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Abstract. The question addressed in this paper is the worst-case growth rate, for ergodic
processes, in the number of conditional measures on n-steps in the future, given the past,
that are a fixed distance apart. It is shown that if error is measured using the variational
(i.e. distributional) distance then doubly exponential growth is possible, while if error is
measured using the d-metric then more than exponential growth is possible. The question
of whether doubly exponential growth is possible in the d case is left open.

1. Introduction

Let 1 be a stationary, ergodic measure on the space {0, 1}¥ of doubly infinite binary
sequences. For k < n, let x,’(’ denote the sequence xi,...,x,. Forn > 0, let
un(-|x900) denote the conditional measure on n-steps into the future, given an infinite
past xgoo = (x0, X—1, - . . ), that is, the probability measure on {0, 1} defined by

(",
o)

—m

pn(x}1x ) = lim x} € {0,1}",

m—>o0 (x
a limit that exists almost surely by the martingale theorem.

If the process is i.i.d. there is only one future distribution, while if the process is Markov
or a function of a Markov chain there are only a finite number of future distributions. This
paper is concerned with how far a process can be from these two simple cases as measured
by the growth rate in the number of future distributions that are a fixed distance apart.

A set in a metric space (M, D) is e-separated if the distance between any two of its
members is at least €. The maximum cardinality of an e-separated set will be denoted by
C(M, D, €). The metric spaces of interest in this paper consist of probability measures on
{0, 1}" defined by conditioning on the past. Such a set of measures is determined by a set
F C {0, l}Z , measurable with respect to the past, namely,

My (F) = {pn(1x% ) 1 x% o € F}.
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Two metrics will be of interest: the variational (or distributional) distance and the
d-distance. The variational distance is defined for probability measures v and 7 on {0, 1}"
by
Dy, m) = v —nl=13 |v@}) —n@l,
alf

and the d-distance is defined by
dy (v, 7) = min Exdy (x7, 1),

where the minimum is over all joint distributions A on {0, 1}" x {0, 1}" that have v and n as
marginals, where E; denotes the expected value with respect to A, and where d, (x, y{
denotes the fraction of indices i € [1, n] for which x; # y;.
We are only interested in growth rates after the removal of sets of small measure, so we
define
Cn(Dy, €) = min C(M, (F), Dy, €),

where the minimum is over all past measurable sets F' of measure at least 1 — €. The
definition of C,,(d,, €) is obtained by replacing D,, by d,.

Our first result is that doubly exponential growth in the number of future measures that
are a fixed variational distance apart is possible.

THEOREM 1. There exists an ergodic |u and € > 0 such that

1
lim sup — loglog C,,(Dy,, €) > 0. (D)

n—oo N

For the d-case we were not able to obtain double exponentiality, but we can show that
more than exponential growth is possible.

THEOREM 2. There exists an ergodic |1 and € > 0 such that

1 -
limsup — log C,,(d;, €) = o0. 2)

n—oo N

It would be nice to know whether Theorem 1 holds with D, replaced by d,, for if this
were true then, as Steve Kalikow pointed out to us, this would provide an example of a
process without the weak Pinsker property. (An ergodic process has the weak Pinsker
property if given € > 0 it is a stationary coding of the direct product of an i.i.d. process
and a process of entropy at most ¢, see [7].)

The measures u satisfying (1) and (2), respectively, are constructed by a sharpening of
the method used in [5] and [3]. The details are given in the next two sections, which treat,
respectively, the variational metric and d-metric cases.

Remark 1. Examples where the asymptotic growth rates of C, (D, €) and C, (c?n, €) are

simple to determine include the following.

(1) Fori.i.d. processes, C, (D, €) = 1, since there is only one future measure.

(2) For Markov chains and functions of Markov chains, C,,(D,;, €) = O(1), since there
is only a finite number of future measures.
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(3)  For very weak Bernoulli processes, Cy,(d,, €) — 1 for any € > 0, by the definition
of very weak Bernoulli.
(4) For entropy zero processes, (1/n)logC,(D,,€) — 0 for any € > 0, since the
infinite past determines the future and the number of future names is subexponential.
(5) For the K-automorphisms constructed in [4], and for Kalikow’s T, 7! process, [2],
(1/n)1log Cp(dy,, €) — 0.
For the processes in [4, 2], the stronger variational distance form can, in fact, be shown to
hold, namely
(1/n)log Cp(Dy, €) — 0.

For the T, T~! process, this follows from the fact that the past determines the scenery and,
with high probability, walking n steps in the future visits at most n%/3 sites. For the K-
automorphisms of [4] only an asymptotically negligible amount of information is needed
to specify the start of an n-block and the conditional distribution on (n — 1)-blocks is
uniform, independent of the past.

In the remainder of this paper, log and exp denote the base-2 logarithm and exponential
functions, respectively, sequences will be assumed to be binary, unless stated otherwise,
and product notation, uv = (uy, ..., Uy, V1, ..., V), will be used for the concatenation of
u=(Uy,...,uy) and v = (v, ..., vy), a notation extended to sets of finite sequences by
the formulas

UV ={uv:uecld,veV), U =U""Un>1.

2. The variational construction

The variational construction uses the idea that an ergodic process can be inductively defined
by describing how finite sequences are to be concatenated to form longer finite sequences,
producing in the limit the infinite sample paths. For each ¢, the joint distribution of £-blocks
is obtained by determining the empirical distribution of ¢-blocks in the sequences of a
given stage, then passing to the limit as the stage increases. Ergodicity is guaranteed by
making sure that the sequences at any stage occur with almost constant frequency in most
members of the next stage. Our particular construction alternates two steps at each stage
of the construction, a separation step and a merging step. The separation step creates many
different distributions by selecting many different subsets and concatenating separately
within each. The resulting sets are merged by forming their concatenation product.

In outline, the separation step starts with a set S of binary sequences of length k and
cardinality n. Subsets of S of exponentially slightly smaller cardinality are selected then
extended by independently concatenating within each subset roughly n/k times. For
an appropriate choice of parameters the number of such extended sets will be doubly
exponential in k. Even more important is that doubly exponentially many of the original
subsets will have small pairwise overlap; this, in turn, guarantees that their extensions give
far-apart future measures.

Merging is accomplished by taking the concatenation product S’ of the extended sets
in some order. This guarantees that each sequence in S appears with relative frequency
(roughly) |S|~! in most members of &', so that iteration of the separation and merging
steps yields an ergodic process in the limit.
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Details are given in the following subsections.

2.1. Separation and merging. The input to the separation step is a set S of k-length
binary sequences of cardinality n, together with a positive number § = C (logn)~!/? with
the constant C specified later. The relation between k, n, and § will be specified later;
for now the reader should think of n as large and k = O(logn). For convenience in later
arguments it is also assumed that each member of S starts with a ‘1°.

A heap, more precisely, an (S, §) heap, is a subset H of S of cardinality b = Lnl_‘sj.
A key fact is that m, the number of heaps, is more than exponential in n!=%: indeed, by
using the standard bound (A.3) of Appendix A,

m = (Lnf‘_ﬂ) 3)

is asymptotically lower bounded by 2en' " logn i the case § = C(logn)~1/2, where c is
a positive constant. The related formula for the number 7 (S) of heaps that contain a given
sequence in S,

n—1
n(s) = (LHI_BJ _ 1) > 4

will be useful later.
The marker or header of a heap H is the concatenation

h(H) = 10Fw(DHw(?) - - - w(b),

that is, the symbol 1 followed by k consecutive zeros, followed by the members {w(i)}
of H in some order. The extension H* of the heap H is the set of sequences that can be
expressed as a concatenation of the form

h(H)v(DHv(2)---v(t), v(@) eH,

where 7 is the smallest integer such that the total length is at least n. Thus H* consists
of the sequences that start with the marker after which comes an arbitrary member of the
concatenation H' of ¢ copies of H.
The output of the separation step is the collection of extensions of the (S, §) heaps, that

is,

M ={H], H;..... H,}.
ordered in some way. The merging of M is the concatenation product

S =H-H5 - HE, 3)
that is, the set of all concatenations of the form

u(Du@2)---u@m), u@r)eH:, 1<r<m.

Note that the members of S’ begin with a ‘1°, so that, in particular, the construction can be
repeated with S replaced by S'.

Recall that £ and n are the sequence length and number of sequences, respectively,
at the beginning of the separation step. Let b be the heap size, let ¢ be the number of
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concatenations of a heap used to form an extended heap, let / be the length of the sequences
in an extended heap, let m be the number of heaps, and let K and N be the length of the
sequences and number of sequences, respectively, after the merging step. These parameters
are related as follows.

b=|n""?], §=Cdogn) ">
h=tk+kb+k+1, n<h<n++k,

m > exp(nl_‘s), (6)
K =mh,
N = ®H™.

2.2. The inductive construction. The inductive construction begins with a collection
S(1) € {0, 1}k of cardinality n(1), each of whose members starts with a ‘1’, and a
decreasing sequence {§(j) : j = 1,2, ...} of positive numbers. Repeated alternation of
separation and merging produces the alternating separation—merging sequence

S, M(1),52), M2),...,S3(), M3), ..., @)

where M(j) consists of the extensions of the (S(j),8(j)) heaps and S(j + 1) is the
merging of M(j), for j = 1,2, .... The cardinality of S(;j) and the length of its members
are denoted by n(j) and k(j), respectively, the cardinality of M(j) is denoted by m(j),
and the length of the sequences that belong to the heap extensions in M(j) is denoted
by h(j). Note, in particular, that k(j + 1) ~ n(j)m(j).

The alternating separation—merging sequence (7) defines an ergodic measure @ on
{0, l}Z, provided only that §(j) — 0. This is the measure defined as follows. First,
for each ¢ and k(j) > ¢, define the empirical distribution of overlapping £-blocks in
x]f(]) € S(j) by the formula
i e 1k(j)—€:x{ = af}|’ o e Al

Wy =
k(j)—€+1

~ o 0k
pg(a1|x1

and set

o k(j
Z pg(aﬁxl(])), af e AL
xf(-’)eS(,j)

N Ny
pe(@)|S(j)) = ")

The joint distribution of £-blocks is defined as

pe(a) = lim pj(ailS()). aj € A, ®)
a limit whose existence will be discussed in a moment. The usual Kolmogorov construction
produces a stationary measure p for which pw({x : xf = af}) = ;Lg(af), for each ¢

and af. The measure p will be called the distribution defined by the alternating separation—
merging sequence (7).
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2.3.  Joint distributions and ergodicity. It can be shown via direct sequence arguments
that the limit (8) indeed exists and that the measure p it defines is ergodic. We instead
make use of an equivalent geometric method called cutting and stacking as it is useful in
both the variational and d constructions and provides a framework that might be useful for
more general constructions. We make free use of the cutting and stacking terminology and
theory presented in [6, §1.10].

The set S(j) of k(j)-sequences can be thought of as a column structure (also known as a
gadget) with columns of uniform width labeled by the members of S(j), where the column
levels are a disjoint collection of left-closed, right-open subintervals of the unit interval
[0, 1). In particular, each level of each column has a label, called its name. Associated
with this column structure is the upward mapping T = Ts;) defined on the union of all
the levels below the top by the requirement that 7 map points directly upwards one level.

Let n(S(j)) be the number of heaps that contain a given sequence in S(j), a number
not depending on the sequence, see formula (4). Separation is performed by cutting
each column of S(j) into n(S(j)) subcolumns of equal width and reassembling to form
the heaps Hi, ..., Hyu(j), where a heap is obtained by selecting one subcolumn from
each of [n(j)! %) ] of the original columns. The extension ‘H is formed by 7 (j)-fold
independent cutting and stacking of H,, then stacking the result onto a single column,
which is labeled by the heap marker and called its marker column. The number 7(j) is
chosen to be the smallest integer for which the height 4(j) of 1 is at least n(j).

The merging step forms the next stage column structure S(j + 1) by successive
independent cutting and stacking of the members of M(j). Note that the upward map
Ts(j+1) is an extension of the upward map Ts ).

The length of the heap marker added at each stage is negligible relative to the length of
the heap extension, indeed, the total mass added for markers at stage j + 1 can be shown
to be summable in j, see (16). The total mass of the top level of each (j 4 1)-stage column
is also summable in j, and hence the common extension of all the upward maps defines a
transformation 7' on the unit interval that preserves Lebesgue measure; in particular, the
limit (8) exists.

The next step is to show that the measure p defined by (8) is ergodic. In a slight abuse
of notation, the same symbol will be used to denote both a column (or column structure)
and its support, that is, the union of its levels (respectively, the union of the levels of the
columns that belong to it). The context will usually make clear how the notation should
be interpreted. The Lebesgue measure will be denoted by A, so that, for example, A(C|D)
denotes the Lebesgue measure of the intersection of the supports of C and D, divided by
the Lebesgue measure of the support of D. To establish ergodicity, it is enough to show that
structures at later stages become almost independent of earlier stages, that is, it is enough
to prove the following lemma.

LEMMA 1.
li - =0.
Jim Z' Z A(CND) —AC)AMD)| =0
CeS(j) DeS(j+1)

Proof. Fix j,put S = §(j), § = 8(j),n = |S|, t = t(j), and m = m(j), and let
{H, : r < m]} be the set of (S, §) heaps. Fix C € S, and for D € S(j + 1), let N(C|D)
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denote the number of times a subcolumn of C was selected in forming D. In particular, if
D* denotes the union of the levels of D that lie above its marker column, then

N(C|D) = mtA(C|D*). )

Relative to the experiment of picking a column D € S(j + 1) at random according to
the uniform distribution, the random variable N (C|D) has a binomial (n, p) distribution
with n = n(S)t, p = |n'~%]~!, where 5(S) denotes the number of heaps that contain a
copy of C, hence we have the expected value and variance formulas,

(S ('] -1
E(N(cm))—m, V(N(CID)) = FET
so the counting formula (9) yields
-5 _
EaeD) = 1 yaepry) = 1l T D (10)

mt[nl_‘sj’ m2t2|_n1_5J2

However, E(A(C|D*)) = A(C|S(j + 1)*), where S(j + 1)* is the union of the D* for
D e S(j + 1), so the Cauchy—Schwarz inequality gives the bound

E(IACID") — A(CIS(j + DO = VVA(CIDH).

Substitution of the mean and variance formulas (10) and simple algebra using the formulas
(3) and (4) for m and n(S), respectively, then yield

nE(A(C|D*) = A(CIS( + D) — 0, asj— oo.

The left-hand side of this is, after ignoring the negligible contribution of the markers, the
same as
> ) IMCND)—AOMD),
CeS(j) DeS(+1)
which therefore must go to 0, as j — oo. This completes the proof of Lemma 1, that is,
is indeed ergodic. O

2.4. Future distributions. Our first task is to show that when looking at the same level
of the heap extensions formed from heaps with small overlap, future measures, conditioned
on the past, must be far apart in variational distance. Towards this end, we first make a few
observations about points in the unit interval and their names.

For almost every x in the unit interval there is, for every integer n, a stage j = j(x, n)
such that 7" x belongs to the support of S(j). The name of such an x is the sequence {x,}
where x,, is the label of the level of the column of S(j(x, n)) to which 7"x belongs. The
mapping x — {x,} is an invertible (i.e. almost surely one-to-one and onto) measurable
mapping of the unit interval into the space of doubly-infinite binary sequences that carries
Lebesgue measure A onto w and 7 onto the shift transformation.

Invertibility of x +— {x,} follows from the assumption that the initial set S(1) of
k(1)-length sequences all start with a 1; the construction then guarantees that no block
of the form 101, with k > k(1) can occur in a name unless k = k() for some j and it is
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the beginning of the marker associated with an extended heap H formed from S(j). Note
also that a block 101 cannot start twice in any time interval of length 4 (). If x # y then
there is a j such that they either belong to different levels of the heap extensions formed
from S( ), in which case the block 10f()1 starts in different places in the first 4(j) places
of the past of each, or to the same level of different heap extensions, in which case, the
heap markers disagree yet start at the same place in the first 4(j) places of the past of each.
In a slight abuse of notation, justified in part by the invertibility of the mapping
x — {x,}, the same symbol, such as x, will be used for a point in the unit interval and its
name {x,}. Likewise, the same symbol, such as B, will be used for a subset of the sequence
space {0, 1} and for the set of points in the unit interval whose names belong to B.
Fix a stage j and letk = k(j), n = n(j),m = m(j),h = h(j), and § = §(j). For each
L in the range
kln'| +k+1<L <h-—2k, (11)

let [L] denote the union of the intervals that lie at level L of the columns of the heap
extensions {#}} of the (S, §) heaps. Property (11) ensures that level L is above the marker
levels and below the top 2k levels. Define r(x) = r if x lies in the support of {*, and note
that the value of r is completely determined by the past x° Ll

LEMMA 2. Ifx,y € [L] and |H;x) N Hry)| < 8|Hy(x)| then

2k C1x0 o) = ok C1y2 o) = 1 — 8.

Proof. Let s be the least non-negative integer such that L + s — (k ' +k+Disa
multiple of k. Following the marker of length k [n' =% | + k + 1, k-blocks from the heap H;
are concatenated to form the heap extension 7, in particular the definition of s guarantees
that the distribution of k-blocks that start at L + s + 1 is uniform over the heap H;. In other
words, letting 15, denote the marginal of a measure 112 on A?F onto its coordinates from
s + 1tos + k, that is, the measure on k-blocks defined by

K +k 2k
Mék(a§+]) = Z H’Zk(al )1
“i“&-kﬂ
we have

—1 e stk

X Hroyl™, ifa € Hrx)s

Mik(a:_—:__l |x900) = r(x s+l' r(x (12)
0, otherwise.

The lemma now follows from the contraction property of variational distance, i.e. |uor —
vor| = |H§k_véyk|' U

2.5. Doubly-exponential growth. It remains to show that for an appropriate choice of
k(1), n(1), and the constant in the definition of §(j), the measure u satisfies the doubly-
exponential growth condition (1). The key to this is a combinatorial fact about heap
constructions, formulated here in terms of abstract sets. Fix a set S of cardinality n and
0 < & < 1. In this abstract setting a heap is just a subset H of S of cardinality [n'~?].
A collection of heaps is said to be (1 — §)-pairwise-separated, if the intersection of any two
members of the collection has cardinality at most |n'~%|. For each n, let C¥(8) denote
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the maximum cardinality of a (1 — §)-pairwise-separated collection of heaps. The proof of
the following lemma is given in Appendix A.

LEMMA 3. There are constants C and ng such that if n > ng and 6 = C(log n)~1Y2 then

Cr(5) = exp(n'™?). (13)

We are now ready to establish our desired variational result, stated here as the following
proposition.

PROPOSITION 1. Given 0 < H < 1, there is an integer k(1), a positive constant C, and
a set S(1) of k(1)-length binary sequences of cardinality n(1) > 2KWH such that each
member of S(1) starts with a 1 and such that if §(j) = C(logn(j))’lﬂ, for j = 1, then
the alternating separation—-merging sequence (7) defines an ergodic measure p for which
the doubly-exponential growth property (1) holds.

Proof. Fix 0 < H < 1 and let ng and C be the numbers given by Lemma 3. Choose ko
so large that if k(1) > kg there is a set S(1) C {0, 1D of cardinality at least 2kMH gych
that each member of S(1) starts with a ‘1°. Given such a k(1) and S(1), let {S(j)} be the
alternating separation—merging sequence using §(j) = C(logn(j )12, Jj > 1,andlet u
be the measure defined by this sequence. The goal is to show that k(1) can be chosen so
large that the doubly-exponential growth property (1) holds. As a step towards this end we
first establish some useful facts about the parameters, stated as the following lemma.

LEMMA 4. Ifk(1) is large enough then:
) k() = (ogn(j)* j = 1;

. logn(j+ 1D _ooay2logn() o
(i) T, =1 -80G) ) . Jj =1 and

(i) ) 8(j) < oc.

J
Proof. The proof of (i) is by induction. To get started note that k(1) = (1/H) logn(1)
is certainly dominated by (10gn(1))2, if k(1) is large enough, since H is fixed. Assume

k(j) < (logn(j ))2. The formulas (6) relate the parameters at stage j + 1 with those at
stage j. In particular, K = mh and h < n + k yield

k(j+1) =m()Hh(j) < 2m(jn(j).

If k(1) is large enough then §(1) < 1/2, and hence m > exp(n!~—?) yields m > exp(n'/?).
Since ¢ (j) logb(j) > t(1) logb(1) and we can assume the latter is at least 1, it follows that

2n(j) < m(j)(t(j)logh(j))*
will hold if k(1) is large enough, in which case,
k(j+1) < 2m(j)n(j) < m(j)* () logh(j))?* = (logn(j + 1))?,

since n(j + 1) = b(j)™'() by (6). This proves that (i) holds if k(1) is large enough.
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To establish (ii) we use the parameter formulas (6) to express it in the form

logN  tklogh

= >(1-95
K hlognl—8 — ( )
which, after some algebra, takes the form
h—tk tk nl=s

1 <3. 14
W hlogn o 8T (14

Thus it is enough to show that each of these terms is 0(5).
Since h > nand b < n!=% we have
h—tk kbt+k+1 _kn'™" +2k+1
ho h - n

< 4kn™? < 4n"%log?n,

by property (i). This final bound is certainly o(8) since n=% = 2-v/og",

For the second term of (14) we use n' =% < b + 1 and tk < h to obtain

tk <10g(1+1/b) _ 1/(b1In2) _ 1/In2
hlogn!=% = logn!=% = lognl=% = /nlog./n

once k(1) is large enough to guarantee 1 — §(j) > 1/2 for all j. Since this final
bound is o(§) this shows that (14) holds for k(1) large enough and completes the proof
of property (ii).

To establish (iii), we first use part (ii) to obtain

logn(j + 1) = (k(j + D/k(GN (1 = 8(j))*logn(j),

then use the fact that k(j + 1) = m(j)h(j) > m(j)n(j), that n(j)/k(j) > 1, that
8(j) > 1/2, and that m(j) > exp(n(j)'/?), to obtain

logn(j + 1) > (1/4) exp(n(j)"/*) logn(j),
in other words,

1 1
———— <d4exp(n() TV ——.
JVdogn(j+1) V1ogn(j)
This shows that §(j + 1) < (1/2)8§()), if n(j) is large enough, hence that (iii) holds if k(1)
is large enough. d

We assume that k(1) is large enough so the properties of Lemma 4 hold. Our goal is to
show the existence of many far apart future measures even after a past set of small measure
has been removed. The precise statement is as follows.

LEMMA 5. Given a past measurable subset B C {0, 1} of measure y < 1/2, for all
sufficiently large j there is a finite set G, disjoint from B, such that
() 1Gl = (1 =2p)exp(n(j)'~°Y)); and

() () C1x%0) = mar(h C1¥2e)l = 1 =8, ifx, y € G, x # y.

Proof. First consider a stage j. Let k = k(j), n = n(j), § = §(j), b = b(j), t = t(j),
h=h(j),m=m(j),and S = S(j), and let M = M(j) = {H],H;, ..., H},}. Foreach
I C{1,2,....,m},let M; = {H] € M :i € I}. Lemma 3 and the choice of C provide
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an I of cardinality at least exp(n' %) for which M is (1 — §)-pairwise-separated, where
two heap extensions are (1 — §)-separated if their underlying heaps are (1 — §)-separated.
Fix such an /.

A permutation ¢ of S extends to the permutation ¢ of M defined by qS(’H;‘) =
(¢ (H;))*. In particular, the collection

My ={dH)) i €1},

is also a (1 — §)-pairwise-separated collection of the same cardinality as M. Furthermore,
if I1(S) is the set of all permutations of S, then the collection { My : ¢ € T1(S)} is an even
cover of M in the sense that each H is contained in exactly the same number of M.
Let B C {0, 1}Z be a past measurable set of measure y < 1/2. Let B also denote the set
of points in the unit interval whose names belong to B and note that A(B) = y. As earlier,
for L in the range
kln'? | +k+1<L <h-—2k, (15)

let [L] denote the union of the intervals that lie at level L of the columns that belong to
members of M and define r(x) = r if x lies in the support of . The total mass of the
top 2k and bottom k[n' =% | +k + 1 levels of the H, is summable in j, for Lemma 4(i) and
h < n imply that

1-8 1-5 2
k|n J+k+1+2k<5@<5kn <510gn
h “~"h " n T
if k(1) is large enough, so Lemma 4(iii) gives the desired summability in j.
It follows that if j is large enough then there must be an L in the range (15) for which

<58, (16)

ABN[L]D = 2y A([LD.

Fix such an L. Since {My : ¢ € T1(S)} is an even cover of M, there must be an M for
which

ABN[LIN[Mg]) = 2y A(L]1 N [Mg]), A7)

where [ M ] denotes the union of the supports of the 7} that belong to M.

Let M;) be the subset of My, consisting of those H* for which H} N [L] has a non-
empty intersection with the complement of B. Condition (17) guarantees that |M;)| >
(1 —2y)exp(n'~%). Thus we can select one point from each set HXN[LINB, H} € M&,,
to obtain a set G with the following properties.

(a) G isasubsetof [L] of cardinality at least (1 —2y) exp(n1 —%) and is disjoint from B.
(b)  The collection {H,(x) : x € G} is (1 — §)-pairwise-separated.

Property (b) follows from the fact that {H,(y), x € G} is a subset of the well-separated
collection M; in particular, it implies that

|2k (120 00) = ok (12 o) = 1 =8, 5,y € Gox # v,
by Lemma 2. This completes the proof of Lemma 5. o

The lemma implies that even after the removal of a past set of measure less than 1/4,
for all sufficiently large j there will be at least (1/2) exp(n(;j)!2\/)) future measures on
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2k(j)-length blocks that are mutually at least 1 — §(j) apart in variational distance. It
remains to be shown that exp(n(j)! %)) is doubly exponential in k(j), as j — oo.
Towards this end, note that if

a(j) =1 =81)NA—=682)---A=8( — 1),

then o = lim; () exists and is positive by Lemma 4(iii). Furthermore, part (ii) of that
lemma implies that
1 j 1 1
ogn(j) _ ologn() _ o
k(j) k(1)

=1

which implies that

. 1-68(@
log loglexp(n(/)' )] = (1 — 5(j)) logn(j) = (%) o2 H - 2k()).
that is, exp(n(j)! %)) is doubly exponential in 2k (), since 8(j) — 0. This completes
the proof of Proposition 1. a

3. Thed construction

Getting a d construction started is easy, for if S C {0, 1}¥ has the property that any two

of its members are d-far apart, then two heaps with small enough overlap produce future

measures that are almost as far apart in d. The problem comes in the merging step, for
while the simple merging defined by (5) produces distinct sequences, the sequences it

produces need not be d-far apart, hence repetition of the construction will not produce a

large number of far-apart measures at the next stage.

We adopt a trio of strategies to get around the difficulties raised in the preceding
paragraph.

(1) We focus on well-separated sets of sequences rather than individual sequences.
In particular, heaps will be collections of well-separated sets.

(2)  We restrict attention to collections of heaps that are pairwise well-separated. This
restriction causes some stationarity problems as it is no longer true that each set
appears in the same number of heaps, but these can be overcome by using random
selection to insure that each set appears in almost the same number of heaps.

(3) Rather than using one merging pattern we use a large number of different patterns,
choosing them so that any pair of patterns agree in at most a small fraction of places.
This, our most important change, is used to produce a large number of well-separated
sets for the next stage of the construction.

3.1.  Collections of well-separated sets. LetS = {A; : i < n} be a collection of disjoint
subsets of {0, 1}* of equal cardinality. Note that in this new setting, S is a collection of
subsets, not a collection of sequences. Such a collection is said to be (¢, 8)-core-separated
if for each i there is a subset A7 C A; such that the following hold:

(@ (A7 =z A =0)Ail,i =n;

(b) dk(Al‘?,A;?) >e,ifi #j.
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Here dy(A7, A;?) denotes the distance between the sets A7 and A;? defined by the per-
symbol Hamming metric dk(xll‘, y{‘) = (I/k){i € [1,k] : xi # yi}|. The collection {A?}
is called an (¢, 8)-core of S = {A;}. The concept of core-separation, which emphasizes
the concept of core, makes precise the idea of ‘well-separated collections of sets’.

As earlier, our construction is done in stages. A stage begins with an (e, 0)-core-
separated collection S = {A; : i < n} of n < 2K~ disjoint subsets of {0, 1}* of equal
cardinality. The values of the natural number n and the positive numbers € and 6 depend
on the stage of iteration, though it will be important later that k < log® n, that € stays
bounded above zero, and that 6 goes to zero very rapidly as the stage increases. The
assumption n < 25~ 1 is only to provide enough space to put in markers.

In this new setting, we put § = 1/,/logn and define an (S, §) heap to be a subset of S of
cardinality b = [n'~%|. Note, however, that since the members of S are sets of sequences,
not individual sequences, the elements of a heap are also sets of sequences, not individual

sequences.
In the remainder of this section and in the next section we use the following notation.
1
Sl=n, &= b = |n'7%| = cardinality of the (S, §)-heap.

,/logn’

The first step in going to the next stage is to construct a large number of heaps with small
pairwise overlap and with the additional property that the number of heaps containing a
given A; is almost constant in i. The latter restriction reduces somewhat the number of
heaps we can construct but this will not cause difficulties. The precise result is stated as
the next lemma; its proof via random selection is given in Appendix A.

LEMMA 6. If n is large enough and m = Lexp(nl_”)J, then there is a collection
{Hi, Ha, ..., Hm} of (S, 8) heaps such that

(@ |HrNHg| <2n'2 r +£s;and

®)  |l{r:Ai € Hy} —mn~% <m?AVn=3, i€ S.

In the following we assume # is large enough that the lemma holds and that {H, : 1 <
r < m} denotes a collection of (S, §) heaps which satisfy properties (a) and (b) of the
lemma.

For each r, let u” denote the uniform distribution on the set U, = Uy, e, A; of
k-sequences that belong to the members of H,-.

LEMMA 7. Ifn is large enough then

di(u", 1) > €e(1 —20 —48), r#s. (18)

Proof. Let {A?} be a core of {A;}. Fix r # s. The two sets

= U 4 uv= |J &

A;ieH,—Hs A;eHs—H,

are at least € apart and satisfy

WU =A=0-2n"%, p'U)=1-6-2n"".
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It follows that any joining of x” and x® must have at least (1 — 26 — 4n~%) of its mass
concentrated on U7 x U, which, in turn, implies that (18) holds for large enough 7, since
n=% approaches zero faster than § = (logn)~!/2. O

From now on we assume 7 is large enough so that Lemma 6 and Lemma 7 both hold.
Our next task is to define heap extensions. Let t = n?. (We take somewhat longer
sequences in the d case.) In a slight abuse of notation, let . denote the set of all binary
sequences of the form xik , such that

e U A e=01,0 -1
AieH,

In our variational construction a heap marker was a concatenation of the sequences in
the heap with a header that could be unambiguously located. Now, however, S consists of
sets of sequences. Here is where the assumption |S| = n < 2k=1 i5 used, for this means
we can index the sets in S by k-length binary sequences, each of which starts with a 1. Fix
such an indexing. The marker of a heap H, is the concatenation

h(Hy) = 10fw(DHw Q) - - wb),

where b = |n!7%] = |’H,|, and the w(i) are the k-length binary sequences which are the
indices of those sets in S that were selected to form H,.. The members of ' are extended
by prefixing with the marker to form the set

HY = h(H ) YHE = {h(H)xiF - xiF e M),

which is called the (marked) t-extension of H,. Note that the sequences of the marked
t-extension all have length k 4+ 1 + kb + tk, where t = n’ b= Ln1 "SJ. The collection of
(marked) extensions of the (S, §) heaps,

M = [HEHE . HE)

will be called the strong heap separation of S. Note that each H is a set of sequences, not
a set of sets of sequences.

We later need the fact that ‘typical’ sequences that belong to different heap extensions
must be far apart. In making this precise we use concatenation notation for rk-length
sequences, writing x{k = B}, where B; = xéiﬂ)k, £=0,1,....,t —1,and t = n.

For each r and B € H., let X, ; (B]) denote the number of indices j such that 8; € A;,
for A; € H,, and let X;(,B{) be the number of indices j such that 8; € Uy, e, (Ai — A7).

These can be regarded as binomial random variables with respective expected values
t
E(Xi) = b
A sequence xik = ,8{ € H! is called H,-typical if the following two conditions hold.
@ 1X.i(B) — E(X..))| < 6n't2 forall A; € H,.
(b) X (B) — E(X))| < én’.
The set of typicals has asymptotically large probability, as stated in the following lemma.

E(X))<6t, b=|n'""], t=n’

LEMMA 8. If n is large enough, the probability that a randomly chosen ,3{ € HL is not
H,-typical is at most 6.
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Proof. An application of the well-known large deviations bound

Prob(|X — E(X)| > en) < (n + 1) exp(—2ne?), (19)
valid when X is a binomial (n, p) random variable, yields

Prob(|X,.; — E(X,.;)| > 6n'+%) < 2n% exp(—26%n*),
so that
Prob( max [ X — E(X)] = 5n1+25) < 203 exp(—26%n%).
Likewise, P(|X. — E(X.)| > 8n%) < 2n* exp(—282n?), and hence, if 1 is large enough,
the probability that a randomly chosen ] € H_ is not H,-typical is bounded above by
2n3 exp(—28%n*) + 2n% exp(—28%n?) < 5,
which establishes the lemma. a
The separation property we need is stated as the following lemma.

LEMMA 9. Ifn is large enough, if x!* = B! is H,-typical, if yi* = y! is H,-typical, and
ifr # s, then
die (1, 1Ky > €(1 — 26 — 148).

Proof. The definition of (€, ®)-core-separation implies that di(8;, ;) > €, unless the
k-blocks B; and y; belong to the same A ; or one of them belongs to

Uajen, (Aj — AS), respectively, Uy en, (Aj — AF).

Part (a) of the definition of typicality implies that a k-block lies in a given A; at most
8n'*2% 4 12 /b times, and hence Lemma 6(a) implies that 8; and y; can belong to the same
A j for at most

2 2
2 (5#“5 + ILS) 2172 = (45 + 8n )
n

indices i, a quantity bounded above by 128n2, if n is large enough. However, typicality
implies that one of 8; or y; belongs to

Ua;en, (Aj — AF),  tespectively, Ug e, (Aj — A9).
for at most 2(E(X)) + 8n?) < 2(0 + 8)n? indices. The lemma follows. O

The final step in going from one stage to the next is discussed in the following
subsection.

3.2. Merging via permutations. The final step in going from one stage to the next is
the merging step. In our variational construction, heap extensions were merged in a fixed
order. To keep as much separation as possible for the d case, we use a large number of
merging orderings, subject to the condition that any two orderings are quite different.
Two permutations 7y and mp of {1,2,...,m} will be said to be (1 — §)-separated if
m1(€) = mo(£) for at most ém indices £ € {1,2, ..., m}. A proof of the following lemma
is given in Appendix A.
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LEMMA 10. If n is sufficiently large, § = 1/,/logn, and m = Lexp(nl_%)J, there is a
collection T1 of pairwise (1 —3§)-separated permutations of {1, 2, ..., m} whose cardinality
satisfies

8
[TT| > exp <§mlogm) . (20)

Henceforth we assume 7 is large enough that Lemmas 610 all hold. Fix a pairwise
(1 — &)-separated collection IT of permutations of {1,2,...,m} such that |II| =
[exp((8/2)m logm)]. For each w € I, the concatenation product

By = H:(l) 'H;(z) """ H;kr(m)’

is called the w-merging of the strong heap separation of S. Note that this merging is a
subset of {0, 1}X, where

K = lexp(' )k + 1 + k[n' 7| + n%k).

The collection {B, : m € I} is disjoint since distinct heap extensions have distinct
markers; it will be called the permutation-separated merging of the strong heap extension
of S or, more simply, the [1-merging of S.

A key lemma is that the [T-merging { B, : w € I1} is also core-separated with a smaller
€ and a suitably controlled 6.

LEMMA 11. If n is large enough, the I1-merging {B; : m € I} of an (e, 0)-core-
separated S is (€', 0")-core-separated, where:

1) € >e(l—20—148)(1 —176);

(i) 6" < 2mexp(—2ms?).

Proof. Fix w € Il. For le € By let )Z?”k denote the sequence obtained by deleting the
markers of the 7 ;) and write

i’f”k =ujuy - Uy, U € H;(i), 1<i<m.
Let Y (x IK ) denote the number of indices i such that u; is H(;)-typical. Lemma 8 and the
definition of -merging imply that Y is a binomial random variable with expected value at
least m(1 — §). Let B} be the set of all xX € B, for which |Y (xX) — E(Y)| < mé, and
define 6" by the formula
|B:l = (1 —6)|Bsl.

The large deviations bound (19) implies that property (ii) holds, so to complete the proof
of Lemma 11 it is enough to show that property (i) also holds provided » is large enough.
Suppose |Y(x1K) — E(Y)| < md. The relation E(Y) > m(1 — §) implies

Y(le) >m(l —38) —mdé =m(1 —29). 21
Furthermore, the fraction of x IK taken up by the heap markers satisfies

k+1+kb 3b
=

——— < — <, (22)
k+1+4+kb—+kt t
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if n is large enough, since b = n!=%], andr = n2. Thus ifoK € BX and le € B:‘;,, where
7w # 7', then
dg (K, Ky > e(1 — 26 — 148)(1 — 78), (23)

where the first factor comes from Lemma 9, while the second factor comes from the
bounds (21) and (22), which must be doubled since they apply to both le and le , together
with the fact that at most a §-fraction of heap extensions correspond to places where the
permutations agree. This completes the proof of Lemma 11. O

3.3. The final construction. To get the final construction started we use the fact, easily
established, that there exists 0 < H < 1 and € > 0 such that for infinitely many & there
is a set S C {0, 1} of cardinality 27 such that each member of S starts with a 1, and
any two members of S are at least € apart in d. We take S(1) to consist of the subsets of
cardinality 1 of such a set S, where k = k(1) is so large that Lemmas 6—11 all hold for
n = |S(1)] = n(1) = 2¢H and so that 2¥ < n < 25~ Further requirements on k(1) will
be made as we go along. Note that S(1) is (e, 0)-core-separated.

The next stage S(2) is defined to be the permutation-separated merging of a strong heap
extension M (1) of S(1), using § = §(1) = (logn(l))’l/z. Proceeding by induction, we
take S(j + 1) to be the permutation-separated merging of a strong heap extension M ()
of S(j), using § = 8(j) = (logn(j))~'/2, where n(j) is the cardinality of S(j).

Throughout the remainder of this section we use the notation

n(j) = IS, 8(j) = (ogn(j)~'2,

k(j) = length of the sequences that belong to the sets in S(j),

b(j) = Ln(j)l_‘s(j)J = number of sets in an (S(j), §(j)) heap,

m(j) = Lexp(n(j)lfw(j))J = number of heaps used to construct S(j + 1).

We also have the relations

k(j+ 1) =m(@)n()°k() + k() + k() + 1), (24

n(j+1) = fexp(8(j)m(j)logm(j)1, (25

and by Lemma 11 we can suppose that S(j) is (e(j), 8(j))-core-separated where e (1) = ¢,
(1) =0, and

€(j+ 1) =e(HNU—-200) —146(j)A —=T75(j)), (26)

0(j +1) < 2m(j) exp(=2m(j)8(j)?). (27

The index j will be omitted when it is understood.

It will be important later that Zﬁ < n < 2! holds not only for stage 1, but for all
later stages. The lower bound plays a role in showing that more than exponential growth
in the number of future measures occurs, while, as already noted, the upper bound makes
possible relatively short heap markers. Thus before proceeding further we establish the
following lemma.

LEMMA 12. Ifn(1) is large enough then 2¥*) < n(j) < 2kW=1 j > 1,
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Proof. Withk = k(j),n =n(j), m = m(j), and b = b(j) we have
n(j + ) <m!< 2mlogm < 2mn2k < 2k(j+1)71

where we used the fact that logm < 25138 < n2.

The lower bound has the form
k(j) <logn(j). j=12.3,.... (28)
It was assumed to hold for stage 1, so assume it holds for some j > 1. We then have

k(j+ 1) =mm’k+k+1+kb) <mn’log>n+k+ 1+ kb)
m? log2 m
ey (29)
4logn
provided n exceeds some ng, since b < n!=% + landm > exp(nl’”). In particular, the
bound (29) holds for all j > 1 if n(1) > ng. The right-hand side of (29) lower bounds
n(j + 1), by Lemma 10. This shows that (28) holds for all j, provided n(1) is large
enough. O

We next establish ergodicity.
LEMMA 13. The sequence {S(j)} defines an ergodic measure . on binary sequences.

Proof. As in our variational construction we show how an iteration stage can be interpreted
via cutting and stacking then appeal to general results about such constructions to obtain
the desired ergodic measure. (Such results can also be established directly in terms of
limiting properties of the £-block distributions in sequences that belong to the members of
S(j)as j — o0.)

Consider the jthstage S = S(j) ={A; : 1 <i <n(j)},andletS(j+1) ={B, : 7w €
[T} be the IT-merging of the extensions of the strong heap separation {H} : r € [1, m]}
of S.

Associated with A; is a column structure (which we also label by A;) with | A;| columns
of height k and equal width, the columns being labeled by the sequences that belong to the
set A;. We can regard S as the union of the column structures {A;}. The heaps can then
be regarded as column structures by cutting each A; into copies and assigning one copy to
each of the heaps to which A; belongs. To keep all the heaps of the same size, however,
each A; must be cut into the same number of copies, hence, some mass must be discarded
since the number of heaps that contain a copy of A; depends on i. This mass removal is
described rigorously in the following paragraphs.

For each i, define

vi = r: Ai € Hy s

and put y = max; y;. For each i, cut the column structure A; into y equal width copies
Ai,17 Ai,27 AR Ai,)/'

Let C; be the set of all A;;, for which # < y;. The column structures of C; are assigned in
a one-to-one manner to those H, to which A; was assigned. In this way, we can think of
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each H, as a column structure consisting of equal-width copies of exactly b = [n!=?] of
the A;. Note, in particular, that each 7, has the same mass.

For each i, the set of all A;, for which y; < u < y is discarded. The fraction of mass
discarded from A; is 1 — y;/y, which, by Lemma 6(b), satisfies the bound

: 8 _ 3/4,-8/2
Vi mn mn —1/4,8/2

The t-extension H. can be regarded as the 7-fold independent cutting and stacking of
‘H,. The heap marker i (H,) can be regarded as a single column of height k + 1 + kb and
width that of 1, labeled by the marker of H,; thus 7 is now just the stacking of .. on
top of 7(H,). The mergings { B : w € I1} are obtained by cutting each / into N = |IT|
equal width copies, { F;.r : w € I1}, and taking By to be the successive independent cutting
and stacking of { F(;),r : 1 <i < m} in order of increasing i.

The mass-removal bound (30) is summable in the stage index j, since once j
is large enough to guarantee that 1 — 38§(j) > 1/2, it is bounded above by
2 exp(—%«/ﬁ)Z(l/ 2)/logn , which is summable in n. Furthermore, removal at latter stages
does not affect the relative distribution of the remaining mass at earlier stages. Thus, after
removal of this mass at each stage, the entire picture can be normalized so the total amount
of mass is exactly 1 in the limit. In other words, after normalizing we can suppose

MS() — 1, asj— oo,

where A denotes the Lebesgue measure on the unit interval. Thus, since the total mass of
the tops of the jth stage structure shrinks to 0 as j — o0, the sequence {S(j)} defines a
stationary measure (4 on binary sequences.

As in the variational case, to establish ergodicity it is enough to show that Lemma 1
holds. To establish this we again use the notation )Eik to denote the sequence obtained from
le € By by deleting the markers of the ’H;“T([) and write

~mtk t .
XM =uuy - up, ”iEHn(i)’ 1<i<m.

Each u; can then be expressed as a k-block concatenation
up =b(,i)b2,i)---b(t,i), b(j,i)eHzs, 1=Zj=t.

Fix £ < n and a]f € Ag,and let Y = Y(all‘|x1K) denote the number of times there is a
pair (j, i) such that b(j,i) = a]f. Exactly y, of the H, contain a copy of A,, each H,
has cardinality |n!~? ], and independent cutting and stacking is used to form the mergings,
hence, conditioned on the union of the H, that contain Ay, Y is a binomial

1
(t”’ Lnl“SJlAeI)

random variable. Note, however, that ry, > |n'7%]|A,| since r = n? and y, is
approximately mn %, by Lemma 6(b). Thus the argument used to prove Lemma 1 extends
to this case, so that u is indeed ergodic. This completes the proof of Lemma 13. a
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3.4. Super-exponential growth. It remains to show that by making k(1) larger, if
necessary, we obtain a measure u for which the super-exponential growth property (2)
holds. Towards this end we first establish a d analogue of the variational separation
property expressed in Lemma 2. In our new setting the height of a heap extension H
ish = n%k + kb + k + 1. As before, for L in the range

kb+k+1<L <h-—2k,
we let [L] denote the union of the intervals that lie at level L of the columns of the heap

extensions H;", for x € [L], we define r(x) = r if x lies in the support of ', and we note
that r is completely determined by the past x° Lil-

LEMMA 14. Ifx,y € [L] and r(x) # r(y), then
dot (2 C1x°0 o). a1y ) = €(1 — 20 — 48) /2.

Proof. As before, we let s be the least non-negative integer such that L +s — (kb +k + 1)
is a multiple of k, and define the marginal u5, of a measure pox on A2k by the formula
uh @t = Z ok (aity.
s 2k
A5kt
We then have, see (12), the uniform distribution property

_ . k
@0y = [Tl Loifally € Hogo,
2k 5411 —00 0, otherwise.

The lemma now follows from Lemma 7 and the d contraction property, i.e. doy (W2, var) =
(1/2)dk(l¢§k: V;k)o d

Lemma 5 now takes the following form.

LEMMA 15. Given a past measurable subset B C {0, 1}% of measure y < 1/2, for all

sufficiently large j there is a finite set G, disjoint from B, such that:

@ |Gl = (1 =2y)exp(n'—>); and

(D) da(panCxlo0), 12k (1y000)) = €()(1 =260 — 48)/2,x,y € G.x # y, where
n=n(j),s =58(j),k=k(j),andd =06(j).

Proof. The proof is similar to the proof of Lemma 5, but easier, since heaps overlap by at
most 2n~%|'H|, see Lemma 6(a). O

It remains to show that if k(1) is large enough then both of the following hold:
(@ infje(j)(1 —26(j) —43())) > 0;
(b) exp(n (j)1_35(-j)) is super-exponential in 2k ().
We assume k(1) is large enough to guarantee that 1 — 36(1) > 1/2 and hence that
1 —368(j) > 1/2forall j > 1. To establish (a) it is enough to show that both > 6(})
and > §(j) are finite. The bound (27) gives

0(j + 1) < 2mexp(—2m8s?)

Wn
< ontl exp (—2 ) ,

logn

https://doi.org/10.1017/50143385702000123 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702000123

How many future measures can there be? 277

which is summable in n, hence in j. Likewise, the bound (25) gives

1 - 2 - 2,/logn
Jogn(j +1) ~ dmlogm = 2vn /u

which is also summable in 7.

Next we use k < (log n)z, see Lemma 12, and logm > /i to obtain

N

logm(j) _ ~/n
k(j) ~ k T log’n

which goes to infinity as n — oo.
We have shown that our construction has the desired properties, hence the proof of
Theorem 2 is now complete. O
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A. Appendix
To simplify the notation in the following proofs we take m and b = n!~? to be integers,
ignoring that fact that rounding to the nearest integer may be required.

Proof of Lemma 3. Robbins’ improvement of Stirling’s formula, see [1, p. 54],
V2mn (ﬁ)n /20 D) < 1 < /270 <ﬁ>n e!/a2m (A.1)
e - e ’

immediately yields the lower bound in

h(k
expUh®/n) (MY — cxpnhik/ny), (A2)
Kn k
where h(t) = —tInt — (1 —¢) In(1 — ¢) is the so-called binary entropy function (expressed

in terms of natural logarithms), exp denotes the exponent with base e (rather than base 2
as earlier), and K is a positive constant, independent of n and k. The upper bound is well
known. Also useful are the bounds

—alnae <h(e) < —alnha+oa, O0<a<l. (A.3)

The number of heaps is the number of combinations of 7 objects taken n' ~® at a time,
for which the left-hand inequality in (A.2) yields the lower bound

(nl”a) > exp(nh(n®) — In Kn). (A.4)
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For a given heap H, the number of heaps H; for which |H N H;| > én'~ is bounded

above by the product
nl=s n
n 1-8 1-s |
én (1 —=96)n

which, using the right-hand inequality in (A.2), is bounded above by
nexp(n' “2h(8) + nh((1 — 8)n~%)). (A.5)

A greedy algorithm that starts with a heap H; and inductively selects a heap H;4; such
that [H; 1 NH;| < snl=%, for all J < i, produces at least the ratio of lower bound (A.4)
to upper bound (A.5) pairwise (1 — §)-separated heaps, and hence

Cr(8) = exp(nh(n™®) — n'2h(8) — nh((1 — $)n™°) + O(Inn)).

An application to this of the entropy bounds (A.3) followed by some algebra yields the
bound

C*(8) = exp(n' =252 1logn — 0(n'~%) — O(Inn)).

For 8§ = C(logn)~'/?) and C large enough the first term in the exponent dominates the
remaining terms. This proves Lemma 3. a

Proof of Lemma 6. We leave it to the reader to show that a direct application of the
preceding proof yields a bound on the exponent that goes to zero, thus a subtler approach
is needed. Towards this end we establish the following lemma.

LEMMA A.l1. Ifb =€n, € = n’s, andy = 2178 then

1 yb) \b—yb e(y —e)? Inb
b

Proof. Put
1—y
1—¢€

p=¢€ pi=Yy, pr=¢

and note that p = ep; + (1 — €)py. Concavity of entropy, the fact that 2’ (p) =
—1/p(1 — p), and the Taylor approximation give

1
h(p) = €h(pr) = (1 = Oh(p2) = 5 min Ih" ()]l — €)(p1 — p2)*
P2=n=<pi1

1 ey —ep?
S 2y(—-p)d—e)

This, together with the binomial bounds (A.2), then yields the lemma. O
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COROLLARY A.l. Ifwe select two subsets of size b from a set with n elements at random
according to the uniform distribution on b element subsets, the probability of the event that
they intersect in at least y b elements is bounded above by

bexp | —n ey — e _0<@> (A7)
P 2y(1—y)(1—e) b )| '

which is at most —%nl_z‘s, for n large enough.

Proof. If yb is an integer (which we assume) then the probability that the intersection has

exactly y b elements is
b n—>b
yb) \b—yb

n

b
The expected size of the intersection is €b, since each element in the first subset is selected
into the second one with probability b/n = €. Since y > e, the probability that the

intersection contains £ > yb elements is overbounded by b times the quantity in (A.8).
An application of Lemma A.1 gives the desired bound (A.7). a

(A.8)

Now we are ready to prove Lemma 3. We randomly select m = [exp(n'~3%)] subsets
of an n-set of size b. The corollary implies that with probability approaching 1 as n — oo
there will be a collection {H1, Ha, ..., H,u} of (S, &) heaps such that
(@)  |[HrNHg| <2072 r £5.

The probability that a given index i belongs to a given H, is n~%, so the number of
heaps to which i belongs is a binomial (m, p) random variable, with p = n~%. Thus the
expected number of heaps to which i belongs is mn~%, and the probability that

[{r =i € Hy}| —mn_5| > m3/*/n—9

goes to 0 as n — oo. Thus
®)  |lr:Ai e HYl—mnd <m?AVn S ieS
holds with probability approaching 1, as n — oo.
In summary, if n is large enough, there must be a collection of m subsets of S of size
n'~% for which (a) and (b) both hold. O

Proof of Lemma 10. Given y > 0 and m, let N = N(m, y) be the maximum cardinality
of a collection of pairwise (1 — y)-separated m-permutations. To prove the lemma it is
enough to show that

1
logN > ym logm—i—m)/logZ + = log Z. (A9)
e 2 m
There are, however, at most
m . m!
(.)(m—J)lzf (A.10)
J J!

m-permutations that agree with a given one at j places. If j > §m then (A.10) is
bounded above by m!/(mé)!. Since there at most m such j’s, a greedy algorithm yields
N > (mé)!/m, to which an application of Robbins’ bound, (A.1), establishes the lemma. O
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