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Let G = (V,E) be a simple connected graph of order |[V| = n > 2 and minimum degree
J, and let 2 < s < n. We define two parameters, the s-average distance 1s(G) and the
s-average nearest neighbour distance A4(G), with respect to each of which V contains an
extremal subset X of order s with vertices ‘as spread out as possible’ in G. We compute
the exact values of both parameters when G is the cycle C", and show how to obtain
the corresponding optimal arrangements of X. Sharp upper and lower bounds are then
established for A4(G), as functions of s,n and J, and the extremal graphs described.

1. Introduction

Let G = (V,E) be a simple connected graph of order |V| = n > 2 and minimum degree
0. Denote the open neighbourhood of a vertex v € V by I'(v) = {w : vw € E}. The distance
between two vertices x,y € V, denoted by d(x, y), is the minimum length of an x-y path
in G. The average distance of G, which we shall denote by p,(G), is the average value
of the distance between all pairs of vertices in G, ie. u,(G) = (3)71 > yer d(x,y). The
average (or mean) distance is a graph-theoretical invariant which has been much studied
in the literature (see, for example, Bienstock and Gy6ri [1], Chung [4], Dankelmann [5],
Firby and Haviland [7], Hendry [9] and Winkler [11]). It has also been a useful tool in
the analysis of networks representing transportation systems, where it is a measure of the
time, cost, etc. needed in the average case.

In this paper, we are concerned with the general problem of positioning s > 2 vertices
in the graph G so that they are as ‘spread out as possible’. Such arrangements have been
considered, for example, in Hubbard [10], when modelling the distribution of s electrons
over the n sites of a chemical chain so as to minimise the interaction energy, and in
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Cocho, Pérez-Pascual and Ruis [3] when modelling coat patterns in animals. To this end,
we define two different criteria for selecting a subset of V' with this property.

The first parameter, us(G), is a direct extension of the average distance of G and is
defined as follows Given X = V of order |X| = s and x € X, the average distance of x in
X is dx(x g_l ZyeX ld (x,y). The s-average distance of G is defined to be

1(G) = fmadeX(m
[X|=s xeX
The s-average distance of G thus represents the best possible average distance between
pairs of vertices in X, for subsets X of order s.
While u,(G) takes into account the distances between all possible pairs of the s vertices,
the second parameter, Ay(G), defined below, is concerned with only nearest neighbour
distances. Given X < V of order |X| = s and x € X, the nearest neighbour distance of

x in X is px(x) = min,cx_(y) d(x,y) and the s-average nearest neighbour distance of G is
defined to be
MG = max Y pac).
|X|=s xeX
The quantity A4(G) thus represents the best possible average nearest neighbour distance
in X, for subsets X of order s.

Observe that for any X < V we have py(x) < dx(x) for all x € X, so if Xy is a subset
of V for which A,(G) = 1 s Doxex, PXo(X), then Ay(G) < Zvexo dx,(x) < us(G). Thus for
any integer 2 < s < n and any connected graph G, we have A (G) < u,(G). Note also
that Ax(G) = u2(G) = max, ey d(x,y) = diam(G), but that the two parameters are not
equal in general. For example, A,(G) = 1 for all connected graphs G, whereas u,(G), the
average distance of G, is equal to 1 only if G is the complete graph K,,.

To gain some idea of the different extremal arrangements of s vertices determined by
these two parameters, and therefore to see how well they capture the idea of being ‘as
spread out as possible’, we first consider the special case when G is the cycle C”, in section
2. Then in section 3, we examine the general case, establishing sharp upper and lower
bounds for As(G) in terms of s and the order and minimum degree of G, and citing the
extremal graphs.

In what follows, all notation used is standard, as given in Bollobas [2].

2. Ay(C") and uy(C")

In this section we compare the s-average nearest neighbour distance and the s-average
distance for C", the cycle on n > 3 vertices. For vertices x,y € V(C") we denote by
7(x,y) the length of the clockwise path from x to y in C".

Theorem 2.1. Let 3<n=as+b(0<b<s—1;a,beZ).
(i) As(C™) is achieved by choosing X = {xi,...,x,} labelled clockwise around C" so that

— . -
np=d (Xi, Xi(mods)+1) satisfies

[l =a+1 for 1<i<b;
2] =a for b+1<i<s
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(ii)
o if b=0;

Proof. Suppose that X is extremal with respect to A;(C") and let n; = d (xi, xi(mods)-H)
for 1 <i<s. Then Y ;_,n =n,so

s s
SAS(Cn) = Z pX(Xi) = Z min {nis Ni(mod s)+1} <n-—g,
i=1 i=1

where & = 0 if n; = Hymod 5)+1 for 1 <i<s, and ¢ = 1 otherwise.

Observe that takingny =---=ny,=a+1=[n/s| (ifb#0)and npy1 =---=ng=a=
[n/s] gives Y ;_; min {n;, nimod s+1} = n if b =0 and n— 1 if b # 0. Therefore sA,(C") =n
for b =0 and sA;(C") = n—1 for b # 0, which proves (ii), and so the given arrangement
of X must be optimal, which proves (i). ]

Prior to determining the value of p(C") and the corresponding arrangement of an
extremal subset X, we require the following technical lemma.

Lemma 2.2. Let X = {xq,...,xs} be labelled clockwise around C", and let n; =
N , .

d (xi, xi(mods)+1) and wy; = ZI;=1 N(it/—2)mods)+1 for 1 < i <'s, 1 <k < s—1. Then
X can be chosen so that for each fixed k with 1 <k < s—1, no two wy; differ by more than
one, for 1 <i<s.

Proof. We prove the lemma by induction on k. If k = 1 then Y} wy; = Y ;_; n;. Writing
n=ms+b (0<b<s;m,b€Z), we can maximise > ;_ wy; by setting

L [mi+l i I<i<h;
T lmy if b<i<s.

Denote by U (resp. V) a term #; of value m; (resp. m; + 1). Initially, we take UV,
considered as a cyclic arrangement of the #;’s. Our aim is to progressively rearrange the
U’s and V’s so as eventually to achieve an arrangement with the desired properties. A
p-string P, in the current cyclic arrangement, is a sequence of p consecutive terms, and
/(P), the length of P, is the sum of the values of the terms in P. Thus 1-strings have
length m; or my 4+ 1. Now let 1 <k < s— 1 and assume that in the current arrangement,
for all 1 < p <k, all p-strings have length m, or m, 4+ 1. Furthermore, suppose that the
(k 4+ 1)-strings A and B satisfy /(B) — /(A) = 2, and that all other pairs of (k 4 1)-strings
in the (clockwise or anticlockwise) segment A ... B have lengths differing by at most one.

Claim 1. AN B = 0.

Proof of Claim 1. If AN B # () then A — (AN B) and B — (A N B) are both p-strings for
some p < k, so differ in length by at most one. Since /(B) =/ (B — (AN B))+/(ANB) and
{(A)=((A— (AN B))+/(ANB),then 2 < /(B)—/(A)=/(B— (AN B))—{(A — (AN B)),
a contradiction.

Claim 2. All (k+ 1)-strings in the segment 4 ... B except A and B have length my +m; + 1.
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Proof of Claim 2. Write A = Aja; = a,A, and B = B;b; = b,B,, where Ay, By, A4>, B>
are k-strings of length my or my + 1, whilst a;,by,az,b2 € {U,V}. Now /(A4) = /(A1) +
l(ay) = l(ay) + £(Ay) and /(A) + 2 < /(B) = /(By) + /(by) = /(by) 4+ /(B;). Therefore
{(ay) = L(az) = my,Z(by) = £(by) = my + 1,{(Ay) = ((Ay) = my,/(By) = £(By) = my + 1,
so /(A) = mx +my and /(B) = my +my + 2. Now if C # A,B is a (k + 1)-string in
A...B then /(C) > /(A), for otherwise /(B) — /(C) = 2, and also /(C) < /(B), otherwise
/(C)—{(A) = 2. Thus £(C) = my + my + 1.

Claim 3. In the segment A4... B, for p < k any p-string with a, (resp. b,) as its first term
has the same length, m, (resp. m, + 1), as any p-string with by (resp. a;) as its last term.
Further, the (p — 1)-string immediately following a, (resp. b;) has the same length as the
(p — 1)-string immediately preceding b; (resp. ap).

Proof of Claim 3. To prove the first statement, for p < k let A’ be a p-string with
a as its first term and let B’ be a p-string with b; as its last term. Then /(4) =
{(A)+{(A—A"),/(B) = {(B')+/{(B—B’) and /(B) = /(A)+2, which implies /(B") = /(A")+1
and /(B—B') = /(A—A")+1, so any p-string with a; as its first term has length m, and any
p-string with by as its last term has length m, + 1. The second statement follows because
l (B’ — bl)—/ (A/ — az) =/(B')—{(b1)—((A")+/(az) = (/(A)+1)—(mi+1)—£(A")+m; = 0.
Corresponding arguments apply for ay, b.

Claim 4. Reversing the ordering of the segment A, ... B; affects the current arrangement
by converting the (k + 1)-strings 4 and B into new (k + 1)-strings of length my + m; + 1,
whilst leaving the length of all other p-strings unchanged for 1 <p <k + 1.

Proof of Claim 4. After reversal all (k + 1)-strings between a, and b; still have length
my +mq + 1, whilst A* (resp. B*), the new (k + 1)-string created with first term a, (resp. last
term by) has length Z(ay)+/(B1) = my +my + 1 (resp. £(by)+/(Ay) = my +my + 1). For any
original (k + 1)-string Z # A with a; € Z, we have /(Z) ={((Z — A) + ((Z N Ay) + {(a2).
If Z N A, #+ 0 then it is a p-string immediately following ay, and thus has the same length
as the p-string immediately preceding b; which replaces it after reversal. Similarly any
original (k 4 1)-string Z’ # B with b; € Z’ will have the same length after the reversal.
Clearly for p < k the length of any p-string not containing a, or by is unchanged by
reversal. Moreover, for any original p-string Z with a; € Z, if Z N A, = () then /(Z) is
unchanged by reversal, whilst if Z N 4, # () then for some p’ > 1 the p/-string Z N 4,
is replaced by another p’-string of the same length, by Claim 3, so again /(Z) remains
unchanged. A similar conclusion holds for any original p-string containing b;, which
establishes Claim 4.

The truth of Claim 4 implies that repeating the reversal process moving ‘outwards’
from the segment A4...B eventually results in a cyclic arrangement such that all pairs
of p-strings, p < k + 1, differ in length by at most one. Since, by Claim 1, any pair of
(k 4+ 1)-strings whose lengths differ by at least two must be disjoint, the process must
terminate when k + 1 > s/2.

It follows from this inductive argument that we can construct a cyclic arrangement of

A

the #;’s for which all p-strings have length m, or m,+1, 1 < p < s—1. Relabel these terms,

. . d
in order, as ny,...,n,. If we arrange xi,...,x; in C" so that n; = d (xi,xi(mods)ﬂ) then wy;
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denotes the length of the k-string starting at n;, and for each fixed k with 1 <k <s-—1,
no two wy; differ by more than one, for 1 <i<s. L]

Theorem 2.3.
(i) ps(C™) is achieved by choosing X = {xi,...,xs} labelled clockwise around C" so that
n=d (Xi, Ximods)+1) Satisfies the conditions of Lemma 2.2.

(i)
M) s is odd;
us(C") = ﬁ if s and n are even;
ns—2

Py if s is even and n is odd.

Proof. If n =3 then s =2 or 3, and in both cases just one arrangement of X is possible
(up to rotation) and uy(C?) = u3(C?) = 1, which agrees with the condition of (i) and the
formulae of (ii).

Henceforth we assume n > 4, and let X = {x1,...,x,} be a subset of V' labelled clockwise
around C". As in Lemma 2.2, write n; = 7 (xi, x,-(mods)ﬂ) and wy,; = 25:1 R(i+/—2)(mods)+1
for 1 <i<s, 1 <k <s— 1. Defining the function D(i) = min{i,n —i} for 1 <i<n—1,
we have D (7(3@ y)) = d(x,y) for any x,y € V(C"), and D(wi;) = d (Xi, X(i+k—1)(mods)+1)
forl<i<s 1<k<s—1.

If we denote by D(X) the number ﬁ Y eyex d(xy) = + 37 cx dx(x), then

w(€) = maxD(X); (1)
X|=s
s—1

S D(wi) @

k=1 i=1

s(s — 1)D(X)

The right-hand side of (2) achieves a maximum if each of the sums >}, D(wy;) achieves
a maximum for 1 < k < s — 1. Observe that D(i) is the distance from vy to v; in
C" = vgvy...v,—1vg and so D(i+1)+D(j—1) = D(i)+D(j) for 1 <i < j < n—1. It follows
that for each fixed k in the range 1 < k < s — 1, the maximum value for Y ., D(wy;) is
achieved when no two of the wy; differ by more than one. By Lemma 2.2, there exists an
arrangement of X satisfying these conditions, for which, by (1) and (2), D(X) achieves its
maximum value, u,(C"). Thus we have established (i).

To prove (ii), first suppose that s =2m + 1 is odd. If 1 <k < m then wy; < wy,;, whilst
if m <k <s—1 then wi; > wp;. As |wi;j —wi;| <1 for i+ j, we must have wi; = wy,;
for 1 <i=# j <s. Moreover for 1 <i < s, either D(wy;) = Zle N(i+/—2)(mods)+1 = Wi, OF
D(wy;) = n— Zl}zl N(i+-/—2)(mods)+1 = Z;jl A(ikt/—2)(mods)+1 = Ws—kitk- Now if 1 <k <m
then m < s —k < s, so from above wy; < wy; < Wkt and thus D(wy;) = wy;. Similarly
if m<k<sthen s—k <m, s0 We_kitk < Witk < Wi; and D(wy;) = We_k k. It follows
that

iD(Wk'): S Wi =kn if 1<k<m;
= ! S Wekitk = (s—k)n if m <k <2m.
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Thus if s is odd then
= 2> kn  nm(m4-1)  n(s41)
bx) = ss—1)  s(s—1) 4s

Now consider the case where s = 2m is even. The reasoning above shows that

Wi if 1<k<m;
Wekirk 1f m<k <s.

D(Wk,i) = {

If k = m then D(wy;) = D(Wkitk) = min{wk’i, Wk,i-&-k}; but |wk; — wkisk] < 1 and so
min{wy;, Wik} = [n/2]. It follows that

s i Wk =kn if 1<k<m;
> D(wig) =4 sl2] it k=m;
i=1 S Wik = (s—kn if m <k <2m—1.

Thus if s is even then

(222:11 k""’SL%J) (nm(m — 1) + 5| 4])

D(X)= =
(X) s(s—1) s(s—1)
If n is even this last expression takes the value ns/4(s — 1), and if n is odd it takes the
value (ns — 2)/4(s — 1), which completes the proof of (ii). ]

We now present a simple example which demonstrates how to obtain an optimal
arrangement of X in C", and hence the s-average distance, by applying the reversal
procedure given in the proof of Lemma 2.2.

Example. Consider the case n = 35 and s = 8. As 35 =4.8+3, we have k = 1 and m; = 4,
so starting with the cyclic arrangement 44444555 we apply the procedure of Lemma 2.2
to eliminate any pair of 2-strings differing in length by at least two:

A B A B
444 (44) (55) 5 — 44 (44) 54 (55) — 44454545,

All 2-strings now have length 8 or 9. Thus k = 2,m; = 8 and we apply the procedure of
Lemma 2.2 to eliminate any pair of 3-strings differing in length by at least two:

A B
(444) (545) 45 — 44544545,

All 3-strings now have length 13 or 14. Thus k = 3,m3 = 13 and the process terminates
since 4 = k+ 1 > s/2 = 4. Hence the required arrangement of the clockwise distances
between the vertices of X is 44544545, for which the corresponding 8-average distance is
139/14.

Finally, Theorems 2.1 and 2.3 have the following immediate consequences.
Theorem 2.4. Let G be a simple graph of order n and minimum degree 6. If any of the

following conditions hold then Ay(G) < A(C") and ug(G) < us(C"):
(i) G is Hamiltonian,
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(i) & = n/2;
(ii1) G is /-connected and 2 < s < /.

Proof. The proof of (i) is trivial. By Dirac [6], if 6 > n/2 then G is Hamiltonian, so (ii)
holds. Lastly, it is well-known (e.g. Bollobas [2, p. 10]) that if G is /-connected with / > 2
then for any set of 7 vertices there is a cycle containing all of them; thus if 2 < s </
then any s vertices of G are contained in a cycle of order at most n, which implies (iii). []

3. Bounds for A (G)

In this section we establish general upper and lower bounds for Ay(G) as functions of n, s
and J. We require the following simple lemma.

Lemma 3.1. For all x € X,
3n—3s—1
< — .

px(x) ST1 +1
Proof. Choose x,y € X with d(x,y) = px(x) and let P be a minimal x-y path. Write
V(P) = {x1 = x,X2,...,Xk—1,Xx = y}. Then x has at least —1 neighbours in V—X—V(P),
whilst each of x,,...,xx_» has at least 6 — 2, so there are at least (k —2)(6 —2) + 1 edges
between V(P) and V — X — V(P). Additionally, by the minimality of P, no vertex of
V — X — V(P) can have more than three neighbours in V(P), so

nes—k+2=|V—X—yp)> k202 +1,

3
rearranging yields the result. ]
Theorem 3.2. If m = [*=H] then
(B3mé—0—5)(m—1)
As(G) < 2.
(6) SO+ 1) +
Proof. Suppose that for some / > m the vertices vy,...,v, have no neighbours in X and

pairwise disjoint neighbourhoods in V' — X. Then n —s = |V — X| > Zle |T'(vi)| = mé,
contradicting the definition of m. Hence at most m — 1 vertices of X satisfy px(x) > 2, so
by Lemma 3.1 we have

SA(G) < (m—1) (W+1)+2(s—(m—1))

(m_l)(3n—3s—5—2>+2s

o+1
3s+méo—1)—3s—96—2
= (S
(Bmd —0 —5)(m—1)

= 2s.
STl + 2s ]

>+2s since n<s+md—1
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Thus it is relatively simple to establish an upper bound for Ay(G) of order 3m?/s. With
considerably more work we can achieve a slight improvement on Theorem 3.2, which we
state below, together with a lower bound.

Theorem 3.3. Let m = [*=5t1].

If m=1 then Ay(G) =1;

1 _ 1 oy
ifm>2thenl+sgAs(G)<maX{l+(3m SS)(m ),2+3(m )}.

S

Proof. For detailed proofs of the upper bounds the reader is referred to Firby and
Haviland [8]. The lower bound is obvious because if m > 2, ie. s < n— 0, then we can
find a set X < V of order s with I'(x) N X = 0 for some x € X, implying px(x) > 2 and
A(G) = (s+1)/s. L]

All bounds stated for the case m > 2 are achieved by certain graphs. For the lower
bound, consider the graph G comprising a K, ; with a vertex x of degree § attached,
where 1 <9 <n—2If X ={x}UY,where Y €V —T(x),Y #0,then2<s<n—9
and Ay(G) = (s+ 1)/s.

The first upper bound is achieved by the graph G with

Vo= {x:0<i<4jU{y:0<i<4}, X={x,y},
E = {x3y3} U {X0Xi, XiXitmod 4)+1> Y0Vi> ViViimod 4)+1 : 1 < i< 4}.

We have n = 10,6 = 3,5 = 2 and d(xy,y;) = diam(G) = 5, so m = [(n—s+1)/d] = 3
and A((G) =1+ Bm—5)(m—1)/s=5.

The second upper bound is attained if G is a complete graph of order n with the edges of
a K, removed, and X comprises s vertices of the K;, where max{2,n—20+1} < s <t =n—9J.
Thus m= [(n—s+1)/0] =2 and A{(G) =2+ (m—2)*/s = 2.

However, it is possible to improve upon the upper bounds for some values of
and s. The next theorem provides an upper bound for Ay(G) which is independent of the
minimum degree J, and is sharper than Theorems 3.2 and 3.3 when ¢ = o(n) and s = O(n).

Theorem 3.4.
2
A(G) < Sn—1)
Proof. Choose X with A (G) = % > vex Px(x) and suppose k = minycx px(x) and
K = maxyey px(x). Writing V; = {x € X : px(x) =i} we have
K
SAL(G) =) ilVil (1)

i=k

For each x € X choose a shortest path x;x,...x;+1, where x = x, joining it to X — {x}.
Let Q. be the subpath xx;...x[i2. Then the Q.s, being the first half of the shortest
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paths from x to X — {x} for all x € X, are clearly disjoint. Therefore

K ;
v =SV ’} . 2
g Q) 2;[2 @

Suppose that for some even i there exists x € V;; then d(x,x;»41) = i/2. Now if
Xi/2+1 € Qy forsome y € Vj, y # x, then d(y, x;/o11) < [j/2]—1,s0d(x,y) <i/2+][j/2] 1.
If j < i this implies d(x,y) < i, contradicting the fact that x € V;, whilst if i < j this
implies d(x, y) < j, contradicting the fact that y € V;. Thus if V; # 0 for some even i then
V — Urex V(Qx) # 0. Counting vertices of G and using (1) and (2), we have

K

i
EDICNSERED SRS

xeX i=k

s0 A4(G) < 2(n — 1)/s. Otherwise if all i with V; # @ are odd, then counting vertices of G
and using (1) and (2), we have

sAs(G)
2

+1,

K .
nz Y il = 3 D 5 AGED,

2
xeX i=k

Hence Ay(G) < 2n/s—1<2(n—1)/s for s = 2, which proves the theorem. L]

Note that Theorem 3.4 is best possible, since the upper bound is attained by the
generalized star S (2(n— 1)/k,k/2), which comprises 2(n — 1)/k paths of length k/2 all
with one endvertex in common.
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