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Cheeger Inequalities


This chapter systematically treats Cheeger type inequalities. Our theory 
combines higher-order Cheeger inequalities, Cheeger inequalities for signed 
graphs, and Cheeger inequalities for the 1-Laplacian. We introduce a new 
definition of a Cheeger constant for simplicial complexes. This leads us to a 
solution of the higher-order Cheeger problem on simplicial complexes. 

Cheeger inequalities on discrete structures play an important role in 
expander theory, spectral graph theory, and spectral clustering methods. In the 
first two sections of this chapter, we present (multiway) Cheeger inequalities 
for simple graphs and signed graphs. In the third section, we then derive gen­
eralized inequalities for simplicial complexes, following mainly [160, 161]. 
Finally, in Section 8.4, we generalize the results in [214], and we prove new 
Cheeger-type inequalities for p-Laplacians on hypergraphs, which appear here 
for the first time in this general form. 

Some Cheeger inequalities already occurred in Chapter 4. We first need to 
recall some of these results, in order to put them into the systematic perspective 
developed in the present chapter and also to build upon them. 

8.1 Cheeger Inequalities on Graphs 

We start by recalling the Cheeger constant (4.3.13) of a simple graph Γ = 
(V, E), 

h := min 
|E(S, Sc ) | 

, 
∅≠S⊊V min vol (S),vol (Sc ){ }

as well as the Cheeger inequalities from Theorem 4.3.1: 

Theorem 8.1.1 (Cheeger inequalities on a graph). Let Γ = (V, E) be a simple 
graph. Let h be its Cheeger constant, and let λ2(Δ2) be the second eigenvalue 
of the normalized Laplacian. Then, 
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h2 

≤ λ2(Δ2) ≤ 2h.
2 

233 8.2 Cheeger Inequalities on Signed Graphs 

In fact, this is also a special case of Theorem 6.4.2, which shows Cheeger 
inequalities for p-Laplacians on chemical hypergraphs. 

We point out that if (A, Ac ) is a Cheeger cut of a connected graph Γ, then
either A or Ac induces a connected subgraph. Moreover, there exists a Cheeger 
cut of Γ such that both A and Ac are connected. For the latter statement, a 

 

version for compact Riemannian manifolds was first proved by Yau [274], and 
it is collected in Buser’s book [43, Lemma 8.3.6]. The idea of the original 
proof in the geometric setting is to use mathematical induction on the number 
of connected components of the boundary of A, but this idea does not work in 
the case of graphs. A combinatorial proof for the graph Cheeger cut was given 
by Mohar [211]. We refer to Theorem 7.2.3 for our new proof, which works in 
the graph case. 

Miclo [206] introduced the higher-order Cheeger constant (7.2.7) and asked 
whether Cheeger-type inequalities can be proved for this constant. Lee, Oveis 
Gharan, and Trevisan [180] answered Miclo’s question as follows. 

Theorem 8.1.2. There exists a universal constant C such that, for every graph, 
and for every natural number k, 

h2 
k ≤ λk (Δ2) ≤ 2hk . 

Ck4 

8.2 Cheeger Inequalities on Signed Graphs 

Let now (Γ, s) be a signed graph, with Γ = (V, E). Given two disjoint sets 
V1,V2 ⊂ V , let  

E+ (V1,V2) := {{u,𝑣} ∈  E : u ∈ V1,𝑣 ∈ V2, s(u𝑣) = 1}, 
and let 

E−(V1) := {{u,𝑣} ∈  E : u,𝑣 ∈ V1, s(u𝑣) = −1}. 
The signed bipartiteness ratio is defined as 

2
(
|E−(V1) | + |E−(V2) | + |E+ (V1,V2) |

) 
+ |∂(V1 ⨆ V2) |

βs (V1,V2) := .
vol (V1 ⨆ V2) 
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234 8 Cheeger Inequalities 

We recall that the signed Cheeger constant of (Γ, s) (see also (4.6.27)) is 

hs := min βs (V1,V2), 
(V1,V2)≠(∅,∅) 

where the minimum is taken over all possible sub-bipartitions of V . Moreover, 
by Theorem 4.6.2, 

Theorem 8.2.1. Given a signed graph (Γ, s), we have 

λ1(Δs ) √ ≤ hs ≤ 2λ1(Δs ).
2 

More generally, the k-way signed Cheeger constant has been introduced in 
[11] as 

hs := min max βs (V2i−1,V2i ),k {(V2i−1,V2i ) }k 1≤i ≤k 
i=1 

where the minimum is taken over the set of all possible k pairs of disjoint sub­
bipartitions (V1,V2), (V3,V4), . . ., (V2k−1,V2k ). In particular, we note that hs is 

k

switching invariant. 
With these concepts, following [11], we can generalize and put into perspec­

tive the multiway Cheeger inequalities for simple graphs by Lee, Oveis Gharan, 
and Trevisan [180]. Before stating the main result, we need the following 
preliminary lemmata. 

Lemma 8.2.1. Let (Γ, s) be a signed graph. Let k ∈ {1, . . . ,N } and let 
f1, . . . , fk be an orthonormal system of eigenfunctions corresponding to 
λ1(Δs ), . . . , λk (Δs ). Given a vertex 𝑣, let  

F (𝑣) := ( f1(𝑣), . . . , fk (𝑣))  ∈ Rk , 

and let VF := {𝑣 ∈ V : F (𝑣) ≠ (0, . . . ,0)}. Let  ‖ · ‖ denote the Euclidean norm 
in Rk , and consider the pseudometric 

F (𝑣) F (𝑣 ́) F (𝑣) F (𝑣 ́)
dF (𝑣,𝑣 ́) := min 

∫|||||||||| ‖F (𝑣)‖ − ‖F (𝑣ʹ)‖
|||||||||| ,
|||||||||| ‖F (𝑣)‖ + ‖F (𝑣ʹ)‖

||||||||||
⎫ 

. 

Then, there exist k nonempty, mutually disjoint subsets S1, . . . ,Sk ⊂ VF , and a 
universal constant C > 0 (which is the same for all signed graphs), such that 
dF (Si ,Sj ) ≥ k− 2

5 
/C, for all i ≠ j, and ∑ 1 ∑ 

deg 𝑣 · ‖F (𝑣)‖2 ≥ deg 𝑣 · ‖F (𝑣)‖2 ,
2k 

𝑣∈Si 𝑣∈V 

for all i ∈ {1, . . . , k}. 
For the proof, which is based on random partition theory, we refer to [11, 

187]. 
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235 8.2 Cheeger Inequalities on Signed Graphs 

Lemma 8.2.2. Consider the setting of Lemma 8.2.1. For any subset S  V,  ⊂
and for any ε > 0, we define the cut-off function ηS : V → R by 

0, if F (𝑣) = 0,
ηS (𝑣) := 

⎧⎪⎨⎪⎩ 
{ }

max 0,1 − ε 
1 dF (𝑣,S) , otherwise. 

Then, for any 0 < ε < 2, and for any {𝑣,𝑣 ́} ∈ E, we have that (
‖ηS (𝑣)F (𝑣) − s(𝑣𝑣 ́)ηS (𝑣 ́)F (𝑣 ́)‖ ≤ 1 + 

2
) 
‖F (𝑣) − s(𝑣𝑣 ́)F (𝑣 ́)‖. 

ε

For the proof we refer to [11]. 

Theorem 8.2.2. There exists a universal constant C such that, for any signed 
graph (Γ, s) and for any k ∈ {1, . . . ,N }, 

λk (Δs ) √ ≤ hs ≤ Ck3 λk (Δs ).
2 k 

Proof We first prove the lower bound. Let {(V2i−1,V2i )}k 
i=1 be a k-sub­

bipartition of V that realizes h
k
s , that is,  

max βs (V2i−1,V2i ) = hk
s , 

1≤i ≤k 

and let 1Vi be the indicator function of Vi . For any  

g ∈ span(1V1 − 1V2 , . . . ,1V2k −1 − 1V2k ), 

we can write 
k∑ 

g(𝑣) = ti (1V2i−1 (𝑣) − 1V2i (𝑣)), 
i=1 

for some t1, . . . , tk ∈ R. We then have  

(g(𝑣) − s(𝑣𝑣 ́)g(𝑣 ́))2 

≤ 2 |||||||||
g

m

(𝑣)2sign(g(𝑣

(
))  − s(𝑣𝑣 ́)g(𝑣 ́)2sign(g(𝑣 ́))||| ) ||||||

∑ 
= 2 t2 

i sign(ti ) 1V2i−1 (𝑣) − 1V2i (𝑣) − s(𝑣𝑣 ́)(1V2i−1 (𝑣 ́) − 1V2i (𝑣 ́))
i=1 ∑ 

≤ 2 
m

t2 || (𝑣) − 1V2i (𝑣) − s(𝑣𝑣 ́)(1V2i−1 (𝑣 (𝑣 ́))|| ,i 1V2i−1
ʹ) − 1V2i


i=1


where the first inequality follows from the fact that 

(a ± b)2 ≤ 2|a2sign(a) ± b2sign(b) |. 
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236 8 Cheeger Inequalities 

Therefore, Σ Σ ||| |||R(g) ≤ 2 · i
m 
=1 ti 

2 {𝑣,𝑣ʹ }∈E 1V2i−1 (𝑣) − 1V2i (𝑣) − s(𝑣𝑣 ́ )(1V2i−1 (𝑣 ́ ) − 1V2i (𝑣 ́ ))Σ Σ 
i=1 i Σ 

{𝑣,𝑣ʹ }∈E 
|||

m t

(

2 

𝑣) − 

𝑣∈
1

V

V2

|
i 

1

(

V

𝑣

2

)

i−

− 

1 (

s

𝑣

(

)

𝑣𝑣 

−
ʹ
1

)(

V

1

2i 

V

(

2

𝑣

i−

)

1

| 
(𝑣 ́ ) − 1V2i (𝑣 ́ ))|||1V2i−1≤ 2 max  Σ 

i=1, ...,k 𝑣∈V |1V2i−1 (𝑣) − 1V2i (𝑣) | 
= 2 max  βs (V2i−1,V2i )


1≤i ≤k


= 2hk
s . 

By the min–max principle, we obtain that . This proves the lower 
bound, 

λ
k
s ≤ 2h

k
s 

λk (Δs ) ≤ hk
s .

2 
To prove the upper bound, consider the setting of Lemma 8.2.1. We have 

that 

λk (Δ
s ) = max R( f i ) 

i=1, ...,k Σk Σ 
i=1 𝑣∼𝑣ʹ ( f i (𝑣) − s(𝑣𝑣 ́) f i (𝑣 ́))2 

≥ Σk Σ 
𝑣∈V deg(𝑣) f i (𝑣)2 

i=1 Σ 
ʹ ‖F (𝑣) − s(𝑣𝑣 ́)F (𝑣 ́)‖2 

𝑣∼𝑣
= Σ 

𝑣∈V deg(𝑣)‖F (𝑣)‖2 

:= R(F). 

Let now ε := k− 5
2 /C. Then, by Lemma 8.2.2, ∑ 

‖ηSi (𝑣)F (𝑣) − s(𝑣𝑣 ́)ηSi (𝑣 ́)F (𝑣 ́)‖2 

{𝑣,𝑣ʹ }∈E ( )22 ∑ 
≤ 1 + ‖F (𝑣) − s(𝑣𝑣 ́)F (𝑣 ́)‖2 . 

ε {𝑣,𝑣ʹ }∈E 

Moreover, by Lemma 8.2.1, ∑ ∑ 1 ∑ 
deg 𝑣 · ‖ηSi (𝑣)F (𝑣)‖2 ≥ deg 𝑣 · ‖F (𝑣)‖2 ≥ deg 𝑣 · ‖F (𝑣)‖2 .

2k 
𝑣∈V 𝑣∈Si 𝑣∈V 

Therefore, for i = 1, . . . , k, 

R(ηSi F) ≤ 2k (1 + Ck  2
5
)2R(F) ≤ C ʹk6R(F) ≤ C ʹk6λk (Δ

s ). 

We now write 

ηSi F = (gi 
1 , . . . ,gi

k ) :  V → Rk , 
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8.3 Cheeger Inequalities on Simplicial Complexes 237 

and we observe that we can always find ji ∈ {1, . . . , k} such that R(g ji ) ≤i 
R(ηSi F), for all i = 1, . . . , k. Now, similarly to (6.4.10) in the proof of Theo­
rem 6.4.1, one can show that there exist disjoint subsets Ω+ 

i ,Ω
− 
i ⊂ supp(gi

ji ) 
such that 

βs (Ω+ 
i ,Ω

− 
i ) ≤

/
2R(g ji 

i ). 

As a consequence, 

hs 
k ≤ max 

i=1, ...,k 
βs (Ω+ 

i ,Ω
− 
i ) 

≤ max 
i=1, ...,k 

/
2R(g ji 

i ) 

≤ max 
i=1, ...,k 

/
2R(ηSi F) 

≤ Ck3
√ 
λk (Δs ), 

for some constant C > 0. ◻ 

8.3 Cheeger Inequalities on Simplicial Complexes 

This section addresses the fundamental problem of generalizing the classical 
Cheeger inequalities that are known for graphs to simplicial complexes. Esti­
mating the first nontrivial eigenvalue of the Hodge Laplacian on a simplicial 
complex is a major long-standing open problem that has been formulated in 
the field of expander graph theory. Also, the analogue in Riemannian geom­
etry, which is to find Cheeger inequalities for differential k-forms, is still far 
from being understood and solved. 

The first issue in any attempt of extending Cheeger-type inequalities to 
higher-order structures, like simplicial complexes or differential k-forms, is 
to identify the right quantities to be estimated. Here, we shall focus on this 
problem and build upon Sections 4.8 and 8.2. The key is to convert a Cheeger 
problem for higher-dimensional simplices into one for signed graphs. For this 
purpose, we shall describe a relation between simplicial complexes and signed 
graphs that will allow us to interpret the Laplace operator Δup

d 
 as the Laplacian 

of a signed graph. 
We first recall some constructions from Section 2.5.1. We consider a sim­

plicial complex Σ, and we denote the collection of its d-dimensional simplices 
by Σd . When  σ and σʹ are two orientations on the same underlying d-simplex, 
we write sgn(σ,σʹ) = ±1 when those orientations agree/differ. And ∂σ is the 

Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/9781009641821.012
Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 16 Nov 2026 at 21:33:31, subject to the

https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781009641821.012
https://www.cambridge.org/core


238 8 Cheeger Inequalities 

cellular boundary of a simplex; that is, the collection of its facets. When the 
simplices ρ carry weights w(ρ), the degree of a d-simplex σ of Σ is ∑ 

deg σ := w(ρ). 
ρ ∈Σd+1 (Σ) :  σ ∈∂ρ 

(8.3.1) 

Moreover, since we want to work with the normalized up-Laplacian, we 
assume that the weight function satisfies 

w(σ) = deg σ,	 (8.3.2) 

for every σ ∈ Σd , and that the weights of the facets of Σ are equal to 1. 
Under these conditions, the normalized combinatorial up-Laplacian, according 
to (2.5.21), is given by 

(Δd f )([σ]) = f ([σ])up  

1 ∑ 
+	 w(ρ) sgn([σ], ∂[ρ]) sgn([σʹ], ∂[ρ]) f ([σʹ]).

deg σ 
σʹ ∈Σd : σʹ≠σ,σ,σʹ ∈∂ρ

(8.3.3) 

up
Δ
d Recalling the constructions of Section 4.8, we can express in terms of 

the Laplacian of an associated signed graph, rewriting it as 

up 	 1 ∑ 
(Δ

d f )([σ]) = f ([σ]) −
deg σ 

w(ρ)s([σ], [σʹ]) f ([σʹ]), 
σʹ ∈Σd : σ≠σʹ ,
σ,σʹ ∈∂ρ 

(8.3.4) 
with 

s([σ], [σʹ]) := − sgn([σ], ∂[ρ]) sgn([σʹ], ∂[ρ]). (8.3.5) 

This naturally suggests a signed graph (Γd , s). Its vertex set consists of the 
d-simplices of our simplicial complex, and there is an edge σ ∼ σʹ between 
vertices σ ≠ σʹ if there exists a (d + 1)-simplex ρ in Σ with σ,σʹ ∈ ∂ρ. By
Theorem 4.8.2 and by evaluating the weights w(ρ) in (8.3.4), we have that the 

up
Δ
d Laplacian in (8.3.4) is related to the Laplacian Δ(Γd,s) of the signed graph 

(Γd , s) via
up
Δ
d = (d + 1)Δ(Γd,s) − d Id. (8.3.6) 

Remark 8.3.1. A similar construction is used in [98] to define the signed 
adjacency matrix of a triangulation on a surface. 

By (8.3.6), in particular, the eigenvalues μ j of Δup
d and the eigenvalues λ j

of Δ(Γd , s) are related by 

μ j = (d + 1)λ j − d.	 (8.3.7) 
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239 8.3 Cheeger Inequalities on Simplicial Complexes 

Hence, since the eigenvalues of Δ(Γd,s) lie in the interval [0 up
,2], those of Δ

d 
lie in the interval [0, d + 2]. In fact, since μ j ≥ 0 in (8.3.7), the eigenvalues of 
Δ(Γd,s) are ≥ d/(d + 1). Equality holds if and only if there is some nontrivial 
f with δd f = 0. More precisely, the multiplicity of the eigenvalue d/(d + 1) 
of Δ(Γd,s) equals the dimension of the kernel of the coboundary operator δd . In  
particular, for d > 0, the graph (Γd , s) is never balanced. 

Now, given disjoint A, Aʹ ⊂ Σd , let  

|E+ (A, Aʹ) | := #{{τ, τʹ} : τ ∈ A, τʹ ∈ Aʹ ,sgn([τ], [τʹ]) = 1}, 

and let 

|E−(A) | := #{{τ, τʹ} : τ, τʹ ∈ A,sgn([τ], [τʹ]) = −1}. 

Let also 

β(A, Aʹ) := 
2
(|E−(A) | + |E−(Aʹ) | + |E+ (A, Aʹ) |) + |∂(A ⨆ Aʹ) | 

,
vol ( A ⨆ Aʹ) 

where |∂A| is the number of the edges of (Γd , s) that  cross  A and Σd \ A, ∑ 
vol ( A) := deg τ, 

τ∈A 

and deg τ := #{σ ∈ Σd+1 : τ ⊂ σ}. We define the  kth Cheeger constant of Σd 

as 

hk (Σd ) := min max β(A2i−1, A2i ). 
A1, ..., A2k 1≤i≤k 

disjoint, in Σd 

In order to have hk (Σd ) = 0, we need to find 2k disjoint sets A1, . . . , A 2k 

such that |E−(Ai ) | = 0 and  |E+ (A2i−1, A2i ) | = 0 for all of them. Thus, all 
edges inside any Ai have to be positive, whereas all edges between A2i−1 and 
A2i have to be negative, and also A2i−1 ∪ A2i has to be disconnected from the 
rest of the graph so that there are no boundary terms. By Lemma 4.6.3, this 
means that the graph G− (Σd ) := (Γd ,−s)up with the opposite signs has at least 
k balanced connected components. 

Remark 8.3.2. For d = 0, the constant hk (Σ0) reduces to the k-way Cheeger 
constant (7.2.7) of a graph [180]. 

Theorem 8.3.1. For every simplicial complex Σ and for every d ≥ 0, 

h1(Σd )2 

≤ d + 2 − λn (Δup ) ≤ 2h1(Σd ), 
2(d + 1) d (8.3.8)
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240 8 Cheeger Inequalities 

where n = #Σd . Moreover, there exists a universal constant C such that, for 
any simplicial complex Σ and for any k ≥ 1, 

. 
hk (Σd )2 

up  

Ck6(d + 1) 
≤ d + 2 − λn+1−k (Δ

d ) ≤ 2hk (Σd ) (8.3.9) 

Proof We first observe that Σ (Σ )2 
τ∈Σd,τ⊂σ sgn([τ], ∂[σ]) f (τ)

σ∈Σd+1
d + 2 − Σ 

τ∈Σd 
degτ f (τ)2 Σ ( )2 

[τ]∼[τʹ] f (τ) − sgn(τ, τʹ) f (τʹ))
= (d + 1) Σ , ~

τ∈Σd 
degτ f (τ)2 

~ degτ := (d + 1) degτ where [τ] ∼ [τʹ] represents an edge in G− 
up (Σd ) and is 

the degree of  τ in G−
up (Σd ) . It follows that 

upd + 2 − λn−i+1(Δ
d ) = (d + 1)λi (Δ(G− (Σd ))),up

for i = 1, . . . ,n. Moreover, since hk (Σd )/(d + 1) is the kth Cheeger constant 
of the signed graph G− 

up (Σd ), by Theorem 8.2.1, we have 

λ1(Δ(G− 
up (Σd ))  h1(Σd ) /

≤ ≤ 2λ1(Δ(G− (Σd )).
2 d + 1 up

And by Theorem 8.2.2, there exists a universal constant C such that, for any 
signed graph and for any k ≥ 1, 

λk (Δ(G− (Σd ))  /
up ≤ 

hk (Σd ) ≤ Ck3 λk (Δ(G− (Σd )).
2 d + 1 up

Altogether, we obtain 
upd + 2 − λn (Δ ) /
d up≤ h1(Σd ) ≤ 2(d + 1)(d + 2 − λn (Δ

d )),
2 

and 

d + 2 − λn+1−k (Δup ) /
d up≤ hk (Σd ) ≤ Ck3 (d + 1)(d + 2 − λn+1−k (Δ )).

2 d 

This completes the proof of (8.3.8) and (8.3.9). ◻ 

As a consequence of Theorem 8.3.1, we have that λn (Δup ) = d + 
d 2 if and  

only if h1(Σd ) = 0 and if and only if G− 
up (Σd ) has a balanced component. 

Moreover, Theorem 8.3.1 provides the estimates for the spectral gap from 
d + 2. The more important estimate, however, is the one for the spectral gap 
from 0, namely, the Cheeger-type estimates for the first nontrivial eigenvalue 
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241 8.3 Cheeger Inequalities on Simplicial Complexes 

of the Hodge Laplacian. This was proposed as an open problem in the orig­
inal paper by Cheeger [56], in the setting of differential k-forms on a closed 
Riemannian manifold. Its discrete version, a Cheeger-type inequality on sim­
plicial complexes, has also been a long-standing open problem in the area of 
high-dimensional expanders [84, 121, 194, 225, 254]. 

While some partial answers have been proposed and developed in the 
literature, it seems that none of them gives a complete solution to the prob­
lem. In fact, there are many different definitions of Cheeger constants on 
simplicial complexes. For example, an upper Cheeger-like bound for the 
Cheeger constant has been suggested by Parzanchevski, Rosenthal, and Tessler 
[121, 225]. In particular, in the field of higher-dimensional expanders, people 
use the so-called Z2-expander to indicate the Cheeger constants on a simplicial 
complex. 

Steenbergen, Klivans, and Mukherjee [254] introduced the Cheeger con­
stant 

hd (Σ) := min 
‖ δφ‖ 

, 
φ ∈Cd (Σ,Z2)\im δ min ‖ φ + ψ‖ 

ψ  im δ ∈

for all d ≥ 0. Here, ‖ · ‖  is the Hamming norm on Cd (Σ,Z2), that is, the l1-norm 
on Z2

n , where  n = #Σd . This constant satisfies 

hd (Σ) = 0 ⇐⇒ H̃d (Σ,Z2) ≠ 0. 

According to the examples and theorems in [84, 121, 122, 184, 205, 225, 254], 
all Cheeger constants defined using cohomology (or homology) with Z2­
coefficients cannot satisfy both Cheeger inequalities as in the graph setting. 
This follows from the fact that, on the one hand, we have the well-known 
relation 

up  
λ(Lup

λ(Δ
d ) = 0 ⇐⇒ 

d ) = 0 ⇐⇒ H̃d (Σ,R) ≠ 0, 

for d ≥ 0, while on the other hand, for d ≥ 1, H̃d (Σ,R) ≠ 0 is not equivalent 
to H̃d (Σ,Z2) ≠ 0. 

We shall now present a Cheeger constant that appears in [160, 161] and 
solves the problem formulated above of generalizing both Cheeger inequalities. 
In particular, we shall propose four equivalent definitions, denoted by (D1)– 
(D4). In Theorem 8.3.2, we shall then prove that they are all equivalent. 

(D1) A (generalized) multiset is a pair μ = (S,m), where S is a set (given by 
distinct elements), and m : S → Z is an integer-valued function, which 
gives the multiplicity of the elements in the multiset. For simplicity, in 
this section, we shall simply call μ a multiset. We also let  
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242 8 Cheeger Inequalities 

∑ 
|μ| := |m(s) |

s ∈S 

denote the size of μ. 
In our context, we consider multisets on S = Σd , and we use the nota­
tion μ ⊂M Σd to indicate that μ = (Σd ,m) and the multiplicities are in 
{−M, . . . ,0, . . . ,M }. We also define the coboundary1 ∂∗ μ

d+1
multiset of all ( d + 1)-simplices that have a member of μ in its bound­
ary, together with the corresponding multiplicities. Thus, an element 

of μ as the 

σ ∈ Σd+1 has multiplicity ∑ 
m(τ)sgn([τ], ∂[σ]), 

τ ∈Σd 

where m(τ) is the multiplicity of τ in μ. And the  support of ∂
d
∗ 
+1μ then 

consists of all such simplices with nonzero multiplicity. We also define 
the volume of μ as ∑ 

vol (μ) := deg τ |m(τ) |. 
τ ∈Σd 

(8.3.10) 

Moreover, for d ≥ 0, we let 

d+1h(Σd ) := min 
|∂∗ μ| 

. 
μ ⊂M Σd : min vol (μʹ)
μ≠∂

d 
∗ (ν), μʹ≠∅ : 

∀ν ⊂M Σd−1 ∂d
∗ 
+1μ

ʹ =∂
d
∗ 
+1μ 

(8.3.11) 

We have that h(Σd ) is constant when M is sufficiently large. For such 
sufficiently large M , we call h(Σd ) the  Cheeger constant of Σd . 

Remark 8.3.3. In this definition, we need to look at quotients of the form 
|∂ ∗ μ|/vol (μʹ)

d+1 , where μ has to be homologically nontrivial, that is, it 
cannot be of the form ∂

d 
∗ (ν) and  where  ∂

d
∗ 
+1μ

ʹ = ∂
d
∗ 
+1μ. The new aspect 

here, compared to the graph case, is that we need to consider multisets of 
simplices. In fact, when we were looking at graphs, all edges had weight 
or degree 1, but now (d + 1)-dimensional simplices may have degrees 
≠ 1. 

(D2) We now describe the Cheeger constant in terms of the Z-expander. In 
particular, we let 

‖δφ‖1h(Σd ) := min , 
φ ∈C d (K,Z)\im δ min ‖φ + ψ‖1,deg 

ψ ∈im δ 

1 This is different from the notion of coboundary used above when we defined the coboundary as 
the dual of the boundary operator in homology theory. 
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243 8.3 Cheeger Inequalities on Simplicial Complexes 

where ∑ 
‖φ‖1,deg := deg τ |φ(τ) |. 

τ ∈Σd 

Remark 8.3.4. Compared to the definition of hd (Σ), here we use Z-
instead of Z2-coefficients and we use the (weighted) l1-norm instead of 
the Hamming norm. 

(D3) We define the up 1-Laplacian eigenproblem on Σd as the eigenvalue 
problem of the function pair ( ‖B

d
┬ 
+1 · ‖1, ‖ · ‖1,deg), which consists in 

finding λ and x such that 

0 ∈ ∂‖Bd
┬ 
+1x‖1 − λ∂‖x‖1,deg. (8.3.12) 

Moreover, let 

Id := dim im(Bd 
┬) + 1 = rank(Bd ) + 1, 

up
λ Id (Δd,1) and let be the smallest nontrivial eigenvalue of the up 1­

Laplacian. Given a norm ‖ · ‖ on a real linear space with an inner product 
〈·, ·〉, we say that x is ‖ · ‖-orthogonal to y if there exists u ∈ ∇‖x‖ satis­
fying 〈u,y〉 = 0. We say x is ‖ · ‖-orthogonal to a nonempty set Y if x is 
‖ · ‖-orthogonal to all y Y . ∈

We define 

1up  ‖B
d
┬ 
+1x‖

h(Σd ) := λ Id (Δ ) = min ,
d,1 x⊥1 im(B┬ 

d ) ‖x‖1,deg 

where x⊥1 im(B
d 
┬) indicates that x is ‖ · ‖1,deg-orthogonal to im( B

d 
┬), that 

is, u ∈ im(B
d 
┬)⊥, for some  u ∈ ∇‖x‖1,deg. 

Remark 8.3.5. In this definition, we draw upon the insights developed 
in Sections 6.4 and 7.2, which suggest to consider L1- instead of L2­
quantities in order to get equalities instead of inequalities when relating 
Cheeger-type constants and eigenvalues. 

Remark 8.3.6. If ‖ · ‖  = ‖ · ‖2 is the standard l2-norm, then the ‖ · ‖2­
orthogonality coincides with the classical orthogonality with respect to 
the standard inner product. 

(D4) The norm ‖ · ‖1,deg on Cd (Σ) induces a quotient norm on 
Cd (Σ)/ im(δd−1), which we denote by ‖ · ‖, for simplicity. More 
precisely, given an equivalence class [x] ∈ Cd (Σ)/ im(δd−1), we let 

‖[x]‖ := inf ‖xʹ‖1,deg. 
xʹ ∈[x] 
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244 8 Cheeger Inequalities 

We use it to define 

‖δdx‖1h(Σd ) := min 
0≠[x]∈Cd (Σ)/ im(δd−1) ‖[x]‖ 

‖δdx‖1 
= min . 

0≠[x]∈Cd (Σ,Z)/ im(δd−1) ‖[x]‖ 
In the case when H̃d (Σ,R) = 0, we then have 

‖y‖1h(Σd ) = min 
y∈im(δd ) ‖y‖fil 

1 
= 

max ‖y‖fil/‖y‖1 
y∈im(δd ) 

1 
= ,‖δ−

d 
1‖fil 

where 

‖y‖fil := inf ‖x‖1,deg 
x∈δ−

d 
1 (y) 

is the filling norm of y, and  

‖δ−1 max 
‖y‖fil 

d ‖fil := 
y∈im(δd ) y 1 ‖ ‖

is called the filling profile by Gromov (see Section 2.3 in [117]). 

Remark 8.3.7. This definition has a perspective that is in some sense 
opposite to (D1). Here, instead of first considering a set S and then look­
ing at its boundary or coboundary, we first consider a boundary Y , and  
we then try to find the smallest set for which Y is a boundary. 

Theorem 8.3.2. The four definitions in (D1)–(D4) are all equivalent. 

Proof The idea of the proof is to show that (D1), (D2), and (D4) are all equiv­
alent to (D3). In order to do so, we need to apply some technical results from 
[160]. 

Since im( B
d 
┬) ⊂ ker(B

d
┬ 
+1), by Theorem 2.1 in [160], we have that 

up  ‖B
d
┬ 
+1x‖1 

λ Id (Δd,1) = inf 
x∈Rn \im(B┬ ) inf ‖x + z‖1,deg d z∈im(B┬ 

d ) 

‖B
d
┬ 
+1x‖1 

= inf 
[x]∈Rn / im(B┬ 

d ) ‖[x]‖ 

(8.3.13) 

(8.3.14) 

Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/9781009641821.012
Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 16 Nov 2026 at 21:33:31, subject to the

https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781009641821.012
https://www.cambridge.org/core


‖B
d
┬ 
+1x‖1 

= inf , 
x∈∩Rn : ‖x‖1,deg ∇‖x‖1,deg im(B┬ 

d )
⊥≠∅ 

245 8.3 Cheeger Inequalities on Simplicial Complexes 

(8.3.15) 

where n := #Σd , { }
[x] := y ∈ Rn : y − x ∈ im(Bd 

┬) , 

and 

‖[x]‖ := inf ‖x + z‖1,deg. 
xʹ ∈[x] 

(8.3.16) 

In fact, the definition of the norm ‖·‖ on the quotient space Rn / im(B
d 
┬) implies 

that 

‖[x]‖ = inf ‖x + z‖
z∈im(B┬ 

d )
1,deg. 

Moreover, Proposition 2.3 in [160] yields ⋂ 
‖[x]‖ = ‖x‖1,deg ⇐⇒ ∇‖x‖1,deg im(Bd 

┬)⊥ ≠ ∅. 
Hence, the minimization problem 

inf ‖xʹ‖1,deg 
xʹ ∈Rn : xʹ−x∈im(B┬ 

d ) 

reaches its minimum for some points in the set{ ⋂ }
x ∈ Rn : ∇‖x‖1,deg im(Bd 

┬)⊥ ≠ ∅ . 

This shows that (8.3.13), (8.3.14), and (8.3.15) coincide. 
Now, let x⊥1 im(B

d 
┬){  ⋂u⊥ im(B

d 
┬) }

x ∈ Rn : ∇‖x‖1,deg im(Bd 
┬)⊥ ≠ ∅

denote that for some  u ∈ ∇‖x‖1,deg. Then, 

in (8.3.15) can be reduced to{ }
x ∈ Rn : x⊥1 im(Bd 

┬) , 

as shown in (D3).  
Similar to the proof of Proposition 6.3.1, we can apply Lemma 6.1.1 to 

derive that every eigenvalue of the function pair (‖B
d
┬ 
+1 · ‖1, ‖ · ‖1,deg)

 (‖B
d
┬
+1 ·‖1, ‖·‖1,deg)

has an 
eigenvector in the set of the extreme points associated with , 
since both ‖B

d
┬ 
+1 · ‖1 and ‖ · ‖1,deg are piecewise linear. 

Now, let k be the smallest integer such that the unit l1-sphere,{ }
x ∈ Rn : ‖x‖1,deg = 1 , 

can be represented as the union P1 ∪ . . . ∪ Pk 
 ‖B

d
┬
+1 · ‖1 

of k convex polytopes of dimen­
sion (n − 1), on which both and ‖ · ‖1,deg are linear. Moreover, 
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246 8 Cheeger Inequalities 

for i = 1, . . . , k, let  Ext(‖B
d
┬ 

1 · ‖1, ‖ · ‖1,deg)
+

be the vertex set of Pi . Then, 
Ext(‖B

d
┬ 
+1 · ‖1, ‖ · ‖1,deg) is a finite set, and its elements are called the extreme 

points determined by the function pair ( ‖B
d
┬ 
+1 · ‖1, ‖ · ‖1,deg). 

Since all entries of the matrix B
d
┬ 
+1 and the degrees are rational numbers, 

by the theory of systems of linear equations, we have that 

Ext(‖Bd
┬ 
+1 · ‖1, ‖ · ‖1,deg) ⊂ Qn . 

Now, let M be a natural number that is greater than the least common multiple 
of all the denominators of the components of all points in Ext(‖B

d
┬ 
+1 · ‖1, ‖ ·

‖1,deg)
 

. Then, 

nExt(‖Bd
┬ 
+1 · ‖1, ‖ · ‖1,deg) ⊂ {tx : t ≥ 0 and  x ∈ {−M, . . . ,−1,0,1, . . . ,M } }, 

and thus every eigenvalue has an eigenvector in { }
tx : t ≥ 0 and  x ∈ {−M, . . . ,−1,0,1, . . . ,M }n . 

Since both ‖B
d
┬ 
+1 · ‖1 and ‖ · ‖1,deg are positively one-homogeneous, we further 

derive that every eigenvalue has an eigenvector in the set 

{−M, . . . ,−1,0,1, . . . ,M }n . 

Moreover, the minimizations in (8.3.13) and (8.3.15) can reach their minima at 
some points in {−M, . . . ,−1,0,1, . . . ,M }n , while the minimization problem in 
(8.3.14) achieves its minima at some equivalence class [x], for some 

x ∈ {−M, . . . ,−1,0,1, . . . ,M }n . 

This implies that we can use {−M, . . . , 1,0,1, . . . ,M n − } instead of Rn in the 
constraints of the minimization problems in (8.3.13), (8.3.14), and (8.3.15). 
Since, furthermore, 

{−M, . . . ,−1,0,1, . . . ,M }n ⊂ Zn ⊂ Rn , 

it follows that we can also replace Rn by Zn , in the constraints of these three 
minimization problems. 

By using n Z instead of n R in (8.3.13) and by equivalently replacing 
Zn by Cd (Σ,Z) and  im(B

d 
┬) by  im δ, we obtain that (D2) is a reformula­

tion of (8.3.13). Similarly, (D4) is a reformulation of (8.3.14). Moreover, if 
H̃d (Σ,R) = 0, then im(δd−1) = ker(δd ), which implies that 

Cd (Σ)/ im(δd−1) = Cd (Σ)/ ker(δd ) ≅ im(δd ). 

Therefore, by considering the equivalence classes, we have that δ−
d 

1(y) = [x] 
when y = δd x. Note that, by (8.3.16), the filling norm 

‖y‖fil := inf ‖x‖1,deg 
x ∈δ−1 (y)

d 
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247 8.3 Cheeger Inequalities on Simplicial Complexes 

coincides with ‖[x]‖, and  

‖y‖1 = ‖δd x‖1 = ‖Bd
┬ 
+1x‖1. 

Therefore, (D4) and (8.3.14) coincide. 
By using {−M, . . . ,−1,0,1, . . . ,M }n instead of Rn in (8.3.13), we can 

similarly identify every multiset μ ⊂M Σd with a unique 

x ∈ {−M, . . . ,−1,0,1, . . . ,M }n , 

by identifying xτ with m(τ) for any  τ ∈ Σd , where  m(τ) is the multiplicity of 
τ in μ. For such  μ and x, we then have vol (μ) = ‖x‖1,deg, and  

|∂d∗ +1μ| = ‖Bd
┬ 
+1x‖1. 

If H̃d (Σ,R) ≠ 0, then im(B
d 
┬) is a proper subset of ker(B

d
┬ 
+1), and thus (8.3.13) 

is zero. In this case, there exists μʹ ≠ ∅ such that 

∂d
∗ 
+1μ

ʹ = ∂d
∗ 
+1μ = ∅, 

which means that (8.3.11) equals zero. If H̃d (Σ,R) = 0, then im(B
d 
┬) = 

ker(B
d
┬ 
+1), and thus for such μ and x with x ∉ ker(B

d
┬ 
+1), we have 

inf ‖x + z‖1,deg = inf ‖xʹ‖1,deg 
z∈im(B┬ 

d ) xʹ ∈Rn : 
xʹ−x∈ker(B┬ 

d+1) 

= min vol (Sʹ). 
Sʹ≠∅ : 

∂ ∗ Sʹ =∂ ∗ S
d+1 d+1

Therefore, (8.3.11) and (8.3.13) represent the same quantity, which has been 
denoted by h(Σd ). This proves the equivalence between (D1), (D2), (D3), and 
(D4). ◻ 

Hence, the four equivalent definitions in (D1)–(D4) represent the same 
Cheeger constant h(Σd ) from different viewpoints. In particular, 

1. (D1) uses the language of multisets and provides a combinatorial formula­
tion of h(Σd ). 

2. (D2) presents h(Σd ) as a  Z-expander and makes it clear that 

h(Σd ) = 0 ⇐⇒ H̃d (Σ,R) ≠ 0, 

for all d ≥ 0. In particular, as we have discussed, when the Cheeger constant 
is defined as a Z2-expander, then the Cheeger inequalities cannot hold on 
general simplicial complexes. However, as a Z-expander, it is possible to 
get Cheeger inequalities. 
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248 8 Cheeger Inequalities 

3. (D3) shows that h(Σd ) coincides with the smallest nontrivial 1-Laplacian 
eigenvalue. This was already known in both the graph and the domain 
settings, which are treated in Sections 7.2 and 3.3, respectively. 

4. Finally, (D4) reveals the nonobvious fact that h(Σd ) has a deep relation with 
Gromov’s filling profile. 

In addition, for sufficiently large numbers M ∈ Z+, if  H̃d (Σ,R) = 0

|∂∗ S |
h(Σd ) = min d+1 > 0. 

S⊂M Σd min vol (Sʹ) 
∂
d
∗ 
+1S≠∅ Sʹ : ∂d

∗ 
+1S

ʹ=∂
d
∗ 
+1S 

, 
then 

For the case of d = 0, we can take M = 1, and then h(Σ0) reduces to the 
usual Cheeger constant on graphs. 

For example, consider the usual tetrahedron Σ, which is viewed as a three­
dimensional simplicial complex on V = {1,2,3,4}. It is not difficult to check 
h(Σ0) = 2

3 , h(Σ1) = 1, and h(Σ2) = 1. 
The following result shows that the constant h(Σd ) satisfies Cheeger­

type inequalities and therefore provides a solution to the problem that was 
formulated at the beginning of this section. 

Theorem 8.3.3. If deg τ > 0 for all τ ∈ Σd , then  

h2(Σd ) up≤ λ Id (Δd ) ≤ vol (Σd )h(Σd ),
#Σd+1 

and, for all p ≥ 1, 

hp (Σd ) up  

|#Σd+1 |p−1 
≤ λ Id (Δd, p ) ≤ vol (Σd )p−1h(Σd ). 

Proof For simplicity, we let h = h(Σd ) and  λ = λ Id (Δ
up )
d . To prove the first 

statement, it suffices to prove that 

min deg τ 
τ ∈Σd 

h2 ≤ λ ≤ vol (Σd )h2 , 
#Σd+1 

(8.3.17)

by using the fact that, for all τ ∈ Σd , we have  h ≤ 1 ≤ deg τ. 
Note that λ and h are the Id th min–max eigenvalues of the dth normalized 

up Laplacian and the dth up 1-Laplacian, respectively. One can show that 

‖x‖1
2 
,deg 

∑ ‖B
d
┬ 
+1x‖1

2 

min deg τ ≤ ≤ deg τ and 1 ≤ ≤ #Σd+1 
τ ‖x‖2

2 
,deg τ ∈Σd 

‖B
d
┬ 
+1x‖2

2 
(8.3.18)
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249 8.3 Cheeger Inequalities on Simplicial Complexes 

by applying Cauchy’s inequality ∑ 
2 (

Σ 
τ ∈Σd 

deg τ |xτ |)2 ‖x‖1
2 
,deg ‖x‖2

2 
,deg = deg τ · xτ ≥ Σ 

τ ∈Σd 
deg τ 

= Σ 
τ ∈Σd 

deg τ
, 

τ ∈Σd 

as well as 

#Σd+1 ‖Bd
┬ 
+1x‖2

2 ≥ ‖Bd
┬ 
+1x‖1

2 ≥ ‖Bd
┬ 
+1x‖2

2 , 

and the inequality 

2 

(
(|∑ 

deg τ |xτ |)
)| ≥ 

∑ 
(deg τ)2 x2 ≥ min deg τ 

∑ 
deg τ · xτ 

2 .τ τ 
τ ∈Σd τ ∈Σd τ ∈Σd 

By (8.3.18), we then obtain 

1 ‖B
d
┬ 
+1x‖2

2 ‖B
d
┬ 
+1x‖1

2 #Σd+1 ‖B
d
┬ 
+1x‖2

2 Σ ≤ ≤ . 
deg τ ‖x‖2 ‖x‖2 min deg τ ‖x‖2 

τ ∈Σd 
2,deg 1,deg τ 2,deg 

(8.3.19)

Since the kth min–max eigenvalue of the dth up 1-Laplacian is 

up  ‖B
d
┬ 
+1x‖1 

λk (Δ
d,1) = inf sup , 

S∈Genk x∈S\{0} ‖x‖1,deg 

while the kth smallest eigenvalue of dth normalized up Laplacian is 

‖B
d
┬ 
+1x‖2 

up  2λk (Δ
d ) = inf sup , 

S∈Genk x∈S\{0} ‖x‖2 
2,deg 

we can apply (8.3.19) to derive 

1 up  
(

up  
)2 #Σd+1 upΣ λk (Δ

d ) ≤ λk (Δ
d,1) ≤ λk (Δ

d ). 
deg τ min deg τ 

τ ∈Σd 
τ 

(8.3.20)

This is a general inequality relating up  
λk (Δ

d,1) and up λk (Δ
d
 
 ). By taking k = Id 

in (8.3.20), and by observing that h = h(Σd ) = λ Id (Δ
up )
d,1 , we finally obtain 

1 1 
λ = Σ λ

vol (Σd ) deg τ 
τ ∈Σd 

≤ h2 

#Σd+1≤ λ,
min deg τ 
τ 

up
Δ
d, p which completes the proof of (8.3.17). The case of is similar, and thus we 

omit the proof of the second statement. ◻ 
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250 8 Cheeger Inequalities 

For d ≥ 1, we also define the down Cheeger constant as 

hdown (Σd ) := min 
‖Bdx‖1 

= λ Id+1 (Δdown ), 
x⊥1 im(Bd+1) ‖x‖1,deg 

d,1 

where 

Id+1 := dim im(Bd+1) + 1 = rank(Bd+1) + 1. 

Remark 8.3.8. Let Σ be a d-dimensional combinatorial manifold, that is,  a  
topological manifold that has a triangulation as a simplicial complex. As a 
manifold, we assume that Σ is connected and has no boundary. We then have 
that Bd+1 is a |Σd | × 1 matrix of rank 1, therefore 

Id+1 = rank(Bd+1) + 1 = 1 + 1 = 2. 
down

σ ∼ σʹ Therefore, in particular, λ Id+1 = λ2. Let  now  indicate that σ and σʹ 

are down adjacent, that is, they share a common facet. Then, the down adja­
cency relation induces a graph on Σd , and we can infer the following Cheeger 
inequality: 

h2 
down (Σd ) ≤ λ2(Δdown ) ≤ 2hdown (Σd ).

2 d 

Definition 8.3.1. Let M be a d-dimensional, orientable, compact, and closed 
Riemannian manifold, and let c > 1. A triangulation T of M is c-uniform if, 
for any two d-simplexes Δ and Δʹ in the triangulation T , 

1 
c 
≤ 

diam(Δ) 
diam(Δʹ) ≤ c (8.3.21) 

and 
1 
c 
≤ 

diam(Δ) 

vol(Δ)
1 
d 

≤ c. (8.3.22) 

A set   of triangulations of M is uniform if there exist T N > 1 and  c > 1 such  
that, for each triangulation in T , either its number of vertices is smaller than 
N , or it is  c-uniform. In this case, these triangulations are simply said to be 
uniform, and the constants N and c are called the uniform parameters of these 
triangulations. 

Thus, (8.3.21) requires that all the diameters of the simplices of the trian­
gulation are compatible with each other, while (8.3.22) asks that they do not 
become too thin. To illustrate the concept of uniform triangulations, we con­
sider the following example. Let S ⊂ R3 be the unit sphere with center at 0, and  
let T1 be a regular tetrahedron inscribed in the sphere. Using central projection 
from 0 onto S, the one-dimensional skeleton of T1 can be projected onto the 
sphere to obtain a geodesic triangulation of the sphere, which we denote by S1. 
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251 8.3 Cheeger Inequalities on Simplicial Complexes 

By induction, having constructed Tn , we obtain Tn+1 by connecting the mid­
points of the edges of each triangle, and by centrally projecting the resulting 
triangulation onto the sphere, we obtain a triangulation Sn+1. The geometric 
simplicial complexes {Tn }∞ 

1 are then 2/
4

3-uniform
√

, and the resulting trian­
n=

gulations { Sn }∞ 
=1 n

are c-uniform, for some c ≤ 4. Of course, this is a family 
of particularly nice triangulations, as uniform as they could possibly be. Other 
families of triangulations that one may encounter may not be so nice, but the 
concept of uniformity excludes degenerations within families that would make 
our estimates invalid. 

Theorem 8.3.4. Let M be an orientable, compact, and closed Riemannian 
manifold of dimension (d + 1). There exists a constant C such that, for all sim­
plicial complexes Σ that are combinatorially equivalent to some given uniform 
triangulations of M, 

h2(Σd ) 
C 

≤ λ Id (Δ
up  
d ) ≤ C · h(Σd ). (8.3.23) 

Moreover, h(Σd ) > 0 if and only if H1(Σ) = 0 (or equivalently, H1(M) = 0). 

Proof By Theorem 8.3.3, we have that 

λ Id (Δ
up ) = 0 ⇐⇒ h(Σd ) = 0.
d 

Therefore, it suffices to assume that h(Σd ) > 0, that is, 

H̃d (M) = H̃d (Σ) = 0. 

Since M and Σ are of dimension (d + 1), Poincaré duality implies that 

H̃1(M) = H̃d (M) = 0. 

Moreover, since there are only finitely many simplicial complexes with less 
than a given number of vertices, the existence of the constant C > 0 in (8.3.23) 
for these simplicial complexes follows immediately from Theorem 8.3.3. 

We may assume, without loss of generality, that M is simply connected. 
Since M is compact, the triangulation is c-uniform for some c > 1, and Σd has 
n elements for some positive integer n. Also. for any  ε > 0, there exists N > 0 
such that any c-uniform triangulation with at least N facets satisfies 

1 
εʹ < diam(Δ ) < εʹ , 

2c 
(8.3.24)

for all Δ , and for some εʹ ∈ (0, ε). This follows since for sufficiently large N , 
there must be one simplex of small diameter, and then by (8.3.21), all diam­
eters must be compatible with that one. We shall also consider the uniform 
triangulation as a uniform ε-net. 
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252 8 Cheeger Inequalities 

Now, we let ε := maxΔ∈T diam(Δ) denote the maximum diameter of the 
facets in the triangulation T . In other words, we fix a small ε > 0 and a suffi­
ciently large N > 0 in (8.3.24); we consider any simplicial complex Σ, which  
is combinatorially equivalent to a c-uniform triangulation with at least N faces, 
and we let ε := maxσ ∈Σd+1 diam(|σ |). 

We split the rest of the proof into multiple steps. 

1. The down Cheeger constant satisfies 

d + 2
h2 
down (Σd+1) ≤ λ Id (Δ

up ) ≤ (d + 2)hdown (Σd+1).
4 d


This is derived by the Cheeger inequalities from Remark 8.3.8,


h2 
down (Σd+1) 

2(Δdown ≤ λ d+1 ) ≤ 2hdown (Σd+1),
2


and by the equality


up  1
(Lup  1 

2(Ldown d + 2 
2(Δdown λ Id (Δd ) = λ Id d ) = λ d+1 ) = λ d+1 ). 

2 2 2 
(8.3.25)

(Lup  
λ Id d ) 2(Ldown  λ

d+1 )Here, and denote the smallest nonzero eigenvalues of 
the unnormalized up-Laplacian Lup

d 
 and the unnormalized down-Laplacian 

Ldown
d+1 

 , respectively. By (4.8.6), we infer the second equality in (8.3.25). 
Moreover, the first and the last equality in (8.3.25) are based on the fact that 
the degrees appearing in the expression of the dth normalized up-Laplacian 
Δ
up  
d are all equal to 2, while the degrees in the expression of the (d + 1)-th 

normalized down-Laplacian Δdown 
d+1 are all equal to d + 2. In fact, since M is

a compact manifold without boundary, each d-face is contained in exactly 
two (d + 1)-faces, and every (d + 1)-face contains exactly (d + 2) different 
d-faces. 

2. The Cheeger constant h(Σd ) and the down Cheeger constant hdown (Σd+1) 
satisfy h(Σd ) ∼ hdown (Σd+1), that is, there exists a uniform constant C > 1 
such that 

1 
hdown (Σd+1) ≤ h(Σd ) ≤ Chdown (Σd+1). 

C 

The proof of this step is further divided into the following two claims: 

(a)

1


hdown (Σd+1) ∼ h(M). 
ε 

Proof Let G be the graph on n := #Σd+1 vertices, which is located in 
the barycenters of all (d + 1)-simplexes and is such that two vertices 
form an edge if and only if the corresponding two (d + 1)-simplexes are 
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8.3 Cheeger Inequalities on Simplicial Complexes 253 

down adjacent. We call G the underlying graph of the triangulation, 
and we observe that hdown (Σd+1) coincides with the Cheeger con­
stant of G. Now, an approximation approach developed in [264, 265] 
implies that the Cheeger constant of a uniform triangulation approxi­
mates the Cheeger constant of the manifold when we equip the edges 
of the underlying graph of the triangulation with appropriate weights 
(related to ε). In fact, since G is the underlying graph of the uniform 
triangulation, we may assume that G is embedded in the manifold M , 
and that the distribution of the vertices of G is uniform. Then, accord­
ing to such approximation results, by putting appropriate weights2 on 
the edges of G, the Cheeger constant of G together with those edge 
weights approximates h(M). (More precisely, the difference between 
h(M) and the Cheeger constant of the weighted graph G is bounded by 
h(M)/2, whenever ε is sufficiently small.) We can then adopt such an 
approximation approach to derive that 

1 
hdown (Σd+1) ∼ h(M). 

ε 

(b) If H1(M) = 0, then


1

h(Σd ) ∼ h(M). 

ε 

Proof By Poincaré duality, 

H1(M) = 0 ⇐⇒ Hd (M) = 0 ⇐⇒ ker(δd ) = im(δd−1), 

since M is a compact closed manifold of dimension (d + 1). Thus, by 
im(B

d 
┬ ) = ker(B

d
┬ 
+1), δd := B

d
┬ 
+1, and by applying (8.3.13), we have 

that || ||Σ Σ||| sgn(τ,∂σ)xτ |||σ ∈ Σd+1 τ ∈ Σd
h(Σd ) = min Σ > 0. 

x∉ker(δd ) min 2| xτ + zτ |
z∈ ker(δd ) τ ∈ Σd 

Now, note that h(Σd ) equals the smallest nonzero eigenvalue of Δup
d,1

 ;
therefore, the smallest nonzero eigenvalue of the nonlinear eigenprob­
lem in (8.3.12). By the Duality Theorem on nonlinear eigenvalue 
problems (Lemma 2.5 in [160], Theorem 1 in [267]), the nonzero spec­
trum of the eigenproblem (8.3.12) coincides with the nonzero spectrum 

2 The weight of an edge { u, 𝑣} is determined by the distance of u and 𝑣 in M , which is about 
O(ε). 
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254 8 Cheeger Inequalities 

of its dual eigenproblem: 

0 ∈ ∂‖Bd+1y‖1
∗ 
,deg − λ∂‖y‖1

∗ , (8.3.26) 

where ‖ · ‖1
∗ 
,deg indicates the dual norm of ‖ · ‖1,deg. Since every d-face is 

a facet of exactly two (d + 1)-faces, we have that deg ≡ 2, and (8.3.26) 

~ t |,min max |yσ + t | = max |yσ + 
t ∈R σ ∈Σd+1 σ ∈Σd+1 

is equivalent to


1

0 ∈ ∂ ‖Bd+1y‖∞ − λ∂‖y‖∞, 2

(8.3.27)

which can also be written as 

1
0 ∈ ∂ max |yσ − yσʹ | − λ∂ max |yσ |. 2 down σ ∈Σd+1σ ∼ σʹ 

(8.3.28)

down
σ ∼ σʹ where we recall that indicates that σ and σʹ are down adja­

cent, that is, they share a common facet. By Theorem 2.1 in [160], the 
smallest nonzero eigenvalue of (8.3.28) can then be formulated as 

max 1 |yσ − yσʹ |2down
σ ∼ σʹ 

min . 
y nonconstant min max |yσ + t |

t ∈R σ ∈Σd+1 

As a consequence, h(Σd ) is the smallest nonzero eigenvalue of both 
the 1-Laplacian eigenvalue problem (8.3.12) and its dual eigenproblem 
(8.3.28). Therefore, 

max 1 |yσ − yσʹ |2down

h(Σd ) = min 
σ ∼ σʹ 

. 
y nonconstant min max |yσ + t |

t ∈R σ ∈Σd+1 

Now, we have that 

where 

~ 
max yσ + min yσ 
σ ∈Σd+1 σ ∈Σd+1 

t := − .
2 

By taking ~ty~σ = yσ +  , one can check that minσ y~σ + maxσ y~σ = 0. 
Hence, 

max |~ yσʹ |yσ −~
down 1σ ∼ σʹ 

h(Σd ) = min = , 
min y~σ +max y~σ =0 2 max  |y~σ | diam(G)
σ σ σ 
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255 8.4 Cheeger Inequalities on Hypergraphs 

where diam(G) indicates the diameter of G. Hence, we can rewrite 
h(Σd ) as 1/2 times the smallest nontrivial eigenvalue of the -∞
Laplacian, which is equal to 1/diam(G). This argument is similar to 
Lemma 1.5 in [163]. 

Finally, since the triangulation is C-uniform, we have that 

1 1 1
h(Σd ) = ∼ . 

ε ε · diam(G) diam(M)


Hence,

1


h(Σd ) ∼ h(M). 
ε 

The proof then follows by combining all the steps above.	 ◻ 

Remark 8.3.9. We conclude this section with some observations regarding the 
last theorem. 

•	 The constant C in Theorem 8.3.4 depends on the parameters of the given 
triangulations of the ambient manifold. In future work, it would be good to 
find a new constant that only depends on the dimension d. 

•	 Under the same condition as in Theorem 8.3.4, with the same proof, one can 
show that


(Δup  )2
λkd d,1 up  up  

C 
≤ λkd (Δd ) ≤ Cλkd (Δd,1), 

where kd := dim ker(δd ) + 1. This inequality coincides with the Cheeger 
inequality in Theorem 8.3.4 if and only if H1(M) = 0. 

•	 With a modification of the proof of Theorem 8.3.4, we can show that 
1/diam(G) ∼ λ2(G) whenever G can be uniformly embedded into such a 
manifold, where λ2(G) is the second smallest eigenvalue of the normalized 
Laplacian of G. 

•	 Inspired by the approximation theory for Laplacians on triangulations of 
manifolds that has been proposed by Dodziuk in [81] and Dodziuk and 
Patodi in [83], we hope that it is possible to develop an approximation theory 
for Cheeger constants on triangulations of manifolds. 

8.4 Cheeger Inequalities on Hypergraphs 

In this section, we shall derive Cheeger inequalities for hypergraph p-
Laplacians, with a theory that is very different from that for simplicial 
complexes that we developed in the previous section. 
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256 8 Cheeger Inequalities 

Fix a hypergraph Γ = (V,E) on  N vertices. Let Θ := maxe ∈E |e| and, given 
𝑣 ∈ V , let  d𝑣 := 

Σ |e|/Θe ∍𝑣 . The Laplacian Δ̃2 that we consider in this section 
is the operator Δ̃2 : C(V ) → C(V ) such that, for given f : V → R and 𝑣 ∈ V , 

Δ̃2 f (𝑣) := 
1 ∑∑ 

f (𝑣 ́). 
d𝑣 e 𝑣 𝑣ʹ e ∍ ∈

(8.4.1)

In the case of uniform hypergraphs, Δ̃2 coincides with the Laplacian for uni­
form oriented hypergraphs with only inputs from Chapters 2 and 4. In the 
general case, the two operators might be different. We let λN −1(Δ̃2) denote 
the second largest eigenvalue of Δ̃2. Given a vertex measure μ𝑣 > 0 for each Σ 

 μ(S) := 
𝑣∈S μ𝑣 𝑣 ∈ V , we let for each S ⊆ V , and  we let  Σ 

e ∈E |e ∩ S | · |e \ S |
h := min . 

S≠∅,V min{μ(S), μ(V \ S)}Σ
e ∈E |e ∩ S | · |e \ S | Note that the quantity was introduced in [279] as a 

hypergraph cut measure, and it is also called the clique expansion [133]. 
In particular, if the hypergraph is Θ-uniform, for some integer Θ ≥ 2, and 

μ𝑣 is the usual vertex degree, then h coincides with the Cheeger constant for 
uniform hypergraphs that were introduced in [214]. The main result in [214] 
states that, in this case, 

h2 

≤ Θ − λN −1(Δ̃2) ≤ 2h. 
2(Θ − 1) 

(8.4.2)

And even though this might seem counterintuitive at first, the above inequal­
ities generalize the classical Cheeger inequalities for simple graphs. In fact, 
the classical Cheeger inequalities involve the second eigenvalue λ2(Δ) of  the  
graph Laplacian Δ. But, by Definition 4.9.5 and Remark 4.9.2, we know that 
λ2(Δ) = 2 − λ 1(Δ+)N − , where Δ+ is the signless Laplacian of the graph Γ, or,  
equivalently, the Laplacian of the oriented graph Γ+, which is obtained from Γ 
by letting each vertex be an input for all edges in which it is contained. Hence, 
in particular, the classical Cheeger inequalities can be equivalently rewritten in 
terms of λN −1(Δ+), which coincides with our λN −1(Δ̃2). 

We now generalize the inequalities in (8.4.2) as follows. 

Theorem 8.4.1. Let Γ = (V,E) be a hypergraph. Then, 

ch2 ≤ Θ − λN −1(Δ̃2) ≤ Ch, (8.4.3) 

where Σ 
(|e| − 1) 

μ2 

c := min 
e ∍𝑣 Σ · min 𝑣 

𝑣∈V 2 |e|/Θ 𝑣∈V 
( )2 , Σ 

e ∍𝑣 (|e| − 1)
e ∍𝑣 
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257 8.4 Cheeger Inequalities on Hypergraphs 

and Σ 

e ∍𝑣 
(|e| − 1) 

2μ𝑣C := max Σ · max Σ . 
𝑣∈V |e|/Θ 𝑣∈V (|e| − 1)

e ∍𝑣 e ∍𝑣 

Proof Let G be the weighted graph that has vertex set V , edge weight 

w𝑣𝑣
ʹ := #{e ∈ E : e ⊃ {𝑣,𝑣 ́}}, 

and vertex weight ∑ ∑ 
w𝑣 = w𝑣𝑣

ʹ = (|e| − 1). 
𝑣
ʹ ∈V e ∍𝑣 

Let λ̂2 denote the second eigenvalue of the normalized Laplacian on G and let 
ĥ denote the standard Cheeger constant on G. Then, Σ Σ 
Θ − λN −1(Δ̃2) = Θ − max min eΣ∈E ( 𝑣∈e f (𝑣))2 

dim(X )≥2 f ∈X 
𝑣∈V d𝑣 f (𝑣)2 

Θ 
Σ 

𝑣∈V d𝑣 f (𝑣)2 − 
Σ 

e ∈E (
Σ 

𝑣∈e f (𝑣))2 

= min max Σ 
dim(X )≥2 f ∈X 

𝑣∈V d𝑣 f (𝑣)2 Σ Σ Σ Σ 
𝑣∈V e ∍𝑣 |e| f (𝑣)2 − e ∈E ( 𝑣∈e f (𝑣))2 

= min max Σ 
dim(X )≥2 f ∈X 

𝑣∈V d𝑣 f (𝑣)2 Σ Σ Σ Σ 
e ∈E 𝑣∈e |e| f (𝑣)2 − e ∈E ( 𝑣∈e f (𝑣))2 

= min max Σ 
dim(X )≥2 f ∈X 

𝑣∈V d𝑣 f (𝑣)2 Σ 
e ∈E 
(|e| Σ 

f (𝑣)2 − (
Σ 

𝑣∈e f (𝑣))2)
= min max Σ𝑣∈e 

dim(X )≥2 f ∈X 
𝑣∈V d𝑣 f (𝑣)2 Σ Σ 

e ∈E {𝑣,𝑣ʹ }⊂e ( f (𝑣) − f (𝑣 ́))2 

= min max Σ 
dim(X )≥2 f ∈X 

𝑣∈V d𝑣 f (𝑣)2 Σ 
{𝑣,𝑣ʹ }⊂V w𝑣𝑣

ʹ ( f (𝑣) − f (𝑣 ́))2 

= min max Σ 
dim(X )≥2 f ∈X 

𝑣∈V d𝑣 f (𝑣)2 Σ Σ 
{𝑣,𝑣ʹ }⊂V w𝑣𝑣

ʹ ( f (𝑣) − f (𝑣 ́))2 
𝑣∈V w𝑣 f (𝑣)2 

= min max Σ · Σ 
dim(X )≥2 f ∈X 

𝑣∈V w𝑣 f (𝑣)2 
𝑣∈V d𝑣 f (𝑣)2 

∈ [mλ̂2, M ˆ h2/2, M2ˆ c Ch],λ2] ⊂ [m ̂ h] ⊂ [m ̃ 2h2/2,2M ˜

where 

m := min 
w𝑣 
, M := max 

w𝑣 
, c̃ := min 

μ𝑣 
, and C̃ := max 

μ𝑣 
. 

𝑣 d𝑣 𝑣 d𝑣 𝑣 w𝑣 𝑣 w𝑣 

In the preceding formulae, we use the inequality Σ 2 

m ≤ Σ 
𝑣∈V w𝑣 x𝑣 ≤ M, 
𝑣∈V d𝑣 x𝑣 

2 
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258 8 Cheeger Inequalities 

the Cheeger inequality ĥ2/2 ≤ λ̂2 ≤ 2ĥ for the graph G, and the relation 
ch˜ ≤ ĥ ≤ C̃h, which follows by Σ 

w𝑣𝑣
ʹ 

ĥ = min ∫ 
𝑣∈S,𝑣ʹ∉S ⎫ 

S≠∅,V Σ Σ
min w𝑣, w𝑣 

𝑣∈S 𝑣∈V \S ∫ ⎫ Σ Σ Σ |e ∩ S | · |e \ S | min μ𝑣, μ𝑣 
e ∈E 𝑣∈S 𝑣∈V \S 

= min ∫ ⎫ · ∫ ⎫ . 
S≠∅,V Σ Σ Σ Σ

min μ𝑣, μ𝑣 min w𝑣, w𝑣 
𝑣∈S 𝑣∈V \S 𝑣∈S 𝑣∈V \S 

The claim follows by taking c := mc̃2/2 and  C := 2MC̃. ◻ 

Now, we also define a multiway version of the hypergraph Cheeger constant, 
as follows. Given S ⊆ V , let  Σ 

ψ(S) := e ∈E |e ∩ S | · |e \ S |
. 

μ(S) 

We define the lth Cheeger constant as 

hl := min max ψ(Si ). 
S1, ...,Sl i=1, ...,l 

pairwise disjoint 

By the higher-order Cheeger inequalities for graphs from Lee–Oveis Gharan– 
Trevisan [180], and by using a similar technique as in the preceding proof, we 
obtain: 

Theorem 8.4.2. There exists a universal constant C such that, for any l = 
1, . . . ,N,  

cl hl 
2 ≤ Θ − λN −l+1 ≤ Cl hl , 

where 

Σ 
(|e| − 1) 

e ∍𝑣 μ𝑣Cl := max Σ · max Σ , and 
𝑣 |e|/Θ 𝑣 2 (|e| − 1)

e ∍𝑣 e ∍𝑣Σ 
(|e| − 1) 

:= min 
e ∍𝑣 · min 

μ2 
𝑣 .cl Σ ( )2𝑣 C2l4 

e ∍𝑣 
|e|/Θ 𝑣 

(|e| − 1)
Σ 

e ∍𝑣 

In order to prove Theorem 8.4.3, we need the following preliminary lemma. 
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8.4 Cheeger Inequalities on Hypergraphs 259 

Lemma 8.4.1. Let Γ = (V,E) be a Θ-uniform hypergraph. Fix p ∈ (1,+∞) 
and fix e ∈ E. Then, there exist mp,Θ > 0 (if p ≥ 2) and Mp,Θ > 0 (if 
1 < p ≤ 2) such that, for any x ∈ Rn , ∑	 ∑ ∑ p 

mp,Θ · |x𝑣 − x𝑣ʹ |p ≤ |e|p−1 |x𝑣 |p −
|||||||

x𝑣

|||||||
, 

{𝑣,𝑣ʹ }⊂e 𝑣∈e 𝑣∈e ∑	 ∑ ∑ p 

Mp,Θ · |x𝑣 − x𝑣ʹ |p ≥ |e|p−1 |x𝑣 |p − ||||| x𝑣
||||| . 

𝑣,𝑣ʹ e 𝑣∈e 𝑣∈e { }⊂
Proof Since Γ is Θ-uniform, we have |e| = Θ for any e ∈ E. And for a fixed  
e ∈ E, we can assume without loss of generality that e = {1, · · ·  ,Θ}. Then  ∑ 1 Θ∑ 

|x𝑣 − x𝑣ʹ |p = |xi − x j |p .
2 {𝑣,𝑣ʹ }⊂e i, j=1

It suffices to prove that 

=1 |xi |p − xi
p 

Θp−1 Θ ||| Θ	 |||mʹ := inf 
i i=1 

> 0,p,Θ x nonconstant 
ΣΘ 

=1 |xi − x j |p 
i, j

Σ Σ
for p ≥ 2, and 

i iMp
ʹ 
,Θ := sup 

Θp−1ΣΣΘΘ 
=1 |xi |p − |  ΣΘ 

=1 xi |p 

< +∞, 
x nonconstant 

=1 |xi − x j |p 
i, j

for p ∈ (1,2]. In fact, we can then simply take mp,Θ := 2mʹ 
p,Θ and Mp,Θ := 

2M
p
ʹ 
,Θ to prove Lemma 8.4.1. 

Clearly, 
Θ∑ 

|xi − x j |p > 0 ⇐⇒ x is nonconstant. 
i, j=1

By Hölder’s inequality, 

Θ ||||||
Θ ||||||

∑ ∑ p 

Θp−1 |xi |p ≥ xi , 
i=1 i=1 

and equality holds if and only if x is constant. Therefore, ∑ ∑ ∑ pΘ

|xi − x j |p > 0 ⇐⇒ Θp−1 
Θ

|xi |p −
||||||
Θ

xi 

|||||| > 0. 
i, j=1 i=1 i=1 

Now, given δ > 0, for any	 vector x satisfying 

max xi − min xi = δ > 0, 
i i 
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260 8 Cheeger Inequalities 

we have that 
Θ∑ 

δp ≤ |xi − x j |p ≤ Θ2δp . 
i, j=1

Given x ≠ 0 such that x⊥1, t ∈ R, and  p ≥ 1, let now ∑ ∑ p 

g(x, t,p) := Θp−1 
Θ

|xi + t |p − |||||
Θ

xi + Θt
||||| . 

i=1 i=1 

| |
Since x is nonconstant and p > 1, by Hölder’s inequality, we have that 
g(x, t,p) > 0. Moreover, 

Θ∑ 
∂t g(x, t,p) = pΘp−1 |xi + t |p−1sign(xi + t) − pΘ |Θt |p−1 sign (Θt) , 

i=1 

where we used the assumption x⊥1, that is,  
ΣΘ 

i=1 xi = 0. Fix p ≥ 2. If t > δ, 
then xi + t > 0 for  any  i = 1, . . . ,Θ, and by Hölder’s inequality, we have 
that ∂t g(x, t,p) ≥ 0. Similarly, if t < −δ, then  ∂t g(x, t,p) ≤ 0. Therefore, 
R ∍ t ⸠→ g(x, t,p) reaches its minimum at some point in [−δ, δ], implying that 

min g(x, t,p) = min g(x, t,p) 
t ∈R −δ≤t ≤δ 

is a continuous function on the compact set 

Θ∑⎧⎪⎨⎪⎩ 
x ∈ RΘ : xi = 0,max xi − min xi = δ 

⎫⎪⎬⎪⎭ 
. 

i i 
i=1 

Hence, 

min min g(x, t,p) > 0. 
x⊥1, t ∈R 

max xi −min xi =δ 
i i 

Thus, 

inf 
Θp−1ΣΣΘ 

i
Θ 
=1 |xi |p − |  ΣΘ 

i=1 xi |p 

= inf min ΣΘ 

g(x, t,p) 
x nonconstant |xi − x j |p x⊥1, t ∈R |xi − x j |p 

i, j=1 max xi −min xi =δ i, j=1 
i i 

1 ≥ min min g(x, t,p) 
Θ2δp x⊥1, t ∈R 

max xi −min xi =δ 
i i 

> 0. 

Now, ∑ 
g(x, t,2) = (xi − x j )

2 and g(x, t,1) ≥ 0. 
{i, j }⊂{1, ...,Θ} 
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261 8.4 Cheeger Inequalities on Hypergraphs 

Furthermore, 
pΘ ||||||

Θ ||||||
∑Θ ||||||

∑ ||||||
∑1 

∂p g(x, t,p) = |Θxi + Θt |p ln |Θxi + Θt | − xi + Θt ln xi + Θt . 
Θ 

i=1 i=1 i=1 

Since s ⸠→ sp ln s is a convex and increasing function on s  (1,+ )∈ ∞ ,  
by Jensen’s inequality for convex functions, we have that ∂p g(x, t,p) > 0 
whenever |t | > δ + 1/Θ and p > 1. Therefore, ∑ 

g(x, t,1) < g(x, t,p) ≤ (xi − x j )
2 , 

{i, j }⊂{1, ...,Θ} 
whenever |t | > δ + 1/Θ and 1 < p ≤ 2Σ

Θp−1 Θ 
i=1 |xi |p − |  ΣΘ 

i=1 xi |p 
g(x, t,p) 

sup ΣΘ 
= sup max ΣΘx nonconstant |xi − x j |p x⊥1, t ∈R |xi − x j |p 

i, j=1 i, j=1 
max xi −min xi =δ 
i i 

1 ≤ max max g(x, t,p)
δp x⊥1, t ∈R 

max xi −min xi =δ 
i i 

< +∞. 

. Consequently, 

◻ 

We need Lemma 8.4.1 to show an inequality involving the Cheeger constant 
for uniform hypergraphs that was introduced in [214] and that we presented in 
the beginning of this section, as well as the hypergraph p-Laplacian Δ̃p that was 
introduced in [157] and discussed in Section 7.4. In particular, we consider Σ Σ 

λ~ 
N −1(Δ̃p ) = sup inf Σ e ∈E | 𝑣∈e x𝑣 |p 

, 
gen( A)≥2 x∈A 

𝑣∈V deg(𝑣) |x𝑣 |p 

that is, the second largest max–min eigenvalue of Δ̃p . 

Theorem 8.4.3. Let Γ = (V,E) be a Θ-uniform hypergraph. Given p ∈ (1,2], 
we have 

Θp−1 − λ~ 
N −1(Δ̃p ) ≤ Cp,Θ h, 

and given p ∈ [2,+∞), we have 

cp,Θ h
p ≤ Θp−1 − λ~ 

N −1(Δ̃p ), 

where the universal positive constants cp,Θ and Cp,Θ only depend on p and Θ. 
In particular, in the case of p = 2, one can let C2,Θ = 2 and c2,Θ = 2/2(Θ − 1). 

Proof Let G be the weighted graph that has vertex set V , edge weight 

w𝑣𝑣
ʹ := #{e ∈ E : e ⊃ {𝑣,𝑣 ́}}, 
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262 8 Cheeger Inequalities 

and vertex weight ∑ ∑ 
w𝑣 := w𝑣𝑣

ʹ = (|e| − 1) = (Θ − 1) deg(𝑣). 
𝑣
ʹ ∈V e ∍𝑣 

Let λ̂2(Δp ) denote the second eigenvalue of the p-Laplacian of G and let ĥ
denote the Cheeger constant of G. Since  |e| = Θ for all e ∈ E, we have  Σ Σ 
Θp−1 − λ~ 

N −1(Δ̃p ) = Θp−1 − sup inf Σ e ∈E | i ∈e x𝑣 |p 

gen( A)≥2 x∈A 
𝑣∈V deg(𝑣) |x𝑣 |p 

Θp−1Σ 
𝑣∈V deg(𝑣) |x𝑣 |p − 

Σ 
e ∈E | Σ 

𝑣∈e x𝑣 |p 

= inf sup Σ 
gen( A)≥2

Θp−1Σ Σ 
𝑣∈V 

|x
deg(

𝑣 |p 

𝑣

− 

) |Σ 
x𝑣 

e 

|
∈

p

E | Σ 
x𝑣 |p 

x∈A 

= inf sup e ∈E Σ𝑣∈e 𝑣∈e 

gen( A)≥2 x∈A 𝑣∈V deg(𝑣) |x𝑣 |p Σ ( Σ )
e ∈E |e|p−1Σ 

𝑣∈e |x𝑣 |p − |  
𝑣∈e x𝑣 |p 

= inf sup Σ . 
gen( A)≥2 

𝑣 V deg(𝑣) x𝑣 
p

x A ∈ | |∈
By Lemma 8.4.1, Σ Σ 

Θp−1 − λ~ 
N −1(Δ̃p ) ≤ inf sup 

e ∈E MΣp,Θ {𝑣,𝑣ʹ }⊂e |x𝑣 − x𝑣ʹ |p 

gen( A)≥2 x ∈A 𝑣∈V deg(𝑣) |x𝑣 |p Σ 

= Mp,Θ (Θ − 1) inf sup 
{𝑣,𝑣ʹΣ}⊂V w𝑣𝑣

ʹ |x𝑣 − x𝑣ʹ |p 

gen( A)≥2 x ∈A 𝑣∈V w𝑣 |x𝑣 |p 

= Mp,Θ (Θ − 1)λ̂2(Δp ) 

≤ Mp,Θ (Θ − 1)2p−1 ĥ

= Mp,Θ2p−1h. 

Similarly, 

Θp−1 − λ~ 
N −1(Δ̃p ) ≥ mp,Θ (Θ − 1)λ̂2(Δp ) 

≥ mp,Θ (Θ − 1)2p−1 ĥp 

pp 

hp ( 2 
) p−1 

= mp,Θ · . 
pp Θ − 1

Therefore, we can choose 

mp,Θ2p−1 

cp,Θ = 
pp (Θ 1)p−1 − and Cp,Θ = 2p−1 Mp,Θ. 

For the case of p = 2 (see also Theorem 8.4.1), since ∑ ∑ 2 ∑ 
|e| 

𝑣∈e 

x
𝑣 
2 − ((𝑣∈e 

x𝑣)) = 
{𝑣,𝑣ʹ }⊂e 

(x𝑣 − x𝑣ʹ )
2 , 
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8.4 Cheeger Inequalities on Hypergraphs 263 

it follows that we can choose m2,Θ = M2,Θ = 1, C2,Θ = 2, and c2,Θ = 1/2 
(Θ − 1). ◻ 

Remark 8.4.1. For p = 2, Theorem 8.4.3 enhances the main result in [214]. 
Moreover, for p > 2, Σ Σ

sup 
Θp−1 ΣΘ 

i

Θ 
=1 |xi |p − |  Θ 

i=1 xi |p 

= +∞, 
x nonconstant 1 |xi − x j |p 

i, j=

and for 1 < p < 2, 

inf 
Θp−1 ΣΣΘ 

i

Θ 
=1 |xi |p − |  ΣΘ 

i=1 xi |p 

= 0. 
x nonconstant |xi − x j |p 

i, j=1 

Hence, in these cases, we only obtain one bound, namely 

cp,Θ h
p ≤ Θp−1 − λ~ 

N −1(Δ̃p ) if  p > 2, 

and 

Θp−1 − λ~ 
N −1(Δ̃p ) ≤ Cp,Θ h if 1 ≤ p < 2. 

Similarly to Theorem 8.4.3, we can prove the following 

Theorem 8.4.4. Let Γ be a hypergraph such that 2 ≤ |e| ≤ Θ, for each edge 
e. Then, given p ∈ (1,+∞), 

cp,Θ h
p ≤ Θp−1 − λ~ 

N −1(Δ̃p ) when p ≥ 2, 

Θp−1 − λ~ 
N −1(Δ̃p ) ≤ Cp,Θ h when  1 < p ≤ 2. 

where the universal positive constants cp,Θ and Cp,Θ only depend on p and Θ. 
In the particular case of p = 2, the constants satisfy C2,Θ ≤ 2 and c2,Θ ≥ 
1/2(Θ − 1). 

We conclude this chapter by presenting Cheeger inequalities for an oriented 
hypergraph Γ = (V,E, ϕ). Given two disjoint sets A,B ⊆ V , let  ∑ ∑ 

|E+(A,B) | := max 
⎧⎪⎨⎪⎩ 

oe (𝑣,𝑣 ́),0 
⎫⎪⎬⎪⎭ 
, 

𝑣∈A, 𝑣ʹ ∈B e ∈E ∑ ∑ 
|E−(A) | := max 

⎧⎪⎨⎪⎩ 
− oe (𝑣,𝑣 ́),0 

⎫⎪⎬⎪⎭ 
, 

{𝑣,𝑣ʹ }⊂A e ∈E ∑ ∑ 
|∂(A ∪ B) | := 

|||||| oe (𝑣,𝑣 ́)
|||||| , 𝑣∈A∪B, 𝑣ʹ∉A∪B e ∈E 
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264 8 Cheeger Inequalities 

and ∑ ∑ ∑((
∑ |||||| ʹ)

||||||))vol w (A ∪ B) := (|e| − 1) − oe (𝑣,𝑣 , 
𝑣∈A∪B e ∍𝑣 𝑣

ʹ ∈V e ∈E 

where ⎧⎪⎪⎪⎪1, if 𝑣,𝑣 ́ ∈ e,𝑣 and 𝑣 ́ are co-oriented in e 

oe (𝑣,𝑣 ́) := ⎨⎪⎪⎪⎪−1, if 𝑣,𝑣 ́ ∈ e,𝑣 and 𝑣 ́ are anti-oriented in e ⎩0, otherwise. 

We define 

hB := min 
2(|E+ (A, B) | + |E−(A) | + |E−(B) |) + |∂(A ∪ B) | + vol w (A ∪ B) 

. 
A∩B=∅≠A∪B vol ( A ∪ B) 

Before proving the next two theorems, we need the following preliminary 
results. 

Proposition 8.4.1. For any x ≠ 0, there exists s ≥ 0 such that ( )Σ + − w ʹ | x̂s + x̂s ʹ | + w ʹ | x̂s − x̂s ʹ |ʹ 𝑣𝑣 𝑣 𝑣 𝑣𝑣 𝑣 𝑣
𝑣𝑣 Σ 

𝑣∈V deg(𝑣) | x̂s |
𝑣 

∗ 
p 
Σ (

w+ ʹ |x𝑣 + x𝑣ʹ | + w− ʹ |x𝑣 − x𝑣ʹ |
) (
|x𝑣 |p + |x𝑣ʹ |p 

)
p 
1 

ʹ 𝑣𝑣 𝑣𝑣

≤ 
𝑣𝑣

∗ Σ ,
21/p deg(𝑣) |x𝑣 |p 

𝑣 

where 
sx̂ := 1{ 1/ p } − 1{ 1/ p } ∈ {−1,0,1}N .

𝑣∈V : x𝑣 >s 𝑣∈V : x𝑣 <−s

Proof First, one can prove that ∫ ∞ 

| x̂t |dt = |x𝑣 |p ,
𝑣 

0 

, x𝑣|x𝑣 + |x𝑣 if x𝑣 ʹ ≥ 0, 
∫ 

0 

∞
| x̂

𝑣 + x̂
𝑣
ʹ |dt = 

⎧⎪⎨⎪⎩ | |x𝑣 

|
|
p

p − |x𝑣
ʹ

ʹ

|
|
p

p |, if x𝑣 ʹ ≤ 0, 
t t 

x𝑣

|x𝑣 + |x𝑣 , if x𝑣 x𝑣ʹ ≤ 0,t t 
∫ ∞

| x̂ − x̂ ʹ |dt = 
⎧⎪⎨⎪⎩

|p ʹ |p 

0 
𝑣 𝑣 | |x𝑣 |p − |x𝑣ʹ |p |, if x𝑣 ʹ ≥ 0,x𝑣

|a |p + |b|p ≤ 
⎧⎪⎨⎪⎩

+ |b|p )1/p ∗ |a + b|(|a |p if ab ≥ 0, 

|a − b|(|a |p + |b|p )1/p ∗ 
if ab ≤ 0, 
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265 8.4 Cheeger Inequalities on Hypergraphs 

and 
p ∗ 

|a |p − |b|p ≤ 21/ p ∗ |a − b|(|a |p + |b|p )1/p if ab ≥ 0,|| || ⎧⎪⎨⎪⎩ 
p 

∗ |a + b|(|a |p + |b|p )1/p ∗ 
if ab ≤ 0,

21/ p 

where the last inequality has been used in [5]. Since p/21/p ∗ ≥ 1 for  p ≥ 1, we 
have that ∫ ∞ 

| x̂
𝑣 
t ± x̂

𝑣

t ʹ |dt ≤ 
p 

∗ |x𝑣 ± x𝑣ʹ |(|x𝑣 |p + |x𝑣ʹ |p )1/p ∗ 
. 

21/p
0 

Also, one can show that there exists s ≥ 0 such that ( )Σ
w+ ʹ | x̂s + x̂s ʹ | + w− ʹ | x̂s − x̂s ʹ |
𝑣𝑣 𝑣 𝑣 𝑣𝑣 𝑣 𝑣ʹ

𝑣𝑣 Σ 
𝑣∈V deg(𝑣) | x̂s |∫ ∞ 

( 𝑣 )Σ 
w+ ʹ | x̂t + x̂t ʹ | + w− ʹ | x̂t − x̂t ʹ | dt

0 ʹ 𝑣𝑣 𝑣 𝑣 𝑣𝑣 𝑣 𝑣

≤ 
𝑣𝑣 ∫ ∞Σ 

𝑣∈V deg(𝑣) | x̂t |dt
0 𝑣 

p 
Σ(

w+ ʹ |x𝑣 + x𝑣ʹ | + w− ʹ |x𝑣 − x𝑣ʹ |
) (
|x𝑣 |p + |x𝑣ʹ |p 

)
p 
1 ∗ 

ʹ 𝑣𝑣 𝑣𝑣

≤ 
𝑣𝑣

∗ Σ . 
21/p 

𝑣∈V deg(𝑣) |x𝑣 |p 

◻ 

An immediate consequence is the following 

Corollary 8.4.1. For any x ≠ 0, there exists t ≥ 0 such that Σ Σ 

𝑣𝑣
ʹ 
w𝑣𝑣

ʹ | x̂
𝑣 
t − s𝑣𝑣ʹ x̂

𝑣

t ʹ | + 
𝑣∈V 

w𝑣 | x̂𝑣 
t |Σ 

𝑣∈V deg(𝑣) | x̂t |
𝑣 Σ Σ 2w𝑣𝑣

ʹ |x𝑣 − s𝑣𝑣ʹ x𝑣ʹ |(|x𝑣 | + |x𝑣ʹ |) + w𝑣 x𝑣 

≤ 
𝑣𝑣

ʹ Σ 
𝑣 

, 
𝑣 𝑣

deg(𝑣)x2 

where 

x̂t := 1V+ 
t (x) − 1V−t (x) 

and V±t (x) := {𝑣 ∈ V : ± x𝑣 > t}. 
Theorem 8.4.5. Let Γ = (V,E, ϕ) be the connected, Θ-uniform oriented 
hypergraph. Then, 

h2 
B ≤ Θ − λN (Δ̃2) ≤ 2hB .2(Θ − 1) 
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266 8 Cheeger Inequalities 

Proof Let G be a signed graph that has vertex set V , edge signature 

s𝑣𝑣ʹ := sign ((
∑ 

ϕ(e,𝑣)ϕ(e,𝑣 ́))) , e ∈E 

and edge weight||||||
||||||

∑ 
w𝑣𝑣

ʹ := ϕ(e,𝑣)ϕ(e,𝑣 ́)
e ∈E 

= ||#{e : ϕ(e,𝑣)ϕ(e,𝑣 ́) = 1} −  #{e : ϕ(e,𝑣)ϕ(e,𝑣 ́) = −1}|| . 
Then, it is easy to see that hB also represents the Cheeger constant of G, and  ∑ ∑ ∑ 2 ∑ ∑ 
Θ deg(𝑣)x

𝑣 − ϕ(e,𝑣)x𝑣 = w𝑣𝑣
ʹ (x𝑣 − s𝑣𝑣ʹ x𝑣ʹ )

2 + w𝑣 x𝑣, 
𝑣∈V 

2 

e ∈E 

((𝑣∈V 

)) 𝑣𝑣 𝑣∈V 

2 

ʹ 

where ∑ 
deg(𝑣) = ϕ(e,𝑣)2 , 

e ∈E 

and ∑ 
w𝑣 := (Θ − 1) deg(𝑣) − w𝑣𝑣

ʹ . 
𝑣
ʹ 

Therefore, Σ Σ 
e ∈E ( 𝑣∈V ϕ(e,𝑣)x𝑣)2 

Θ − λN = Θ − max Σ

x≠0 

𝑣∈V deg(𝑣)x
𝑣 
2
Σ Σ 

𝑣∼𝑣ʹ w𝑣𝑣
ʹ (x𝑣 − s𝑣𝑣ʹ x𝑣ʹ )2 + 

𝑣∈V w𝑣 x𝑣 
2 

= min Σ 
x≠0 

𝑣∈V deg(𝑣)x
𝑣 
2 Σ Σ 2 

𝑣∼𝑣ʹ w𝑣𝑣
ʹ (x𝑣 − s𝑣𝑣ʹ x𝑣ʹ )2 + 

𝑣∈V w𝑣 x𝑣≤ min Σ 
x∈{−1,0,1}N 

𝑣∈V deg(𝑣)x2 Σ 𝑣 Σ 
𝑣∼𝑣ʹ w𝑣𝑣

ʹ |x𝑣 − s𝑣𝑣ʹ x𝑣ʹ | + 
𝑣∈V w𝑣 |x𝑣 |≤ 2 min Σ 

x∈{−1,0,1}N 
𝑣∈V deg(𝑣) |x𝑣 | 

= 2hB . 

Moreover, Σ Σ 
𝑣∼𝑣ʹ w𝑣𝑣

ʹ |x𝑣 − s𝑣𝑣ʹ x𝑣ʹ | + 
𝑣∈V w𝑣 |x𝑣 |hB = min Σ 

x∈{−1,0,1}N 
𝑣∈V deg(𝑣) |x𝑣 |Σ Σ 

𝑣∼𝑣 w𝑣𝑣
ʹ |x𝑣 − s𝑣𝑣ʹ x𝑣ʹ |( |x𝑣 | + |x𝑣ʹ |) + 

𝑣 w𝑣 x2 
≤ min Σ 

𝑣 (8.4.4) 
x≠0 

𝑣 deg(𝑣)x
𝑣 
2  /Σ 

w𝑣𝑣
ʹ |x𝑣 − s𝑣𝑣ʹ x𝑣ʹ |2 + 

Σ 
w𝑣 x2 

𝑣

Σ 
w𝑣𝑣

ʹ ( |x𝑣 | + |x𝑣ʹ |)2 + 
Σ 
w𝑣 x2 

𝑣 
𝑣∼𝑣ʹ 𝑣 𝑣∼𝑣ʹ 𝑣 ≤ min


x≠0
Σ 
𝑣 deg(𝑣)x

𝑣 
2
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267 8.4 Cheeger Inequalities on Hypergraphs 

/ Σ Σ 
≤ min C 𝑣∼𝑣ʹ w𝑣𝑣

ʹ |xΣ 
𝑣 − s𝑣𝑣ʹ x𝑣ʹ 

2

|2 + 
𝑣 w𝑣 x2 

𝑣 

x≠0 
𝑣 deg(𝑣)x

𝑣 √ 
= C(Θ − λN ), 

where Σ
2

𝑣
ʹ w𝑣𝑣

ʹ + w𝑣C := max ≤ 2(Θ − 1), 
𝑣∈V deg(𝑣) 

and the inequality (8.4.4) follows from Corollary 8.4.1. The claim follows. 

Finally, we now consider the Cheeger constant 

2(|E+ (A,B) | + |E−(A) | + |E−(B) |) + |∂(A ∪ B) |
h := min . 

A∩B=∅≠A∪B vol ( A ∪ B) 

Theorem 8.4.6. Let Γ = (V,E, ϕ) be a connected, Θ-uniform oriented hyper-
graph. For any p ∈ (1,+∞), there exist universal constants Cp,Θ ≥ cp,Θ > 0 
such that 

cp,Θ h
p ≤ Θp−1 − λ~ 

N −1(Δ̃p ) when p ≥ 2, 

Θp−1 − λ~ 
N −1(Δ̃p ) ≤ Cp,Θ h when  1 < p ≤ 2. 

Proof The technique is a combination of the proofs of Theorems 8.4.3 and 
8.4.5. We have that Σ Σ 
Θp−1 − λN (Δp ) = Θp−1 − max e ∈ΣE | 𝑣∈V ϕ(e,𝑣)x𝑣 |p 

x≠0 
𝑣∈V deg(𝑣) |x𝑣 |p Σ Σ 

e ∈E (|e|p−1Σ 
𝑣∈e |x𝑣 |p − |  

𝑣∈e ϕ(e,𝑣)x𝑣 |p ) 
= min Σ 

x≠0 
𝑣∈V deg(𝑣) |x𝑣 |p Σ 

ʹ (w+ ʹ |p + w− ʹ |p )≤ Mp,Θ min 
𝑣𝑣 𝑣𝑣

ʹ |xΣ 
𝑣 + x𝑣

𝑣𝑣
ʹ |x𝑣 − x𝑣

x≠0 
𝑣∈V deg(𝑣) |x𝑣 |p Σ 

ʹ (w+ ʹ |x𝑣 + x𝑣ʹ |p + w− ʹ |x𝑣 − x𝑣ʹ |p )≤ Mp,Θ min 
𝑣𝑣 𝑣𝑣 Σ 𝑣𝑣

x∈{−1,0,1}N 
𝑣∈V deg(𝑣) |x𝑣 |p Σ

(w+ ʹ |x𝑣 + x𝑣ʹ | + w− ʹ |x𝑣 − x𝑣ʹ |) 
𝑣𝑣≤ 2p−1 Mp,Θ min 

ʹ 𝑣𝑣 Σ 
𝑣𝑣

x∈{−1,0,1}N 
𝑣∈V deg(𝑣) |x𝑣 | 

= 2p−1 Mp,Θ h. 
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268 8 Cheeger Inequalities 

Moreover, Σ + − 
𝑣𝑣

ʹ (w ʹ |x𝑣 + x𝑣ʹ | + w ʹ |x𝑣 − x𝑣ʹ |)
h = min 𝑣𝑣 Σ 𝑣𝑣

x∈{−1,0,1}N 
𝑣∈V deg(𝑣) |x𝑣 |Σ 

(w+ ʹ |x𝑣 + x𝑣ʹ | + w− ʹ |x𝑣 − x𝑣ʹ |)( |x𝑣 |p + |x𝑣ʹ |p )1/p ∗ 

p 𝑣𝑣
ʹ 𝑣𝑣 𝑣𝑣


≤ ∗ min Σ

21/p x≠0 deg(𝑣) |x𝑣 |p 

𝑣 

≤ 
p 

∗ min 
21/p x≠0 ( ) 1 

deg(𝑣) |x𝑣 |p 
𝑣 

p

1)
p 

) 1 
p

(Σ 
(w+ ʹ + w− ʹ )( |x𝑣 |p + |x𝑣ʹ |p )

)
ʹ 𝑣𝑣 𝑣𝑣

𝑣𝑣

1 ∗Σ − 
𝑣𝑣

(w+ 
𝑣𝑣

ʹ |p )ʹ |p + wʹ |x𝑣 + x𝑣 ʹ |x𝑣 − x𝑣ʹ
𝑣𝑣 Σ ( 

1Σ (Σ )
deg(𝑣) |x𝑣 |p 

𝑣 
− ∗(w+ ʹ |p )ʹ |pʹ |x𝑣 + x𝑣 ʹ |x𝑣 − x𝑣
𝑣𝑣

+ w
Cp  𝑣𝑣ʹ

𝑣𝑣

min 
x≠0 𝑣 

≤ 

≤ C min 

Σ 
21/p ∗ deg(𝑣) |x𝑣 |p 

1Σ 
(w+ ʹ |x𝑣 + x𝑣ʹ |p + w− ʹ |x𝑣 − x𝑣ʹ |p )

𝑣𝑣 𝑣𝑣Σ(|| )|| p 
ʹ

𝑣𝑣

deg(𝑣) |x𝑣 |px≠0 𝑣 

( )Σ 1 
p 

(( Σ Σ 
)

1 e ∈E ( |e|p−1Σ |x𝑣 |p − |  ϕ(e,𝑣)x𝑣 |p ) 

x≠0 mp,Θ 𝑣∈V deg(𝑣) |x𝑣 |p ≤ C min Σ𝑣∈e 𝑣∈e 

= 
Σ 

𝑣∈V ϕ(e,𝑣)x𝑣C |p 
Θp−1 − max e ∈ΣE | 

𝑣∈V deg(𝑣) |x𝑣 1/p |px≠0m 
p,Θ ) 1 

p= C̃
(
Θp−1 − λ N (Δp ) , 

p 

p 

where the first inequality follows from Proposition 8.4.1. This proves the claim. 
◻ 

We conclude by observing that, by Theorem 8.4.5 and by taking p = 2 in  
Theorem 8.4.6, we can also infer that 

h2 h2 

≤ B ≤ Θ − λN (Δ2) ≤ 2h ≤ 2hB .2(Θ − 1) 2(Θ − 1) 

This improves Theorem 1 in [214]. 
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