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This paper derives a functional central limit theorem for the partial sums of frac-
tionally integrated processes, otherwise known asI ~d! processes for6d6 , 1

2
_ +

Such processes have long memory, and the limit distribution is the so-called frac-
tional Brownian motion, having correlated increments even asymptotically+ The
underlying shock variables may themselves exhibit quite general weak depen-
dence by being near-epoch-dependent functions of mixing processes+ Several weak
convergence results for stochastic integrals having fractional integrands and weakly
dependent integrators are also obtained+ Taken together, these results permit
I ~ p 1 d! integrands for any integerp $ 1+

1. INTRODUCTION

In De Jong and Davidson~2000!, we obtain functional limit results for a broad
class of serially dependent and heterogeneously distributed vector processes,
which, however, are weakly dependent, otherwise characterized as “short mem-
ory+” The defining feature of such processes is that their normalized partial sums
converge to processes having independent Gaussian increments, specifically,
Brownian motion in the case where the variances are uniformly bounded away
from infinity and zero+

The present paper extends these results by allowing the processes to exhibit
long memory+ Specifically, we consider fractionally integrated processes, other-
wise known asI ~d! processes+ The chief interest in this class of processes is
that it defines a continuum linking the stationary short memory case~d 5 0!
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with the integrated or unit root case~d 5 1!+ The limit processes for the partial
sums of these variables for2 1

2
_ , d , 1

2
_ are the so-called fractional Brownian

motions, which differ from ordinary Brownian motion in having correlated in-
crements+ For similar results, see, among other references, Davydov ~1970!,
Taqqu~1975!, Chan and Terrin~1995!, Csörgőand Mielniczuk~1995!, Chung
~1997!, and Robinson and Marinucci~1998!+ The main novel feature of the
present results is that the shock variables~fractional differences! are permitted
to be near-epoch-dependent on a mixing process, a very general form of weak
dependence allowing various forms of nonlinear dynamics~see Davidson, 2000!+
We also prove stochastic integral convergence for fractionally integrated pro-
cesses with respect to weakly dependent integrator processes+ These results are
useful in, for example, the analysis of cointegrated regressions where the ob-
served variables areI ~1 1 d! processes, whereas the residuals are short mem-
ory processes+ They are straightforwardly extended to cases where the variables
are I ~ p 1 d! for any integerp $ 1+

The paper is organized as follows+ Section 2 reviews the main properties of
the fractional model+ Section 3 derives some technical results and gives the
functional central limit theorem~FCLT! for a real-valued fractional process and
then extends the result to the multivariate case+ Section 4 gives the results on
stochastic integral convergence with fractional integrands+ Different approaches
are needed for the cases of negative and positive values ofd+ Section 5 con-
cludes the paper, and the proofs are gathered in Appendixes A–C+

2. FRACTIONALLY INTEGRATED PROCESSES

The class of processes we consider is customarily written in the form

xt 5 ~12 L!2dut , (2.1)

whereL is the lag operator, 2 1
2
_ , d , 1

2
_ , andut , the fractional difference ofxt ,

is a stationary, weakly dependent process to be specified+ By the obvious bi-
nomial expansion, they have the moving average~MA ! representation

xt 5 (
j50

`

bj ut2j , (2.2)

where

bj 5
G~ j 1 d!

G~d!G~ j 1 1!
+ (2.3)

Granger and Joyeux~1980! and Hosking~1981! are standard references on these
processes+ Stirling’s approximation formula for the gamma function yields the
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well-known property that the MA coefficients decline hyperbolically to zero,
and lettingxj ; yj denote thatxj 0yj r 1 asj r `, we can write

bj ;
1

G~d!
j d21+ (2.4)

Thebj are therefore square-summable ford , 1
2
_ , which is the condition neces-

sary for the processes to be stationary with finite variance, whereasd . 2 1
2
_ is

necessary for the process to have an invertible MA representation—see Hosk-
ing ~1981! for details+ The partial sums, defined as(t51

s xt for s . 0, represent
a useful class of models for nonstationary series, containing the popular unit
root case corresponding tod 5 0 in this setup+ They are of particular interest
when2 1

2
_ , d , 0 because, although nonstationary with infinite variance, they

have the property of eventual independence of initial conditions+1 It is best
to think, of the correspondingxt series as being generated as the simple differ-
ences of these nonstationary series and so to exhibit a generalized form of
overdifferencing+

Defining sn
2 5 E~(t51

n xt !
2, consider the scaled partial sum process

Xn~j! 5 sn
21 (

t51

@nj#

xt , (2.5)

where xt is defined by~2+1! with 6d6 , 1
2
_ + We show that under appropriate

conditions, Xn
d
&& X, whereX is a fractional Brownian motion, defined ford [

~2 1
2
_ , 12_! by

X~j! 5
1

G~d 1 1!Vd
102SE

0

j

~j 2 s!d dB~s!

1 E
2`

0

@~j 2 s!d 2 ~2s!d# dB~s!D (2.6)

for 0 # j # 1+ Here, B is standard Brownian motion and

Vd 5
1

G~d 1 1!2 S 1

2d 1 1
1E

0

`

~~11 t!d 2 td!2 dtD, (2.7)

this scale constant being chosen to makeEX~1!2 5 1+ See Mandelbrot and van
Ness~1968! for additional details+2 Note thatX 5 B whend 5 0+ For the other
cases, these processes have correlated increments, positively correlated when
d . 0 and negatively correlated otherwise+ Thus, it is easily verified from the
definition in ~2+6! that

E~X~j 1 d! 2 X~j!!2 5 d2d11 (2.8)
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for j [ @0,1! and 0, d , 1 2 j and hence that, for example,

E~X~j!~X~j 1 d! 2 X~j!!! 5 2
1
2~~j 1 d!2d11 2 j2d11 2 d2d11!+ (2.9)

There are a number of extensions implicit in our results, which we mention
here, although the details must be left to future work+ Stationarity of the frac-
tional differences ensures that the limit process is~2+6!, and we will maintain
this assumption in the sequel, but it is not a prerequisite for weak conver-
gence as such+ In De Jong and Davidson~2000! we present results under weak
dependence that allow global nonstationarity, with trends in the variances of
the process+ The limit processes in such cases are not Brownian motion but
are transformations of Brownian motion involving some squeezing and stretch-
ing of the time domain+ Combining global nonstationarity and strong depen-
dence could yield an enlarged class of almost surely~a+s+! continuous Gaussian
limit processes, extending~2+6!+

An important feature of the results is that for the case 0, d , 1
2
_ , they gen-

eralize in principle beyond the fractional model+ The general class of long mem-
ory MA processes, in which the coefficients merely satisfy

bj ; L~ j ! j d21, (2.10)

whereL~ j ! denotes any slowly varying component,3 has essentially the same
asymptotic properties as the fractional process+ The modifications to the proofs
to include a slowly varying component are straightforward in principle+ More-
over, given a nonstationary process of this general MA form with1

2
_ , d , 1,

its simple difference has the same asymptotic properties as the fractional
model with2 1

2
_ , d , 0, including, of course, that the partial sums converge

to fractional Brownian motion+ However, be equally careful to note that the
negative fractional model behaves differently from the general case of~2+10!
with 2 1

2
_ , d , 0, because it has the distinctive “overdifferencing” property

that the MA coefficients sum to zero+ The latter property is not a feature by the
general class of MA processes with summable coefficients, and if the partial
sums of these processes converge, it is to ordinary Brownian motion+ Limit
results of the latter sort may be obtained as corollaries of the theorems of this
paper, but we likewise do not pursue these extensions here+

3. AN FCLT FOR FRACTIONALLY INTEGRATED PROCESSES

Following the approach of Davydov~1970!, we note that after substitutingxt 5

(j50
` bj ut2j in ~2+5!, and summing the terms in a different order, we are able to

write

Xn~j! 2 Xn~j ' ! 5 sn
21 (

t52`

@nj#

ant~j,j ' !ut (3.1)
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for j . j ', where

ant~j,j ' ! 5 (
j5max$0,@nj ' #2t11%

@nj#2t

bj + (3.2)

Whenbj has the form in~2+4!, this decomposition has the following properties+

LEMMA 3 +1+

~a! If j ' , x # j then

an,@nx#~j,j ' ! ;
1

G~d 1 1!
~ @nj# 2 @nx# !d,

and if 2` , x # j ' then

an,@nx#~j,j ' ! ;
1

G~d 1 1!
~ @nj# 2 @nx# !d 2 ~ @nj ' # 2 @nx# !d;

~b! hence,

(
t52`

@nj#

ant~j,j ' !2 ; Vd~n~j 2 j ' !!2d11, (3.3)

~See Appendix B for proofs for this section+!
The following assumption forms the basis of our functional limit results+

Assumption 1+ The sequence$ut ,2` , t , `%

~a! has zero mean+
~b! is uniformly Lr -bounded forr . 2+
~c! is L2-NED of size2 1

2
_ on Vt with dt 5 1, whereVt is either ana-mixing sequence

of size2r0~r 2 2! or a f-mixing sequence of size2r0~2~r 2 1!!+
~d! is covariance stationary, and 0, su

2 , ` where

su
2 5 lim

nr`
n21 (

t51

n

(
s51

n

E~ut us!+ (3.4)

The conditionsu
2 , ` actually follows from Assumption 1~c!, according to

Lemma A+2~a! of Appendix A+ Also note that under Assumption 1~b! it is pos-
sible to set the near-epoch dependence~NED! and other magnitude indices
to unity without loss of generality, and we do this without comment in the
sequel+ Compare Assumption 1 of De Jong and Davidson~2000! and note
that the latter assumption is satisfied by the arraysu

21n2102ut when ut obeys
Assumption 1+

For this model we have the following basic property+

LEMMA 3 +2+ When xt is defined by~2+1! and Assumption1 holds, sn
2 ;

su
2Vd n2d11+
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The following result is then immediate on repeating the argument of
Lemma 3+2 with @nj# 1 1 and@n~j 1 d!# substituted for 1 andn as the limits
of the sum that definessn

2 and modifying the application of Lemma 3+1 as
appropriate+

COROLLARY 3+1+ If Xn is defined by~2+5! and ~2+1!, and Assumption1
holds,

E~Xn~j 1 d! 2 Xn~j!!2 r d2d11 (3.5)

as nr `, for j [ @0,1! and 0 , d , 1 2 j+

In view of this last result, which shows that the limit distribution ofXn has
the same covariance structure as fractional Brownian motion, it remains to show
that the limit is Gaussian and has a+s+ continuous sample paths+

THEOREM 3+1+ If Xn is defined by~2+5! and ~2+1! where6d6 , 1
2
_ , and As-

sumption1 holds, then Xn
d
&& X, where X is fractional Brownian motion+

Note that Davydov~1970! has given this result for the case whereut is inde-
pendent and identically distributed~i+i+d+! and 0, d , 1

2
_ +

It is of interest to note that our proof of Theorem 3+1 requires us to show that
condition~3+3! of De Jong and Davidson~2000! holds for the relevant array of
constants~see B+36!+ This is indeed the case ford . 21

2
_+Wooldridge and White’s

~1988! FCLT, for example, cannot be adapted to the present problem, because
condition ~3+6! of De Jong and Davidson~2000! does not hold for the case
d , 0+ The approach to the FCLT developed in De Jong and Davidson~2000!
turns out to be indispensable for the result+ However, note how the condition
fails whend 5 21

2
_+ The limiting finite dimensional distributions are still Gauss-

ian in this case because Assumption 1 of De Jong and Davidson~2000! still
holds, but every increment has unit variance in the limit, and hence the limiting
sample paths are not continuous+ There are difficulties with the multivariate
extension of the FCLT for limit processes that are not a+s+ continuous because
the generalization of the Cramér–Wold theorem is not guaranteed to hold with-
out this restriction~see Davidson, 1994, Theorem 29+16!+ A modified weak con-
vergence result does evidently hold for this case, but we will not consider that
problem here+

We next consider the extension to a vector ofI ~d! processes whered may
differ between elements and may be zero for some elements+ Define

xt 5 D~L!21ut ~m3 1!, (3.6)

where ut is a m 3 1 vector of weakly dependent processes andD~L! is a
diagonalm 3 m lag polynomial matrix having diagonal elements~1 2 L!di,
6di 6 ,

1
2
_ , for i 5 1, + + + ,m+ Define

ZDn 5 diag~nd11102, + + + , ndm1102! (3.7)
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and Xn~j! 5 (t51
@nj# Xnt whereXnt 5 ZDn

21xt ~m 3 1!+ Summing the terms in a
different order, as before, we obtain as the generalization of~3+1!

Xn~j! 2 Xn~j ' ! 5 (
t52`

@nj#

ZDn
21 ZAnt~j,j ' !ut , (3.8)

where

ZAnt~j,j ' ! 5 diag~a1nt~j,j ' !, + + + ,amnt~j,j ' !! (3.9)

andajnt~j,j '! represents the element of the form~3+2! for the cased 5 dj , for
j 5 1, + + + ,m+ We introduce the following generalization of Assumption 1+

ASSUMPTION 2+ Each element of them-vector-valued sequence$ut ,2` ,
t , `% satisfies Assumption 1, and

Vu 5 lim
nr`

n21 (
t51

n

(
s51

n

E~ut us
' ! (3.10)

is finite and positive definite+

We then have the following result, by a straightforward extension of the ar-
guments of Lemmas 3+1 and 3+2+

LEMMA 3 +3+ When Assumption2 holds,

E~Xn~j 1 d! 2 Xn~j!!~Xn~j 1 d! 2 Xn~j!!' r ZK~d!C ZK~d!, (3.11)

for j [ @0,1! and 0 , d , 1 2 j, where ZK~d! 5 diag~dd11102, + + + ,ddm1102!,
and, letting vij denote the~i, j !th element ofVu, the elements of the matrixC
~m 3 m! are defined by

cij 5
vij

G~di 1 1!G~dj 1 1!

3 S 1

di 1 dj 1 1
1E

0

`

~~11 t!di 2 tdi !~~11 t!dj 2 tdj ! dtD (3.12)

for i, j 5 1, + + + ,m+

With this result, we can give a multivariate extension of Theorem 3+1 as
follows+

THEOREM 3+2+ If ut satisfies Assumption2, then Xn
d
&& X, where X is a

vector whose ith element is a fractional Brownian motion with parameter di

and EX~1!X~1!' 5 C+
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4. STOCHASTIC INTEGRALS

Let Xnt 5 ZDn
21xt , where xt ~ p 3 1! is defined by~3+6! and Wnt 5 n2102wt

~q 3 1!, and letXn~j! 5 (t51
@nj# Xnt andWn~j! 5 (t51

@nj# Wnt + Let

Gn 5 (
t51

n21

(
s51

t

XnsWn, t11
' ~ p 3 q! (4.1)

andLn
XW 5 E~Gn!+ In this section we derive sufficient conditions for

~Xn,Wn,Gn 2 Ln
XW! d

&& SX,W,E
0

1

X dW'D, (4.2)

where W is Brownian motion andX is fractional Brownian motion with
X~0! 5 0+ In De Jong and Davidson~2000! we showed this convergence for
weakly dependent processes under essentially the same best conditions as for
the joint FCLT+We are able to extend the same approach to the “negative frac-
tional” case, as follows, with a minor additional restriction on the dependence+

THEOREM 4+1+ Suppose2 1
2
_ , di , 0 for i 5 1, + + + , p+ Let Assumption2

hold for thevector ~ut ,wt ! and also suppose that theNED numbers for these
variables, nU~m! and nW~m!, are of size d2 1

2
_ , where d5 min1#i#p di + Then

~4+2! holds+

~See Appendix C for proofs for this section+!
However, we have not been able to adapt this method of proof to the case

d . 0+ The obstacle to success is the need to show~for p 5 1! that
E max1#t#n~(s51

t xs!
2 5 O~n2d11!+4 Given this, the rest of the proof could be

applied with only minor amendments, but in default of this result we must
consider a different approach+ We give two theorems, establishing the conver-
gence under slightly different conditions+ The first follows Hansen~1992! in
making use of one of the range of weak convergence theorems for semimar-
tingale integrator processes given by Kurtz and Protter~1991!+ Some depen-
dence restrictions additional to Assumption 2 must again be imposed, and we
are not able to express these simply in terms of near-epoch dependence on a
mixing process+ Let Es

t andEt , respectively, represent the expectations condi-
tional on thes-fields Hs

t 5 s~Vs, + + + ,Vt ! and Ht , where for convenience of
notation we writeHt for H2`

t +

THEOREM 4+2+ Suppose0 , di , 1
2
_ for i 5 1, + + + , p+ In addition to Assump-

tion 2 for the vector ~ut ,wt !, assume that thisvector is adapted toHt + Then,
~4+2! holds in each of the following cases, where d5 max1#i#p di :

~1! ~wt ,ut ! is strong mixing of size22r0~r 2 2!+
~2! ~wt ,ut ! is uniform mixing of size22+
~3!

7Et wt1j 2 Et2m
t1mEt wt1j 72 # B~ j,m!, (4.3)

where(j50
` B~ j,m! 5 z~m! , ` defines a sequence of size2d+5
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Note that no restrictions additional to Assumption 2 and the adaptation need
hold for ut , under condition 3+

The novel condition here is~4+3!+ The algebra of conditional expectations
does not permit us to derive this condition merely from the fact thatwt is near-
epoch-dependent on a mixing process, but we can show that it holds in some
leading cases+ For example, it is clearly sufficient for~w,Ht ! to be a martin-
gale difference+ Also consider the linear process case, say,

wt 5 (
i50

`

Qi V1, t2i , (4.4)

whereV1t ~s3 1! is an i+i+d+ subvector ofVt and theQi ~q 3 s! are matrices of
coefficients+ Letting ui 5 maxj, k6~Qi !jk6, suppose thatui 5 O~i 23022d2«! for
« . 0+ Becausewt 2 Et2m

t1mwt 5 (i5m11
` Qi V1, t2i in this case, we obtain

7wt 2 Et2m
t1mwt72 # CS (

i5m11

`

ui
2D102

5 O~m212d2« ! (4.5)

for C 5 qsmax1#k#s7v1tk72, so thatwt is L2-NED of size21 2 d on $V1t % and
therefore anL2-mixingale of size212 d, by Theorem 17+6 of Davidson~1994!+
Moreover, becauseEt wt1j 5 (i50

` Qi1j V1, t2i , we have

7Et wt1j 2 Et2m
t1mEt wt1j 72 # CS (

i5m1j11

`

ui
2D102

5 O~~m1 j !212d2« !+ (4.6)

Observe that

(
j50

` S (
i5m1j11

`

ui
2D102

5 O~m2d2« !, (4.7)

so that~4+3! holds withz~m! given by~4+7!+
A point of interest about Theorem 4+2 is that the proof is not valid for nega-

tive d+ This is apparent on comparing expressions~C+20! and~C+23! of the proof+
Both this result and Theorem 4+1 are needed to cover the complete spectrum of
cases+ There is no apparent obstacle to showing joint convergence for a vector
containing both positive and negative fractionals, provided the process~ut ,wt !
satisfies the conditions of both results+ However, we forgo the details here+

A possibly undesirable feature of Theorem 4+2 is the adaptation requirement,
which is imposed under the theorem of Kurtz and Protter~1991! on which it is
based+ This implies that the processesut andwt must not depend on future val-
ues of the underlying processVt + Although this is quite a normal feature of
dynamic econometric models, so that the assumption need not be restrictive in
practice, it should be noted that it is not essential+ In other words, whereas the
limiting processW must be a martingale with respect to a filtration to whichX
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must also be adapted, this need not imply thatXnt andWnt areHt -measurable,
for finite n+

One can avoid the latter condition by obtaining the limiting martingale through
a blocking argument, as used, following Chan and Wei~1988!, in Theorem 4+1
of De Jong and Davidson~2000! and Theorem 4+1 of the current paper+ How-
ever, to combine the Chan–Wei approach with the Hansen-type argument re-
quires an a+s+ boundedness restriction onwt , which for practical applications
may be less attractive than adaptation+We therefore give this result as an alter-
native to Theorem 4+2+

THEOREM 4+3+ Let the assumptions of Theorem4+2 hold, except that wt and
ut need not be adapted toHt , but 6wt 6 , ` and the sequence$Et wt1j , j $ 1% is
summable, with probability one+ Then~4+2! holds+

Finally, we point out that these results can be extended to cases where
the integrand isI ~1 1 p 1 d ! for all positive integersp+ Noting that
n21 (t51

@nj# (s51
t Xns

d
&& *0

j X~s! ds by the continuous mapping theorem, we
have the following result, which follows by Theorem 2+4~i! of Chan and Wei
~1988!+ Solely for ease of exposition, we give the scalar case of the result, as
follows+

THEOREM 4+4+ Let the assumptions of Theorem4+1 hold in the case d, 0
and those of either Theorem4+2 or Theorem4+3 hold in the case d. 0+ Let
Wnt 5 n2102wt and let

Xnt 5
1

np1d1102 (
sp51

t

{{{ (
s051

s1

(
l50

`

bl us02l (4.8)

for p [ N+ Then, if Xn, Wn, and Gn are defined as before,

~Xn,Wn,Gn 2 Ln
XW! d

&& SX,W,E
0

1

X dWD, (4.9)

where

X~jp! 5E
0

jp

{{{ E
0

j1

Z~j0! dj0 {{{ djp21 (4.10)

is the p-fold integral of a fractional Brownian motion Z and

Ln
XW 5

1

np1d11 (
t51

n21

(
sp51

t

{{{ (
s051

s1

(
l50

`

bl E~us02l wt11!+ (4.11)

5. CONCLUSION

Applying techniques developed in De Jong and Davidson~2000!, in this paper
we obtain weak convergence results for the fractionally integrated class of long
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memory processes, in which the limit processes are fractional Brownian mo-
tion+ The FCLT is proved assuming that the fractional differences of the pro-
cess are near-epoch-dependent on a mixing process+ We also prove the weak
convergence of stochastic integrals having these processes as integrands, under
a range of, collectively, mild dependence restrictions+ By combining our results
with the continuous mapping theorem applied to partial sums, it is possible
to characterize these weak limits for normalizedI ~p 1 d! processes for6d6 , 1

2
_

and any integerp . 0+

NOTES

1+ For a recent application of this type of model see Byers, Davidson, and Peel~1997!+
2+ Our formula differs from Mandelbrot and van Ness~1968, equation~2+1!! because they do

not normalize the variance ofX~1! to unity+ We also implicitly impose the conditionX~0! 5 0 a+s+
3+ A sequence is said to be slowly varying at` if it satisfiesL~xj !0L~ j ! r 1 asj r `, for any

x . 0+
4+ Nonsummable series arise in the application of the maximal inequality of McLeish~1975a!

to this case~see Lemma A+3 in the Appendix!+ For the cased , 0 the lemma establishes that the
expected maximum isO~n!, which suffices at the cost of strengthening the NED sizes from2 1

2
_ to

d 2 1
2
_ , as in Theorem 4+1+

5+ For a vectora, 7a7p here denotes(i 7ai 7p+ Also, for a matrixA, 7A7p denotes(i (j 7Aij 7p+
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APPENDIX A: SOME TECHNICAL LEMMAS

LEMMA A +1+ If a # b , 0, then

(
k51

j21

ka~ j 2 k!b 5 5
O~ j a1b11! a . 21

O~ j b log j ! a 5 21

O~ j b! a , 21

+

Proof. For the casea . 21 this follows by an integral approximation using the beta
function and for the other cases by elementary summability arguments+ n

The following lemmas extend Lemmas A+3 and A+4 of De Jong and Davidson~2000!+
Lemma A+3 of the current paper is stated for arbitrary coefficientsbk and has an appli-
cation to the fractional model in the cased , 0+ Note that ford . 0 the sum in~A+1!
diverges+

LEMMA A +2+ Let $Xnt,Gnt% and $Ynt,Gnt% be triangular L2-mixingale arrays of size
2 1

2
_ with mixingale magnitude indices ant

X and ant
Y , respectively+ Then

~a!

(
t52`

n

(
s52`

n

6E~XntYns!6 # CS (
t52`

n

~ant
X !2D102S (

t52`

n

~ant
Y !2D102

for C . 0+
~b! If (t52`

n ~ant
X !2 5 O~1! and (t52`

n ~ant
Y !2 5 O~1!, and gn $ 1 is an increasing

integer-valued function of n withgn r ` as nr `, then

lim
nr`

(
t52`

n

(
s52`

n

6E~XntYns!6 I ~6 t 2 s6 . gn! 5 0+

Proof. Similarly to Lemma A+3 of De Jong and Davidson~2000!, this is by analogy
with Lemma 4 of De Jong~1997!+ n
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LEMMA A +3+ Let $Yt ,Gt % be a stationary L2-mixingale with mixingale numberscY~ j !+
If Zt 5 (k50

` bkYt2k, then

E max
1#t#n

S(
s51

t

ZsD2

# n (
j51

`

~ log j !2SC1 (
k50

j

bkcY~ j 2 k! 1 C2S (
k5j11

`

bk
2D102D2

(A.1)

for C1,C2 . 0+

Proof. The argument from McLeish~1975, Theorem 1+6! yields the inequality

E max
1#t#n

S(
s51

t

ZsD2

# C3 (
j51

`

~ log j !2 (
t51

n

EE~Zt 6Gt2j !
2

1 C4 (
t51

n

EE~Zt 6Gt !
2

1 C5 (
j51

`

~ log j !2 (
t51

n

E~Zt 2 E~Zt 6Gt1j !!
2 (A.2)

for constantsC3,C4,C5 . 0+ But for j $ 0,

7E~Zt 6Gt2j !72 # (
k50

j

bk7E~Ys2k6Gt2j !72 1 ** (
k5j11

`

bkYs2k**
2

(A.3)

using the Minkowski and Jensen inequalities, and similarly,

7Zt 2 E~Zt 6Gt1j !72 # (
k50

`

bk7Ys2k 2 E~Ys2k6Gt1j !72+ (A.4)

To bound the second majorant term in~A+3!, apply Lemma A+2~a! putting Yns 5 Xns 5
bt2sYs, so that theb coefficients play the role of the mixingale magnitude indices in this
case+ Finally, apply the mixingale definition and note that the first majorant term in
~A+2! dominates the second and third terms to obtain~A+1!+ n

LEMMA A +4+ Let $Xt ,Gt % and $Yt ,Gt % be stationary L2-mixingales with mixingale
numberscX~ j ! and cY~ j !+ If Zt 5 (k50

` bkYt2k, then

**(
t51

n

(
s51

t

Xt Zs**
1

# nS(
j51

`

~ log j !2cX~ j !2D102

3 S(
j51

`

~ log j !2SC1 (
k50

j

bkcY~ j 2 k! 1 C2S (
k5j11

`

bk
2D102D2D102

+

(A.5)

Proof. This follows straightforwardly by combining the arguments of Lemma A+4 of
De Jong and Davidson~2000! and Lemma A+3 of the current paper+
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APPENDIX B: PROOFS FOR SECTION 3
Proof of Lemma 3.1. To prove part~a! of the lemma, we approximate sums by in-

tegrals+ Consider first the case 0, d , 1
2
_ + If j ' , x # j, then using~2+4!,

an,@nx#~j,j ' ! 5 (
k50

@nj#2@nx#

bk

;
1

G~d!
E

0

@nj#2@nx#

yd21 dy

;
1

G~d 1 1!
~ @nj# 2 @nx# !d, (B.1)

and if similarly if x # j ' then

an,@nx#~j,j ' ! 5 (
k5@nj ' #112@nx#

@nj#2@nx#

bk

;
1

G~d!
E

@nj ' #

@nj#

~ y 2 @nx# !d21 dy

;
1

G~d 1 1!
~~ @nj# 2 @nx# !d 2 ~ @nj ' # 2 @nx# !d!+ (B.2)

Because(j50
` bj z j 5 ~1 2 z!2d, note that(j50

` bj 5 0 for 2 1
2
_ , d , 0+ Hence, if j ' ,

x # j then

an,@nx#~j,j ' ! 5 2 (
k5@nj#112@nx#

`

bk

;
21

G~d!
E

@nj#2@nx#

`

yd21 dy

;
1

G~d 1 1!
~ @nj# 2 @nx# !d, (B.3)

and if x # j ' then similarly,

an,@nx#~j,j ' ! 5 (
k5@nj ' #112@nx#

`

bk 2 (
k5@nj#112@nx#

`

bk

;
1

G~d 1 1!
~~ @nj# 2 @nx# !d 2 ~ @nj ' # 2 @nx# !d!+ (B.4)

To prove part~b!, write

(
t52`

@nj#

ant~j,j ' !2 5 (
t5@nj ' #11

@nj#

ant~j,j ' !2 1 (
t52`

@nj ' #

ant~j,j ' !2

5 M1n 1 M2n+ (B.5)
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Letting unt denote any positive constant array, note that (t5@nj ' #11
@nj# ant~j,j ' !2 ;

(t5@nj ' #11
@nj# unt if an,@nx#~j,j '!2 ; un,@nx# for everyx in the interval~j ',j# + This holds in

view of the fact that the latter convergence is equivalent togn,@nx# r 0 as n r `
where

gn,@nx# 5
6an,@nx#~j,j ' !2 2 un,@nx# 6

un,@nx#

+ (B.6)

Letting (t ~{! represent the sum over the specified indices, we have

6(
t

ant~j,j ' !2 2 (
t

unt 6

(
t

unt

#

(
t

gnt unt

(
t

unt

# max
@nj ' #,t#@nj#

gnt + (B.7)

We may argue similarly for the interval~2`,j '# and so approximateM1n andM2n by
the sums of squares of the expressions derived in part~a!+ Further integrations yield

M1n ;
1

~2d 1 1!G~d 1 1!2 ~n~j 2 j ' !!2d11 (B.8)

and

M2n ;

E
0

`

~~11 t!d 2 td!2 dt

G~d 1 1!2 ~n~j 2 j ' !!2d11, (B.9)

where in the second case we made the change of variablet 5 ~ @nj '# 2 t!0~ @nj# 2
@nj '# !+ n

Proof of Lemma 3.2. Consider Lemma 3+1 in the casej 5 1 andj '5 0+ For brevity,
we writeant to denoteant~1,0!+ Let Bn be an increasing integer sequence with the prop-
erty Bn r ` and Bn0n r 0 and definern 5 n0Bn+ For the purposes of the argument,
assume thatn increases through a sequence of values such thatrn is always an integer+
Write

(
t51

n

xt 5 (
t52`

n

ant ut

5 (
i52`

rn S (
t5~i21!Bn11

iBn

ant utD
5 Bn

102 (
i52`

rn

an, iBn
Sni 1 Bn

302 (
i52`

rn

gni Sni
*

5 A1n 1 A2n, (B.10)
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~say!, where

Sni 5
1

Bn
102 (

t5~i21!Bn11

iBn

ut , (B.11)

Sni
* 5 (

t5~i21!Bn11

iBn ant 2 an, iBn

Bn
302gni

ut , (B.12)

andgni . 0 is to be chosen+ We show that

~i! ~(t52`
n ant

2 !21E~A1n
2 ! r su

2 and
~ii ! ~(t52`

n ant
2 !21E~A2n

2 ! r 0 for a suitable definition ofgni +

This is sufficient to prove the lemma, in view of the Cauchy–Schwarz inequality+
Under Assumption 1 the sequences$E~Sni

2 !, n . 6 i 6Bn% converge tosu
2 for each fixed

integeri, such that

sup
2`,i#rn

6E~Sni
2 ! 2 su

26r 0 asn r `+ (B.13)

Exploiting the mixingale property~De Jong and Davidson 2000, Lemma A+1!, this fol-
lows by Lemma A+2~a! with Ynt 5 Xnt 5 Bn

2102ut1~i21!Bn
because the covariances of the

terms are both absolutely summable and independent oft+ It follows similarly, using
Lemma A+2~b!, that

sup
2`,i#rn

(
m51

`

6E~Sni Sn, i1m!6 5 o~1! asn r `+ (B.14)

Next define

Wni 5 1
Bnan, iBn

2

(
t52`

n

ant
2 2

102

if i # rn, 0 otherwise+ (B.15)

It is easily verified using the arguments of Lemma 3+1 that(i52`
rn Wni

2 r 1+ We may
write

S (
t52`

n

ant
2D21

A1n
2 5 (

i52`

rn

Wni
2Sni

2 1 2 (
i52`

rn21

(
m51

rn2i

Wni Wn, i1mSni Sn, i1m

5 T11n 1 2T12n, (B.16)

~say!+ Using ~B+13!,

6T11n
2 2 su

26 # sup
2`,i#rn

6E~Sni
2 ! 2 su

26 (
i52`

rn

Wni
2 1 su

2* (
i52`

rn

Wni
2 2 1*

r 0 asn r `+ (B.17)
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Also, ~B+14! implies that

6T12n
2 6 # (

m51

` S (
i52`

rn

6Wni Wn, i1m66E~Sni Sn, i1m!6D
r 0 asn r `, (B.18)

noting that the weights6WniWn, i1m6 in the majorant have a sum overi of at most one+
This completes the proof of~i!+

To prove~ii !, note that, for 2` , t , s # n,

6ant 2 ans6 # * (
j5n2s11

n2t

bj 1 I ~t # 0! (
j5max$0,12s%

2t

bj *
# ~s2 t!~6bn2s1161 6bmax$0,12s% 6 I ~t # 0!!+ (B.19)

Therefore, define

gni 5 6bn2Bni1161 I ~i # 0!6bmax$0,12Bni % 6 (B.20)

such that

6ant 2 an, iBn
6 # Bngni (B.21)

for ~i 2 1!Bn , t # iBn+ In view of ~B+21! and previous arguments we can say that

sup
2`,i#rn

E~Sni
*2! 5 O~1! asn r ` (B.22)

and that

sup
2`,i#rn

(
m51

`

E~Sni
* Sn, i1m
* ! 5 o~1! asn r `+ (B.23)

Now, defining

Wni
* 5 S Bn

3gni
2

(
t52`

n

ant
2 D102

, i # rn, (B.24)

note from~B+20! and the properties ofbj that

(
i52`

rn21

Bn
3gni

2 5 OSBn
2d11S (

i52`

rn

~rn 2 i !2d22 1 (
i52`

0

6 i 62d22DD
5 O~Bn

2d11! (B.25)

and hence

(
i52`

rn21

Wni
*2 5 O~rn

22d21!+ (B.26)
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In view of the previous arguments relating toA1n, it is clear that

S (
t52`

n

ant
2D21

A2n
2 5 (

i52`

rn

Wni
*2Sni

*2 1 2 (
i52`

rn21

Wni
* (

m51

rn2i

Wn, i1m
* Sni

* Sn, i1m
* ,

5 o~1!, (B.27)

which completes the proof+ n

Proof of Theorem 3.1. The proof follows the lines of Theorem 3+1 of De Jong and
Davidson~2000! by establishing that conditions~3+4! and~3+5! of De Jong and David-
son~2000! hold for Xn~j!, where the limit in distribution specified in~3+4! of that paper
is the fractional Brownian motion, rescaled such thatEXn~1!2 5 1+

To determine the finite dimensional distributions, apply Theorem 2 of De Jong~1997!
to the arrays$sn

21 ant~j,0!ut , t 5 1 2 Nn, + + + ,@nj# , n $ 1%, whereNn is a sequence of
natural numbers such that

Rn~j,j ' ! 5 sn
21 (

t52`

2Nn

ant~j,j ' !ut
L2

&& 0 asn r ` (B.28)

for any choice ofj andj '+ Such a sequence exists, given Corollary 3+1+ Consider, for
eachj, the arrayssn

21 ant~j,0!ut + Under Assumption 1, these satisfy Assumption 1 of
De Jong and Davidson~2000! with respect to the constant arrayscnt 5 sn

21 ant~j,0!+
The style of the latter assumption can be adapted to the present case by considering
the blocks of terms corresponding tot . 0 and t # 0 separately, with Kn 5 @nj# and
Kn 5 Nn, respectively+ The argument is easily extended to the joint distribution of
~Xn~j1!, + + + ,Xn~jp!! for any finite set ofp coordinates using the Cramér–Wold Theo-
rem ~Davidson, 1994, Theorem 25+5! because the random variable(j51

p tj Xn~jj !, with
arbitrary weightst1, + + + ,tp, is the partial sum of the array$sn

21 (j51
p tj ant~jj ,0!ut %,

which similarly satisfies Assumption 1 of De Jong and Davidson~2000! as required+
The second part of the proof is to establish stochastic equicontinuity, and we adapt

the proof of Theorem 3+1 of De Jong and Davidson~2000! as follows+ Note first that
~B+2! of De Jong and Davidson~2000! holds as before becausenn

2~{! is an arbitrary
sequence in that expression+ It remains to show thatYn in ~B+3! of that paper is uni-
formly square-integrable, for an appropriate choice ofnn+

Write

Xn~j! 2 Xn~j ' ! 5 sn
21 (

t52Nn

@nj#

ant~j,j ' !ut 1 Rn~j,j ' ! (B.29)

and define

nn
2~j,d! 5 su

2sn
22 (

t52`

@n min$j1d,1%#

ant~j 1 d,j!2+ (B.30)

Now consider the sequence corresponding to~B+3! of De Jong and Davidson~2000!:

Yn~d,j ' ! 5 sup
$j:j2j ',d%

*sn
21 (

t5@nj ' #11

@nj#

xt*nn
21~j ',d!+ (B.31)
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Observe that

Yn~d,j ' ! # Y1n~d,j ' ! 1 Y2n~d,j ' !, (B.32)

where

Y1n~d,j ' ! 5 sup
$j:j2j ',d%

* (
t52Nn

@nj#

ant~j,j ' 1 d!ut*nn
21~j ',d! (B.33)

and

Y2n~d,j ' ! 5 sup
$j:j2j ',d%

6Rn~j,j ' !6nn
21~j ',d!+ (B.34)

The inequality in~B+32! must hold, because it holds~by the triangle inequality! if the
value ofj defined by the sup in~B+31! also appears in~B+33! and ~B+34!+ In that case
the sums have the same terms merely added up in a different order, according to~B+29!+
Taking the individual sups in~B+33! and~B+34! can only increase the majorant side+

ConsideringY1n~d,j '! first, note that this sequence is uniformly square-integrable by
Theorem 16+14 of Davidson~1994!, if ut

2 is uniformly integrable, which holds by As-
sumption 1+ MoreoverY2n~d,j '! r 0 in L2-norm, so that uniform square integrability
holds trivially for this term+ Therefore, subject to

lim
dr0

sup
j[@0,12d#

lim sup
nr`

nn
2~j,d! 5 0, (B.35)

the FCLT is proved+ But by Lemma 3+1,

sup
j[@0,12d#

lim sup
nr`

su
2sn

22 (
t52`

@n min$j1d,1%#

ant~j 1 d,j!2 5 d2d11, (B.36)

which converges to 0 withd for d . 2 1
2
_ + This completes the proof+ n

Proof of Theorem 3.2. We appeal, as in the case of Theorem 3+2 of De Jong and
Davidson~2000!, to Theorem 29+16 of Davidson~1994!+ The result follows ifl'Xn con-
verges in distribution to an a+s+ continuous Gaussian limit, l'X, for all m-vectorsl of
unit length+ These limits are not fractional Brownian motions in general, but as a con-
sequence of Lemma 3+3, the casesl 5 ej , j 5 1, + + + ,m ~ the columns of the identity
matrix of orderm! yield fractional Brownian motions with parametersdj +

To establish convergence of the finite sample distributions, we can apply Theorem 2
of De Jong~1997! as previously, because by Assumption 2, Assumption 1 of De Jong
and Davidson~2000! holds for the arrayl' ZDn

21 ZAnt~j,0!ut with respect to constants

cnt 5 ~l' ZDn
21 ZAnt~j,0!Vu ZAnt~j,0! ZDn

21l!102+ (B.37)

The argument now proceeds in a similar way to that of Theorem 3+1+ Stochastic equi-
continuity is established in the same manner as before, by considering the random vari-
ablesl'~Xn~j! 2 Xn~j '!! defined according to~3+8! and also defining the sequences

nn
2~j,s! 5 (

t52`

@n min~j1d!,1#

l' ZDn
21 ZAnt~j 1 d,j!Vu ZAnt~j 1 d,j! ZDn

21l (B.38)

FRACTIONALLY INTEGRATED PROCESSES 661

https://doi.org/10.1017/S0266466600165028 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466600165028


by analogy with~B+30!+ Note that in this case, using Lemma 3+3, we have

sup
j[@0,12d#

lim sup
nr`

nn
2~j,d! 5 l' ZK~d!C ZK~d!l, (B.39)

which converges to 0 asd r 0 provideddj . 2 1
2
_ for eachj+ n

APPENDIX C: PROOFS FOR SECTION 4

Proof of Theorem 4.1. The proof follows that of Theorem 4+1 of De Jong and Da-
vidson~2000! at most points+ As there, we assume without loss of generality thatX and
W are scalars and can therefore writed in place ofdi + However, the proof of Theorem
30+13 of Davidson~1994! must be further modified, as follows+ The number of blocks,
kn, must be chosen to beO~n«0~«2d! ! where« . 0 is defined by the NED size assump-
tions, such that the NED numbersnU~m! andnW~m! are ofO~md21022«!+ The conver-
gence specified in~30+64! of Davidson~1994! is now to the pair~X,W! whereX is the
process specified in~2+6! andW is ordinary Brownian motion+ BecauseX is a+s+ contin-
uous, this fact affects the subsequent argument only at the point of equation~30+78! of
Davidson~1994! where the expression in the third member becomes~in our notation!

(
j51

kn E
jj21

jj

~j 2 jj21!2d11 dj, (C.1)

which, however, converges to zero as before+
Next, note the modifications to the remainder of the proof of Theorem 4+1 of De Jong

and Davidson~2000!+ We have

An 5 (
j51

kn

(
t5pj

nj21

(
s5pj

t

~XnsWn, t11 2 EXnsWn, t11!, (C.2)

where as before we writepj for nj21 1 1, and similarly,

Bn 5 (
j51

kn

(
t5nj21

nj21

(
s51

nj21

EXnsWn, t11+ (C.3)

To showBn r 0, it is convenient to rewrite it in the form

Bn 5 (
j51

kn

(
t5nj21

nj21

(
s52`

nj21

ans~jj21,0!EUnsWn, t11, (C.4)

whereUns 5 n21022dus+ The same argument as before now goes through using Lemma
A+2~b! and applying Lemma 3+1, noting that the mixingale magnitude index for the ran-
dom variableans~jj21,0!Uns is n21022dans~jj21,0!+
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To show thatAn
p
&& 0, note first that the argument as far as equation~C+14! of De

Jong and Davidson~2000! can be copied after making the substitution

(
s5pj

t

Xns 5 (
s52`

t

ans~t0n,jj21!Uns, (C.5)

similarly to equation~C+4!+ At this point the problem reduces, as before, to showing that
NAn 5 (j51

kn Ynj
p
&& 0+ Defining PXns similarly to ~C+5!, but with Uns replaced by the trun-

cated form PUns according to~C+9! of De Jong and Davidson~2000!, we can write

Ynj 5 (
t5pj

nj21

(
s5pj

t

~ PXns RWn, t11 2 E PXns RWn, t11!+ (C.6)

Instead of~C+18! of De Jong and Davidson~2000!, we have, for m . 0,

7Ynj 2 Ej2m
jh1mYnj71

# (
t5pj

nj21

7 RWn, t11 2 Ej2m
j1m RWn, t1172** (

s5pj

t

PXns**
2

1 (
s5pj

nj21

7 PXns2 Ej2m
j1m PXns72S** (

t5pj

nj21

RWn, t11**
2

1 ** (
t5pj

nj21

Ej2m
j1m RWn, t11**

2
D+ (C.7)

By Lemma A+3 and the assumptions,

** (
s5pj

t

PXns**
2

# C1n2dkn
2102 (C.8)

for constantC1 . 0, andpj # t # nj 2 1+ Also note that form . 0, ands2 l . nj2m21,

7 PUn,s2l 2 Ej2m
j1m PUn,s2l 72

# 7 PUn,s2l 2 E~ PUn,s2l 6s~Vn,nj2m2111, + + + ,Vn,2~s2l !2nj2m21
!!72

# n21022dnU~mn0kn 2 l !, (C.9)

and hence by the Minkowski and Jensen inequalities,

7 PXns2 Ej2m
j1m PXns72

# (
l50

mn0kn

bl 7 PUn,s2l 2 Ej2m
j1m PUn,s2l 72 1 2** (

l5mn0kn11

`

bl PUn,s2l **
2

# C2n21022d (
l50

mn0kn

bl n
U~mn0kn 2 l ! 1 C3n21022dS (

l5mn0kn11

`

bl
2D102

(C.10)

for C2,C3 . 0, where Lemma A+2~a! has been used to bound the last term+ The sum in
the first term of the majorant is of order~mn0kn!d21022« by Lemma A+1, and the sum in
the second term of the majorant is of order~mn0kn!2d21+ After simplification, we obtain

7Ynj 2 Ej2m
j1mYnj71 # C4kn

21n2d~kn0n!«2dmd2102 (C.11)
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for C4 . 0, wheren2d~kn0n!«2d 5 O~1! by the choice ofkn and, hence, $Ynj ,Fnj % is an
L1-mixingale of size21

2
_, with summable magnitude indices+ The rest of the proof closely

follows Theorem 4+1 of De Jong and Davidson~2000! from ~C+22! of that paper on-
ward, except that the substitution corresponding to~C+5! is made in the expressions and
Lemma A+4 is applied in place of Lemma A+4 of that paper+ n

Proof of Theorem 4.2. It is sufficient to showGn 2 Ln
XW d

&& *0
1 X dW', because the

joint convergence follows by the discussion following Theorem 4+1 of De Jong and Da-
vidson~2000!+

The first step in the proof is to show that~wt ,Ht ! is anL2-mixingale of size21 and
also that

S(
j51

`

ut Et wt1j
' 2 Eut wt1j

' ,HtD (C.12)

is anL1-mixingale whosei th row is of size2di + We show that any of conditions 1, 2,
and 3 is sufficient+ Under condition 1, the mixingale property for~wt ,Ht ! follows by
Theorem 17+6 of Davidson~1994!+ For ~C+12!, apply Theorem 3+2 of Hansen~1992!
element by element to obtain, for constantsC1,C2 . 0 ~ in Hansen’s notation we set
b 5 2, permissible under our stationarity assumption, andp 5 r !,

**Et2m (
j51

`

ut Et wt1j
' 2 Eut wt1j

' **
1

# C1mam
1220r 1 C2 (

k5m

`

ak
1220r

5 O~m21!, (C.13)

wheream denotes the strong-mixing numbers+ Under condition 2, similar arguments fol-
low after substituting the uniform mixing inequality of Serfling~1968! for the strong-
mixing inequality+ ~In this case setp 5 b 5 2, in Hansen’s notation+! Under condition 3,
the required mixingale property of~wt ,Ht ! is implicit in ~4+3!+ The same condition im-
plies ~by the Minkowski inequality! that (j51

` Et wt1j is L2-NED on $Vt % of size 2d+
Hence, when Assumption 2 holds forut , the mixingale property for~C+12! follows by
Theorems 17+9 and 17+6 of Davidson~1994!, applied element by element+

In the second step, the argument is applied, in effect, to each pairing of elements of
xt and wt + We therefore assume without loss of generality thatxt and wt are scalars+
Apply the identity

wt 5 et 1 zt21 2 zt , (C.14)

where

et 5 (
k50

n2t

~Et wt1k 2 Et21wt1k! (C.15)

and

zt 5 (
k51

n2t

Et wt1k (C.16)
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for t 5 1, + + + , n 2 1, and setzn 5 0+ Noting that

(
t51

n21

(
s51

t

xs~zt 2 zt11! 5 (
t51

n21

xt zt , (C.17)

we may write

n212d (
t51

n21

(
s51

t

xswt11 5 A1n 1 A2n, (C.18)

where

A1n 5 n212d (
t51

n21

(
s51

t

xset11 (C.19)

and

A2n 5 n212d (
t51

n21

xt zt + (C.20)

Under the assumptions,

A1n
d
&& E

0

1

X dW (C.21)

by Theorem 3+1 of Hansen~1992!, noting that the application of the strong-mixing in-
equality in Hansen’s inequality~A+1! simply makes use of the mixingale property of a
centered strong-mixing process and is valid in this case by assumption+ Next, consider
A2n+ Note that for constantsC1,C2 . 0, and« . 0,

7Et2mxt zt 2 Ext zt71 # (
k50

m

bk**Et2m (
j51

n2t

~ut2k Et wt1j 2 Eut2kwt1j !**
1

1 2** (
k5m11

`

bkut2k**
2

(
j51

n2t

7Et wt1j 72

# C1 (
k50

m

bkc~m2 k! 1 C2S (
k5m11

`

bk
2D102

(
j51

`

z~ j !

5 O~m2« ! 1 O~md2102!, (C.22)

wherez~ j ! andc~k! are the mixingale numbers for$wt ,Ht % and the process in~C+12!,
respectively+ The first of the inequalities in~C+22! uses the Minkowski, Jensen, and
Cauchy–Schwarz inequalities+ The second inequality applies the mixingale assumptions
and Lemma A+2~a!, putting Yns 5 Xns 5 bt2sus+ The first order-of-magnitude term is
evaluated using Lemma A+1, and the second follows by assumption+

The sequence$xt zt ,Ht % is therefore a stationaryL1-mixingale and, accordingly, uni-
formly integrable+ It follows by the weak law of large numbers of Davidson~1993! ~or
see Davidson, 1994, Theorem 19+11! that

n21 (
t51

n21

~xt zt2 Ext zt !
p
&& 0+ (C.23)

Noting thatE~A2n! 5 Ln
XW completes the proof+ n
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Proof of Theorem 4.3. As before, assumext andwt are scalars+ The first part of the
argument follows the same modification of Theorem 4+1 of De Jong and Davidson
~2000! as used in Theorem 4+1 of the current paper+ It remains to show that6Gn 2 Gn

*2
Ln

UW6
p
&& 0, similarly to expression~4+7! of De Jong and Davidson~2000!+ Using the

decomposition in~C+14!, and noting that

(
t5nj2111

nj21

(
s5nj2111

t

xs~zt 2 zt11! 5 (
t5nj2111

nj21

xt zt 2 (
t5nj21

nj21

xt znj
, (C.24)

we can write

Gn 2 Gn
* 5 A1n 1 A2n 2 A3n, (C.25)

where

A1n 5 n212d (
m50

t2nj2121

xt2met11, (C.26)

A2n 5 n212d (
j51

kn

(
t5nj2111

nj21

xt zt , (C.27)

and

A3n 5 n212d (
j51

kn

(
t5nj21

nj21

xt znj
+ (C.28)

Now, by the assumption onwt , 6et 6 , ` a+s+, and by Hölder’s inequality,

Eet11
2 S (

m50

t2nj2121

xt2mD2

# 7et117`2 ES (
m50

t2nj2121

xt2mD2

+ (C.29)

Therefore, in view of the martingale difference property ofet ,

E~A1n
2 ! # Cn21 (

j51

kn

(
t5nj2111

nj21

E~Xn~t0n! 2 Xn~jj21!!2

# Cn21 (
j51

kn

nj ~jj 2 jj21!2d11

5 O~ max
1#j#kn

~jj 2 jj21!2d11! 5 o~1! (C.30)

for constantC . 0+ The proof is completed by arguments similar to those used for Theo-
rem 4+2, noting that the termA2n 2 E~A2n! converges in probability to zero, thatE6A3n6,
n2d, and that6E~A2n! 2 Ln

XW6 r 0+ n
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