8

Cheeger Inequalities

This chapter systematically treats Cheeger type inequalities. Our theory
combines higher-order Cheeger inequalities, Cheeger inequalities for signed
graphs, and Cheeger inequalities for the I-Laplacian. We introduce a new
definition of a Cheeger constant for simplicial complexes. This leads us to a
solution of the higher-order Cheeger problem on simplicial complexes.

Cheeger inequalities on discrete structures play an important role in
expander theory, spectral graph theory, and spectral clustering methods. In the
first two sections of this chapter, we present (multiway) Cheeger inequalities
for simple graphs and signed graphs. In the third section, we then derive gen-
eralized inequalities for simplicial complexes, following mainly [160, 161].
Finally, in Section 8.4, we generalize the results in [214], and we prove new
Cheeger-type inequalities for p-Laplacians on hypergraphs, which appear here
for the first time in this general form.

Some Cheeger inequalities already occurred in Chapter 4. We first need to
recall some of these results, in order to put them into the systematic perspective
developed in the present chapter and also to build upon them.

8.1 Cheeger Inequalities on Graphs

We start by recalling the Cheeger constant (4.3.13) of a simple graph I' =
(V.E),
h = min IECS,57)]
0£Scv min{vol (S),vol (S¢)}’

as well as the Cheeger inequalities from Theorem 4.3.1:

Theorem 8.1.1 (Cheeger inequalities on a graph). Let I’ = (V,E) be a simple
graph. Let h be its Cheeger constant, and let 15(A;) be the second eigenvalue
of the normalized Laplacian. Then,
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8.2 Cheeger Inequalities on Signed Graphs 233

h2
7 < A2 (Ay) < 2h.

In fact, this is also a special case of Theorem 6.4.2, which shows Cheeger
inequalities for p-Laplacians on chemical hypergraphs.

We point out that if (A, A°) is a Cheeger cut of a connected graph I', then
either A or A induces a connected subgraph. Moreover, there exists a Cheeger
cut of I' such that both A and A€ are connected. For the latter statement, a
version for compact Riemannian manifolds was first proved by Yau [274], and
it is collected in Buser’s book [43, Lemma 8.3.6]. The idea of the original
proof in the geometric setting is to use mathematical induction on the number
of connected components of the boundary of A, but this idea does not work in
the case of graphs. A combinatorial proof for the graph Cheeger cut was given
by Mohar [211]. We refer to Theorem 7.2.3 for our new proof, which works in
the graph case.

Miclo [206] introduced the higher-order Cheeger constant (7.2.7) and asked
whether Cheeger-type inequalities can be proved for this constant. Lee, Oveis
Gharan, and Trevisan [180] answered Miclo’s question as follows.

Theorem 8.1.2. There exists a universal constant C such that, for every graph,
and for every natural number k,

2

< < .
cKt = k(A2) < 2hy

8.2 Cheeger Inequalities on Signed Graphs

Let now (I',s) be a signed graph, with I' = (V,E). Given two disjoint sets
Vi,Vb C V, let

E*(Vi, Vo) ={{u,v} € E: u € Vj,v € Vo,s(uv) = 1},

and let
E- (V1) ={{u,v} € E: u,v € V1,s(uv) = —1}.

The signed bipartiteness ratio is defined as

2(|E*<v1)| +IE- (V) + |E+<v1,v2>|) +10(Vi L)

B V1, V) = vol (V; U V»)
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234 8 Cheeger Inequalities

We recall that the signed Cheeger constant of (I', s) (see also (4.6.27)) is
b = B*(V1,Va),

V1, Vz)#((/) 0)

where the minimum is taken over all possible sub-bipartitions of V. Moreover,
by Theorem 4.6.2,

Theorem 8.2.1. Given a signed graph (I, s), we have

/11(2A?) <k < I, (AY).

More generally, the k-way signed Cheeger constant has been introduced in

[11] as

o= <v2iffivrzli>}k_ max B (Vai-1,Vai),
where the minimum is taken over the set of all possible k pairs of disjoint sub-
bipartitions (V1,V2), (V3,V4), ..., (Vak—1,Var). In particular, we note that h; is
switching invariant.

With these concepts, following [11], we can generalize and put into perspec-
tive the multiway Cheeger inequalities for simple graphs by Lee, Oveis Gharan,
and Trevisan [180]. Before stating the main result, we need the following
preliminary lemmata.

Lemma 8.2.1. Ler (I',s) be a signed graph. Let k € {1,...,N} and let
fis- .- fx be an orthonormal system of eigenfunctions corresponding to
A1(A%),. .., A (A%). Given a vertex v, let

Fv) = (fi(v),. ... fr(v) € RY,

andlet Vi ={v e V: F(v) # (0,...,0)}. Let || - || denote the Euclidean norm
in R¥, and consider the pseudometric

dp(o,07) = min { Fo) _ F@) ||| F@ |, F@) H}
P IF@)I - NF@HI[IF @) IIF(U’)II
Then, there exist k nonempty, mutually disjoint subsets Sy,...,Sx C Vg, and a

universal constant C > 0 (which is the same for all signed graphs), such that
dp(Si,S;) = k™3/C, for all i # j, and

> dego-IF@IP 2 52 " dego- IF@IP

veS; ueV

forallie{1,...,k}.

For the proof, which is based on random partition theory, we refer to [11,
187].
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8.2 Cheeger Inequalities on Signed Graphs 235

Lemma 8.2.2. Consider the setting of Lemma 8.2.1. For any subset S C V,
and for any € > 0, we define the cut-off functionns: V — R by

0, if F(v) =0,
ns(©) :={ e

max {0,1 — édF(U,S)} , otherwise.

Then, for any 0 < & < 2, and for any {v,v’} € E, we have that
’ ’ ’ 2 ’ ’
Ins(W)F(v) = s(uv’)ns(V)F @) < (1 + g) I1F(v) = s(uu)F ().

For the proof we refer to [11].

Theorem 8.2.2. There exists a universal constant C such that, for any signed
graph (I',s) and for any k € {1,...,N},

A (A%) ‘
S < b < RV

Proof We first prove the lower bound. Let {(Vz,-,],Vzi)}{.‘=1 be a k-sub-
bipartition of V that realizes hi, that is,

max B° (Vai—1,Vai) = Iy,
1<i<k

and let 1y, be the indicator function of V;. For any
g € span(ly, — 1y,,..., 1y, , —1y,),

we can write
k
() = ) 1Ly, (V) = 1y, (0)),
i=1

for some ¢q,. .., € R. We then have

(g(v) = s(vv)g(v"))?
< 2 |e(v)*sign(g(v)) - s(uv)g(v")sign(g(v"))|
=2 I?Sign(ti) (1V2i_1 (U) - 1V2i (U) - S(UU/)(IVZi_l (U,) - 1V2i (U’)))

<23 21y, (0) = vy, () = (00 Ay, (07) = 1y, (0))],
i=1

where the first inequality follows from the fact that

(a+b)? < 2|azsign(a) + bzsign(b)l.
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236 8 Cheeger Inequalities

Therefore,
R(g) <2 ;'il Z% v eE |1V2i—1 () = 1y, (V) = s(Vv) Ay, , (V) - 1V2i(U,))l
g)<2-
Z?ll t% Zvev My () = 1y, (V)]
Yiv,v'}eE |1V2i—1 () = 1y, (0) = s(WV) Ay, (V) = 1y, (U/))|
<2 max
i=1. .k 2Zwev vy () = 1y, (V)]
=2 max B*(Vai-1,V2;)
1<i<k
=2h;.

By the min-max principle, we obtain that A7 < 2h;. This proves the lower

bound,
A(A%)
- < hk'
To prove the upper bound, consider the setting of Lemma 8.2.1. We have
that

A (A%) = _max, R(f1)

K Do (fi(0) = sV fi (0))?
TE Soey deg(v) f; (0)?
_ Zow IF () = s(o)F) |2
Yvev deg(V)|IF (v)]]2
= R(F).

Let now ¢ = k‘%/C. Then, by Lemma 8.2.2,
D s F @) = s s, @) F @I

{v,v'}eE
2 : ’ AT
<|1+= Z IF(v) — s(o0")F ()]
&
{v,v' }eE
Moreover, by Lemma 8.2.1,
1
D degv-lins, F @7 = ) dego-IIF@)I* = 5 > dego- [IF(®)].
2k
veV veS; veV

Therefore, fori = 1,...,k,
R(ns,F) < 2k(1 + Ck3)’R(F) < C'k°R(F) < C'KS A4 (A%).

We now write
ns, F = (gil,. ..,gf): V — Rk,
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8.3 Cheeger Inequalities on Simplicial Complexes 237

and we observe that we can always find j; € {1,...,k} such that R(g{") <
R(ns; F), foralli = 1,... k. Now, similarly to (6.4.10) in the proof of Theo-
rem 6.4.1, one can show that there exist disjoint subsets Qf, Q> C supp(g{ D)

such that
B (QF,Q7) < 2R(g%).

Asa consequence,

hy < _r?axkﬂS(Q;’,Qi—)
i=1,...,
< 2R(g’
< | Mmax, V2R(g")
< max +/2R(ys,F)
i=1,....k

for some constant C > 0. O

8.3 Cheeger Inequalities on Simplicial Complexes

This section addresses the fundamental problem of generalizing the classical
Cheeger inequalities that are known for graphs to simplicial complexes. Esti-
mating the first nontrivial eigenvalue of the Hodge Laplacian on a simplicial
complex is a major long-standing open problem that has been formulated in
the field of expander graph theory. Also, the analogue in Riemannian geom-
etry, which is to find Cheeger inequalities for differential k-forms, is still far
from being understood and solved.

The first issue in any attempt of extending Cheeger-type inequalities to
higher-order structures, like simplicial complexes or differential k-forms, is
to identify the right quantities to be estimated. Here, we shall focus on this
problem and build upon Sections 4.8 and 8.2. The key is to convert a Cheeger
problem for higher-dimensional simplices into one for signed graphs. For this
purpose, we shall describe a relation between simplicial complexes and signed
graphs that will allow us to interpret the Laplace operator AZ” as the Laplacian
of a signed graph.

We first recall some constructions from Section 2.5.1. We consider a sim-
plicial complex X, and we denote the collection of its d-dimensional simplices
by 4. When o and ¢’ are two orientations on the same underlying d-simplex,
we write sgn(o,0’) = 1 when those orientations agree/differ. And do is the
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238 8 Cheeger Inequalities

cellular boundary of a simplex; that is, the collection of its facets. When the
simplices p carry weights w(p), the degree of a d-simplex o of X is

dego = Z w(p). (8.3.1)
PEZa+1(X): o €p
Moreover, since we want to work with the normalized up-Laplacian, we
assume that the weight function satisfies

w(o) =dego, (8.3.2)

for every o € X4, and that the weights of the facets of £ are equal to 1.
Under these conditions, the normalized combinatorial up-Laplacian, according
to (2.5.21), is given by

A2, A = f(lo)

1
+ dego Z w(p) sgn([o],0[p]) sgn([o’1,8[pD) f ([o'D).

o’'€Xy: o'¢to,0,07€dp

(8.3.3)

Recalling the constructions of Section 4.8, we can express AZP in terms of
the Laplacian of an associated signed graph, rewriting it as

u 1 ’ ’
AL HUAoD = flo]) - degor a'ede;fm' w(p)s([o],[o'D f([o'D,
o',a";eiip |

(8.3.4)
with

s(lo],lo’]) == —sgn([o],0[p]) sgn([o'],8[p]). (8.3.5)

This naturally suggests a signed graph (I'y, s). Its vertex set consists of the
d-simplices of our simplicial complex, and there is an edge o ~ ¢’ between
vertices o # o if there exists a (d + 1)-simplex p in ¥ with 0,0’ € dp. By
Theorem 4.8.2 and by evaluating the weights w(p) in (8.3.4), we have that the
Laplacian AZ" in (8.3.4) is related to the Laplacian A, 4y of the signed graph
(Tg,s) via

AZP =(d+ 1A, s —dld. (8.3.6)
Remark 8.3.1. A similar construction is used in [98] to define the signed
adjacency matrix of a triangulation on a surface.

By (8.3.6), in particular, the eigenvalues u; of A':lp and the eigenvalues A;
of Arr,,s) are related by

= (d+1a; —d. (8.3.7)
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8.3 Cheeger Inequalities on Simplicial Complexes 239

Hence, since the eigenvalues of A, s lie in the interval [0,2], those of AZ”
lie in the interval [0,d + 2]. In fact, since u; > 0in (8.3.7), the eigenvalues of
A, sy are > d/(d + 1). Equality holds if and only if there is some nontrivial
f with 64 f = 0. More precisely, the multiplicity of the eigenvalue d/(d + 1)
of A(r,, s) equals the dimension of the kernel of the coboundary operator 6. In
particular, for d > 0, the graph (I'4, s) is never balanced.

Now, given disjoint A, A” C X4, let

|EY(AA)| = #{{r,7'}: T € A, 7" € A,sgn([7],[7']) = 1},

and let
[E~(A)| =#{{r,7"}: 7,7" € A;sgn([7],[7']) = —1}.
Let also
Bea A7y = LUEAI+IEZ ()] + |E*(A A +18(AL &)

vol (AL A”)

where |0A| is the number of the edges of (I'y, s) that cross A and Z; \ A,

vol (A) i= Z deg T,

TEA

and deg 7 = #{0 € X441: T C 0}. We define the kth Cheeger constant of L4
as
he(Zg) = 4 i max B(Azi_1,A2).
disjoint, in X4

In order to have h;(Z47) = 0, we need to find 2k disjoint sets Ay,...,Ax
such that |[E~(A;)] = 0 and |E*(Azi_1,A2)| = O for all of them. Thus, all
edges inside any A; have to be positive, whereas all edges between Aj;_ and
Ay; have to be negative, and also Ay;_; U Ay; has to be disconnected from the
rest of the graph so that there are no boundary terms. By Lemma 4.6.3, this
means that the graph G, (£4) := (I'q,—s) with the opposite signs has at least
k balanced connected components.

Remark 8.3.2. For d = 0, the constant A (Z() reduces to the k-way Cheeger
constant (7.2.7) of a graph [180].

Theorem 8.3.1. For every simplicial complex T and for every d > 0,

b (Ea)? w
2(d+ 1) <d+2-2,(A,7) £2m(Zq), (8.3.8)
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240 8 Cheeger Inequalities

where n = #X4. Moreover, there exists a universal constant C such that, for
any simplicial complex X and for any k > 1,

hi (Za)?
Cko(d+ 1)
Proof We first observe that

<d+2-Au41-k (AZP) < 2h(Za). (8.3.9)

S (Srerurco sen(lrl.olo) ()’

d+2— O EXg41
Yres, deg, f(1)?
=(d+ I)Z[TJ~[T'] (f(T) - Sgn(T’T’)f(T/)))Z
Z‘re):d agé_rf(-,-p

where [7] ~ [7’] represents an edge in G;F(Zd) and (EEQT = (d + 1)deg, is
the degree of 7 in G;p (Z4). It follows that

d+2 = u-is1 (A7) = (d + DA(AG,,(Za))),

fori = 1,...,n. Moreover, since hy (X4)/(d + 1) is the kth Cheeger constant
of the signed graph G, ,(£4), by Theorem 8.2.1, we have

L(AG,,Ea) ki (Zq) -
5" < cll+(i < 24 (AGp (Za)).

And by Theorem 8.2.2, there exists a universal constant C such that, for any
signed graph and for any £ > 1,

A(AG,,(Zd) h(Z9) —
2” < §+£1l < CI \J A (AGyp (B)).-

Altogether, we obtain

d+2 - 2,(A%)

<h(Za) < \/2(d+ D(d +2 - 2,(A5")),

2
and
d+2— Ak (A"P)
"2” ol < i(Za) < CF J(d+ D +2 = der 1 (A7),
This completes the proof of (8.3.8) and (8.3.9). |

As a consequence of Theorem 8.3.1, we have that 1, (AZP ) =d + 2 if and
only if ~1(Z4) = 0 and if and only if G, (£4) has a balanced component.

Moreover, Theorem 8.3.1 provides the estimates for the spectral gap from
d + 2. The more important estimate, however, is the one for the spectral gap
from 0, namely, the Cheeger-type estimates for the first nontrivial eigenvalue
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8.3 Cheeger Inequalities on Simplicial Complexes 241

of the Hodge Laplacian. This was proposed as an open problem in the orig-
inal paper by Cheeger [56], in the setting of differential k-forms on a closed
Riemannian manifold. Its discrete version, a Cheeger-type inequality on sim-
plicial complexes, has also been a long-standing open problem in the area of
high-dimensional expanders [84, 121, 194, 225, 254].

While some partial answers have been proposed and developed in the
literature, it seems that none of them gives a complete solution to the prob-
lem. In fact, there are many different definitions of Cheeger constants on
simplicial complexes. For example, an upper Cheeger-like bound for the
Cheeger constant has been suggested by Parzanchevski, Rosenthal, and Tessler
[121, 225]. In particular, in the field of higher-dimensional expanders, people
use the so-called Z;-expander to indicate the Cheeger constants on a simplicial
complex.

Steenbergen, Klivans, and Mukherjee [254] introduced the Cheeger con-
stant

() = mi ,”5—‘”,
$eCd(S,Z,)\ims min_||¢ + ||
Yeimo
forall d > 0. Here, ||-|| is the Hamming norm on C¥4(X,Z,), that is, the /' -norm
on ZE’, where n = #X,. This constant satisfies

h(2) = 0 = A4Z,Z,) #0.

According to the examples and theorems in [84, 121, 122, 184, 205, 225, 254],
all Cheeger constants defined using cohomology (or homology) with Z;-
coefficients cannot satisfy both Cheeger inequalities as in the graph setting.
This follows from the fact that, on the one hand, we have the well-known
relation

AN =0 = (L) =0 A E,R) #0,

for d > 0, while on the other hand, for d > 1, H4(Z,R) # 0 is not equivalent
to H4(X,Z,) # 0.

We shall now present a Cheeger constant that appears in [160, 161] and
solves the problem formulated above of generalizing both Cheeger inequalities.
In particular, we shall propose four equivalent definitions, denoted by (D1)—
(D4). In Theorem 8.3.2, we shall then prove that they are all equivalent.

(D1) A (generalized) multiset is a pair u = (S,m), where S is a set (given by
distinct elements), and m: S — Z is an integer-valued function, which
gives the multiplicity of the elements in the multiset. For simplicity, in
this section, we shall simply call u a multiset. We also let
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242 8 Cheeger Inequalities

ul = Im(s)l

seS

denote the size of p.

In our context, we consider multisets on § = X;, and we use the nota-
tion u Cps X4 to indicate that 4 = (£4,m) and the multiplicities are in
{(-M,...,0,...,M}. We also define the cobozmdary] 62+1,u of u as the
multiset of all (d + 1)-simplices that have a member of y in its bound-
ary, together with the corresponding multiplicities. Thus, an element
o € X441 has multiplicity

> m@sen((], o)),
TELY

where m(7) is the multiplicity of 7 in . And the support of 9}, u then
consists of all such simplices with nonzero multiplicity. We also define
the volume of u as

vol (u) = Z deg r|m(7)|. (8.3.10)

TEXy

Moreover, for d > 0, we let

107, Kl
h(Z4) = min ank ) (8.3.11)
HCMEq: min vol (i)
u#dL (), w#0:

YwemEao OnaH' =051

We have that h(Z;) is constant when M is sufficiently large. For such
sufficiently large M, we call h(Z;) the Cheeger constant of X.

Remark 8.3.3. In this definition, we need to look at quotients of the form
10}, #l/vol (1), where p has to be homologically nontrivial, that is, it
cannot be of the form 8, (v) and where 8, ¢’ = 8, u. The new aspect
here, compared to the graph case, is that we need to consider multisets of
simplices. In fact, when we were looking at graphs, all edges had weight
or degree 1, but now (d + 1)-dimensional simplices may have degrees
# 1.

(D2) We now describe the Cheeger constant in terms of the Z-expander. In
particular, we let

. 0
h(Zy) = min - 9@l ,
$peCd(K,Z\ims Min_[|¢ + ¥ |l1,deg
Yeimd

! This is different from the notion of coboundary used above when we defined the coboundary as

the dual of the boundary operator in homology theory.
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8.3 Cheeger Inequalities on Simplicial Complexes 243

where

191h,deg = D, deglo(T)l.

TEX

Remark 8.3.4. Compared to the definition of h%(Z), here we use Z-
instead of Z,-coefficients and we use the (weighted) /!-norm instead of
the Hamming norm.

(D3) We define the up 1-Laplacian eigenproblem on X, as the eigenvalue

problem of the function pair (||B;+1 “ I, I+ 1l1,deg), Which consists in
finding A and x such that
0¢c (9||B;+1X||1 — A0|IX][1,deg- (8.3.12)

Moreover, let
I; = dimim(B)) + 1 = rank(By) + 1,

and let A7,(A;") be the smallest nontrivial eigenvalue of the up 1-
Laplacian. Given a norm || - || on a real linear space with an inner product
(-,-), we say that x is || - ||-orthogonal to y if there exists u € V||x|| satis-
fying (u,y) = 0. We say x is || - ||-orthogonal to a nonempty set Y if X is
|| - ||-orthogonal to ally € Y.

We define

d+1

1B, xlh
mll’l T
x1lim(BY) ”XHI,deg

h(Zg) = ﬂld(AZ,pl) =

where x.L! im(B ) indicates that X is || - |1, geg-orthogonal to im(B ] ), that
is, u € im(B )", for some u € V|[x||1,deg.

Remark 8.3.5. In this definition, we draw upon the insights developed
in Sections 6.4 and 7.2, which suggest to consider L'- instead of L2-
quantities in order to get equalities instead of inequalities when relating
Cheeger-type constants and eigenvalues.

Remark 83.6. If || - || = || - |2 is the standard /2-norm, then the || - ||o-
orthogonality coincides with the classical orthogonality with respect to
the standard inner product.

(D4) The norm || - [lj,geg ON C%(Z) induces a quotient norm on
C4(2)/im(64-1), which we denote by || - ||, for simplicity. More
precisely, given an equivalence class [x] € C4(2)/im(64-1), we let

x]|| := inf ||x .
111l X,G[X]H II1, deg
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244 8 Cheeger Inequalities

We use it to define
[64xll1
min
0#[xleCd(x)/ im@Sq-) |I[X]l
[l6axlly
min .
0#[x1eC4(%,2)/ imGa-1) |I[X]Il

h(Zy) =

In the case when H¢ (£,R) =0, we then have

ME) = min 1
yeim(@Sa) ||yllai
B 1
max
max iyl Tyl
B 1
167 e
where
Iyl == inf  [IX]l1, deg
xes My
is the filling norm of y, and
_ Iy Ilfit
167 a1 == max
d veim@a) |yl

is called the filling profile by Gromov (see Section 2.3 in [117]).

Remark 8.3.7. This definition has a perspective that is in some sense
opposite to (D1). Here, instead of first considering a set S and then look-
ing at its boundary or coboundary, we first consider a boundary Y, and
we then try to find the smallest set for which Y is a boundary.

Theorem 8.3.2. The four definitions in (D1)—(D4) are all equivalent.

Proof The idea of the proof is to show that (D1), (D2), and (D4) are all equiv-
alent to (D3). In order to do so, we need to apply some technical results from

[160].
Since im(Bj) C ker(Bj,,), by Theorem 2.1 in [160], we have that
1B, xll
PTO O YR T G—. (8.3.13)
) ’ xeR”\im(B:i) 'll’lf [Ix + Z”l,deg
zeim(B))
1B, xl
= avi ™ (8.3.14)

m
(xlern/im(B})  [|[X]l]
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B xI
= inf Dan T (8.3.15)
XeR" : 1X1l1,deg

VIIX 1. deg () im(B])* #0
where n = #X,,
[x] = {y eR":y—-x¢ im(B;)} ,
and
Ix11l = XIQ[I;] X + |1, deg- (8.3.16)
In fact, the definition of the norm ||-|| on the quotient space R"/ im(B;) implies

that
IIx11l

= inf _ |IX+ Zll1,deg-
zeim(B))

Moreover, Proposition 2.3 in [160] yields
NI = [1X[l1,dee = VIIXIl1,deq mim(l?})l #0.
Hence, the minimization problem

: ’
inf T ”X ||1,deg

x’€R™: x’—xeim(Bd)

reaches its minimum for some points in the set
{x € R": VIIXl1aee ﬂ im(BJ)* # 0} .

This shows that (8.3.13), (8.3.14), and (8.3.15) coincide.
Now, let x.L! im(B ) denote that uL im(B)) for some u € V||X[l1geg. Then,

{x € R": ViIxlly aee [ |im(B))* # 0}
in (8.3.15) can be reduced to
{x eR": x1! im(B;)} ,

as shown in (D3).
Similar to the proof of Proposition 6.3.1, we can apply Lemma 6.1.1 to

derive that every eigenvalue of the function pair (IIBJ e It 11 - ll1,deg) has an
eigenvector in the set of the extreme points associated with (IIB‘—ir NE 11, 11111, deg) s
since both ||B;Jrl “|ly and || - [I1,deg are piecewise linear.

Now, let k be the smallest integer such that the unit ll—sphere,
{x e R": lIxlliaee = 1},

can be represented as the union P; U ... U Py of k convex polytopes of dimen-

sion (n — 1), on which both IIB;+1 -|l1 and || - [l1,deg are linear. Moreover,
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fori = 1,...,k, let Ext(IBJ,, - Ili,|l - ll1.deg) be the vertex set of P;. Then,
Ext(||B; +1 - 1611+ 1l1,deg) 1s a finite set, and its elements are called the extreme
points determined by the function pair (||B;ir w1 1 1l deg)-

Since all entries of the matrix B; . and the degrees are rational numbers,
by the theory of systems of linear equations, we have that

Ext(1Bg,; - 111+ 1h,deg) € Q"

Now, let M be a natural number that is greater than the least common multiple
of all the denominators of the components of all points in Ext(llB; REHE

II1,deg)- Then,
Ext(|B,; - Il |l - ll,deg) € {tx: ¢ > 0andx € {-M,...,-1,0,1,...,M}"},
and thus every eigenvalue has an eigenvector in
{tx:t>20andx € {-M,...,-1,0,1,...,M}"*}.

Since both IIB; e Iy and || - ||1,deg are positively one-homogeneous, we further

derive that every eigenvalue has an eigenvector in the set
{-M,...,—-1,0,1,...,M}".

Moreover, the minimizations in (8.3.13) and (8.3.15) can reach their minima at
some points in {—-M,...,—1,0,1,..., M}", while the minimization problem in
(8.3.14) achieves its minima at some equivalence class [x], for some

xe{-M,...,-1,0,1,...,M}".

This implies that we can use {—-M,...,—1,0,1,..., M}" instead of R" in the
constraints of the minimization problems in (8.3.13), (8.3.14), and (8.3.15).
Since, furthermore,

{(-M,...,-1,0,1,...,M}" cZ" c R",

it follows that we can also replace R" by Z", in the constraints of these three
minimization problems.

By using Z" instead of R" in (8.3.13) and by equivalently replacing
Z" by C4(%,Z) and im(B;) by im ¢, we obtain that (D2) is a reformula-
tion of (8.3.13). Similarly, (D4) is a reformulation of (8.3.14). Moreover, if
H4(Z,R) = 0, then im(54-1) = ker(64), which implies that

CUZ)/im(84-1) = CU(Z)/ker(54) = im(54).

Therefore, by considering the equivalence classes, we have that 6;11 (y) = [x]
when y = d4x. Note that, by (8.3.16), the filling norm

Iyl == inf [IX[l1,deg
xe6,'(y)
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coincides with ||[x]]|, and

Iyl = 16axIli = 1By, Xl

Therefore, (D4) and (8.3.14) coincide.
By using {-M,...,-1,0,1,...,M}" instead of R" in (8.3.13), we can
similarly identify every multiset 4 Cps X4 with a unique

xe{-M,...,-1,0,1,...,M}",

by identifying x, with m(r) for any v € X;, where m(7) is the multiplicity of
7 in . For such u and x, we then have vol (u) = [|X],geg, and

T
|6;+1/~1| = ||Bd+1x||1'

If H4(Z,R) # 0, then im(B;) is a proper subset of ker(B;lrH ), and thus (8.3.13)
is zero. In this case, there exists u’ # 0 such that

6;+1ﬂ, = a;ﬂ# =0,

which means that (8.3.11) equals zero. If HY(Z,R) = 0, then im(B;) =

ker(B], ), and thus for such x and x with x ¢ ker(B], ), we have

,in(gT) lIX + Zl1,deg = gll{fl 1X" 11, deg

z€im X :

d x'—xeker(B], )

= min  vol ().
S’'#0:

6¢*i+] Sl:a:lﬂ S

Therefore, (8.3.11) and (8.3.13) represent the same quantity, which has been
denoted by #(Z;). This proves the equivalence between (D1), (D2), (D3), and
(D4). O

Hence, the four equivalent definitions in (D1)-(D4) represent the same
Cheeger constant h(X;) from different viewpoints. In particular,

1. (D1) uses the language of multisets and provides a combinatorial formula-
tion of h(XZy).
2. (D2) presents h(Z,) as a Z-expander and makes it clear that

h(Zy) =0 = HYZ,R) 0,

forall d > 0. In particular, as we have discussed, when the Cheeger constant
is defined as a Z,-expander, then the Cheeger inequalities cannot hold on
general simplicial complexes. However, as a Z-expander, it is possible to
get Cheeger inequalities.
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248 8 Cheeger Inequalities

3. (D3) shows that h(Z;) coincides with the smallest nontrivial 1-Laplacian
eigenvalue. This was already known in both the graph and the domain
settings, which are treated in Sections 7.2 and 3.3, respectively.

4. Finally, (D4) reveals the nonobvious fact that #(X;) has a deep relation with
Gromov’s filling profile.

In addition, for sufficiently large numbers M € Z., if HIEZ,R) = 0,
then
h(Z4) = min 191151

CMZd m1n vol (S7)
S#0 8" 0,,,5'=07,,S

d+1

For the case of d = 0, we can take M = 1, and then h(X() reduces to the
usual Cheeger constant on graphs.

For example, consider the usual tetrahedron X, which is viewed as a three-
dimensional simplicial complex on V = {1,2,3,4}. It is not difficult to check
h(Zo) = 2, h(Z)) = 1, and h(X,) = L.

The following result shows that the constant h(Z;) satisfies Cheeger-
type inequalities and therefore provides a solution to the problem that was
formulated at the beginning of this section.

Theorem 8.3.3. Ifdegt > 0 forall T € Z,4, then

" (Za)

< Ay, (A”p) <vol (Zg)h(Zg),
#2d+

and, forallp > 1,

h?(Xq)

ot < A < Vol B (o).

Proof For simplicity, we let h = h(Z4) and A = A7,(A}"). To prove the first

statement, it suffices to prove that
d

i dg

< A < vol (Zg)h?, (8.3.17)
LW

by using the fact that, forall 7 € X4, we have h < 1 < degT.
Note that A and / are the /;th min—max eigenvalues of the dth normalized
up Laplacian and the dth up 1-Laplacian, respectively. One can show that

lIxIIF 1B ||2
mindeg T < Ldeg Z degrt and 1< L <#Xya (8.3.18)
’ X013 geg 55, 1B, xIly
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by applying Cauchy’s inequality

(Brex, deg T lx])? ”X”ld
||X||2deg Z degT X-,- > TELy T _ g

TEZY ZT €Xy deg T ZT €Xy deg T
as well as

2 2 2
#Za+1 ||B;—+1X“2 = ||B;—+1X||| 2 ||B;+1X||2,

and the inequality

2
(Z degTIxTI) > Z(deg‘r)zxf ZmTindegT Z deg - x2.

TEXY TEXy TEXy

By (8.3.18), we then obtain

1B, xIP ||Bd+,x||2< #5g01 BT, XIP

T degT NIy, NI, mindeeT i,

(8.3.19)

Since the kth min—max eigenvalue of the dth up 1-Laplacian is

. 1B . x|l
L) = inf - sup L,
> SeGenk xes\(0) ||X||1,deg

while the kth smallest eigenvalue of dth normalized up Laplacian is

. 1B, xIl
Ak (AZP) = inf sup Lz,
S €Geny xeS\{0} ||X||2,deg

we can apply (8.3.19) to derive

#g41

1 u 2

— 1 (A*P) < (A (A" < —C (AP, 8.3.20

RTTGY ) < (A (AGh)) < i degr @) (8.3.20)
T

TEXY

This is a general inequality relating A (A7) and Ax (A}”). By taking k = Iy
in (8.3.20), and by observing that 1 = h(Zy4) = A, (Azpl ), we finally obtain

1 1
A= A
vol (Z4) >, degt
TEXy
<h?
#Ed+l
~ mindegt "’
T

which completes the proof of (8.3.17). The case of Azpp is similar, and thus we
omit the proof of the second statement. O
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250 8 Cheeger Inequalities

For d > 1, we also define the down Cheeger constant as

. | Bax|ly d
haown(Ea) = min T = Ay, (A,
xLim(Bay1) ”X“l,deg ¢

where

I+ = dimim(Bgy1) + 1 = rank(Bgs1) + 1.

Remark 8.3.8. Let £ be a d-dimensional combinatorial manifold, that is, a
topological manifold that has a triangulation as a simplicial complex. As a
manifold, we assume that X is connected and has no boundary. We then have
that B, is a |24 X 1 matrix of rank 1, therefore

I = rank(Bd+1) +1=1+1=2.

Therefore, in particular, A7,,, = A,. Let now o ‘C" o indicate that o and o’
are down adjacent, that is, they share a common facet. Then, the down adja-
cency relation induces a graph on X, and we can infer the following Cheeger
inequality:

héown (zd)

2

Definition 8.3.1. Let M be a d-dimensional, orientable, compact, and closed
Riemannian manifold, and let ¢ > 1. A triangulation T of M is c-uniform if,
for any two d-simplexes A and A’ in the triangulation 7',

< (A% < 2oy (Ea).

1 diam(a)

P 321

¢ = diam(a) =€ (83.21)
and

1 di

I diam(a) (8.3.22)

¢ vol(a)a

A set T of triangulations of M is uniform if there exist N > 1 and ¢ > 1 such
that, for each triangulation in 7, either its number of vertices is smaller than
N, or it is c-uniform. In this case, these triangulations are simply said to be
uniform, and the constants N and c are called the uniform parameters of these
triangulations.

Thus, (8.3.21) requires that all the diameters of the simplices of the trian-
gulation are compatible with each other, while (8.3.22) asks that they do not
become too thin. To illustrate the concept of uniform triangulations, we con-
sider the following example. Let S ¢ R3 be the unit sphere with center at 0, and
let T} be a regular tetrahedron inscribed in the sphere. Using central projection
from 0 onto S, the one-dimensional skeleton of 7; can be projected onto the
sphere to obtain a geodesic triangulation of the sphere, which we denote by ;.
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8.3 Cheeger Inequalities on Simplicial Complexes 251

By induction, having constructed 7;,, we obtain 7T;,;; by connecting the mid-
points of the edges of each triangle, and by centrally projecting the resulting
triangulation onto the sphere, we obtain a triangulation S, 4. The geometric
simplicial complexes {7}, }20:1 are then 2/ \4/§-unif0rm, and the resulting trian-
gulations {S,}” , are c-uniform, for some ¢ < 4. Of course, this is a family
of particularly nice triangulations, as uniform as they could possibly be. Other
families of triangulations that one may encounter may not be so nice, but the
concept of uniformity excludes degenerations within families that would make

our estimates invalid.

Theorem 8.3.4. Let M be an orientable, compact, and closed Riemannian
manifold of dimension (d + 1). There exists a constant C such that, for all sim-
plicial complexes X that are combinatorially equivalent to some given uniform
triangulations of M,

h*(Za)

< Ald(AZ”) <C-h(Zg). (8.3.23)
Moreover, h(24) > 0 if and only if H(X) = 0 (or equivalently, Hi (M) = 0).
Proof By Theorem 8.3.3, we have that
/lld(AZp) =0 & h(Ey) =0.

Therefore, it suffices to assume that #(Z;) > 0, that is,

A4M) = AYZ) = 0.
Since M and X are of dimension (d + 1), Poincaré duality implies that

H(M) = HM) =0.

Moreover, since there are only finitely many simplicial complexes with less
than a given number of vertices, the existence of the constant C > 0 in (8.3.23)
for these simplicial complexes follows immediately from Theorem 8.3.3.

We may assume, without loss of generality, that M is simply connected.
Since M is compact, the triangulation is c-uniform for some ¢ > 1, and X has
n elements for some positive integer n. Also. for any & > 0, there exists N > 0
such that any c-uniform triangulation with at least N facets satisfies

1
—¢&’ < diam(a) < &, (8.3.24)
2c

for all A, and for some &’ € (0,¢). This follows since for sufficiently large N,
there must be one simplex of small diameter, and then by (8.3.21), all diam-
eters must be compatible with that one. We shall also consider the uniform
triangulation as a uniform &-net.
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252 8 Cheeger Inequalities

Now, we let £ := max,r diam(A) denote the maximum diameter of the
facets in the triangulation 7. In other words, we fix a small & > 0 and a suffi-
ciently large N > 0 in (8.3.24); we consider any simplicial complex X, which
is combinatorially equivalent to a c-uniform triangulation with at least N faces,
and we let £ '= maxy ¢y, diam(|o|).

We split the rest of the proof into multiple steps.

1. The down Cheeger constant satisfies

d +2
hE o (Bas1) < Ap, (ASP) < (d + D haown (Zas1)-

This is derived by the Cheeger inequalities from Remark 8.3.8,

w (Za+1) wn
""”— < (A% < 2haovn (Zasn),

and by the equality

d+2
2

Here, 44, (L”p ) and /lz(Ld(’W") denote the smallest nonzero eigenvalues of
the unnormalized up-Laplacian L and the unnormalized down-Laplacian
Ljfr:”‘ respectively. By (4.8.6), we infer the second equality in (8.3.25).
Moreover, the first and the last equality in (8.3.25) are based on the fact that
the degrees appearing in the expression of the dth normalized up-Laplacian
AZ” are all equal to 2, while the degrees in the expression of the (d + 1)-th
normalized down-Laplacian Aj‘ﬁ”" are all equal to d +2. In fact, since M is
a compact manifold without boundary, each d-face is contained in exactly
two (d + 1)-faces, and every (d + 1)-face contains exactly (d + 2) different
d-faces.

2. The Cheeger constant h(X;) and the down Cheeger constant Agqyn (X4+1)
satisfy h(Z4) ~ haown (Za+1), that is, there exists a uniform constant C > 1

1 1
A1, (A7) = —A,J(L;P) = —/lz(LZﬂV”) = Aa(Adowmy. (8.3.25)

such that
1
Ehdown Za+1) £ h(Zgq) < Chaown(Zg+1)-
The proof of this step is further divided into the following two claims:
(a)

1
Ehd()wn (Ed+1) ~ h(M)

Proof Let G be the graph on n = #X ;. vertices, which is located in
the barycenters of all (d + 1)-simplexes and is such that two vertices
form an edge if and only if the corresponding two (d + 1)-simplexes are
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8.3 Cheeger Inequalities on Simplicial Complexes 253

down adjacent. We call G the underlying graph of the triangulation,
and we observe that hgoywn(Zg+1) coincides with the Cheeger con-
stant of G. Now, an approximation approach developed in [264, 265]
implies that the Cheeger constant of a uniform triangulation approxi-
mates the Cheeger constant of the manifold when we equip the edges
of the underlying graph of the triangulation with appropriate weights
(related to €). In fact, since G is the underlying graph of the uniform
triangulation, we may assume that G is embedded in the manifold M,
and that the distribution of the vertices of G is uniform. Then, accord-
ing to such approximation results, by putting appropriate weights> on
the edges of G, the Cheeger constant of G together with those edge
weights approximates h(M). (More precisely, the difference between
h(M) and the Cheeger constant of the weighted graph G is bounded by
h(M)/2, whenever ¢ is sufficiently small.) We can then adopt such an
approximation approach to derive that

L hdown (Zas1) ~ h(MD).
(b) If H{(M) = 0, then
éh(zd) ~ h(M).
Proof By Poincaré duality,
Hi(M)=0 < H4M)=0 > ker(64) = im(54_1),

since M is a compact closed manifold of dimension (d + 1). Thus, by
im(B)) = ker(B,,,), 64 = Bj,,, and by applying (8.3.13), we have
that

T | % sen(ndo)x

OELy41|TEZY

min -
xgker(6g)  min Y, 2|x; + z7|
zeker(dyq) TELY

h(Za) =

Now, note that #(X;) equals the smallest nonzero eigenvalue of Azpl;

therefore, the smallest nonzero eigenvalue of the nonlinear eigenprob-
lem in (8.3.12). By the Duality Theorem on nonlinear eigenvalue
problems (Lemma 2.5 in [160], Theorem 1 in [267]), the nonzero spec-
trum of the eigenproblem (8.3.12) coincides with the nonzero spectrum

2 The weight of an edge {u, v} is determined by the distance of u and v in M, which is about
O(s).
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254 8 Cheeger Inequalities

of its dual eigenproblem:
0 € 311Ba+1Yll] geg — A01I¥ I}, (8.3.26)

where || - ||1* deg indicates the dual norm of || - [|1 geg. Since every d-face is
a facet of exactly two (d + 1)-faces, we have that deg = 2, and (8.3.26)
is equivalent to

1
0e a§|le+1y”oo — 01|y lloos (8.3.27)
which can also be written as
1
0cd=- max |ys, —yYor| — A0 max |y,|. (8.3.28)
o down ) T EXg+1

d . .
where we recall that o “~" ¢’ indicates that o and o’ are down adja-

cent, that is, they share a common facet. By Theorem 2.1 in [160], the
smallest nonzero eigenvalue of (8.3.28) can then be formulated as

1
max ilyo' = Yol

doyn

. o
min " .
y nonconstant min max |ys + |
teR o€y

As a consequence, h(X;) is the smallest nonzero eigenvalue of both
the 1-Laplacian eigenvalue problem (8.3.12) and its dual eigenproblem
(8.3.28). Therefore,

max %|y(7 - yn"l

doxm.

. o o
h(Zg) = min - .
y nonconstant min max |yo_ + 1|
teR oeX .

Now, we have that

min max |y, +¢| = max |yor + 11,

teR 0 €Xy41 TEX g1
where
max Yy, + min y,
7 TEX g+ O EL 41
. 2
By taking Y, = Y, + £, one can check that min, y, + max, y, = 0.
Hence,

max |y = yo-|

down o’ 1

h(Za)

min — == )
min y,+max y, =0 2 max |ya-| diam(G)
o o o
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8.4 Cheeger Inequalities on Hypergraphs 255

where diam(G) indicates the diameter of G. Hence, we can rewrite
h(Zg) as 1/2 times the smallest nontrivial eigenvalue of the co-
Laplacian, which is equal to 1/diam(G). This argument is similar to
Lemma 1.5 in [163].

Finally, since the triangulation is C-uniform, we have that

1 1 1
—-h(Zg) = ~ .
£ (Za) ¢-diam(G) diam(M)
Hence,
1
gh(Zd) ~ h(M).
The proof then follows by combining all the steps above. O

Remark 8.3.9. We conclude this section with some observations regarding the
last theorem.

e The constant C in Theorem 8.3.4 depends on the parameters of the given
triangulations of the ambient manifold. In future work, it would be good to
find a new constant that only depends on the dimension d.

e Under the same condition as in Theorem 8.3.4, with the same proof, one can
show that

Akg (AGF)?
C

where k; = dimker(d4) + 1. This inequality coincides with the Cheeger
inequality in Theorem 8.3.4 if and only if H; (M) = 0.

e With a modification of the proof of Theorem 8.3.4, we can show that
1/diam(G) ~ A,2(G) whenever G can be uniformly embedded into such a
manifold, where 1,(G) is the second smallest eigenvalue of the normalized
Laplacian of G.

< Ay (AP) < Cg, (AL,

o Inspired by the approximation theory for Laplacians on triangulations of
manifolds that has been proposed by Dodziuk in [81] and Dodziuk and
Patodi in [83], we hope that it is possible to develop an approximation theory
for Cheeger constants on triangulations of manifolds.

8.4 Cheeger Inequalities on Hypergraphs

In this section, we shall derive Cheeger inequalities for hypergraph p-
Laplacians, with a theory that is very different from that for simplicial
complexes that we developed in the previous section.
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256 8 Cheeger Inequalities

Fix a hypergraph I' = (V,E) on N vertices. Let ® := maX.cfg |e| and, given
veV,letd, =Y,y lel/®. The Laplacian A, that we consider in this section
is the operator Ay: C(V) — C(V) such that, for given f: V - Rand v € V,

Aof(v) = di Z Z F). (8.4.1)
U esvuee
In the case of uniform hypergraphs, A, coincides with the Laplacian for uni-
form oriented hypergraphs with only inputs from Chapters 2 and 4. In the
general case, the two operators might be different. We let An_;(A;) denote
the second largest eigenvalue of A,. Given a vertex measure u, > O for each
veV,welet u(S) = Y ,es 4y foreach S C V, and we let

hoe ecr leNS|-le\ S|
= min == .

s#0,v min{u(S), u(V\ S)}

Note that the quantity },.cgle N S| - |e \ S| was introduced in [279] as a
hypergraph cut measure, and it is also called the clique expansion [133].

In particular, if the hypergraph is ®-uniform, for some integer ® > 2, and
Uy is the usual vertex degree, then A coincides with the Cheeger constant for
uniform hypergraphs that were introduced in [214]. The main result in [214]
states that, in this case,

h2
20-1)
And even though this might seem counterintuitive at first, the above inequal-
ities generalize the classical Cheeger inequalities for simple graphs. In fact,
the classical Cheeger inequalities involve the second eigenvalue A,(A) of the
graph Laplacian A. But, by Definition 4.9.5 and Remark 4.9.2, we know that
A2(A) =2 — An-1(A"), where A* is the signless Laplacian of the graph T', or,
equivalently, the Laplacian of the oriented graph I'*, which is obtained from I'
by letting each vertex be an input for all edges in which it is contained. Hence,
in particular, the classical Cheeger inequalities can be equivalently rewritten in
terms of Ax_1(A™), which coincides with our Ay_1(A).
We now generalize the inequalities in (8.4.2) as follows.

<O - An_1(Ay) < 2h. (8.4.2)

Theorem 8.4.1. Let " = (V,E) be a hypergraph. Then,

ch®> <®—An_1(Ay) < Ch, (8.4.3)
where
2 (lel-1 2
¢ := min &Y - min Ho
vev 25 le]/® vev 2’
e3v (Z (le| - 1))
esv
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8.4 Cheeger Inequalities on Hypergraphs 257

and
el -1
C := max e§U(| | ) - max 2ty
T vev Y lel/®  wvev Y (lel=1)°
esv esv

Proof Let G be the weighted graph that has vertex set V, edge weight
Wy =H#le€ E: e D {v,V'}},

and vertex weight

wo= ) wor = (el = 1),

vev esv

Let A, denote the second eigenvalue of the normalized Laplacian on G and let
h denote the standard Cheeger constant on G. Then,

2
@—/11\1_1(&2) = ®_ max min ZEEE(ZUGe f(U))
dim(X)22feX Y ey dof(0)?

_ . O Yvev dof (0)* = Fecp(Toee f(1))?
= min max
dim(X)>2 feX Yvev duf(v)?
— min max 2veV Desw |€|f(U)2 = 2eckE(Dvee f(U))2
dim(X)22 feX S ey dof(v)?
_ : ZeeE Zvee |€|f(U)2 - ZeeE(ZvEe f(U))2
= min max
dim(X)>2 feX ey dof(v)?
_ . Yeer (lel Ypee f(U)2 - (Dvee f(U))z)
= min max
dim(X)>2 feX Svev duof(v)?
. ZeeE Z{U,U’}Ce (f(U) - f(U’))z
= min max
dim(X)22 feX Spev dof(V)?
. Z{U,U’}CV wyy (f (V) — f(U/))z
= min max
dim(X)>2 feX Svey dupf(v)?
. Siwwyev Wor (f(0) = F(0)) T yey wof (0)?
= min max .
dim(X)>2 fex Spev Wof (0)2 Yvev duf(0)?
€ [mAy, MAy] € [mh? /2, M2h] c [m&®h*/2,2MCh),

where

. Wy Wy ~ . Ho ~ Ho

m:=min—, M:=max—, ¢:=min—, and C := max—.
v v v d, v Wy voWy

In the preceding formulae, we use the inequality

2

m < vy WXy
T Y ey dox? T

veV Yovty
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258 8 Cheeger Inequalities

the Cheeger inequality #%/2 < 1, < 2h for the graph G, and the relation
¢h < h < Ch, which follows by
Z Wov'

veS, ¢S

n
S0,V
ming > wy,, >, Wy

veS veV\S

2 lenS|-le\ S| min{Z Hos uu}

. ecE veS veV\S
= min : :
S,V )
mln{ 2 Hos 2 ,UU} mln{ 2 Wo X Wu}
veS veV\S veS veV\S
The claim follows by taking ¢ := mé?/2 and C = 2MC. O

Now, we also define a multiway version of the hypergraph Cheeger constant,
as follows. Given § C V, let

DeceleNS|-le)\ S|

) =
v u(S)
We define the [th Cheeger constant as
hu = S]T.l.?s, izml,?.).(,l V(5.

pairwise disjoint

By the higher-order Cheeger inequalities for graphs from Lee—Oveis Gharan—
Trevisan [180], and by using a similar technique as in the preceding proof, we
obtain:

Theorem 8.4.2. There exists a universal constant C such that, for any | =
I,...,N,

cthi <@ = An_ys1 < Cihy,

where

2 (lel = 1)
C; = max ey - max Ho , and
v Y lel/® v 23 (lel=1)
esv esv
2. (lel =1 12
¢/ = min ——> - min L .
v C2A Y lel/® v 2
e3v (Z(|€|—1))
e

In order to prove Theorem 8.4.3, we need the following preliminary lemma.

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 16 Nov 2026 at 19:43:36, subject to the
Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/9781009641821.012


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781009641821.012
https://www.cambridge.org/core

8.4 Cheeger Inequalities on Hypergraphs 259

Lemma 8.4.1. Let I' = (V,E) be a O-uniform hypergraph. Fix p € (1,+00)
and fix e € E. Then, there exist mpeo > 0 (if p 2 2) and M, o > O (if
1 < p £2) such that, for any x € R",

p
-1
mpo- . o= xul? <elP D xl? = x|
{v,v'}cCe vee vEe
p
Mpo- D Ixo=xul” 2 1el?™ > 1P = > x,
{v,v'}ce vee vee

Proof Since I' is ®-uniform, we have |e| = ® for any ¢ € E. And for a fixed

e € E, we can assume without loss of generality that e = {1,--- ,0}. Then
1 &
D, lomwolP =2 Y -l
{v,v'}ce i,j=1

It suffices to prove that

_ P
0Py lxlP - ‘Zl@:l X

in 5 ,
X nonconstant oy
i,j=1 | x; Xj |P

/ —
mp’® =

for p > 2, and

-1 y0 0
: O X lxil? — |5, xil”
M, o= sup < 400,

p o o xs
X nonconstant ij=1 |x; Xj |P

for p € (1,2]. In fact, we can then simply take m, e = 2m;7 ® and M, ¢ =
2Mr/' o to prove Lemma 8.4.1.

Clearly,
0
Z |x; —xj|” >0 <= xis nonconstant.
i,j=1
By Holder’s inequality,

® p

(]
O Y IxlP = ) x|

i=1 i=1
and equality holds if and only if x is constant. Therefore,
p

(C] (€] (€]
Z Ixi—x; 1P >0 = @P”Zmpﬂ- in > 0.
i=1 i=1

i,j=1
Now, given ¢ > 0, for any vector x satisfying

max x; —minx; =6 > 0,
1 12
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260 8 Cheeger Inequalities

we have that

[©)
of < Z Ix,-—lep S®26p.

i,j=1
Given x # O such that x 11,7 € R, and p > 1, let now

0 0 p
g(x,t,p) = O~ 3y 1P = 3 x; + O
i=1 i=1
Since x is nonconstant and p > 1, by Holder’s inequality, we have that
g(x,t,p) > 0. Moreover,

[S]
rg(x,1,p) = pOP ™ 3 |x; + 1P sign(x; + 1) - p© |01|P ! sign (Or)

i=1

where we used the assumption x L1, that is, 2?21 x;i =0.Fixp >2.Ifr > 6,
then x; +t > O for any i = 1,...,0, and by Holder’s inequality, we have
that d,g(x,t,p) > 0. Similarly, if + < -6, then 9,g(x,t,p) < 0. Therefore,
R >t — g(x,t,p) reaches its minimum at some point in [-J,d], implying that

i 7t’ = i ’t?
rtnelﬂgg(x P) _(grsntr;&g(x P)

is a continuous function on the compact set

e
x € R9: in =0,maxx; —minx; =9
- L 1

i=1

Hence,
min min g(x,t,p) > 0.
x11, teR
max x; —min x; =6
1 1
Thus,
-1 v0 (€]
. er Zi=l |xi|p —|Zl~=1 xilp . . g(X,l,p)
inf ant 5 = 1n{ mlﬂrg@)—
X nonconstani O X —xqi|P xL1, te O X —xqi|P
ZW:I i =l max x; —min x; =6 Zl,J:] xi = xj1
1 1
> i ming(xr.p)
> — min min g(X,1,
/2P x11, teRg p
max x; —min x; =6
v 1
> 0.
Now,
g(x,1,2) = Z (x; — )c.,v)2 and g(x,7,1) > 0.

{i.j}c{l,....0}
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8.4 Cheeger Inequalities on Hypergraphs 261

Furthermore,

® p

1
Opg(x.t.p) = 5 > 10x; + 617 In |©x; + 01| -

i=1

[€)

Z)Ci+®[

i=1

In .

Xx; + Ot
i=1

Since s +— sPIns is a convex and increasing function on s € (1,+00),
by Jensen’s inequality for convex functions, we have that d,g(x,t,p) > 0
whenever |f| > 6 + 1/® and p > 1. Therefore,

g(x,1,1) < g(x,1,p) < Z (x; _xj)z,
{i,j1cil,....0}

whenever |f| > 6 + /@ and 1 < p < 2. Consequently,

-1 v0 ®
er ZiZl |xi|p = Zi:l xilp g(X,t,p)
sup 5 sup max —g—————
X nonconstant Zi o lxi = xj1P x11, teR Zi i lxi = x;j1P
= max x; —min x; =6 =
i 1

1
< — max max g(X,t,p)
opr xL11, teR § p
max x; —min x; =0
1 1

< +o00.
O

We need Lemma 8.4.1 to show an inequality involving the Cheeger constant
for uniform hypergraphs that was introduced in [214] and that we presented in
the beginning of this section, as well as the hypergraph p-Laplacian A p that was
introduced in [157] and discussed in Section 7.4. In particular, we consider

T X . ZeeE |Zuee xulp
An-1(Ap) = su inf s
P gen(AP))ZZ xeA 3 ey deg(v)|xy|P

that is, the second largest max—min eigenvalue of Ap.

Theorem 8.4.3. Let I' = (V,E) be a O-uniform hypergraph. Given p € (1,2],
we have

©" ~ An-18,) < Cpoh,
and given p € [2,+0), we have
cpoh? <O — Ay 1 (Ay),

where the universal positive constants ¢, @ and Cp, ¢ only depend on p and ©.
In particular, in the case of p = 2, one can let Cr,9 = 2 and c2,0 = 2/2(0 - 1).

Proof Let G be the weighted graph that has vertex set V, edge weight

W =#le € E: e D {v,0'}},
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262 8 Cheeger Inequalities

and vertex weight

wo = Y wur = ) (el = 1) = (© = 1) deg(v).

VeV esv

Let ;lz(Ap) denote the second eigenvalue of the p-Laplacian of G and let &
denote the Cheeger constant of G. Since |e| = ® for all e € E, we have

~ - . p
@P*l — AN—I(Ap) — @pfl — sup inf ZeEE | Ztee Xy

gen(A)>2 X€A ey deg(v)|x,|P
®p_12vev deg(V)|xyl? = Yecr | Xvee Xul?

= inf sup
gen(A)22xe ZUEV deg(v)|x,|?
- inf sup or! 2ecE 2vee X0l = Yeck | Xvee Xol?
gen(A)22 yeA ey deg(v)|xy|P
Seer (16! Suce [5ol” = | uce 1017
= inf sup
gen(A)22 yeA 2vev deg(v)|x,|P

By Lemma 8.4.1,

2ecE M, ,0 Z[U,U'}Ce |xp — xu|P

@' -~ Ay_1(A,) < inf sup

gen(A)22 yep 2vey deg(v)[xy|P
. Z ey W ,|x - X ’|p
=Mp,e(®-1) inf sup o)V Tov 7o :
gen(A)22 xep 2ivev Wolxy|P

= M, 00— 1)12(A))
< My o(@-1)277"1h
=M, 2" 'h.

Similarly,

@P_l - IN—I(A]J) > mp,®(® - 1)/,1\2(Ap)

> 0-1 2P-1—i’p

_mp,@( - ) pp
w2 \P7!

—mp,@)'l;(ﬁ) :

and Cpo=2""'"M,e.

Therefore, we can choose

_ mp,@21"1
- pr@-nr!
For the case of p = 2 (see also Theorem 8.4.1), since

2
|e|2x5—(2xu> = D) @-xw)
{

vee vee v,U'}ce

Cp.®
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8.4 Cheeger Inequalities on Hypergraphs 263

it follows that we can choose my@ = My = 1, C29 = 2, and c29 = 1/2
®-1). O

Remark 8.4.1. For p = 2, Theorem 8.4.3 enhances the main result in [214].
Moreover, for p > 2,
Or~' 32 P =1 B xilP

sup ) = +o00,
X nonconstant Zi j=1 le- - )Cj|p

andfor 1 < p <2,

O 30 il - | B, xilP 0

x nor}g)nstant <)
i =1 1Xi = x;[P
Hence, in these cases, we only obtain one bound, namely
cpoh? <O - An_1(A,) ifp > 2,
and
O~ An1(Ap) < Cpoh if 1 < p<2.

Similarly to Theorem 8.4.3, we can prove the following

Theorem 8.4.4. Let I be a hypergraph such that 2 < |e| < O, for each edge
e. Then, given p € (1,+00),

cpoh?f < er-l - /TN_l(Ap) when p > 2,

O™ — An_1(Ap) < Cpohwhen 1 < p <2.

where the universal positive constants ¢, @ and Cp, @ only depend on p and ©.
In the particular case of p = 2, the constants satisfy Cr. 9 < 2 and 20 >
1/2(@ - 1).

We conclude this chapter by presenting Cheeger inequalities for an oriented
hypergraph I' = (V, E, ¢). Given two disjoint sets A,B C V, let

E«(AB)|:= ), max {Z oe<u,u’>,0},
veEA, UV EB ecE
E- ()= ) max{— 2, 0e(v, u’>,o},
{v,v'}CA ecE
(AU B)| = PIRACEI
VEAUB, V¢ AUB lecE
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264 8 Cheeger Inequalities

and
voly(AUB) = > (D (lel =)= > | 0e(w,0))],
veAUB \edv VeV |lecE
where
1, if v,0” € e,v and v’ are co-oriented in e
0e(v,0") =31, ifuv,v” €e,vand v’ are anti-oriented in e
0, otherwise.
We define
. 2(|E+(A,B)| + |E_(A)| + |E_(B)|) + |0(AU B)| + vol , (AU B)
hg = min .

ANB=0+AUB vol (AU B)

Before proving the next two theorems, we need the following preliminary
results.

Proposition 8.4.1. For any x # 0, there exists s > 0 such that

% (Wi b2 + 25+ w128 - 231
U

Yvey deg(v)] i3]

1
_ r*
p 3 (Wibto x4 wi o = x ) (Iol? + x?)

v’

IN

217y, deg(0)lx, P
where
£ = l{veV: xp>sip} = l{UEV: xp<—sl/r} € {_I’O*I}N'

Proof First, one can prove that

[ee]
f |2oldt = |x,17,
0

foo |xAt +)f€,t |dt_ |xU|p+|xv'|p9 if-xl}-xv’ ZO,
v v -
0

[xpl? =[xy 1P|, if xpxy <0,

f‘x’ |)f€.t _ ﬁt |dt _ |xU|p + I-XU'|p7 if-xu-xl)’ < 0’
v v -
0

[lxol? =[xy 1P|, if xpxy >0,

la + bl(lal? + [bIP)!/P"if ab 2 0,

lal? + |b]P < .
la — bl(lalP + |bIP)/P" ifab <0,
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8.4 Cheeger Inequalities on Hypergraphs 265

and
la = bl(lal? + |bIPYP" ifab > 0,

[lal? —|bIP| < 2”" ,
la + bl(lal? + |b|P)H)MP" ifab <0,

21/p

where the last inequality has been used in [5]. Since p/2!/P" > 1 forp > 1, we
have that

. o p 1/p*
f(; |x2ixz'|dt < Sp* |xuixu'|(|xu|p + |xv’|p) I .
Also, one can show that there exists s > 0 such that

l%,(ww,x + X251+ w155 —Af),)

2vev deg(v)[ 1]

oo A
Jo ,,%( R+ S+ w86 - 20, )dr

57 Soev deg(v)|541dr

1
_ r*
P Z(Wjurlxv + x|+ wy,lxp - xu’|)(|xv|p + va/lp)
U

217p" Yvev deg(U)|xu|p

An immediate consequence is the following

Corollary 8.4.1. For any x # 0, there exists t > 0 such that

> WUU'IJ?Z - va'££r| + 2 Wulﬁzl
v’ vev

Yvey deg(v)|£]

2 Worr | X = Spor X [ ([X0] + X)) + 2 valz;
v’ v

Y deg(v)x}

where
o= 1y — 1y
and VI(x) ={veV: £x,>1}.
Theorem 8.4.5. Let I' = (V,E,p) be the connected, ®-uniform oriented

hypergraph. Then,
2

<O-AnAy) <20
2(@_1) N (A2) B -
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266 8 Cheeger Inequalities

Proof Let G be a signed graph that has vertex set V, edge signature

Spy = sign Z (e, v)p(e,v) ],
eeE

and edge weight

W = Z e(e,v)p(e,v")

eeE
= [He: ple,v)p(e, ") = 1} —#{e: p(e,v)p(e,v) = ~1}].

Then, it is easy to see that hp also represents the Cheeger constant of G, and

2
) Z deg(v)xzz; - Z Z ple,v)xy| = Z Wy (Xp — va/xu’)z + Z Wuxg,

veV ecE \veV v’ veV

where

deg(v) = ) w(e,v)%,

eeE
and
wy = (@ — 1) deg(v) — Z Wou -
T
Therefore,
2
( (e,0)xy)
0- Ay :®_maXZeeE 2vev @le, . v
x#0 2wey deg(v)x;
2 2
. Zv~v’ W (Xp = Spor X )~ + ZUEV WpXy
= min 5
x#0 Ywey deg(v)x;
2 2
. Do~ Wour (Xp = Sppr X))~ + Dpey WoXy
< min 5
xe(-1,0,1}N ey deg(v)xy
<2 min Do~v WourlXo = S Xur | + 2 pey WolXol
T xel-L0N 2vev deg(v)|xy|
=2hpg.
Moreover,
. o Wou | Xp — Spwr Xy | + wplx
hB: min Zu v vv| v vv v| Zuev u| u|
xe{-10,1}N Soev deg(v)|xy]
2
. o Woul X0 = spr X |(xo] + [xp]) + Xy wox
SmanU v UUl 12 U Ul(l U|2| Ul) ZU [2842)) (844)
x#0 2 deg(v)x;
Y wor|xp = o X2 + Swoxd [ X wor (1xp] + 1x0 D2 + X wpxd
A v~V v v~V v
< min 3
x#0 2w deg(v)x;
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8.4 Cheeger Inequalities on Hypergraphs 267

. Do~! WourlXo = Spp Xy |2 + 20 va%
< min 4|C 3
x#0 2w deg(v)xy

= VC(O - AN),

where

2 s /
C = maxm <20@-1),
veV deg(v)

and the inequality (8.4.4) follows from Corollary 8.4.1. The claim follows.

Finally, we now consider the Cheeger constant

2(|E+(A,B)| + |[E_(A)| + |[E_(B)|) + [0(AU B)|
ANB=0%AUB vol (AU B) ’

h =

Theorem 8.4.6. Let I' = (V,E, @) be a connected, ®-uniform oriented hyper-
graph. For any p € (1,+00), there exist universal constants C, 9 > cpo > 0
such that

cpoh? <OP71 — An_1(A,) when p > 2,
O — An-1(Ap) < Cpohwhen1 < p <2.

Proof The technique is a combination of the proofs of Theorems 8.4.3 and
8.4.5. We have that

@p—l _ AN(AP) — @p—l — max ZEEE |ZU€V ()0(6’ U)xvlp
x#0 2oev deg(v)|xy|P

i Zeer(el”™ Suce lrol” =1 Toee ple.0)xul?”)

x20 Yvey deg(v)[x,|P

. ZUU’(W;U/|'XU + xv’|p + W;ljllxu - xu'lp)
< M, e min 1 -
x#0 Dvey deg(v)]xy]
+ p - _ 4
<My min 2o Wl xel? Wl - xl?)
" xe(-1,0,1)N 2oev deg(v)[x,|P

S Wi lxp + xp [ +wp1xp = X |)
v’

< 2P_1Mp,@ min
xe(-1,0,1}¥ 2wev deg(v)]xyl

= ZP_IMpsgh.
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268 8 Cheeger Inequalities

Moreover,
Zuv’(W;U/MU + x|+ wy Xy = xp])
xe{-1,0,1}V 2vev deg(v)|xp]

. .
3w X0 + x|+ Wy lvo = 2 D(apl? + g PP
[

= 21p" 540 ¥ deg(0) x|

< —— min
21/p* x#0
1

P
(l%l(wzuz|xu +xp P +wl e, - xu’lp)) (UZUI(W:”’ +w ) (xolP + |xp |P)

v
2o deg(v)|xp|P

1
e

1
P L
(Z,(WZUJXU x|y lxe xU'V’)) (X0 deg(v)|x,|P) P
[

< Cp .
< min
21/p* x20 Zl} deg(u)|xvlp
1
Z/(W:UJXU +xp|P + WL_,U/|XU - xpy|P)\?P
< Cmin
x20 2 deg(v)]xp|P
1
< Cmin( Secr(el’™! Suee 1xol” = | Suee so(e,u>xu|P>)P
T x#0 \mp @ Soev deg(v)lxy|P
1
__C (@p—l o Zeer | Suev (e, 0)xl? ) ’
1/1(; x#0  Dpey deg(v)|xplP
P

=C (or! —AN(AP))IL’,

where the first inequality follows from Proposition 8.4.1. This proves the claim.
O

We conclude by observing that, by Theorem 8.4.5 and by taking p = 2 in
Theorem 8.4.6, we can also infer that

oo hg
20-1) " 2(0-1)
This improves Theorem 1 in [214].

<O -An(A2) £2h < 2hp.
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