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In connection with the classical insurance risk prohl&woss 2] develops a recur-
sive formula for approximating a tail probability in a geometrically compounded
distribution Here we consider rates of convergence for this approximation

1. BACKGROUND AND MOTIVATION

Rosq2] considered the following classical insurance risk probl€taims are made
against an insurance company according to a homogeneous Poisson process with
rateA > 0. The successive claim amounts are independent and identically distrib-
uted(i.i.d.) nonnegative random variabl&g Y,, ... which argin turn, independent

of the claim proces<laim amounts have the common cumulative distribution func-
tion F and finite meam, 0 < p < co. The insurance company has initial capiaind
receives premiums and other income at a constantrat® per unit time The ruin
probability is given by

v(t)
p(x) = P{ZYi > x + ctfor sometzo}, (1)

i=1

wherev(t) is the number of claims made up to timéVe assume = Ap/c < 1to
avoid the trivial case in which=1.
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The ruin probability has been characterizede] 3] and[4]) by

p(x) = P{ixi >x}, )

whereT has geometric distribution
P(M=n)=p"(1-p), n=0, (3)

andT, Xy, X,,... are mutually independentvith eachX; having the equilibrium
distribution associated with the renewal process generatéf, vy, ...; that is

d 1
Fe(x) = & P{X; =x} = a (1-F(x)), x=0. (4)

Note that from Eq(2) and(3), it follows immediately thap(0) = p (any sum in-
volving 32, will be defined to be R
Let {N(t),t = 0} be the renewal process generated Xy X,,..., and
Z1,2Z5,...,Z, be mutually independent exponential random variables each having
meanx/r and independent dN(t), t = 0}. Rosg[ 2] exploited the relation
p(x) = E(pN¥*1) (5)
and the facttha® = Z; + Z, +--- + Z, converges in probability teto approximate
Eq. (5) by pm(r) for larger, where
m(k) = E(pN®rZrF20) 0 k=12,...,T, (6)

and developed a recursive relation for computing@) given by

k=1

1—ao+2(pm(k—i)—1)a;
m(k) = 1= pag . k=121, (7)
with
a = foo e w Fa(s) ds (8)
0 J!
for j = 0,1,...,r. A natural question isWhat is the rate at whichp(x) —

pm(r)| — 0 asr — o0?

Before addressing this questimonsider the general problem of approximating
p(x) in Eq. (2) whenX; = 0 has an arbitrary continuous cumulative distribution
functionG(x) = P{X; = x} andp in Eq. (3) is an arbitrary fixed number ifD,1).

This is the general problem of approximating a tail probability for a geometrically
compounded continuous life distributiocfhe above method of Rog8] for approx-
imatingp(x) by pm(r) still has merifwith the coefficients in the recursioKs) now
given by
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]
a = f g s/ (sr_/x) dG(s) 9)
[0,0) !
forj=0,1,...,r. In the next sectiosthe convergence to zero fop(x) — pm(r)| is
first established in this setting for general continuous life distribu@mand then
some convergence rates are given under various additional restrictiéhsTbiese
are then related back to the original insurance risk problem

2. CONVERGENCE

First, consider the general problem wiBcontinuousWe havep(0) = p, so we need
only to considex > 0. Fix anx > 0. Conditioning onS,, we haveom(r) = Ep(S ),
and consequentlyin view of the relation

lpm(r) — p(x)| = E[p(S) — p(X)],

it is sufficient by the bounded convergence theorem and the facShainverges
in probability tox asr — oo, to show thap is continuous ax. Denoting byG™ the
n-fold convolution ofG with itself, ash — 0,

PO =p01 = 3, [160x+h =)~ Gx— W] dG" M (WP~ p)

—0

by the bounded convergence theoreatablishing the continuity gb at x. This
establishepm(r) — p(x) asr — oo and confirms the utility of the Ro$&] method
for this problem

To establish rates of convergenaalditional assumptions are needed ®n
Suppose first tha® has a densityg. Then p is differentiable ak > 0. To see this
note that forx > 0, p(0) — p(x) is given by

S [G(x— wda™ v wpna - p)
-3 [ st~ waeevwera-p)

n=1

= fx ( S g(t—u)dG" P (u)p"(1— p)> dt

by Fubini’s theoremsince the integrand is nonnegativefollows that the deriva-
tive of pis given by

P =3 [otx-wace2w,ra-p. (10)
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Now, if g(x) =M < oo for x =0, it follows easily that p’(x)| = Mp for x > 0. From
the first-order Taylor expansiofwith § a number between 0 and, 1

P(S) =p(x) +p'(x+0(S —xX)(S —X),
it follows then that
[p(X) — pm(r)| = [p(x) — Ep(S)| = MpE[(S — X)
Yy 2_X rrer
Py (r=1v’

the last equality following from the fact th& has the same distribution as

(F)ze

whereéq, &,,... are ii.d. exponential random variables with meandhd the
calculations

J‘oo|_|r1x f( o r —X d 2rrefr
o T ! ™ (r—1)I T (-1

An application of Stirling’s approximation then easily gives the rate

2

asr — co. Note that this case applies to the original insurance risk propteme
thereg(x) = (1/W (1 — F(x)) for x= 0, and sog(x) = (1/p) for all x = 0.

Finally, if G has a densitg which itself has a bounded derivatigéfor x > 0,
thenp(x) will have a bounded second derivative for- 0, given by

P =—3 [ gix=ude" P wpa-p), an
Assuming that this is true for the mometatking sup-,|g’(x)| = 2Q < o0 and then
taking expectations in a second-order Taylor expansion gives
pm(r) = Ep(S) =p(x) + p'(XNE(S = X) + R,
or
[P(X) = pm(r)| = [Ry],

where

2

[Rul = pQVar(S) = pQ
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so that
X2
IMM—MWN=OQQT>

asr — co. Finally, to see thap will have a bounded second derivative for 0 if g’
is bounded fox > 0, note that sincé& has a densityEq. (10) gives

p'(Xx+h —p(x) & g(x—u) —g(x+h-u
h i%f( h

)dGm*Wwpwl—p)

Now, sinceg’ is boundedthen by the mean value theoremherex — u > 0 and
X+h—-u>0,

‘g(x—u)—g(x+h—u)
h

is bounded by a constarso by the bounded convergence theorEm (11) follows,
which is bounded for atk > 0.

For the original insurance risk problerfi F has a bounded derivatiyéhen
g(x) = (/w1 — F(x)) will have a bounded derivative and we ge®él/r) con-
vergence rate fopm(r) to p(x).

3. DISCUSSION
We may summarize the foregoing results in a theorem

THEOREM 1: Consider the approximationpm(r) given by Egs. (7) and (9) to(p)
defined by Egs. (2) and (3) with;XX,,... i.i.d. positive random variables with
continuous G ang a fixed number in (0,1). Then the following hold:

1. Forany x>0, pm(r) — p(x) as r— co.

2. If G has a bounded density forx 0, then for all x> 0, |p(x) — pm(r)| =
O(r~v?).

3. If G has a density with a bounded derivative for, then|p(x) — pm(r)| =
o(r 4.

Thus for the general insurance risk problem posed at the beginittiregap-
proximationpm(r) always converges to(x) at least a©(r ~¥?). In addition if the
claim distributionF also has a bounded derivatjtkenpm(r) will converge tap(x)
at least a©(r 7 1).

It is hoped that this discussion will stimulate interest in applying and studying
convergence rates for Ross’ methadich has also been found useful in a number
of other problems in renewal theofgee[1]). In particular conditions for conver-
gence and rates of convergence under fewer restrictioi@srmeed further study
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