7

Discrete p-Laplacians

This chapter provides an introduction to graph p-Laplacians and their ana-
logues on hypergraphs. It describes them in variational terms and derives many
spectral properties of these nonlinear operators.

As a discrete version of the p-Laplacian treated in Section 3.3, the graph
p-Laplacian has been successfully used in various applications, including data
and image processing problems and spectral clustering. Many recent works
indicate that the graph p-Laplacians, in particular the case p = 1, may enhance
the performance of classical algorithms that are based on the standard graph
Laplacian [39, 130]. This has contributed to progress on both the theoret-
ical and the numerical aspects of p-Laplacians on graphs and networks. A
remarkable development is that the second eigenvalue has a mountain-pass
characterization, and thus it is a min—-max eigenvalue, and more importantly,
the second eigenvalue satisfies a Cheeger inequality that turns into an equality
for p = 1.

This chapter develops the spectral properties and estimates for the spectra
of various discrete versions of the p-Laplacian, which not only extends the
discussions in Section 3.3 to discrete settings but also provides some important
applications of the Lovasz extension in Chapter 6. In addition, the contents in
this chapter establish the foundations for Cheeger-type inequalities in Chapter
8 and also nodal domain theory in Chapter 9. Some general introduction has
been given in Section 2.6.2, but we shall repeat the material necessary for the
developments in the present chapter.

7.1 Graph p-Laplacians (p > 1)

For simplicity and because this fits best into our general framework (recall, for
instance, Chapter 4), we mainly discuss the normalized p-Laplacian introduced
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206 7 Discrete p-Laplacians

by Amghibech [5]. Let C(V) denote the collection of real functions on the
vertex set V = {vy,...,0n} of a simple graph. Clearly, we can identify C(V)
with RY via a standard linear isomorphism. For 1 < p < oo, the normalized
p-Laplacian A, : C(V) — C(V) is defined by

1
Bpf©) = oo D) O = fWHI (@) = fW).

vVeV:iv~v
forv € V and f € C(V). The eigenvalue problem for A, consists of finding an

eigenfunction f # 0 and its corresponding eigenvalue A € R such that

Ay f(0) = Af@)IP2f (), YoeV. (7.1.1)

Just like the continuous p-Laplacian —div(|Vu|?~2Vu) in (3.3.2), we can
express the graph p-Laplacian in terms of the incidence matrix Z and the degree
matrix D as

Apf =D 'Z(ZT fIPT2TT ). (7.1.2)

Moreover, the eigenproblem for A, can be rewritten as A, f = A | f|? —2f.
Remark 7.1.1. The operator A, is not the subgradient of the functional
fr )L If@ = I,
{v,v' }eE

The latter is the numerator of the relevant nonlinear Rayleigh quotient (7.1.3).
That would rather be the operator

Apf(v) = degv A, f(v),

for v € V and f € C(V). With this operator, the eigenvalue problem (7.1.1)
becomes

Apf(v) = Adegu|f()|P72f(v),

and this then leads to a variational problem for the nonlinear Rayleigh quotient
below. However, in order to be consistent with the normalization that we have
used for p = 2 in this book, we always use A, and its eigenproblem (7.1.1).

Having clarified that issue, we can now see how the eigenvalues and eigen-
functions of A, correspond to the critical values and critical points of the
Rayleigh quotient R, defined by

Z[v,u’}eE |f(U) - f(U/)lp

Boll) == g If @

(7.1.3)
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7.1 Graph p-Laplacians (p > 1) 207

We shall use the general convention
¢p(t) = [t|P1, (7.1.4)
so that (7.1.1) becomes

Apf(v)=A¢,(f(v), YveV (7.1.5)

which can be reformulated as
Z ¢p(f(v) = f(V) = Adegv ¢, (f(v)), Yv € V. (7.1.6)
vVeV:v~v
Since the eigenvalue equation for p # 2 is no longer linear, sums of
eigenfunctions corresponding to the same eigenvalue no longer need to be
eigenfunctions, and thus, the eigenspaces in general are not linear.

In order to develop some intuition, we compute the eigenvalues of the graph
p-Laplacian for general p for some examples. As we shall see, this turns out to
be more difficult than in the case p = 2, even for simple graphs like a path or a
star graph.

For the path graph P; with vertex set {vj,vp,v3} and edge set
{{v1,v2},{v2,v3}}, the p-Laplacian eigenvalue problem requires to solve

¢p(f(01) = f(12)) = A¢p (f(v1)),
¢p(f(02) = f(01) + ¢p(f(v2) = f(03)) = 24¢p (f (12)),
¢p(f(3) = f(12)) = A (f (13)).

By the preceding equations, we obtain
F01) = f2) = A7 f (o),
f(v3) = f(v2) = 47T f(v3),
A(gp (f (V1)) +2¢p(f(02)) + ¢p(f(v3))) = 0.
If A =0, then f(v1) = f(v2) = f(v3). For 4 > 0, we obtain
¢p(f(01)) +2¢p(f(02)) + ¢p(f(v3)) =0.

If A =1, then f(vp) = 0 and f(v)) = —f(v3). Finally,if 1 > Oand A # 1,
then

fo1) = f(v3) = (1= A7) f(0y) £ 0
and thus
0= (6 (f(01)) +20, (F(2) + 6, (F0NE (f(12)) = 2(1 = AFTY'P 42,

which implies A = 2P=1 Therefore, the whole spectrum is {0,27 -1y
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208 7 Discrete p-Laplacians

We now look at the path graph P4 with vertex set {v1,0,,03,04} and edge
set {{v1, 02}, {v2,v3},{v3,v4}}. In this case, the p-Laplacian eigenvalue problem
requires to solve the equations

¢p(f(v1) = f(©2)) = ¢, (f (1)),
¢p(f(02) = f(0D) + ¢p(f(v2) = f(03)) = 24¢p (f (12)),
¢p(f(03) = f(02) + ¢p(f(v3) = f(va)) = 24¢, (f(v3)),
¢p(f(0a) = f(03)) = A¢p (f (v4)).

Since A = 0 has, as always, a constant eigenfunction, we now look at the case
A > 0. Similarly to the case of P3, we derive that

F(o1) = f(2) = 477 f(v1),
Fa) = fw3) = AT f(va),
¢p(f (V1) +2¢p (f(02)) +2¢,(f(03)) + ¢p(f(v4)) = 0.
Moreover, since it is easy to check that 1 is not an eigenvalue, we obtain
Fon) = (1= A7) f(v),
Fwa) = (1= 257)7 F(w3),
(246, (1= 7)) (8, (F(02)) + ¢ (f(03))) = 0.

One can then verify that

A=(1+279)P and f = (=277,1,1,-277)
form an eigenpair. Now, if 4 # (1 + 2#)”‘1, then f(vp) = —f(v3) and

2P, (F(02) = ¢, (f(02) = f(03))
=246, (f(v2)) + A6, (f(v1))

= 22+ 6, ((1 = 277)™)) g, (F(02)).

which implies
A2+, ((1- 7)) =277,
This can be reformulated as
{1(2 +(0- APy =201 for A € (0,1), a1
AQ2 = (AT = DI=Py =2P=1  for A € [1,+0).

One can then check that this has exactly two roots in (0,+c0): one is A = 2P~!
and the other one lies in the interval (0, 1). In summary, the whole spectrum is

{0, 45, (1 +277)P~1 2p~1},
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7.1 Graph p-Laplacians (p > 1) 209

where A is the unique root of (7.1.7) in the interval (0, 1).

The next example is the star graph S3 with vertex set {vy, v, 03,04} and edge
set {{v1,v2},{v1,v3},{v1,04}}. Its p-Laplacian eigenvalue problem requires to
solve the equations

¢p(f(02) = f(01) = A¢p (f(02)),
¢p(f(03) = f(01) = A¢p (f (13)),
¢p(f(0a) = f(01) = A¢p (f (v4)),
¢p (f(01)=f(02)) + ¢p(f(01)=f(03)) + ¢p(f(v1) = f(v4)) =3¢, (f (V1)).

Again, we only need to consider the case 4 > O0; therefore, the above
eigenequation can be simplified as

Fw) = f(or) = 477 f(02),

Fw3) = f1) = A7 f(3),

F(ws) = f01) = AT f(0a),

3¢p(f (WD) + ¢p(f(02) + ¢p(f(3)) + ¢p(f(va)) = 0.
For 4 = 1, the corresponding eigenfunctions are the nonzero functions
satisfying f(v;) = 0 and

6p (F(02)) + By (f(02)) + ¢ (F(04)) = 0.

Thus, the multiplicity of A = 1is 2. If 2 # 1 and A > 0, then

F02) = f(v3) = f(og) = (1= A7)\ f(oy),
therefore

(B +3¢,((1 - A7) ), (f(01)) =0,

which implies (1—277)~! = —1 and thus A = 27~". In summary, we conclude
that the whole spectrum of the star graph S is {0,1,2771}.

From the preceding examples, we can already see that the spectrum of the
graph p-Laplacian, for general p # 2, is quite difficult to determine.

We shall now present some first properties of the spectrum of graph p-
Laplacians. In contrast to the difficulties with the examples, the proofs are
very similar to the case p = 2. Before that, we need to clarify the concept
of the multiplicity of an eigenvalue of the p-Laplacian. For an eigenvalue A
of Ap, its multiplicity is defined to be the genus of the set of eigenfunctions
corresponding to A, which is formally written as

genus{f: (4, f) is an eigenpair of A, || f|l2 = 1}.

In the linear case p = 2, this agrees with the usual algebraic multiplicity of A.
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210 7 Discrete p-Laplacians

Proposition 7.1.1. The spectrum of A, satisfies the following properties:

o The eigenvalues lie in the interval [0, 2r-1,

o The multiplicity of the eigenvalue 0 equals the number of connected compo-
nents of the graph.

e The largest eigenvalue is 2P~ if and only if the graph has a bipartite con-
nected component. The multiplicity of 2P~" equals the number of bipartite
connected components.

The proof of the above proposition is easy, and thus, we omit it.

Proposition 7.1.2. Let (4, f) be an eigenpair of A, . Then, for any A C V,
D ap(fW) - fW)) =AY degv ¢y (f(0)).
VEA, U'¢EA, U~ vEA

In particular, if f is an eigenfunction corresponding to a positive eigenvalue,
then

D degv- ¢, (f(v)) = 0.

veV
Moreover, if A={veV: f(v) >0} #0, then
. Svea degya (@) - (f ()P
T Yeadegu- (f(v))P7!

where degy,\ 4 (v) denotes the number of edges connecting v with the vertices
inV\ A.

A

b}

Proof Since f and A satisfy the eigenequation (7.1.6), we have

A) degu- ¢, (f(v) D b (f) - F)

vEA veA, VeV, v ~v

D b (f@) - F)

VEA, U'EA, UV~v

where we used the fact that

¢p(f(0) = f() + ¢p(f(V) = f(©)) =0

whenv e A, v" € A,and v’ ~ v. If 1 > 0 and A = V, we simply obtain

D deg- ¢p(f(0)) = ) degu-¢p(f(0)) =0.
VEA veV
If

A={weV: f(v) >0} +0,

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 16 Nov 2026 at 06:08:38, subject to the
Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/9781009641821.011


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781009641821.011
https://www.cambridge.org/core

7.1 Graph p-Laplacians (p > 1) 211

then f(v) — f(v") = f(v) > O forany v € A and v’ ¢ A such that v’ ~ v.

Therefore,
D s -f@Nz Y ep(f)
VEA, U¢A, U~V VEA, U'¢A, U~V
= ) degy\ () - (F0)P7.
vEA

O

Proposition 7.1.3. For a connected graph, the second eigenvalue 1> of A, is
positive, and it satisfies

D ek |f(©) = f)IP

Ay = 7.1.8
2 £ nonconstant mMin Z deg v |f(l)) —tP ( )
teR pey
= inf sup R, (f). (7.1.9)
curvey: [-1,1]-RN\{0}, fey([-1,1])
y(x1)=%1

The proof is the same as for the case p = 2, which was treated in Section
4.1.

For more elaborated results, we now recall the variational characterization
of the eigenvalues of p-Laplacians in terms of the Krasnoselskii Z, genus,
which we introduced in Definition 2.6.2. The Krasnoselskii genus of a cen-
trally symmetric set S in R™\{0} was defined as the smallest k for which there
exists an odd continuous map from § into the sphere S¥~!. To start with a
trivial example, the genus of a sphere S¥~! is k. If we consider the centrally
symmetric subset

3 3 3 3
S={(x1,x2,x3) € R7: [x1]” + |x2]” + |x3]” = 1, x1 + x2 + x3 = 0},

then, S is homeomorphic to S! and genus(S) = genus(S') = 2. Another
interesting centrally symmetric set is

S(p) =¥ € R*: [|Rll2 = 1, x1 = 0, 6, (x2) + ¢ (x3) + ¢, (x4) = O},

for p > 1. The set S(p) is also homeomorphic to S! and genus(S(p)) = 2. If we
consider again the above example where we have computed the p-Laplacian
spectrum of the star graph S3, we conclude that the genus of the eigenspace
corresponding to the eigenvalue 1 of the p-Laplacian on S is 2.

For k > 1, let now

Geng = {S c R": S centrally symmetric with genus(S) > k}.
As mentioned in Section 2.6.2, for k = 1,...,N, the constants

Ae(Ay) = inf R 7.1.1
k(Ap) Selgenkfesgl\r:m » () ( 0)
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212 7 Discrete p-Laplacians

are eigenvalues of Aj,. They satisfy
A L. < Ay
and,if A = Ap,1=...= Ay for0 <k < k+1 < N, then
genus({eigenfunctions corresponding to 1}) > [.

In addition, {Ax (Ap)},i\’:1 defines a sequence of N critical values of the
Rayleigh quotient R,,.
We now define the independence number of a graph as follows.

Definition 7.1.1. A subset U C V of the vertex set of a graph I' = (V,E) is
independent if #(U N e) < 1 for all e € E. The independence number of T is

a = max{#U: U C V is independent}.

Thus, a subset of the vertex set is independent if it contains at most one
endpoint for each edge. Among all connected graphs with N vertices, the star
graph Sy_; = Kj n-1 has the largest independence number, « = N — 1.
More generally, a complete bipartite graph K,, , has independence number
a = max(m,n). The complete graph Ky has the smallest independence
number, @ = 1.

We now prove two results on the independence number of a graph, in
relation with the eigenvalues of its p-Laplacian.

Proposition 7.1.4. Let a be the independence number of a graph. Then,
a <min{#{i: ;(Ap) < 1L#i: 4:(Ap) 2 1}, (7.1.11)
and the inequality is sharp.

The proof of this nonlinear inertia bound is a special case of the proof of
Theorem 7.4.1; hence, we do not present it here.

Proposition 7.1.5. Let T be a graph and let « be its independence number. If
I has n > 2 duplicate vertices, then for any p > 1, 1 is an eigenvalue of A,

with multiplicity at least
max{n — 1, 2a — N}.
Proof If 2a — N > 0, then @« > N — a + 1 and therefore
AN-a+1 £ ... < A,

Combining this with the inequalities 1 < Ay_q+1 and 1, < 1, which are
shown in (7.1.11), we infer that

AN-@+1 = ... =g =1,
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7.2 The Graph 1-Laplacian 213

and this implies that the multiplicity of the eigenvalue 1 is at least « — (N —a +
1)+ 1 =2a — N. Now, let vy,...,v, be duplicate vertices and let

X={feCO): If@)IP2f @) +...+|f )P 2f (W) =0
supp(f) C {vy,. ..,vn}} .

Then, it is not difficult to check that f is an eigenfunction corresponding to the
eigenvalue 1 and that genus(X) = n — 1. This implies that the multiplicity of
the eigenvalue 1 is at least n — 1. O

If T has no duplicate vertices and its independence number is smaller than
or equal to N/2, then I' may have a large spectral gap around 1. For instance,
as we have seen in Theorem 4.1.2 for p = 2, petal graphs (see Figure 4.6)
and book graphs (see Figure 4.7) do not have duplicate vertices, they have
independence number @ = [N/2], and they have a large spectral gap around 1.

Remark 7.1.2. For p # 2 and for some graphs, there may exist eigenvalues
of the p-Laplacian that are not min—max (variational) eigenvalues. That is, the
variational scheme does not necessarily produce all the eigenvalues. We refer
to [278] for a refined analysis of such nonvariational eigenvalues of graph p-
Laplacians. In this reference it is also shown that, for k = 1,...,N,

e The function
1
P pQ2AR(Ap))P

is increasing on [1, +00);
e The function

P27 A (Ay)

is decreasing on [1, +00).

7.2 The Graph 1-Laplacian

The 1-Laplacian on graphs is an analogue of the 1-Laplacian in partial dif-
ferential equations discussed in Section 3.3. The latter has been successfully
applied for modelling the interface of two different media and the segmenta-
tion in image processing. The spectral theory for the graph 1-Laplacian was
proposed by Hein and Biihler [130] for 1-spectral clustering and was later
studied by Chang [52] from a variational point of view. In some sense, the
graph 1-Laplacian is much closer to the essence of a graph than the linear
2-Laplacian. For example, the Cheeger constant, which has only some upper
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214 7 Discrete p-Laplacians

and lower bounds in linear spectral theory, equals the second eigenvalue of the
graph 1-Laplacian [52, 130].

Let us thus present the definition of the graph 1-Laplacian that we shall
utilize. This definition is in line with the more abstract setting developed in
Section 2.6.2, but here we can identify the relevant set as the interval [—1,1].
The reason is essentially that % becomes undetermined for f = 0, and we
therefore admit the entire range of values from that interval. This issue did not
arise for the p-Laplacian for p > 1, because in that case, the quantity | f|”~2f
can be safely set to O when f = 0.

The 1-Laplacian A is the set-valued map defined by

Af() = { Tegp D | €SI = fW), 2 = —zw} ,
VeV v~
in which
{1} ift >0,
Sgn() = 4[-1,1] ifr=0,
{—1} ifr <O0.

The eigenvalue problem for A; is to find 2 € R and f # 0 such that

ALf(0) () A Sen(f () #0, Vv eV,

which can be interpreted as the differential inclusion 0 € A;f — A Sgn(f),
where ‘-’ is understood in the sense of Minkowski addition. As in (7.1.3), we
have the Rayleigh quotient

Z{U,U’]EE |f(l)) - f(U’)|

Yvev degu- [f()]
The Lusternik—Schnirelman theory (see for instance [152, 277]) leads to the
sequence of min—max eigenvalues of Aj:

WA = inf sup ZteE V@ ZJWHL a0

genus(S)zk res  Dyev degv| f(v)]

Ri(f) = (7.2.1)

where genus(S) is the Krasnoselskii genus of a centrally symmetric compact
subset S in C(V) = RY (see Definition 2.6.2)." But we now have an additional
powerful tool at our disposition, the Lovéasz extension. In fact, the graph 1-
Laplacian is a typical example of a Lovasz extension. Recalling the discussion
in Chapter 6, the denominator of the Rayleigh quotient R; (-) is the disjoint-pair

1" 'We should point out, however, that in addition to the variational eigenvalues A as defined here,
there may exist other eigenvalues, sitting between those Ay, that do not arise by the scheme in
(7.2.2). An example will be given below.
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7.2 The Graph 1-Laplacian 215

Lovasz extension of the volume function (A, B) — vol (A) + vol (B), while the
numerator of the Rayleigh quotient is the disjoint-pair Lovasz extension of the
boundary measure function (A, B) +— |0A| + |dB|. Theorems 6.3.1, 6.3.3, and
6.3.4 then cover many important properties of A;. For example,

Z{UU}EE If(U) f(U)|

inf
Scit,genus(S)2k-1 feg MiNser ey deg vl f(v) — t’

A (A)) = k=23,...
Just like the continuous 1-Laplacian —div(Vu/|Vu|) in (3.3.7), we can

express the graph 1-Laplacian A as a normalized gradient-like operator, that

is, a nonlinear operator involving the incidence matrix:

f

IZ7 11

Af=DT.

is analogous to (7.1.2). To clarify the meaning of ==~ IT fI when Z7 f = 0, we use
the set-valued function ¢ — Sgn(¢) to replace the functlon t - ﬁ Finally, we
define

A f=D7'T-Sgn(Z" f),

which coincides with the definition in coordinate form above. In fact, the graph
1-Laplacian agrees with the subgradient of the functional

fe D If@ =@l

{v,v' }eE

up to the inverse of the degree matrix, D~!. Another remarkable relation
between the cases of p > 1 and p = 1 is that A; f is actually the collection
of all the limit points of A f as p tends to 17 and f converges to f. The
situation for the eigenvalues is more subtle, however.

In fact, while already the properties of the eigenvalues and eigenfunctions of
A, for p > 1 were different from those of Ay when p # 2, when we turn to Ay,
almost everything ceases to hold, as we shall see in this section and also in Sec-
tion 9.2. The smallest eigenvalue is still 0, with a constant eigenfunction when
I' is connected. This will be established in Theorem 7.2.1, among with other
basic properties, for instance that the largest eigenvalue is at most 1. However,
the number of eigenvalues need no longer be equal to the number N of vertices,
but can be substantially larger, and the sum of the eigenvalues will no longer be
N. Eigenfunctions f no longer satisfy orthogonality relations, and in particular,
we no longer have the relation ), deg vf(v) = 0 for nonconstant eigenfunc-
tions. In fact, eigenfunctions need not even change sign. Importantly, and very
usefully, when f is an eigenfunctions, so is % as follows for instance from the
characterization (7.2.2) by a Rayleigh quotient. That means that eigenfunctions
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216 7 Discrete p-Laplacians

can be characteristic functions of sets, and we can then in turn try to identify
those sets whose characteristic functions are eigenfunctions. In Section 9.2,
we shall consider these sets as nodal domains, realizing Cheeger cuts, that is,
optimal decompositions of the underlying graph. Thus, not only will 1, of A4
equal the Cheeger constant, see Theorem 7.2.2 below, but even better, the cor-
responding eigenfunction will yield an optimal decomposition. So, let us start
with the observation that eigenfunctions can be assumed to be characteristic
functions of vertex sets.

Proposition 7.2.1. For any eigenfunction f corresponding to an eigenvalue A
of Ay,

(A,1(r>0y) (respectively, (4,1(r<0)))

is also an eigenpair if {f > 0} # 0 (respectively, {f < 0} # 0). In particular,
every eigenvalue of Ay has an eigenfunction of the form 14 for some AC V.

Proof This is a consequence of the proof of Proposition 6.3.1 and Theorem
6.3.1. ]

This result is of course different from what holds in the case p > 1, and it is
an indication that the 1-Laplacian, in spite of the additional technical difficul-
ties, possesses some very useful properties. In particular, since eigenfunctions
can be chosen as indicator functions of vertex sets, we can then relate the
properties of such sets to the eigenvalues.

Corollary 7.2.1. The eigenvalue corresponding to the eigenfunction 14 of
Proposition 7.2.1 is

|0A|
A= . 7.2.3
vol A ( )
Proof This follows from the variational characterization (7.2.2) in terms of the
Rayleigh quotient (7.2.1). O

Theorem 7.2.1. The spectrum of A satisfies the following properties.

o The eigenvalues lie in the interval [0, 1].
o The multiplicity of the eigenvalue 0 equals the number of connected compo-
nents of the graph.

o The largest eigenvalue is 1, and it is realized by eigenvectors of the form 1,,
where v is a vertex.

The last property, in particular, will be very useful for evaluating the
Cheeger constant, which is one of our main topics.
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7.2 The Graph 1-Laplacian 217

Proof We split the proof into four parts.

e Observe that, for any z,» € Sgn(f(v) — f(v")) with 7,y = —z,,, we have

Yo D =) Y @)

vevV vVeV:iv~v veV VeV v~v
= D G f®) + 2 f @)
{v,v' }eE
= > w(f©) - F@))
{v,v'}eE
= > If@ - f)l,
{v,v' }eE
and
D fw)deguSen(f(v) = ) degv f(W)Sgn(f(v) = ), degv|f(®)l,
vev veV vevV
Thus,
MDY =(DAF Y= ). If(©) = F@)
{v,v' }eE
and

(Sen(f),Df) = (DSgn(f), f) = ) degv|f ()],

veV

where (-,-) denotes the inner product. Given any eigenpair (4, f) of Ay,
by taking the inner product of both sides of the eigenequation 0 € A f —
ADSgn(f) with D f, we then obtain

D@ = f@)I =2 ) degolf (),

{v,v'}eE veV

which implies 4 > 0. Also, since

D@ =f@IS D AF@I+IFH) = ) degulf ),

{v,v' }eE {v,v'}eE veV
(7.2.4)
we must have 1 < 1. Hence, the spectrum of A; is contained in the interval
[0,1].

o The eigenfunctions corresponding to the eigenvalue O of A; are determined
by the equation

> If@ = f@Hl =0.

{v,v' }eE
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218 7 Discrete p-Laplacians

Its solutions form the linear subspace span(ly,,...,1y,), where Vi,...,Vk
are the connected components of the vertex set. Consequently, the multiplic-
ity of the eigenvalue 0 equals k, the number of connected components of the
graph.

e The vector 1, is an eigenvector corresponding to the eigenvalue 1 of A
because it realizes the supremum in (7.2.2). Since, by the first statement, no
eigenvalues are larger than 1, we conclude that the maximum eigenvalue is
1.

|
Now, given a graph I' = (V, E), a nonempty proper subset A C V is called a
Cheeger set of T if vol A < vol A€ and

_ |0A
" min{vol A,vol A¢}’

In this case, (A, A) is called a Cheeger cut of T

Theorem 7.2.2. For any graph, h = 1;(A1). Moreover,

o If Aiis a Cheeger set, then, 14 is an eigenfunction corresponding to A2(Ay1).
o If f is an eigenfunction corresponding to A2(A1), then either {f > 0} or
{f < 0} is a Cheeger set.

Proof The fact that the second eigenvalue coincides with the Cheeger constant
is a direct consequence of Theorem 6.3.1.

For the results on eigenfunctions, by Proposition 7.2.1, we only need to
prove that A is a Cheeger set if and only if 14 is an eigenfunction corresponding
to A2(A1). In fact, by the third statement of Theorem 6.3.1 (or Theorems 6.3.3

and 6.3.4),
, v) = f(
/12(A1)= Z{U,.U}GE |f( ) f( )| _ min male(f—t)
f nonconstant ml]él ZUEV |f(1)) — 1 f nonconstant ¢€R
te
0A
= min 104] =h (7.2.5)

B (0¢A1gv min{vol A, vol A€}
and thus, any nonconstant function f satisfying R (f) = max;egr Ri(f — 1) =
A2(Ay) is an eigenfunction corresponding to A5(A1). Moreover, note that for
any nonempty proper subset A C V,

|0A|
min{vol A, vol A€}’

max Ri(14 —¢t) = (7.2.6)
teR

The equalities (7.2.5) and (7.2.6) imply that A is a Cheeger set if and only if
14 is an eigenfunction corresponding to A, (Ay). O
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7.2 The Graph 1-Laplacian 219

The above theorem is closely related to some more general results in
Chapter 9, for instance, Theorem 9.2.1 and its consequences.

Using the above results, one can compute the entire spectrum of the
1-Laplacian for graphs, although the process can be very complicated. Interest-
ingly, the variational eigenvalues of the 1-Laplacian have deep relations with
the multiway Cheeger constants,

. 0S;
he (D) = min max 1051 ,
disjoint S1,...,Sx 1<i<k vol (S;)

(7.2.7)

for k = 1,...,N. By Theorem 2 in [54], the 1-Laplacian spectrum of the path
graph Py is

0.1 1 1 11 1
, ,3,...,2[%]_1,2.4,...,2[¥] .

Notably, the min—max eigenvalues of the 1-Laplacian for Py coincide with the
multiway Cheeger constants [76]. For example, when N = 6, we have

h1(Pg) = 11(Pg) =0,

ha(Pg) = A2(Pg) =

k)

N — | —

h3(Pg) = A3(Pg) =

h4(Pg) = h5(Pg) = he(Pg) = A4(Pg) = A5(Pg) = A¢(Ps) = 1.

Here, we simply use Ax (') or Ax to denote the k-th min—max eigenvalue of
the 1-Laplacian on I'. Since the set of eigenvalues is

111
— =1
{0’553’2, },

this implies that 1/3 is a nonvariational eigenvalue.

Theorem 7.2.3. Let I be a connected graph, and let f be an eigenfunction
corresponding to A,. Then,

1. Either {f > 0} or {f < 0} induces a connected subgraph of T';
2. Either {f < 0} or {f > 0} induces a connected subgraph of T';
3. Either {f < 0} or {f > 0} induces a connected subgraph of T".

Proof We divide the proof into three parts.

1. We first prove that either {f > 0} or {f < 0} induces a connected subgraph
of I'. To do so, assume that { f > 0} is not connected. Then, {f < 0} # 0, and
the set {f > 0} can be expressed as the disjoint union of two nonadjacent,
nonempty subsets V| and V5. In particular, the sets Vi, V5, {f < 0} U V| and
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220 7 Discrete p-Laplacians

{f < 0} UV, are all nonempty. Since f is an eigenfunction corresponding
to Az, by Proposition 7.2.1, we have that 1;7.¢) is also an eigenfunction
corresponding to A,. Also, { f < 0} is a Cheeger set with

[0{f <O} [0{f < 0} 3
vol ({f <0})  min{vol ({f < 0}),vol ({f > 0})}

Since Vi U V, is the complement of {f < 0} and the sets V| and V, are
nonadjacent, we also have that

[0(VD| +10(V2)| = |0{f < O}
Furthermore,

min{vol ({f < 0} U V,),vol (V1)} + min{vol ({f < 0} U V}),vol (V»)}
> vol ({f < 0}).

Accordingly,

_lo{f <0}
“ vol ({f < 0})
S OV +10(V2)l
~ min{vol ({f < 0} U V,),vol (V})} + min{vol ({f < 0} U V}),vol (V;)}

. { [0Vl [0(V2)l }
min

= min{vol (V;),vol ({f < 0} U V5)}  min{vol (V5),vol ({f < 0} U V})}

> h.
Therefore, we must have equality everywhere in the above inequalities, and
this implies that
vol ({f < 0}) = vol (V] UW,). (7.2.8)
Now, our goal is to prove that {f < 0} induces a connected subgraph of
I'. Assume, by contradiction, that is not true. Then, { f < 0} can be written
as the disjoint union of two nonadjacent, nonempty subsets V3 and V. By

(7.2.8), we then have vol (V3 U V4) = vol (V] U V,). Also, by the same
reasoning as above,

oViTUV3) +ad(ViuVy) =0(ViUV)
and

min{vol (V; U V3),vol (V, U V4)} + min{vol (V| U V}),vol (V, U V3)}
> vol (V] U V;).
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7.2 The Graph 1-Laplacian 221

Therefore,
_ 10 uw)l
vol (V1 U V)
S [0(Vi UV3)| +19(V1 U Vg)|
min{vol (V; U V3),vol (V, U V4)} + min{vol (V] U Vy),vol (V, U V3)}
> mi [0(V1 U V3)l [0(V1 U Vy)l
- min{vol (V; U V3),vol (V5 U V4)}  min{vol (V| U Vj4),vol (V5 U V3)}

> 0,

and this contradicts the definition of the Cheeger constant. This proves the
first claim.

2. The proof is analogous to that of the first claim.

3. Finally, we want to show that either { f > 0} or { f < 0} induces a connected
subgraph on I'. Suppose the contrary. Then, by the same reasoning as above,
we obtain

vol ({f = 0}) = vol ({f < 0}) and vol ({f < 0}) = vol ({f > 0})
implying that
{f=0}=0,{f >0} ={f >0}and vol ({f < 0}) = vol ({f > 0}),

but, this contradicts the first statement of the theorem. g

As a consequence of the above theorem, for any Cheeger cut (A, A°) of a
connected graph, either A or A€ induces a connected subgraph?. As we shall
see, a more interesting consequence is a nodal domain property presented in
Proposition 9.2.2 in Chapter 9.

A graph T is perfect [60] if for every induced subgraph I'” of I', the
chromatic number of I'” equals the size of the largest clique of I'"'.

Proposition 7.2.2. Fix a graph T and let « be its independence number. Then,

1. The multiplicity of the eigenvalue 1 for Ay is at least @ and at most 2«.
2. If T is a triangle-free perfect graph, then the multiplicity of the eigenvalue
1 for Ay is .

Proof 1. Let t denote the multiplicity of the eigenvalue 1 for A;. To prove that
t > «, we need to show that A, = 1forallk > N —a + 1.

2 This property is folklore, and such formulation presented here was first proposed by Zhang in
[131] with a proof in [53]. The proof of Theorem 7.2.3 in this book provides new insights into
this folklore property.
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222 7 Discrete p-Laplacians

Note that, if N — k + 1 < @, then there exist at least N — k + 1 pairwise
nonadjacent vertices in I'. We denote them by vy,...,vn-k+1- Let 1, €
C(V) be the indicator function on v, that is, 1,(v) = 1 and 1,(¢v") = 0 for
all v’ # v. Let also

Xn_k+1 =span(1y,,,..., 1y ).
Note that, for each f in Xny_x.1, there exists ({1,...,INy—x+1) # 0 such that

f= lllul +--~+ln—k+11

UN-k+1"

Also, if f(v)f(v") # 0, then v » v’. Thus, each nodal domain of f must be
a singleton set, which implies that R;(f) = 1. Therefore, the intersection
property of the genus derived in Lemma 2.6.3 implies that

ANXy_r+1 = Anspan(l,,..., 1y ) #0
for any A with genus(A) > k. Hence,

sup Ri(f) = _inf Ri(f) =1,
feA FEXN+1-k
implying that Ax = 1. This shows that 7 > «.

To prove that t < 2a, it suffices to show that 1 < 1 forall k < N —2a.
Given k < N —2a, let g; € C(V) be defined by g;(v,) = v~ for v €
{1,...,N}andi € {1,2,...,k}. Let also X; := span(gi,...,gk). Then, Xj
is a closed symmetric set with genus(Xy) = k. Now, for any f £0 in Xg,
there exists (/1,/2,...,lx) # 0 such that f = I1g; + ... + lxgk. By the
properties of the Vandermonde matrix, not every element of the form /;g;,
fori = 1,...,k, can vanish on k vertices simultaneously. This implies that
the number of zeros of f is at most (k — 1). Therefore, the support of f
has cardinality at least N + 1 — k. By the pigeonhole principle, it follows
that at least [& +21_k 1 vertices with a nonzero f-value have the same sign,
where [X +21_k'| is the smallest integer larger than or equal to N+Tl_k Since
a < |'N+Tl_k], there exist two adjacent vertices whose values for f have the
same sign, which implies that R (f) < 1. Note that R; is continuous on the
compact set X; NSV~!, and we have proved that R;(f) < 1 forany f € X;.
Since every continuous function on a compact set attains its maximum, this
implies that

A < sup Ri(f)= max  Ri(f) < 1.
fexy feXpnsN-1

2. By [278], any triangle-free graph is such that

a <t <K,
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7.2 The Graph 1-Laplacian 223

where « denotes the clique covering number of the graph, that is, the small-
est possible number of cliques that can cover I'. Moreover, if I is a perfect
graph, then @ = «. By putting everything together, we obtain that @ = ¢ = «,
if " is both triangle-free and perfect.

]

We refer to [278] for more results on the multiplicity of the eigenvalue 1 for
A

Proposition 7.2.3. For a simple graphI" = (V,E) on N nodes, the 1-Laplacian
Ay has at most vol (V)2 /4 + 1 distinct eigenvalues. Hence, in particular, A\ has
at most (N*(N —1)?)/4 + 1 distinct eigenvalues, and counting multiplicity, the
number of the eigenvalues of A| does not exceed O(N).

Proof Let A and 1 be two distinct eigenvalues. By Proposition 7.2.1 and
Corollary 7.2.1, there exist A,B C V with vol (A),vol (B) < vol (V)/2, such
that

|0A] = |0B|
= d ﬂ,: .
vol(4) vol (B)

We have that

2| 10A1 9Bl
A=Al = vol (A)  vol (B)
_ |18Alvol (B) — |8B]vol (A)|
- vol (A)vol (B)
o1
~ vol (A)vol (B)

4

> G
vol (V)2

which implies that the distance between two distinct eigenvalues is at least
4/vol (V)?. Since the eigenvalues lie in [0, 1], this implies that there are at
most vol (V)2/4 + 1 distinct eigenvalues of A;. This proves the first claim.
The second claim follows from the fact that vol (V) < N(N — 1) and that the
multiplicity of any eigenvalue does not exceed N. O

The bound O(N?) from Proposition 7.2.3 may seem excessive, but the graph
1-Laplacian can indeed have many eigenvalues. For example, let ' = (V, E) be
the graph displayed in Figure 7.1 with vertex set V = {v;...,06}: Then, as
shown in [278], the spectrum of A is

02232537
95,9,593,774993 .
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224 7 Discrete p-Laplacians

V4 V1

V3 Vo Vs

Figure 7.1 A graph with six vertices and nine distinct 1-Laplacian eigenvalues.

Hence, the graph has six nodes, and its 1-Laplacian has nine distinct
eigenvalues.

7.3 The Graph oco-Laplacian

In this section, we consider the co-Laplacian on graphs, which has been stud-
ied, for instance, in [35, 40, 77, 157, 186]. As we shall see, the spectrum of
this operator is related to the maximal radius that allows us to inscribe a fixed
number of disjoint balls in the graph.

As the 1-Laplacian, also the co-Laplacian A, on a graph I' = (V,E) is the
subgradient of a functional. (Recall (6.1.6), (6.1.7) for the definition of the
subgradient.) Here, such functional is f > Xy, y1eg | f(v) — f(v")], that is,

Awf :=Vy max |f(v) - f(0)I. (7.3.1)
{v,v'}eE
In this case, we are interested in the nonlinear eigenvalue problem

0€Axf — AV fllcos (7.3.2)

and we say that (4, f) is an eigenpair of the co-Laplacian A, on I if (7.3.2)
holds. Thus, (4, f) is an eigenpair of A, if there exist z,,» and z,, with

Zyy = AzZy, YV EV,

vVev:v~v

ZUU/(f(U) - f(U/)) 20,200 = —Zov ZUf(U) ) 0_

Zuu’eE |Zpr] = 1 and ZUEV |ZU| =1

Zor = 0if | f(0) = f(0)] < max | f(D) - f(D)| 2o =0if |f(v)]
orek <N flleo-

(7.3.3)
The following characterization of the first nonzero eigenvalue of A, has
been given in [186].
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7.3 The Graph co-Laplacian 225

Vo Ce : v Vq
So(vo) 31 (vo) Sy (vo) S, (v0)
Sqfl(l)F))

Figure 7.2 A sequence of concentric discrete spheres, used in the proof of
Proposition 7.3.1.

Proposition 7.3.1. For any connected graph T,

2
diam(I)
Proof Similarly to the proofs of (6.4.1) and Theorem 6.3.1 or by applying
Theorem 2.1 in [160] to the functionals f — 3., vyee |f(v) — f(v")| and
f || flle directly, the second eigenvalue 1;(As) can be written as

. max, ek | f(0) — F(U .
min {vaie /() = f))] = min max [f(v) - f@)].
f nonconstant min max |f(U) —t max f=1 {v,0'}€E

teR veVv min f=-1

(M) =

(7.3.4)
Now, let g be the diameter of I, let vy and v, be a pair of vertices that have
distance ¢, and let vg,v1,...,v, form a shortest path between vg and v,. Let
also f: V — R be defined by

f) =1- z - dist(vg,v), Yo €V, (7.3.5)
q

where dist(vg,v) denotes the distance between vy and v. Then, the maximum
value of f is 1, and the minimum value of f is —1. For k > 0, we also let

Sk (vg) = {v e V: dist(vg,v) = k} (7.3.6)

be the spheres that are centered at vy, and we observe that any edge {v,v’} €
E intersects at most two adjacent spheres Si(vg) and Si.1(vg), for some
k > 0. This is illustrated in Figure 7.2.

Since f is constant on each sphere and |f(v) — f(v’')| = 2/g whenever
v € Sk(vg) and v’ € Sgy1(vp) for some k > 0, we can infer that, for any
{v,v'} € E,
, 2
lf() = f@) < 7
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226 7 Discrete p-Laplacians

which implies that
2
Ar(As) < —.
q

Now, fix f such that the maximum value of f is 1, the minimum value of
fis =1, and || f]lo = 1. Let also vg,vy,...,v; be a shortest path satisfying
f(vo) =1and f(v;) =—1. Then, l < g and

max 1S @)= f@)Hl 2 max 1/ (i) = f(vin)l

{v,v' }eE

=

> 7 ) 1) = fwi)

i=0

1

> 7|f(U0) = fonl

2

1
2

> )
q

which implies that 1;(As) > 2/gq. |

7.4 p-Laplacians on Oriented Hypergraphs

We now extend the previous concepts and considerations to oriented hyper-
graphs. This section covers the entire range 1 < p < oo, that is, also includes
the limiting cases p = 1 and p = oo that had been giving special treatments
above. While some aspects are straightforward, also some new phenomena and
difficulties arise. The first issue is the definition of the p-Laplacian, and in fact,
several notions of p-Laplacians on hypergraphs have been proposed and inves-
tigated in the literature. For instance, the hypergraph p-Laplacians which are
introduced in [133] are related to the Lovasz extension. The corresponding
functionals for the p-Laplacians in [133] are of the form
Fe Y max [f@) - f@)”,
SE v,U €e

and they are nonsmooth in general, even for p = 2.

In this section, we consider the p-Laplacian on oriented hypergraphs pro-
posed in [157], which is a natural extension of the hypergraph Laplacian
defined in Section 2.5.4, the case of p = 2.

LetI' = (V,E,¢) be an oriented hypergraph. Recall that, from Definition
2.4.7, if ¢(v,e) = 1 (respectively ¢(v,e) = —1), then v is said to be an output
(respectively input) for e. Also, if v # v" and
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74 p-Laplacians on Oriented Hypergraphs 227

p(v,e) = p(v',e) #£0 (respectively p(v,e) = —p(v',e) £ 0),

the vertices v and v’ are co-oriented (respectively antioriented) in e. We also

let
—1, if v and v’ are co-oriented in e
00(v,0") =141, if v and v’ are antioriented in e
0, otherwise.

For p € R4, the p-Laplacian A, : C(V) — C(V) is defined by

1
Bpf(©) = qom D I8 f (" D (CO LD SR (CO1 R

e3v vee: o.(v,0)=-1 vee: o.(v,v)=1
where, recalling (2.5.37),
sfey=" > fw- > fw.
v: p(v,e)=1 v: p(v,e)=—1

We define its eigenvalue problem as

Apf = AlfIP2f. (7.4.1)

A nonzero function f and a real number A satisfying (7.4.1) are called an
eigenfunction and the corresponding eigenvalue for A, .
The 1-Laplacian is the set-valued operator which, for f € C(V), is defined

by
Af =
1 € Sgn V) - v’
Z deg v Z Zvely “e g (U’Ee: oez(“u,v’):—l f( ) vee: og“(u,u’):lf( ))
vev esv Zve = _Oe(U»U,)ZU'e
where 1;,...,1y form the orthonormal basis of R and
{1} ift > 0,
Sgn(?) = 4[-1,1] ifr=0,
{-1} ift <O.

The eigenvalue problem of A is to find the eigenpairs (A, f) for which there
exist

we €S| Y f@H- Y f@)
vee: oq(0,0)=— vee: oe(v,v)=1

with zpe = —0,(v,0")zye for v,0" € e, and z, € Sgn(f(v)) satisfying

sze = Adegv-z,, YveV.

esv
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228 7 Discrete p-Laplacians

A shorter coordinate form of the eigenvalue problem for the 1-Laplacian is

Jz, € Sgn(f(v)) and z, € Sgn( PICIEEDY f(v’))

v, e)=1 v:p(V,e)=—
such that Z Ze — Z Ze = ddegv-z,, YveV. (7.4.2)
e: ¢p(v,e)=1 e: p(v,e)=—1

Moreover, we can rewrite (7.4.2) as

ElzeeSgn( Z f@') - Z f(v')) such that

v, e)=1 v:p,e)=—

Z Ze — Z Ze € Adegv-Sen(f(v), YveV.  (743)

e: ¢(v,e)=1 e: p(v,e)=—

Similar to the graph co-Laplacian presented in Section 7.3, we also define
the co-Laplacian A, on an oriented hypergraph as the subgradient of the func-
tional f +— ||8 f|lco. The kth min—max eigenvalue Ay (As) is similarly defined
as

0 116 fleo
SeGeng pesyio) I1f oo

Then, we have
Proposition 7.4.1. For any k > 1,
. 1
lim (A (Ap))? = Ak (Aco).
p—+oo
Proof We have that
1
E|? 1
|E|+ max [6f(e)l (Soer 16£()P)7 N max l6f(e)l
= = T ’
ML (Zyey degolf@)IP)7 vol (V)7 max | (0)]

which implies

116/ lleo
I/ lleo

By definition of min—max eigenvalues, we then obtain

—L 16 f1leo

pl R pl 1 P .
|E] > (RQ, (/)P = vol (V) Flls

17 2 (B) 2 (A (Bp))7 2 vol (V)7 Ae(Aco):

Therefore, (Ak(A,,))% tends to Ax (Aw), as p — +oo. |
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7.4 p-Laplacians on Oriented Hypergraphs 229

The independence number of a hypergraph I' is defined in the same manner
as that for a graph in Definition 7.1.1. Thus, a subset U C V is independent if
#(U Ne) < 1forall e € E, and the independence number is

a = max{#U: U C V independent}.
Theorem 7.4.1. Let p € [1,00]. Then,
a <min{#{i: 1;(Ap) < 1}L,#{(i: 4;(Ap) 2 1}, (7.4.4)
and the inequality is sharp.

Proof We first consider the case where p < co. Let U C V be an independent
set such that #U = «. Then, for any f € C(V) with supp(f) c U,

Dllsf@P =Y @i =30 > If P =) dego- |f@)I7,
eekE ecE vee veV eeE,edv veV

which implies that R, (f) = 1. Now, the linear subspace
X ={f € C(V):supp(f) c U}
has dimension a, and for any f € X, R,,(f) = 1. Thus,
A(Ap) ... < A.(Ap) = _inf  sup Rp(f) < sup R, (f) = 1.
X’ fex

eGeng, fEX'
Similarly, by the intersection property of the Z,-genus (see Lemma 2.6.3), for
any X’ € Geny_q+1, We have that X’ N X # (. Hence,

AN 22 Anant(Ap) = dnf sup Ry (f) 2 inf Rp(f) = 1.

X’eGenn_q+1 fExl

Hence, there are at least @ eigenvalues which are smaller (respectively, larger)
than 1. This proves the first claim. To see that (7.4.4) is sharp, assume that "
is such that V = {vy,..., vy} and E = {{v1},...,{vn}}. Then, clearly, « = N
and all eigenvalues are equal to 1. This proves the claim for p < co.

In the case when p = oo, assume, without loss of generality, that

A(Ax) € ... S A(Ax) < 1= Ap11(A) = ...
= Agar (Ao) < Apri1(A) <.
By Proposition 7.4.1, /l,'(A,,)ll’ — A;(As) as p tends to +oco, which implies
that
A1(Ap) £ S A(Ap) <1 < Apgrs1(Ap) £ ... S AN(AY)

for a sufficiently large p. Therefore, by applying (7.4.4) to a sufficiently large
p < oo, it follows that

a < minf#i: :(A,) < 1L#i: (M) = 1))
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230 7 Discrete p-Laplacians

< min{k +r,N — k}
=min{#{i: 1;(Asx) < 1}L,#{i: 1;(Ax) = 1}}.

O

A clique of an oriented hypergraph I is a set of vertices U € V such that,
for any {v,v’} C U, there exists a hyperedge ¢ O {v,v’}. The clique covering
number of T is

k = min{k: 3k cliques Cy,...,Cy s.t. V = Ui.‘ZICi}.

Theorem 7.4.2 is a sandwich theorem for hypergraphs with only inputs
which involves the independence number, the clique covering number, and the
multiplicity of the eigenvalue 1 for A;.

Theorem 7.4.2. Let I be an oriented hypergraph with only inputs, and let n
denote the multiplicity of the eigenvalue 1 for the 1-Laplacian. Then,

@ <1 <K
Proof By Theorem 7.4.1 and since 1 is the largest eigenvalue of Ay,
a <#i: ;A =21} =#i: 1;(A) =1} <n.

This proves the first inequality. Now, given a clique U, let f € C(V) with
supp(f) c U. Since every hyperedge has only inputs,

Ri(f)=1 f(v)f(v) 20Vu,0' € U = either f >0or f <0.
Now, one can check that the map
{f e COV)\ {0} withsupp(f) cU: f 20or f <0}} - {-1,1}
defined by

; I, iff>0
(i
~1, iff<0

is an odd continuous map. Therefore, the Z,-genus of the set

{f € C(V)\{0}: supp(f) C U, Ri(f) = 1}

is 1. Now, let Uy,. .., U, be pairwise disjoint cliques with U'leUi =V, and let
f be such that R{(f) = 1. Then, clearly f = Z']le Slu; - Also, from

K

TVi(f) < ) TVi(flu,) and ) dego-If ()l = > dego-Ifly, @),
=1

J vevV j=1vev
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74 p-Laplacians on Oriented Hypergraphs 231

it follows that

i TVi(fluy) Ri(Flo) < 1

< max Ri(fly;) £ 1.
o1 Zwev degu - | flu; (0)] ~ j=lk !
Hence, Rl(f|Uj) = 1,forall j = 1,...,«. Together with the fact that R; is zero-
homogeneous, this implies that R{ (N - fly,) = Ri(fly,) =1, fori=1,... k.
Thus, by the fact that

I=R(f) <

=S = N
i=1 i=1

and
N - flu; € {f #0:supp(f) C Ui, Ri(f) = 1},
we have

(f #0: Ri(f) =1} € #a{f #0: supp(f) € Uy, Ri(f) =1},

where > is the simplicial join operator defined by

K

e

S; = {l1S1+...+lKSKZSiGSi,liZO, lizl},

1
i=1

for subsets Si,. . .,Sk of a linear space.

The Z;-genus is monotonic, as established in Lemma 2.6.3, and subadditive
with respect to the join operator, which follows from the fact that S71=! x - .- x
Si=1 naturally injects into S''*-+ix=! Therefore, we have

n =genus{f #0: R (f) =1}
< genus(>K<l{f # 0: supp(f) Cc Ui, R (f) = 1})

i=

< > genus{f # 0: supp(f) € Uy, Ri(f) = 1)

K
i=1

= K.
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