) the short wavelength
branch excited in the core is not propagating towards the low but to the high field
side now. Rather than the ion-cyclotron wave, the Bernstein wave is excited now.
(i) The E, component exhibits short wavelength structure superposed on the fast
wave field in a large fraction of the low field side domain. Looking back at the
corresponding tepid plasma result one notes evidence of the presence of a short
wavelength wave in the edge there as well but not deeper inwards. Although a more
in-depth analysis is required to reach a more definite conclusion, it is tempting to
explain this as short wavelength structure born either at the antenna or near the
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lower hybrid layer in the middle (tepid) case, and associating it with one of the
infinity of short wavelength waves admitted by the hot plasma when adopting an
all-Finite Larmor Radius (FLR) model for the bottom case (hot plasma with all
finite temperature corrections retained). A physics study to iron out various details
is postponed to a more extended paper.

5. A note on optimisation

We anticipate several avenues to optimise code and thereby minimise the CPU
time required to assemble and solve the linear system corresponding to the equation.
Reducing the required CPU time and memory is envisaged using a number of simple
ideas.

(1) Jaeger’s method (Jaeger 2001) does not involve finite elements nor does it
involve a local representation of the field. It yields a system with a full sys-
tem matrix and with the (global) Fourier components of the electric field
as the unknowns. In the set of equations he adopts — but limiting one-
self to only one-dimensional application in this paper - the electric field
is first written in terms of a discretised form of its Fourier representa-
tion E = f dkEexplikx]~ ) E, explik,x] and then the wave equation is
imposed at as many grid points as there are Fourier components to be found,
allowing us to find a unique solution when imposing boundary conditions via
Lagrange multipliers. A first and direct optimisation of the method Jaeger
proposed consists of only retaining key couplings, as was demonstrated in Van
Eester (2024): rather than evaluating the wave equation itself and doing it at
specific (x-grid) points for a given set of (k, k), that approach locally adopts a
polynomial approximation of the dielectric response in terms of x via the local
¢ =[x —x]1/[xi —xi] ie. Glx, k, k)~ 3}, Gk, k')’ so that integrals of
the form f dxF;G(x, k, k') Ecexpli(k — k")x] = Fk*,[f dxG(x, k, k" )expli(k —
k')x]]1E; can be evaluated by hand after subdividing the physical domain into
a suitable set of finite elements. This method partly uses the philosophy of the
finite element technique as it splits the domain into finite sections [x;, x;,]
but still exploits global base functions (exp[ik,x]) rather than local polynomial
ones to write the electric field. The key idea is that the integration over x acts
as a filter: it is found that the number of side diagonals (i.e. couplings between
modes) to be retained is a small fraction of the total number of unknowns since
the integral tends to approach zero the more k is separated from &’ because of
the gradually more rapidly oscillating factor exp[i (k — k")x] in the integrand.
Going from a point-by-point to an element-by-element approach is essential:
all local evaluations of couplings — as was done in AORSA - have similar
amplitudes while the integrated response allows us to set apart important and
less important couplings.

Dedicated sparse matrix solvers can be exploited. A crude guess of the
CPU time and memory gain can immediately be provided from the scaling
for simple Gaussian elimination. When the number of unknowns is n and
the fraction of important side diagonals is f then matrix inversion when using
brute force inversion computational effort scales as n* while if only considering
the needed side diagonals the time required scales as n’ f2. If f=0.2 then
this reduces the needed effort by a factor 25. Going beyond one dimension
increases the absolute but reduces the relative need of side diagonals; in two
dimensions the relative gain is a further factor 25.
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(i1) Aside from the time spent actually solving the system, time gain can also be
achieved when assembling the system. In view of the fine structure in k-space
that can be incorporated, the assembly will actually be the main place where
optimisation is required. Compared with a matrix fill factor 1, only retaining
the couplings actually needed reduces the number of evaluations to be made
by the same factor 1/f2.

(iii) Moreover, the faster variation of the integrands resulting from exp[i (k — k") x]

rather than from G(x, k, k") — which involves Bessel functions that commonly
vary fairly slowly as a function of k - the function G can be evaluated
on a crude grid subset of k and k' values, and the intermediate values on
the actual k-grid can be computed by simple interpolation. This procedure
need not be static: monitoring the local k-gradient of the function G, an
automatic procedure for grid refinement can be installed to only zoom in
on k-regions where more detail is actually needed. Recall moreover that the
Fourier components of the polynomial base functions only need to be evalu-
ated once and for all. Although allowing us to include effects that normally
require an integro-differential approach and yield a well-filled system matrix,
the method proposed here is local and hence the system is sparse both in x-
and (k, k')-space.
In spite of the fact that the accent in the present paper is on the numerical
method and not on the physics model, it is worthwhile mentioning that there
is a basic difference between the dielectric tensor considered by Jaeger and
the dielectric response operator used here to assess the wave propagation in
the plasma using the all-FLR model: Jaeger exploits the homogeneous plasma
tensor while the operator exploited here allows direct interfacing with the
Fokker-Planck equation and properly ensures positive definite power absorp-
tion for Maxwellian distribution functions i.e. properly accounts for plasma
inhomogeneity; for a discussion see Van Eester et al. (2026).

6. Conclusions and prospects

A general purpose solution technique inspired by a mix of the finite element and
Fourier analysis methods has been proposed to find the solution of the ICRH wave
equation accounting for parallel as well as perpendicular gradients. It relies on a
representation of localised finite element base functions in terms of a set of ‘quasi-
modes’. The philosophy is to first find a ‘quasi-Fourier-mode’ representation of the
local base functions by performing a discrete Fourier transform in a reference inter-
val, padding neighbouring elements by zeros to achieve a suitable grid sampling
in k-space to enable capturing of the needed physics of the wave-particle interac-
tion. In view of the direct physical interpretation of the unknowns associated with
them - the values of the electric field components and their derivatives at the finite
element grid points - the Hermite functions have been chosen as reference base
functions. It was illustrated that this philosophy can easily be extended to ensure
higher-order derivatives of the unknowns are continuous as well. As the technique
locally reproduces spatial dependence of the base function but does so in terms of
k-modes, it allows accounting for the full k-spectrum of the dielectric response. The
integro-differential all-FLR dielectric response of the inhomogeneous plasma in the
presence of both parallel and perpendicular gradients is then accounted for by a
simple vector-matrix—vector representation. The shape of the obtained linear equa-
tion system is identical to that when using the finite element approach, the only
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difference being that the system coefficients are evaluated in an alternative way. The
constructive and destructive interference yielding the coupling of nearby modes and
the decoupling of well-separated ones is captured in a matrix that can be computed
once and for all.

The method combines the possibility of exploiting all-FLR dielectric tensor
descriptions formulated in k-space available in the literature while accounting for
parallel gradient effects (arising due to the presence of the finite poloidal magnetic
field or toroidal non-axisymmetry). The method allows us to describe short as well as
long wavelength modes and offers options for CPU speed-up, combining advantages
of various methods earlier proposed in the literature.

To illustrate the potential of the method, a few relevant examples have been pro-
vided. They illustrate the fast wave mode conversion to either the Bernstein or
the ion-cyclotron wave depending on the relative importance of temperature and
poloidal field effects for typical JET H minority heating parameters. Three types
of models have been considered to illustrate the method, all of which are already
known in the literature: a cold plasma description that allows to highlight the impact
of the presence of a k,,-upshift and giving rise to the emergence of the ion-cyclotron
wave, a ‘tepid’ (FLR-0) plasma description lacking the finite temperature corrected
perpendicular dynamics but having the parallel dynamics resulting from the poloidal
field and when the temperature is finite, and a full hot plasma (all-FLR) dielectric
tensor model allowing us to account both for parallel and perpendicular gradients
illustrating how the Bernstein wave emerges in the description.

The focus of the present paper is the proposed numerical technique rather than
a physics exploration. Only already existing models for the dielectric response were
exploited here. The level of physics realism of a model is the level of richness of the
physics model adopted. The examples provided rely on the usual assumption that
the electric field is ‘adiabatically switched on’ so that only the end point contribution
along the orbit contributes.

The technique can readily be generalised to multiple dimensions. Together with
an in-depth physics study (e.g. adding a power deposition computation via post-
processing to assess the particular role of finite temperature corrections and parallel
gradients), going to two-dimensional (axisymmetric tokamak) or possibly even three-
dimensional (stellarator) applications, and the incorporation of the option to account
for non-Maxwellian distributions are intended next steps of the work. Optimisation
of CPU time and memory along the lines discussed earlier will be necessary subpart
of these efforts.

Jaeger adopts ‘Cartesian’ coordinates R and Z - and hence the associated Fourier
modes expli(kxR + k;Z 4+ n@)] - in a toroidal cut ¢ = constant in a tokamak and
equally adopts E-field components (Eg, Ez, E,) along the associated coordinate
lines. Although appealing due to its simplicity, a drawback of this choice is that
neither magnetic surfaces nor the metallic walls surrounding the plasma coincide
with edges of the adopted finite element volumes. The approach presented here
does not involve the actual (global) E-field’s Fourier components but just mimics
the Fourier transform to locally represent the electric field and its gradients, while
yielding a system of equations that formally is identical to that obtained using finite
elements (be it that the coefficients are assembled in a different way). This allows
a bigger freedom in the choice of the elementary volumes. When going beyond
one-dimensional application, an appealing choice is to exploit a field-aligned refer-
ence and adopt (deformed) cubes or prisms, one direction of the sides of which
is in the parallel direction, while the other 2 are in the plane perpendicular to it
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but ‘as close as possible’ to the unit vectors e; and e,. Such a choice was already
pioneered by Jaeger. It ensures the magnetic axis is a regular point. Cubes more
easily allow defining locally independent coordinates to immediately extend the phi-
losophy adopted in the present paper to multi-dimensional application, but prevent
easy fitting all around curved surfaces such as metallic walls. Triangle-shaped faces
of a prism more elegantly and easily allow us to approximate any closed shape on
a surface. Barycentric coordinates (one of which is dependent on the other 2, and
each of the 3 being identically 0 on only one of the triangle sides and 1 at the oppo-
site corner) are typically exploited, and associated base functions that allow us to
form two-dimensional ‘hat’ functions inside the triangle can be used; depending on
the exact choice of base functions surface terms will need to be included or can be
omitted. Finding the most optimal choice is left for later work.

Although illustrated here for the specific problem of ICRH, the method presented
here is likely useful for other applications.
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