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This paper derives a functional central limit theorem for the partial sums of frac-
tionally integrated processestherwise known as(d) processes fotd| < 2.

Such processes have long memanyd the limit distribution is the so-called frac-
tional Brownian motionhaving correlated increments even asymptoticallye
underlying shock variables may themselves exhibit quite general weak depen-
dence by being near-epoch-dependent functions of mixing proc&sasral weak
convergence results for stochastic integrals having fractional integrands and weakly
dependent integrators are also obtain€aken togetherthese results permit

I (p + d) integrands for any integgr = 1.

1. INTRODUCTION

In De Jong and Davidsof2000, we obtain functional limit results for a broad
class of serially dependent and heterogeneously distributed vector prgcesses
which, howevey are weakly dependemitherwise characterized as “short mem-
ory.” The defining feature of such processes is that their normalized partial sums
converge to processes having independent Gaussian increrapatsfically
Brownian motion in the case where the variances are uniformly bounded away
from infinity and zero

The present paper extends these results by allowing the processes to exhibit
long memory Specifically we consider fractionally integrated processsher-
wise known ad (d) processesThe chief interest in this class of processes is
that it defines a continuum linking the stationary short memory ¢dse 0)

We thank Bruce HanserPeter Phillipsand two anonymous referees for their comments on earlier versions of
this paperAny errors are ours alonéddress correspondence: thames DavidsgnCardiff Business Schogpl
Cardiff University Colum Drive Cardiff CF1 3EY UK.

© 2000 Cambridge University Press ~ 0266-4666 $950 643

https://doi.org/10.1017/50266466600165028 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466600165028

644 JAMES DAVIDSON AND ROBERT M. DE JONG

with the integrated or unit root casd = 1). The limit processes for the partial
sums of these variables foers < d < 3 are the so-called fractional Brownian
motions which differ from ordinary Brownian motion in having correlated in-
crements For similar resultssee among other reference®avydov (1970,
Tagqu(1975, Chan and Terrir{1995, Csoérgoand Mielniczuk(1995, Chung
(1997, and Robinson and Marinuc¢il998. The main novel feature of the
present results is that the shock varialffieactional differencesare permitted

to be near-epoch-dependent on a mixing procaseery general form of weak
dependence allowing various forms of nonlinear dynartéeg Davidsom2000.

We also prove stochastic integral convergence for fractionally integrated pro-
cesses with respect to weakly dependent integrator procddsese results are
useful in for example the analysis of cointegrated regressions where the ob-
served variables ang1 + d) processeswhereas the residuals are short mem-
ory processesThey are straightforwardly extended to cases where the variables
arel (p + d) for any integemp = 1.

The paper is organized as followSection 2 reviews the main properties of
the fractional modelSection 3 derives some technical results and gives the
functional central limit theorertiFCLT) for a real-valued fractional process and
then extends the result to the multivariate caection 4 gives the results on
stochastic integral convergence with fractional integrabifferent approaches
are needed for the cases of negative and positive valuds $&ction 5 con-
cludes the papeand the proofs are gathered in Appendixes A—C

2. FRACTIONALLY INTEGRATED PROCESSES

The class of processes we consider is customarily written in the form

X = (1—L) Y, (2.1)
wherelL is the lag operator-3 < d < 3, andu;, the fractional difference of;,

is a stationaryweakly dependent process to be specifiBy the obvious bi-
nomial expansionthey have the moving averag®lA) representation

X = 2 b uj, (2.2)
i=o

where

r(j+d)

TN D) &

Granger and Joyeux® 980 and Hosking1981) are standard references on these
processesStirling’s approximation formula for the gamma function yields the
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well-known property that the MA coefficients decline hyperbolically to zero
and lettingx; ~ y; denote thak; /y; — 1 asj — oo, we can write

b~ 1
! r(d)

jo-L (2.4)

Theb; are therefore square-summable o %, which is the condition neces-
sary for the processes to be stationary with finite variandesreasd > —3 is
necessary for the process to have an invertible MA representation—see Hosk-
ing (1981 for details The partial sumsdefined as> ¢, x, for s> 0, represent
a useful class of models for nonstationary ser@smtaining the popular unit
root case corresponding tb= 0 in this setupThey are of particular interest
when—3 < d < 0 becausgalthough nonstationary with infinite varianddey
have the property of eventual independence of initial conditfotisis best
to think, of the corresponding; series as being generated as the simple differ-
ences of these nonstationary series and so to exhibit a generalized form of
overdifferencing

Defining o2 = E(2_; %)% consider the scaled partial sum process

[n¢]

Xo(§) = o 3 %, (2.5)

wherex, is defined by(2.1) with |d| < 3. We show that under appropriate

conditions X, N X, whereX is a fractional Brownian motiqrdefined ford &
(_ 272) by

X(¢) = W(f (& —9)?dB(s)

0
RIS (—s)d]dB(s)) (2.6)

for 0 = ¢ = 1. Here B is standard Brownian motion and

1
Vd:r(d+1)2<2d+1 f((l-FT)d—Td)sz) 2.7)

this scale constant being chosen to m&k&1)? = 1. See Mandelbrot and van
Ness(1968 for additional detail€ Note thatX = B whend = 0. For the other

casesthese processes have correlated incremgasitively correlated when
d > 0 and negatively correlated otherwiSenhus it is easily verified from the

definition in (2.6) that

E(X(£ +6) — X(£))? = 82 (2.8)
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for ¢ €[0,1) and 0< § < 1 — ¢ and hence thafor example
E(X(&)(X(€ +8) = X(§))) = 3((£ + 8)2M+t — g2art — §2d°1), (2.9)

There are a number of extensions implicit in our resultsich we mention
here although the details must be left to future woBtationarity of the frac-
tional differences ensures that the limit proces£2i§), and we will maintain
this assumption in the sequdiut it is not a prerequisite for weak conver-
gence as suchn De Jong and Davidsof2000 we present results under weak
dependence that allow global nonstationantyth trends in the variances of
the processThe limit processes in such cases are not Brownian motion but
are transformations of Brownian motion involving some squeezing and stretch-
ing of the time domainCombining global nonstationarity and strong depen-
dence could yield an enlarged class of almost suf@ky) continuous Gaussian
limit processesextending(2.6).

An important feature of the results is that for the case @ < 3, they gen-
eralize in principle beyond the fractional mod€he general class of long mem-
ory MA processesin which the coefficients merely satisfy

by~ L(1j™, (2.10)

whereL(j) denotes any slowly varying compongritas essentially the same
asymptotic properties as the fractional proc8$se modifications to the proofs

to include a slowly varying component are straightforward in principlere-

over, given a nonstationary process of this general MA form witkt d < 1,

its simple difference has the same asymptotic properties as the fractional
model with—3 < d < 0, including of course that the partial sums converge

to fractional Brownian motionHowever be equally careful to note that the
negative fractional model behaves differently from the general casg. 1)

with —3 < d < 0, because it has the distinctive “overdifferencing” property
that the MA coefficients sum to zer@he latter property is not a feature by the
general class of MA processes with summable coefficjeamisl if the partial
sums of these processes converigas to ordinary Brownian motionLimit
results of the latter sort may be obtained as corollaries of the theorems of this
paper but we likewise do not pursue these extensions.here

3. AN FCLT FOR FRACTIONALLY INTEGRATED PROCESSES

Following the approach of Davyddit970, we note that after substituting =
>i2obu; in (2.5), and summing the terms in a different ordere are able to
write

[né]
Xn(€) = Xp(€') = o0t X an(é,€")u (3.1)

t=—c0
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for & > &', where

[ng]-t
an(§,¢') = > by. (3.2)

j=max{0,[n&"]—t+1}
Whenby; has the form i(2.4), this decomposition has the following properties
LEMMA 3.1.
(@ If & < x=¢&then

1
r{+1)

an ) (€,€7) ~ ([ng]1—[nxD,

and if —oo < x = ¢’ then

Pnioalé:6) ~ gy ()= [0 = ([ng") = [nd)*;

(b) hence

[n]
D anl(£,€)2 ~ Vy(n(€ — &), (3.3)
t=—oco
(See Appendix B for proofs for this sectign
The following assumption forms the basis of our functional limit results

Assumption 1 The sequencéu, —oco < t < oo}

(a) has zero mean

(b) is uniformly L,-bounded for > 2.

(c) is L,-NED of size—3 onV; with d; = 1, whereV, is either am-mixing sequence
of size—r/(r — 2) or a¢-mixing sequence of sizer/(2(r — 1)).

(d) is covariance stationarand 0< o2 < co where

o2 =lim n7*> > E(u,uy). (3.4)
n—oo t=1s=1

The conditiono 2 < oo actually follows from Assumption (t), according to
Lemma A2(a) of Appendix A Also note that under Assumptior(l) it is pos-
sible to set the near-epoch dependefi&ED) and other magnitude indices
to unity without loss of generalityand we do this without comment in the
sequel Compare Assumption 1 of De Jong and David¢@000 and note
that the latter assumption is satisfied by the amgy n~Y2u, whenu, obeys
Assumption 1

For this model we have the following basic property

LEMMA 3.2. When x is defined by(2.1) and Assumptiori holds o2 ~
o2V, n%+L
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The following result is then immediate on repeating the argument of
Lemma 32 with [né] + 1 and[n(£ + 8)] substituted for 1 and as the limits
of the sum that defines;? and modifying the application of Lemmal3as
appropriate

COROLLARY 31. If X, is defined by(2.5) and (2.1), and Assumptiorl
holds

E(Xq(€ +8) — Xa(£))? — 6291 (3.5)
asn— oo, foré €[0,1) and0 <6 < 1-—¢.

In view of this last resujtwhich shows that the limit distribution of, has
the same covariance structure as fractional Brownian motioemains to show
that the limit is Gaussian and has.acontinuous sample paths

THEOREM 31. If X, is defined by(2.5) and (2.1) where|d| < 3, and As
sumptionl holds then X, N X, where X is fractional Brownian motion

Note that Davydoy1970 has given this result for the case whekes inde-
pendent and identically distributedi.d.) and 0< d < 3.

It is of interest to note that our proof of Theoreni 3equires us to show that
condition(3.3) of De Jong and Davidsof2000 holds for the relevant array of
constantgsee B36). This is indeed the case fdr> — 3. Wooldridge and White’s
(1988 FCLT, for example cannot be adapted to the present problbatause
condition (3.6) of De Jong and DavidsofR000 does not hold for the case
d < 0. The approach to the FCLT developed in De Jong and Davi¢2060
turns out to be indispensable for the restibwever note how the condition
fails whend = —3. The limiting finite dimensional distributions are still Gauss-
ian in this case because Assumption 1 of De Jong and Davidx@®0 still
holds but every increment has unit variance in the linaihd hence the limiting
sample paths are not continuodshere are difficulties with the multivariate
extension of the FCLT for limit processes that are nst eontinuous because
the generalization of the Cramér—Wold theorem is not guaranteed to hold with-
out this restrictionsee Davidson1994 Theorem 291.6). A modified weak con-
vergence result does evidently hold for this gasg we will not consider that
problem here

We next consider the extension to a vector @d) processes wheré may
differ between elements and may be zero for some elemBefine

X, = A(L) tu, (mXx 1), (3.6)

whereu; is am X 1 vector of weakly dependent processes ard) is a
diagonalm X m lag polynomial matrix having diagonal elemerits— L)¢
|di| < 3, fori=1,...,m Define

D, = diag(n®*¥2 .. ndm*1/2) (3.7)
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and X,(&) = 3% X, where Xy, = D, 1x,(m X 1). Summing the terms in a
different order as beforewe obtain as the generalization (1)

[né]
Xo(€) = Xa(€') = 3 Dy An(£€u, (3.8)
where
A(g,€") = diag(@yy(£,&"), ..., amm(£,€")) (3.9)

andayy(¢,¢') represents the element of the fo(812) for the cased = d, for
j =1,...,m We introduce the following generalization of Assumptian 1

ASSUMPTION 2 Each element of thervector-valued sequenga,, —oco <
t < oo} satisfies Assumption,land

= lim n > > E(uuy) (3.10)
n—co t=1s=1

is finite and positive definite

We then have the following resuby a straightforward extension of the ar-
guments of Lemmas.B and 32.

LEMMA 3.3. When Assumptio holds
E(Xa(£ +8) = Xp(€) (Xn(£ +8) = X,(£))' = K(8) WK(8), (3.11)
for ¢ €[0,1) and0 < & < 1 — ¢, whereK(8) = diag(8%+V2...,6%+1/2),

and letting w; denote thei, j)th element of),, the elements of the matrik
(m X m) are defined by

_ @i
Vi~ T +1)T(d; +1)
(d +d T1 f ((1+’T)d| - T )((l+7)dj —T J)d7> (312)
fori,j=1,...,m

With this resulf we can give a multivariate extension of Theorerit 8s
follows.

THEOREM 32. If u, satisfies Assumptio8, then X, N X, where X is a

vector whose ith element is a fractional Brownian motion with parameter d
and EX1)X(1) =
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4. STOCHASTIC INTEGRALS

Let X, = D;1x,, wherex, (p X 1) is defined by(3.6) and W,, = n~ V2w,
(q % 1), and letX, (&) = S X, and Wy (&) = SIw,. Let

n—1 t
Gn = 2 2 anWr1/,t+l(p X q) (41)

t=1s=1
and AW = E(G,). In this section we derive sufficient conditions for

1
(X Wy, G, — AW 95 (x,w,] xaw), (4.2)

0
where W is Brownian motion andX is fractional Brownian motion with
X(0) = 0. In De Jong and Davidsof2000 we showed this convergence for
weakly dependent processes under essentially the same best conditions as for
the joint FCLT We are able to extend the same approach to the “negative frac-
tional” case as follows with a minor additional restriction on the dependence

THEOREM 41. Suppose-3 < d < Ofori =1,...,p. Let Assumptior2
hold for thevector (u;,w;) and also suppose that tHéED numbers for these
variables »Y(m) and »"¥(m), are of size d- 3, where d= min,=;,d;. Then
(4.2) holds

(See Appendix C for proofs for this sectipn

However we have not been able to adapt this method of proof to the case
d > 0. The obstacle to success is the need to shdov p = 1) that
Emax—,(St 1 x)2 = O(n?4*1) 4 Given this the rest of the proof could be
applied with only minor amendmentbut in default of this result we must
consider a different approacte give two theoremsestablishing the conver-
gence under slightly different conditionhe first follows Hanser(1992 in
making use of one of the range of weak convergence theorems for semimar-
tingale integrator processes given by Kurtz and Prati®91). Some depen-
dence restrictions additional to Assumption 2 must again be impesetiwe
are not able to express these simply in terms of near-epoch dependence on a
mixing processLet E! and E;, respectivelyrepresent the expectations condi-
tional on theo-fields H. = o(V,...,V;) and H,, where for convenience of
notation we writeH, for H' ..

THEOREM 42. Suppos® < d; < 3 fori =1,...,p. In addition to Assump
tion 2 for the vector (u;, w;), assume that thisector is adapted td+;. Then
(4.2) holds in each of the following caseshere d= maxj=,d;:

(1) (w,u) is strong mixing of size-2r/(r — 2).
(2) (w,uy) is uniform mixing of size-2.

©)
I Eiweyj — EttjnTETWtﬂ [, =B(j,m), (4.3)

where}]j";0 B(j,m) = ¢(m) < co defines a sequence of sizal.’
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Note that no restrictions additional to Assumption 2 and the adaptation need
hold for u;, under condition 3

The novel condition here i4.3). The algebra of conditional expectations
does not permit us to derive this condition merely from the factwhas near-
epoch-dependent on a mixing procelsst we can show that it holds in some
leading casesFor exampleit is clearly sufficient for(w, H,) to be a martin-
gale differenceAlso consider the linear process casay

W = 'Zo@i Vi (4.4)
iz
whereVy, (s X 1) is an ii.d. subvector ofV; and the®; (q X s) are matrices of
coefficients Letting 6, = max «|(©;)i|, suppose that; = O(i ~¥2797¢) for
e > 0. Becausev, — Efi'w, = 22,10,V . in this casewe obtain

0 1/2
Iw, = B w2 = C( > 9i2>

i=m+1
= 0O(m 1797#) (4.5)

for C = gsmax—x=s| v1ul2, SO thatw, is L,-NED of size—1 — d on{Vy} and
therefore ar,-mixingale of size-1— d, by Theorem 1% of Davidson(1994.
Moreover becauseEw;,j = E?‘;O(Biﬂ- Vii-i, we have

0 1/2
” EtWt+j - EttrrrnnEtWtH ”2 = C( E 0i2>

i=m+j+1
=0((m+j) 9=, (4.6)
Observe that

0 oo 1/2
E()( > 10i2> = O(m92), (4.7)
= i=m+j+

]

so that(4.3) holds with{ (m) given by (4.7).

A point of interest about Theorem2iis that the proof is not valid for nega-
tive d. This is apparent on comparing expressi@@20) and(C.23) of the proof
Both this result and TheoremMare needed to cover the complete spectrum of
casesThere is no apparent obstacle to showing joint convergence for a vector
containing both positive and negative fractiongsovided the proces&i,w;)
satisfies the conditions of both resultdowever we forgo the details here

A possibly undesirable feature of Theorer2 4 the adaptation requirement
which is imposed under the theorem of Kurtz and Pratt®91) on which it is
basedThis implies that the processasandw, must not depend on future val-
ues of the underlying process. Although this is quite a normal feature of
dynamic econometric modelso that the assumption need not be restrictive in
practice it should be noted that it is not essentill other words whereas the
limiting processW must be a martingale with respect to a filtration to whkh
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must also be adaptethis need not imply thaX,, andW,, are’H,-measurable
for finite n.

One can avoid the latter condition by obtaining the limiting martingale through
a blocking argumentas usedfollowing Chan and We{1988, in Theorem 41
of De Jong and Davidso(2000 and Theorem 4 of the current papeHow-
ever to combine the Chan—Wei approach with the Hansen-type argument re-
quires an @. boundedness restriction am, which for practical applications
may be less attractive than adaptatidre therefore give this result as an alter-
native to Theorem 2.

THEOREM 43. Let the assumptions of Theore&n2 hold, except that wand
u; need not be adapted t;, but |w;| < oo and the sequendé,w.j,j = 1} is
summablewith probability one Then(4.2) holds

Finally, we point out that these results can be extended to cases where
the integrand isl (1 + p + d) for all positive integersp. Noting that

n 1SS X 5 [EX(s)ds by the continuous mapping theoremwe
have the following resultwhich follows by Theorem 2(i) of Chan and Wei
(1988. Solely for ease of expositignve give the scalar case of the resuas
follows.

THEOREM 44. Let the assumptions of Theorehi hold in the case &< 0
and those of either Theoret?2 or Theorem4.3 hold in the case &> 0. Let
W, = n~¥2w;, and let

1 t S
Xm B W sz= E= g (4.8)
for p € N. Then if X,,, W,, and G, are defined as before
1
(X, W, G, — AW 9 <x,w,f de>, (4.9)
0
where
§p §1
X = [ [ 2teo) do - s @10
0 0
is the pfold integral of a fractional Brownian motion Z and
1 n—-1 t S
MW= —= TS o S S b E(Ug W) (4.11)
n t=15,=1  =11=0

5. CONCLUSION

Applying techniques developed in De Jong and David&fi00, in this paper
we obtain weak convergence results for the fractionally integrated class of long
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memory processesn which the limit processes are fractional Brownian mo-
tion. The FCLT is proved assuming that the fractional differences of the pro-
cess are near-epoch-dependent on a mixing provéssalso prove the weak
convergence of stochastic integrals having these processes as integratets

a range afcollectively mild dependence restrictionBy combining our results
with the continuous mapping theorem applied to partial sums possible

to characterize these weak limits for normalidég + d) processes fofd| < 3

and any integep > 0.

NOTES

1. For a recent application of this type of model see By®avidson and Pee(1997).

2. Our formula differs from Mandelbrot and van Ned®968 equation(2.1)) because they do
not normalize the variance &f(1) to unity. We also implicitly impose the conditiok(0) = 0 as.

3. Asequence is said to be slowly varyingeatf it satisfiesL(xj)/L(j) — 1 asj — oo, for any
x> 0.

4. Nonsummable series arise in the application of the maximal inequality of Mcl(@&Fba
to this casdsee Lemma A in the Appendix For the casal < 0 the lemma establishes that the
expected maximum i©(n), which suffices at the cost of strengthening the NED sizes frodnto
d — %, as in Theorem 4.

5. For a vector, |al, here denoteg; |a;,. Also, for a matrixA, |Al, denotesX; ;| A [l
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APPENDIX A: SOME TECHNICAL LEMMAS

LEMMAA 1 If a=b <0, then
. O(ja+b+1) a>—1
Jilka(j—k)b= O(jPlogj) a=-1.
< o(j) a< -1
Proof. For the casa > —1 this follows by an integral approximation using the beta

function and for the other cases by elementary summability arguments n

The following lemmas extend Lemmas3fand A4 of De Jong and Davidsa2000.
Lemma A3 of the current paper is stated for arbitrary coefficigntsind has an appli-
cation to the fractional model in the cade< 0. Note that ford > 0 the sum in(A.1)
diverges

LEMMA A .2. Let{Xy, Gne} and{Y,, Gnit be triangular Ly-mixingale arrays of size
— 1 with mixingale magnitude indices@and g%, respectiely. Then

(@

n n n 1/2 n 1/2
> X E(XntYns)|5c< > (ak 2) ( > (ay 2)

t=—00 S=—c0 t=—c0 t=—c0

for C> 0.
by If S__(aX)?=0() and > _.(a¥)? = O(1), andy, = 1 is an increasing
integervalued function of n withy, — oo as n— oo, then

lim i i [EXntYag)[1(Jt =8| > y,) =0

[ e —

Proof. Similarly to Lemma A3 of De Jong and Davidsof2000, this is by analogy
with Lemma 4 of De Jon@1997.
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LEMMAA .3. Let{Y;, G} be a stationary L-mixingale with mixingale numbeys"( j).
If Zy = 2o b Yk then

t 2 oo j o 1/2\ 2
E max<ZZS> snEUogj)Z(Cli bkl!fY(J'—k)JrCz( > bf) ) (A1)
j=1 k=0

1=t=n\s=1 k=j+1
for C;,C, > 0.

Proof. The argument from McLeiskl975 Theorem 16) yields the inequality

t 2 oo n
E max(Z Zs> = C; X (logj)? > EE(Z(|G:-)?
t=1

1=t=n s=1 j=1

+ C, 2 EE(Z,]G)?
t=1

+Cs > (logj)? > E(Z, — E(Z//G,+)))? (A.2)
j=1 t=1

for constant<C;, C4,Cs > 0. But for j = 0,

j [ee]
IE(Z |G-l = > b E(Ys—klGe—j)l2 + > bYoy (A.3)
k=0 k=j+1 2
using the Minkowski and Jensen inequaliiaad similarly
12, — E(Z;|Gesj)l2 = kZ bl Yok = ENsilGerj) 2. (A.4)
=0

To bound the second majorant term(ix.3), apply Lemma A2(a) putting Y,s = Xns =
b,_sYs, so that theb coefficients play the role of the mixingale magnitude indices in this
case Finally, apply the mixingale definition and note that the first majorant term in
(A.2) dominates the second and third terms to ob{airl). |

LEMMA A 4. Let {X;,G:} and {Y, G} be stationary L-mixingales with mixingale
numbersy*(j) andyY(j). If Zy = S obY_, then

n t
> X X Z
t=1s=1

1

o 1/2
= n(,Zl(logJ)zwx(jV)
o

e i 0 1/2\2\1/2
X <_El(|09j)2<clkzobk‘/ﬂ(j_k)+C2< > bl%) ) > .
i= -

k=j+1 (A5)

Proof. This follows straightforwardly by combining the arguments of Lemmé &f
De Jong and Davidso(2000 and Lemma A3 of the current paper

https://doi.org/10.1017/50266466600165028 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466600165028

656 JAMES DAVIDSON AND ROBERT M. DE JONG

APPENDIX B: PROOFS FOR SECTION 3

Proof of Lemma 3.1. To prove part(a of the lemmawe approximate sums by in-
tegrals Consider first the case € d < 3. If &’ < x = &, then using(2.4),

[ng]—[nx]
an,[nx](fv fl) = 2 bk
k=0

1 (Inel=td
- m v
F(d T (el - e (B.1)

and if similarly if x =< ¢’ then

[ng]-[nx]
an,[nx](§7 gl) = E bk
k=[n¢’]+1—[nx]
1 [ng] o1
~ s —[nx])?*d
) Joers (y =[x *dy
~ — d_ _

F(d ) (([n&] = [nxD? = ([ng"] = [nx])9). (B.2)
BecauseXZ b, z! = (1 - 2)79 note that>Z b = 0 for —3 < d < 0. Hence if £’ <
x = £ then
an,[nx](fy g,) = = 2 bk

k=[n&]+1—[nx]
_1 e}
~—_— dfld
0@ Joeroma” Y
~ — d
r(d o (€1 = [ (B3)

and if x = ¢’ then similarly

an,[nx](§7 f,) = 2 bk_ 2 bk
k=[n¢'1+1—[nx] k=[n&¢]+1—[nx]
F(d+1) (([n¢] = [nx)¢ = ([ng"] = [nx])¥). (B.4)

To prove parth), write

[n£] [n£] [né’]
D an(& 2= Y an( €+ Y an(é,¢)?
t=—o0 t=[n¢’']+1 t=—o
= My, + My, (B.5)
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Le['r[]tgi]ng Ont dgnote any positive constant arrqyote t.hatEEZﬂf,]Ham(.g,f’)z ~
t=[ne'1+1 Ont if an[nx (&, €)% ~ On[ny for everyx in the interval(£',&]. This holds in
view of the fact that the latter convergence is equivalengig, — 0 asn — oo

where
a LENZ2—6
On,[nx] = | n,[nx](feg ) n,[nx]‘. (B.6)
n,[nx]
Letting > (-) represent the sum over the specified indjces have
|Eant(§y§,)2_20nt| EQntent
t t t
= =  max Ou. (B.7)
T<t=[n¢]

2 Ot E Ot e’
t t

We may argue similarly for the intervél-oo, '] and so approximati,, and M,,, by
the sums of squares of the expressions derived in(garEurther integrations yield

My~ = (n(¢ — &) (B.8)
o (2d+1r(d+1)2 '
and
J‘OO (A+ 79— 792dr
Mg ~ — (n(¢ — €))%+, (B.9)

rd+1)2

where in the second case we made the change of variable[né’] — t)/([né] —
|

[ng']).

Proof of Lemma 3.2. Consider Lemma.3 in the cas& = 1 and¢’ = 0. For brevity
we write a,; to denotea,:(1,0). Let B,, be an increasing integer sequence with the prop-
erty B, — oo andB,/n — 0 and definer,, = n/B,,. For the purposes of the argumgnt
assume than increases through a sequence of values suchrthiatalways an integer

Write

n n

Z Xp = 2 Ane Ut
t=1 t=—00

r iBn
E ( E antut)
i=—oo \ t=(i—1)B,+1

r M
=BY? Z an,iBnSﬁi+Br?/2 2 Oni Shi

I=—0o0 I=—o0

= A+ Agn, (B.10)
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(say, where
1 iB,
Si = U, (B.11)
' OBY2 i D1
iB,
n A — A,
S = s, (B.12)

=(-DB+1 BY?Oni
andg, > 0 is to be chosenWe show that

(i) (St_.ak) *E(Af,) — of and
(i) (Z_., a2) *E(A3,) — O for a suitable definition of,;.

This is sufficient to prove the lemman view of the Cauchy—Schwarz inequality
Under Assumption 1 the sequend&{S?), n > |i|B,} converge tar? for each fixed
integeri, such that

sup |E(S3) — o2 =0 asn— co. (B.13)

—co<i=r,

Exploiting the mixingale propertyDe Jong and Davidson 200Demma A1), this fol-
lows by Lemma A2(a) with Yo = Xne = B, 72Uy 1), because the covariances of the
terms are both absolutely summable and independent loffollows similarly, using
Lemma A2(b), that

sup ﬁ |E(ShiShi+m)| = 0(1) asn— co. (B.14)

—oo<i=r, m=1

Next define
Bnar21 iB vz e :

W, = [ 2B ifi<r, O otherwise (B.15)
> ak
t=—c0

It is easily verified using the arguments of Lemmd 8hat>~_. W2 — 1. We may
write

n 1 =1 rp—i
( 2 ar21t> - Z Wn2.312+2 2 ZWn|Wn|+mSn Sn|+m

t=—o0 i=—o0 i=—com=1

= Tagn + 2Tyon, (B.16)

(say. Using (B.13),

rn
Thn—ogl= sup |E(SH) -] X Wi+l E W —
—oco<i=r, i=—o0 i=—o0
—0 ash— oo. (B.17)
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Also, (B.14) implies that

‘T122n| = ﬁ < Zn WniWn,i+m||E(SniSn,i+m)|>

m=1 \ i=—o0
— 0 asn— oo, (B.18)
noting that the weight$W,; W, i+m| in the majorant have a sum oviepf at most one

This completes the proof df).
To prove(ii), note thatfor —co <t <s=n,

n—t —t
|an17ans|S 2 bj+|(t50) 2 bj‘
j=n—s+1 j=max{0,1—s}
= (s— t)(|by_ss1l| + [Bmaxo1-g 1 (1= 0)). (B.19)

Therefore define

Oni = Ibn_g, i1l + 10 = 0)|braxo1-8,i1] (B.20)
such that
‘ant - an,iBn| = Bngni (821)

for (i — 1)B, < t = iB,. In view of (B.21) and previous arguments we can say that

sup E(Si?) =0(1) asn— oo (B.22)
and that
sup § E(S;Shi-m) =0(1) asn— oo, (B.23)

—oo<i=r, m=1
Now, defining

B3g2 \¥2
W = n”g”' , i<r,, (B.24)

> ag

t=—c0

note from(B.20) and the properties dj that

=1 M 0
S st -0l £ v s $ )

i=—c0 i=—o0 i=—o0

and hence

rh—1

> Wi2=0(ry 201, (B.26)
i=—o0
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In view of the previous arguments relatingAq,, it is clear that

n 1 . rp—1 ro—i
(2 08) Mom S wrsie2 S Wi S WoroniSiiom
t=—o0 i=—o0 i=—oco m=
=0(1), (B.27)
which completes the proof u

Proof of Theorem 3.1. The proof follows the lines of Theorem13of De Jong and
Davidson(2000 by establishing that condition8.4) and(3.5) of De Jong and David-
son (2000 hold for X,(¢), where the limit in distribution specified i(8.4) of that paper
is the fractional Brownian motigrescaled such thd&&X,(1)? = 1.

To determine the finite dimensional distributioagply Theorem 2 of De Jond.997)
to the arrayqo,, *a,(£,0u, t =1 — N,,...,[né], n = 1}, whereN, is a sequence of
natural numbers such that

7Nn
Ry(&E) =07t S an(£,E)u—50 asn— o (B.28)

t=—oc0

for any choice of¢é and¢’. Such a sequence existven Corollary 31. Considey for
eaché, the arrayso,, *a,,(¢,0)u,. Under Assumption Ithese satisfy Assumption 1 of
De Jong and DavidsofR000 with respect to the constant arragg = o, *a,(£,0).
The style of the latter assumption can be adapted to the present case by considering
the blocks of terms corresponding to> 0 andt = 0 separatelywith K,, = [n£] and
K, = N,, respectively The argument is easily extended to the joint distribution of
(Xn(€1),..., Xn(&p)) for any finite set ofp coordinates using the Cramér—Wold Theo-
rem (Davidson 1994 Theorem 2%) because the random variab‘i?,f:lrj Xn(;), with
arbitrary weightsry,...,7p, is the partial sum of the arrafo, * 3, 7a,,(£;,0)u},
which similarly satisfies Assumption 1 of De Jong and Davidé2®00 as required
The second part of the proof is to establish stochastic equicontirauity we adapt
the proof of Theorem .3 of De Jong and Davidsof2000 as follows Note first that
(B.2) of De Jong and Davidsof2000 holds as before becausé(-) is an arbitrary
sequence in that expressidh remains to show tha¥, in (B.3) of that paper is uni-
formly square-integrabldor an appropriate choice of,.

Write
[n£]
Xn(€) = Xn(€) = o0t 2 an(é,€)u + Ry(£,€") (B.29)
t=—Np,
and define
[nmin{&+8,1}]
va(é,8) = oloy? X an(é+6,6)2 (B.30)

t=—o0
Now consider the sequence correspondingB@®) of De Jong and Davidsof2000:
[né]

ot Y X

t=[n¢']+1

Ya(8,6") = sup vn H(£,0). (B.31)

{&:6-¢'<8}
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Observe that

Ya(8,€") = Y1n(8,€") + Yon(8,€7), (B.32)
where
[n¢]
Yin(8,€) = sup | X an(&E +8)u v, N(€,8) (B.33)
{&:6—¢'<8} | t=—N,
and
Yon(8,€") = sup [Ry(£,€")[vat(£,6). (B.34)
{&:6—-¢'<8)

The inequality in(B.32) must hold because it hold¢by the triangle inequalityif the
value of¢ defined by the sup iiB.31) also appears iB.33) and (B.34). In that case
the sums have the same terms merely added up in a different aoderding taB.29).
Taking the individual sups ifB.33) and(B.34) can only increase the majorant side

ConsideringY;s (8, €') first, note that this sequence is uniformly square-integrable by
Theorem 1614 of Davidson(1994), if uZ is uniformly integrablewhich holds by As-
sumption 1 MoreoverY,,(68,£') — 0 in Lo-norm, so that uniform square integrability
holds trivially for this term Therefore subject to

lim sup limsupr2(£,8) =0, (B.35)

620 £€[0,1-8] nooo

the FCLT is provedBut by Lemma 31,

[nmin{&+46,1}]

sup limsupoloy? D an(é+8,&)2 =829 (B.36)
£€[0,1-8] n—ow t=—o0
which converges to 0 with for d > —3. This completes the proof u

Proof of Theorem 3.2. We appealas in the case of Theorem23of De Jong and
Davidson(2000, to Theorem 296 of Davidson(1994). The result follows ifA’X,, con-
verges in distribution to an.a continuous Gaussian limii’X, for all m-vectorsa of
unit length These limits are not fractional Brownian motions in genelalt as a con-
sequence of Lemma.3 the cases\ = g, j = 1,...,m (the columns of the identity
matrix of orderm) yield fractional Brownian motions with parametefs

To establish convergence of the finite sample distributievescan apply Theorem 2
of De Jong(1997 as previouslybecause by Assumption Assumption 1 of De Jong
and Davidsor(2000 holds for the arrap’D; 2 A,(£,0)u, with respect to constants

Crt = (WD AL(£,000, A (£,00D, T 1) V2 (B.37)

The argument now proceeds in a similar way to that of TheoremSochastic equi-
continuity is established in the same manner as befiyeonsidering the random vari-
ables) (X, (&) — X, (£')) defined according t§3.8) and also defining the sequences

[nmin(£+6),1]

v2(£,0)= D XDy AL(E+8,6)0,A(&E+6,6)D, 1A (B.38)

t=—c0
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by analogy with(B.30). Note that in this caseusing Lemma 3, we have

sup limsupr2(¢,8) = VK(8)WK(8)A, (B.39)

£€[0,1-8] nooo

which converges to 0 a&— 0 providedd, > —3 for eachj. u

APPENDIX C PROOFS FOR SECTION 4

Proof of Theorem 4.1. The proof follows that of Theorem.4 of De Jong and Da-
vidson (2000 at most pointsAs there we assume without loss of generality th@and
W are scalars and can therefore writén place ofd;,. However the proof of Theorem
30.13 of Davidson(1994) must be further modifigdas follows The number of blocks
k., must be chosen to b@(n®(¢~9) wheree > 0 is defined by the NED size assump-
tions such that the NED numbetsg’ (m) and»"(m) are ofO(m~%2-2), The conver-
gence specified i830.64) of Davidson(1994) is now to the paii( X,W) whereX is the
process specified ifR.6) andW is ordinary Brownian motionBecauseX is as. contin-
uous this fact affects the subsequent argument only at the point of equ&Mr8) of
Davidson(1994) where the expression in the third member becofiesur notation

Kn £
> (6§ — & )% d¢, (C.1)

=1 V¢

which, howevey converges to zero as before
Next, note the modifications to the remainder of the proof of TheorebhofiDe Jong
and Davidsor(2000. We have

n—1

Kn
Av=2
i=1

t
2 (anWn,t+1 - ExnsWn,tJrl)a (C2)
t=p; s=p;

where as before we writg for n;_; + 1, and similarly

kn m—1 n_q

Bn = 2 2 E EXnSWn,t+1' (C3)
]

=lt=n_;s=1

To showB, — 0, it is convenient to rewrite it in the form

n—1 n_

kr‘
B.=2> > X Ans(€- 1,00 EU W, 141 (C.49)
j=1

t=nj_;s=—c0
whereU,s = n~¥2-9y,. The same argument as before now goes through using Lemma

A.2(b) and applying Lemma., noting that the mixingale magnitude index for the ran-
dom variableans(€j—1,0)Uns is N~ Y2 %a,4(&-1,0).
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To show thatA, LN 0, note first that the argument as far as equaiiri4) of De
Jong and Davidsof2000 can be copied after making the substitution

t t

2 Xns= 2 At/ & 1) Ups, (C.5)

s=p s=—oo

S|m|IarIy to equatlor(C 4). At this point the problem reducgas beforeto showing that
A, = ZJ 1Yn] LYo} Defining X,,s similarly to (C.5), but with U, replaced by the trun-
cated formU,s according to(C.9) of De Jong and Davidso(2000, we can write

n—1 ¢

Ynj = 2 2 (anWn,H—l - ExnsWn,H—l)‘ (CG)
t=pj s=p;

Instead of(C.18) of De Jong and Davidso(2000, we have for m > 0,

1Yo = EP ™Yol

i t
= 2 ”Wn,t+1 EJ+mWn t+1” E an
t=p; S=p 2
n—1 n-1
+ E ” an J m ns”Z E Wn,t+l 2 EjJ—JranWn,t+1 . (C7)
s=p t=p; 2 t=p 2
By Lemma A3 and the assumptions
t
> Xnsl| =Cyin~%; Y2 (C.8)
s=pj 2

for constaniC, > 0, andp; =t = n; — 1. Also note that fom> 0, ands — | > nj_,4,
101 = B Unsil2

= U, — EU, o |0-(Vn,nj,m,1+17'-"Vn,2(sfl)7nj,m,l))”2

=n V2% Y(mryk, — 1), (C.9)
and hence by the Minkowski and Jensen inequalities

” >_(ns - EjJ:rnT )_(nsuz

mryk, o
= IE bI”Un,s | E]+m ns |”2+2HI %( bI Un,sfl
=0 =mr/k,+1 2
mrvky, B 1/2
=C,n Y24 > prV(myk,— 1) + c3nl/2d< > b,2> (C.10)
=0 I=mn/k,+1

for C,,C3 > 0, where Lemma A2(a) has been used to bound the last tefihe sum in
the first term of the majorant is of ordémryk,)9~%2~¢ by Lemma A1, and the sum in
the second term of the majorant is of ordemyk,)29~% After simplification we obtain

Yoy = EZ Yoyl = Caky :n=d(k, /n)*~9md-1/2 (C.11)
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for C4 > 0, wheren=9(k,/n)*~9 = O(1) by the choice ok, and hence{Y,;, &} is an
L,-mixingale of size—3, with summable magnitude indiceéBhe rest of the proof closely
follows Theorem 4L of De Jong and Davidsof2000 from (C.22) of that paper on-
ward except that the substitution correspondind®®b) is made in the expressions and
Lemma A4 is applied in place of Lemma.A of that paper |

Proof of Theorem 4.2. It is sufficient to showG, — AXW -2 Jo X dW', because the
joint convergence follows by the discussion following Theorefef De Jong and Da-

vidson (2000.
The first step in the proof is to show that;, H;) is anL,-mixingale of size—1 and
also that
(2 Uy EwWisj — ELItWt’-#j?Ht) (C.12)
=1

is anL;-mixingale whoseath row is of size—d;. We show that any of conditions 2,
and 3 is sufficientUnder condition 1the mixingale property fofw, H;) follows by
Theorem 1% of Davidson(1994). For (C.12), apply Theorem 2 of Hansen(1992
element by element to obtaifor constantsC,,C, > 0 (in Hansen’s notation we set
B = 2, permissible under our stationarity assumptiandp = r),

o0
=Cimat " +C, D al 2"
1 k=m

oo
‘ Eim E U E Wt,+j - ELIIWt/+j
j=1

=o(ml), (C.13)

whereqa,, denotes the strong-mixing numbetinder condition 2similar arguments fol-
low after substituting the uniform mixing inequality of Serflifg9698 for the strong-
mixing inequality (In this case sgp = 8 = 2, in Hansen’s notation Under condition 3
the required mixingale property @, #,) is implicit in (4.3). The same condition im-
plies (by the Minkowski inequality that 3;° ; E,w,,; is L,-NED on {\;} of size —d.
Hence when Assumption 2 holds far;, the mixingale property fofC.12) follows by
Theorems 1B and 176 of Davidson(1994), applied element by element

In the second stepthe argument is appliedn effect to each pairing of elements of
X, andw;. We therefore assume without loss of generality thaand w; are scalars
Apply the identity

W, =é€+2Z 17, (C.14)
where
n—t
€= > (EWerk — Bt Wepyd) (C.15)
k=0
and
n—t
Z = kE B Wi (C.16)
-1
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fort=1,...,n — 1, and setz, = 0. Noting that

n—-1 t n—1
2 2 X(Z = 2i11) = 2 Xz, (C.17)
t=1s=1 t=1
we may write
n—1 t
T2 2 X Wiy = At Aan, (C.18)
where
n—1 t
Y D Xe€pin (C.19)
t=1s=1
and
n—1
Apn=n"19> xz. (C.20)

Under the assumptions
1

A [ xaw (C.21)
0]

by Theorem 3L of Hansen(1992, noting that the application of the strong-mixing in-
equality in Hansen's inequalit§A.1) simply makes use of the mixingale property of a
centered strong-mixing process and is valid in this case by assumplioy consider
Aon. Note that for constant€,,C, > 0, ande > 0,

n—t

mz (ut kE Wt+j EutkatJrj)
i=1 1

m
H Et—mxt Z — Ext Zt“l = kE bk
=0

oo n—t
2 b Uk Z IE Wi l2
k=m-+1 2 j=1
m o 1/2 oo
5C12bk¢(m_k)+cz< > bl%) > ())
k=0 k=m+1 =1
=0(m?) + O(m%v2), (C.22)

where/ (j) andy (k) are the mixingale numbers féw,, H,} and the process i(C.12),
respectively The first of the inequalities ifC.22) uses the MinkowskiJensenand
Cauchy—Schwarz inequalitieEhe second inequality applies the mixingale assumptions
and Lemma A2(a), putting Y,,s = Xns = by_sUs. The first order-of-magnitude term is
evaluated using Lemma.® and the second follows by assumption

The sequencéx, z;, H.} is therefore a stationary;-mixingale angdaccordingly uni-
formly integrable It follows by the weak law of large numbers of Davids@dr®93 (or
see Davidsonl1994 Theorem 1911) that

o

N1 (x,z— Exz) > 0. (C.23)
t=1

Noting thatE(A,,) = AW completes the proof u
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Proof of Theorem 4.3. As before assumex; andw; are scalarsThe first part of the
argument follows the same modification of Theoreml 4f De Jong and Davidson
(2000 as used in Theorem X of the current papett remains to show thatG,, — G —
AUW| 25 0, similarly to expression4.7) of De Jong and Davidsof2000. Using the
decomposition ifC.14), and noting that

n—1 t n—1 n—1
> X(Z =z = 2 X%z— 2 X% Zn, (C.24)
t=n_i+1ls=n_;+1 t=n_,+1 t=n—1

we can write

Gn— G; = A+ Aon — Aap, (C.25)
where
t=n_;—-1
Ap=n14d 2 Xt—m€t+1» (C.26)
m=0
Kn n—1
Aypp=n19> > xz, (C.27)
j=lt=n_;+1
and
ko m—1
Ay =n"10> N xz,. (C.28)
j=1lt=n-1 !

Now, by the assumption ow, |e;| < oo a.s., and by Holder’s inequality

m=0 m=0

t=n_;—-1 2 t=nm_;—-1 2
E6t2+1< 2 Xtm) S”Et+1|§oE< Z Xtm)- (C.29)

Therefore in view of the martingale difference property &f

Kn n—1

E(A)=Cnty X E(X,(t/n) = X(§-1)?

j=lt=n_;+1
Kn

=Cn 'y n(& - fj—1)2d+l
j=1

= O(lrgjasé (& — &-0?" ) =0(1) (C.30)

for constantC > 0. The proof is completed by arguments similar to those used for Theo-
rem 42, noting that the ternd\,, — E(A,,,) converges in probability to zerthatE|Az,| <
n=9 and that| E(A,,) — AXY| — 0. |
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