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The rank-based unit root tests proposed by Hasan and Koenker~1997, Economet-
rica 65, 133–161! have power equal to size for normal innovations+ Unit root
tests based onM-estimators exhibit the same behavior+ The problem occurs because
the test statistics are transformed to obtain computationally convenient critical
values+ I describe a convenient way to compute critical values without transform-
ing the test statistics+ The resulting tests are almost as powerful as least squares–
based tests for normal errors and much more powerful for thicker tailed
distributions+

1. INTRODUCTION

Following Dickey and Fuller~1979!, econometricians often employ least squares
regression to test for a unit root in the autoregressive representation of a time
series+ Although least squares–based tests should perform well when the inno-
vations are normal, there may be a loss of power relative to other methods
when they are not normal+ In recent years researchers have proposed a variety
of “robust” tests that are designed to have good power for many different error
distributions+ For example, Cox and Llatas~1991!, Lucas~1995a!, Lucas~1995b!,
Hoek, Lucas, and van Dijk ~1995!, Herce ~1996!, and Rothenberg and Stock
~1997! have proposed robust tests based onM-estimators; Hasan and Koenker
~1997! have proposed a collection of rank tests+

Because the robust test statistics generally have null distributions that depend
on unknown nuisance parameters, finding appropriate critical values is a non-
trivial problem+ Lucas~1995b! describes a simulation-based method for com-
puting critical values+ Herce ~1996!, Lucas ~1995b!, and Hasan and Koenker
~1997! suggest transforming the test statistics so that the asymptotic null is
nuisance-parameter free+

The present paper derives local-to-null asymptotic power functions for the
robust tests and uses the asymptotic representations to evaluate the various pro-
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cedures for computing critical values+ The procedure in Lucas~1995b! leads to
tests with incorrect size, even asymptotically+ The transformations used in Herce
~1996!, Lucas~1995b!, and Hasan and Koenker~1997! lead to tests with asymp-
totic power equal to size for normal errors+ This result is not entirely new; Lucas
~1995b! reports simulation evidence in favor of the result, and Herce~1996!
derives a similar result for the test based on the least absolute deviations estimator+

I fit a polynomial approximation to the critical values of the untransformed
test statistics+ The resulting tests are almost as powerful as least squares for
normal errors and much more powerful for thicker tailed distributions+ For alter-
natives far from the null, the tests dominate the transformed statistics used by
Herce ~1996! and Hasan and Koenker~1997!+ A Monte Carlo study suggests
that the untransformed versions of the Wilcoxon ranks and normal ranks tests
of Hasan and Koenker~1997! are superior to the least squares tests for a vari-
ety of error distributions+

2. LOCAL-TO-UNITY ASYMPTOTICS FOR ROBUST TESTS

The observations$ yt %t51
T come from the data generating process

yt 5 m1 1 m2 t 1 ut ,

Dut 5 gut21 1 vt ,

G~L!vt 5 «t ,

where $«t %t51
T is an independent and identically distributed~i+i+d+! sequence

with mean 0 and variances«
2+ The termG~L! is the lag polynomial 12 G1L 2

{{{ 2 GpLp, and we assume that the roots ofG~z! 5 0 all lie outside the unit
circle+ For convenience we assume thatu0 5 0+ We wish to test the unit root
hypothesisg 5 0 versus the alternativesg , 0+

The tests are based on the augmented Dickey and Fuller~1979! representa-
tion of the model

DY 5 Xa 1 Zb 1 e, (1)

where DY 5 ~ yp12 2 yp11, + + + , yT 2 yT21!', X 5 ~ yp11, + + + , yT21!' , and Z
is the design matrix with rowt 2 p 2 1 equal to~1, t,Dyt21, + + + ,Dyt2p!+ The
parametera is gG~1!, b is a ~ p 1 2! 3 1 parameter vector, and e 5
~«p12, + + + ,«T!' + For the intercept only model~e+g+, m2 5 0! the design matrixZ
has rows~1,Dyt21, + + + ,Dyt2p!+

M-tests are based onM-estimators, which may be characterized as solutions
to minimization problems+ It will be convenient to adopt the notation that, for
any functiong~{! mappingR into R and anyn-dimensional column vectorx
with componentsxi , g~x! is then-dimensional column vector with components
g~xi !+ The M-estimators~ [a, Zb! minimize the objective function

1'g~DY2 Xa 2 Zb!,
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where 1 is a vector of ones andg is a function chosen by the researcher+When
g~x! 5 x2, estimation is by least squares+ Table 1 lists some alternative choices
for g that “robustify” the estimators against thick-tailed error distributions+ The
unit root test rejects the null for small values of[a+

Hasan and Koenker~1997! propose an alternative class of unit root tests based
on ranks+ The null is rejected for small values of@X 'MX #2102X 'Mb, whereM
is the projection matrixI 2 Z~Z 'Z!21Z ' andb is the vector of regression rank
scoresb 5 *0

1 [a~s! dw~s!, where [a solves the linear programming problem

[a~t! 5 argmax$a'DY6Z 'a 5 ~12 t!Z '1, a [ @0,1# T2p% (2)

andw is a function chosen by the researcher+ This construction forb is a way to
handle the nuisance parametersb and allows the researcher to consider general
functions of the ranked residuals: when Z is a vector of ones andw~t! 5 t,
each element ofb is the rank of the corresponding element ofDY+ Table 1 lists
some common choices forw+

In large samples the critical values and power functions of the various tests
depend on several nuisance parameters+ For theM-tests the nuisance param-
eters are determined by a scorelike functionc~x!, equal tog'~x! if g is differ-
entiable atx and zero otherwise~we allow g to have finitely many points of
nondifferentiability to handle quantile estimators such as least absolute devia-
tions ~LAD !!+ The nuisance parameters are

r 5 Corr@«1,c~«1 2 h!# and l 5 s« v0sc ,

where v 5 2*R c~x 2 h! df ~x!, sc
2 5 Var@c~«1 2 h!# , f is the marginal

density of«1, andh solvesEc~«1 2 h! 5 0+ Whenc is everywhere differen-
tiablev takes the more familiar formEc '~x 2 h!+ The rank tests depend on the
same nuisance parameters, with c~x 2 h! replaced byw~F~x!!, whereF~x! 5
Pr@«1 # x# + Table 1 lists theg, c, and w functions for some common robust
tests, along with the associated formulas forv+

Table 1. Some robust unit root tests

Test g, c, or w function v

Least squares g~x! 5 x202, c~x! 5 x 1
LAD g~x! 5 6x6, c~x! 5 sign~x! 2f ~h!
Huber’sM c~x! 5 x1~6x6 # k! 1 k sign~x!1~6x6 . k! Pr@6«1 2 h6 # k#
Student’st c~x! 5 ~x0n!0~1 1 x20n! Ec '~«1 2 h!
Wilcoxon ranks w~s! 5 s 2 1

2
_ Ef ~«1!

Normal ranks w~s! 5 F21~s! Ef ~«1!0f~F21~F~«1!!!
Sign ranks w~s! 5 sign~s 2 1

2
_! 2f ~h!

Notes: F~x! 5 Pr@«1 # x# andf ~x! 5 F '~x!+ The parameterk that appears in Huber’sM function is chosen by the
researcher+ The parametern that appears in Student’st function is the number of degrees of freedom+
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The tests come in two versions, an e-test and at-test+ The e and t M-tests
reject the null for small values of the statistics

Me 5 @ ZG~1!#21 ZlT [a and Mt 5 [se
21 Zl@X 'MX #102 [a,

where the variables with the ˆ are consistent estimates of the corresponding
nuisance parameters+ The e and t rank tests reject for small

Re 5 @ [sc ZG~1!X 'MX #21 [seTX'Mb and Rt 5 [sc
21@X 'MX #2102X 'Mb+

Hasan and Koenker~1997! propose only thet version of the test, but for com-
pleteness we examine thee version also+ Section 4 provides estimates of the
nuisance parameters+

Hasan and Koenker~1997! stress that the nuisance parameterl does not need
to be estimated to normalize a rank test+ This may be an advantage of the rank
tests over theM-tests+ In the Monte Carlos in Section 5, the rank tests have
more accurate size than theM-tests+ Thompson~2004b! argues that this occurs
because of estimation error associated with[v+ Although in large samples the
estimation error will have an asymptotically negligible effect on inference, in
small samples it could affect test size+ In some casesv is especially poorly
estimated—for example, for LAD v 5 2f ~h!, and the estimate of a density at a
point converges at less than a root-T rate+

Because I am interested in inference wheng is close to one, I adopt the local-
to-zero reparameterizationg 5 c0T so that the parameter space is a shrinking
neighborhood of zero as the sample size grows+ Following Chan and Wei~1987!
and Phillips~1987!, I take c fixed when making limiting arguments, obtaining
asymptotic representations as a function of the local alternativec+

Hasan and Koenker~1997! derive local-to-zero asymptotic representations
for the rank tests+ In Theorem 1 I provide local-to-zero representations for the
M-tests+ The theorem applies to objective functionsg that are not twice contin-
uously differentiable, such as LAD, Huber’sM function, and the quantile regres-
sion estimator of Koenker and Bassett~1978!+ We assume thatg is convex,
which rules out Student’st objective function+ Although the convexity assump-
tion simplifies the proof, alternative methods can be used to show that the theo-
rem holds for Student’st function+

The limiting forms of the test statistics are expressed as functionals of Brown-
ian motion+ Define W~{! as standard Brownian motion and defineWc~{! as the
Ornstein–Uhlenbeck processWc~t ! 5 *0

t exp$c~t 2 s!% dW~s!+ Define

Ac [ E
0

1

Dc~r ! dW~r !,

Bc [ E
0

1

Dc~r !2 dr, (3)
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whereDc~r ! 5 Wc~r ! 2 *0
1 Wc~s! ds in the intercept only model andDc~r ! 5

Wc~r ! 2 2*0
1~2 2 3s 2 r ~3 2 6s!!Wc~s! ds in the model with a linear time

trend+ Under the local-to-null asymptotics, thee-testsMe andRe both converge
to the limiting distribution represented by the random variableEc, and thet-tests
Mt andRt converge in distribution to the random variableTc+ The limiting forms
are

Ec [ r
Ac

Bc

1 M12 r2
S

MBc

1 lc,

Tc [ r
Ac

MBc

1 M12 r2S1 lcMBc, (4)

whereS is an independent standard normal variable+ These results are summa-
rized in the following theorem+

THEOREM 1+ Under Assumptions 1 and 2 in the Appendix, Me and Re con-
verge weakly toEc, and Mt and Rt converge weakly toTc.

There are a number of well-known asymptotic results concerning robust infer-
ence for a location model~see Rothenberg and Stock, 1997, Appendix!+ Asymp-
totic power depends on a single parameter that shifts the limiting distribution
of the test statistic+ Power is increasing in the parameter, which is maximized
under correct specification+ The movement of the parameter is asymmetric under
incorrect specification, in the sense that with normal data power declines only
slightly when using robust methods instead of least squares, but with thick-
tailed distributions robust tests lead to significant increases in power+

For the unit root testing problem, large sample power depends on the pair of
nuisance parametersr and l+ Because we reject for small values of the test
statistics, in large samples the power of ane-test is given by Pr@Ec # qe~r,a!# ,
whereqe~r,a! satisfies Pr@E0 # qe~r,a!# 5 a anda is the size of the test+ Lim-
iting power for thet-test is Pr@Tc # qt~r,a!# , where Pr@T0 # qt~r,a!# 5 a+
Power obviously increases withl, which shifts the distribution to the left when
c is negative+ The termr also affects power by changing the shape of the dis-
tribution+ The results in Section 3+1 suggest thatl dominates the power func-
tion relative tor+

In generalr and l depend on the test and error density+ An exception to
this is the least squares–based Dickey–Fuller test, wherec~x! 5 x and r 5
l 5 1 no matter what the error density+ For other testsr will differ from 1 and
the limiting null representations become a linear combination of a “Dickey–
Fuller” term ~Bc

21Ac for the e-test andBc
2102Ac for the t-test! and another ran-

dom variable+
In Table 2 we have calculatedr andl by numerical integration for various

tests and error densities+1 We include the tests based on LAD, Huber’s func-
tion, and the Student’st density with three degrees of freedom~denotedt3!+ In

364 SAMUEL THOMPSON

https://doi.org/10.1017/S0266466604202055 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466604202055


addition we include the three rank tests considered in Hasan and Koenker~1997!:
the tests based on Wilcoxon, normal, and sign ranks+

To get a sense of how the parameters change as we move from normal errors
to thicker tailed densities, we give results for error densities of the formf ~e! 5
A~t!exp~26e 6t! for t 5 2+0, 1+8, 1+2, and 1+0 and for the thick-tailed Student’s
t distribution with three degrees of freedom~denotedt3!+2 Whent is 2 the errors
are normal with variance12

_ , and whent is 1 the errors are double-exponential
with variance 2+ We also report values for two mixture distributions~labeled
mixture in the table! where a standard normal variable is drawn with probabil-
ity 1 2 m and aN~0,9! variable is drawn with probabilitym+ The mixture den-
sity has fatter tails than the normal+ Results are given form5 0+1 andm5 0+2+

The values ofr fall as the errors become thicker tailed+ For normal errors
the parameter is close to 1, except for the LAD and sign rank tests+ Under nor-
mality the null distributions of the other tests are similar to the null for the
least squares–based tests+When the errors have thick tails the null distributions
are different from the least squares distributions and from each other+

The terml increases as the errors become thicker tailed, suggesting that
thicker tailed errors lead to increased power+ Under normal errors the param-
eters for the LAD and sign-median rank tests are far below 1, so we expect
these tests to have poor power relative to the least squares–based tests when

Table 2. Values ofr andl

A~t!exp~26x6t! Mixture

t 5 2+0
~3+00!

t 5 1+8
~3+23!

t 5 1+2
~4+74!

t 5 1+0
~6+00!

m 5 0+1
~8+33!

m 5 0+2
~7+54!

t3
~`!

Values ofr
LAD M-test 0+80 0+79 0+74 0+71 0+71 0+69 0+64
Huber’sM-test 0+97 0+97 0+95 0+94 0+92 0+92 0+86
Student’st3M-test 0+98 0+97 0+90 0+84 0+82 0+77 0+71
Wilcoxon ranks 0+98 0+97 0+94 0+92 0+91 0+89 0+83
Normal ranks 1+00 1+00 0+99 0+98 0+97 0+97 0+90
Sign ranks 0+80 0+79 0+74 0+71 0+71 0+69 0+64

Values ofl
LAD M-test 0+80 0+84 1+15 1+41 1+00 1+12 1+27
Huber’sM-test 0+97 0+99 1+08 1+13 1+17 1+22 1+31
Student’st3M-test 0+98 1+06 1+12 1+25 1+17 1+28 1+41
Wilcoxon ranks 0+98 1+00 1+12 1+22 1+17 1+26 1+38
Normal ranks 1+00 1+00 1+06 1+13 1+12 1+17 1+28
Sign ranks 0+80 0+84 1+15 1+41 1+00 1+12 1+27

Notes:The numbers in parentheses are the kurtosis of each distribution+ All values were calculated either analyt-
ically or by numerical integration+
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errors are normal+ For the rest of the testsl is close to 1 with normal errors,
implying that these tests have power almost as good as least squares when errors
are normal and better than least squares when errors are thick tailed+ Table 4
confirms this analysis; there the robust tests essentially dominate least squares,
even for distributions close to Gaussian+

For the test and errors densities considered in Table 2, l is maximized by
choosing2c~x 2 h! or 2w~F~x!! equal to] log f ~x!0dx+ For normal errors, l
is largest with the least squares and normal ranks tests+ The same result holds
for the LAD and sign ranks tests used with double exponential errors and for
the t3 test witht3 errors+ This property holds for any test and error distribution,
which is not surprising because it corresponds to testing under correct specify-
ing of the error distribution+ To see that it holds for the rank tests, let f ~x! equal
A exp~2*2`

x w~F~u!! du!, whereA makes the density integrate to one+ An argu-
ment based on integration by parts can be used to show thatv 5 sc

2+ For any Jw
with associated Isc and Dl, we have

Dl 5 2
s«

Isc
E Jw~F~x!! df ~x!

5
s«

Isc
E Jw~F~x!!w~F~x!! f ~x! dx

5 l Corr@ Jw~F~«1!!,w~F~«1!!# +

Therefore Dl # l+ The result can be extended to theM-tests by replacingw~F~x!!
with c~x 2 h!+

It can be shown, using integration by parts, that r 5 l21 when2c~x 2 h!
or 2w~F~x!! equals] log f ~x!0dx+ This may be confirmed in the tables for the
least squares and normal ranks tests applied to Gaussian errors+ It may also be
confirmed for the LAD and sign ranks tests used with double exponential errors
and for thet3 test witht3 errors+ Thus, under correct specification of the errors
only one nuisance parameter appears in the asymptotic representation of the
test statistics+

3. OBTAINING CRITICAL VALUES

It is well known that the asymptotic null distributions of the usual Dickey–
Fuller tests do not depend on any nuisance parameters+ Critical values can be
calculated once and tabulated+ For robust, non-least squares–based tests, the
critical values cannot be tabulated so simply+ The asymptotically correct criti-
cal valuesqe~r,a! andqt~r,a! are theath quantiles ofE0 andT0+ For a given
robust testr must be estimated, so the shape of the asymptotic null distribution
is not estimable until we see the data+

There are many ways to accurately approximate the quantiles ofE0 andT0+
Shin and So~1999! simulate draws ofE0 andT0 for eachr and use the empir-
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ical quantiles as critical values+ Seo ~1999! and Lucas~1998! also describe
simulation-based procedures+ Rothenberg and Stock~1997! and Thompson
~2004b! use Cornish–Fisher expansions+ Hansen~1997! and Juhl and Xiao~2002!
simulate to calculate quantiles for similar test statistics+

A computationally convenient approach is to approximateqe~r,a! andqt~r,a!
by a third-order polynomial in 12 r+ For theE0 statistic the formula is

qe~r,a! ' xr
' ga,

wherexr 5 ~1, 1 2 r, ~1 2 r!2, ~1 2 r!3!' andga is a four-dimensional coef-
ficient vector+ The formula is defined similarly for theT0-statistic+ To compute
ga I simulatedN 5 5 million draws ofE0 andT0 for r 5 r0, + + + ,r100, where
rj 5 j0100+3 I do not consider negative values ofr becauser can be shown to
be nonnegative+ For eachrj I sorted the test statistics and computed[qe~rj ,a!
and [qe~rj ,a! as the~aN!th draws of the simulated statistics+ For theE0 test I
computega by regressing [qe~rj ,a! on xrj

+ The minimization problem is

[ga 5 argminga (
j50

100

~ [qe~rj ,a! 2 xrj

' ga!2+

The same procedure is used forT0+ Table 3 provides the estimated coefficients
for a equal to 0+01, 0+025, 0+05, and 0+10+

In practice I calculate critical values using a consistent estimate[r for r+ So
thee-tests reject the null at levela whenMe or Re are less thanx [r

' [ga+ Similarly
the t-tests reject whenMt or Rt are less thanx [r

' [ga+ The estimation of [r and the
other nuisance parameters is discussed in Section 4+

Figure 1 plots the simulated quantiles along with the polynomial approxima-
tions+ The quantiles are nearly linear inr, and it is difficult to see a difference
between the quantiles and the approximating polynomial+ I assess the quality
of the approximation in terms of the worst large sample size distortion:

max
0#j#100

6 ZPr@E0 # xrj

' [ga# 2 a6+

The expression ZPr@E0 # z# is an estimate of Pr@E0 # z# + I calculate ZPr by sim-
ulating 5 million draws ofE0, independent of the draws used to estimatega,
and calculate ZPr@E0 # z# as the percentage of draws belowz+ The worst size
distortion was calculated for the models with and without a trend and for both
the E0- and T0-statistics+ The maximum over the four cases was 0+0004942+
Thus the polynomial approximations are highly accurate both in terms of approx-
imating the quantiles and minimizing asymptotic size distortions+

3.1. Modifying the Tests to Eliminate the Nuisance Parameter

Herce~1996! and Hasan and Koenker~1997! suggest modifying the test statis-
tics to obtain null distributions that are free ofr+ Recall thatE0 and T0 are
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expressed as linear combinations of the “Dickey–Fuller” termsA00B0 and
A0YYMB0 and another random variable+ Because the least squares test statistics
converge to the Dickey–Fuller terms, we can write down a linear combination
of the robust test statistics and of the least squares statistics so that the limiting
null distribution does not depend onr+ Let els and tls denote theme- and
mt -statistics when estimation is by least squares+ The modified tests are based
on the relationships

Modified e-test: ~12 [r2!2102 @me 2 [rels# n S0Bc
102 1 ~12 r2!2102 @l 2 r#c,

Modified t-test: ~12 [r2!2102 @mt 2 [rtls# n S1 Bc
102~12 r2!2102 @l 2 r#c,

where [r is a consistent estimator forr+ A test that rejects the null when the
modified statistics are below the 100a% quantile of S0B0

102 or S will have
asymptotic size equal toa+ The rank tests may be similarly modified+

Unfortunately, this modification seriously affects the power of the tests+ Let
F and f denote the distribution function and density function of a standard
normal variable+ When the errors are i+i+d+ normal, the rank test formula for
l is

Table 3. Estimated coefficients[ga of polynomial approximationxr
' [ga to the

ath quantiles of the asymptotic null distributions

Coefficients [ga of polynomial

Test and model
Quantile

~%! Intercept 12 r ~1 2 r!2 ~1 2 r!3

e, intercept only~e+g+, m2 5 0! 1 220+392 12+667 20+823 20+067
2+5 216+745 10+850 20+673 20+175
5 213+969 9+382 20+366 20+368

10 211+169 8+050 20+455 20+293

t, intercept only~e+g+, m2 5 0! 1 23+418 0+556 0+636 20+098
2+5 23+112 0+671 0+598 20+118
5 22+853 0+780 0+548 20+118

10 22+560 0+920 0+494 20+135

e, time trend~m2 unknown! 1 228+846 18+593 20+766 20+318
2+5 224+680 16+630 20+734 20+355
5 221+427 15+106 20+681 20+390

10 218+037 13+504 20+672 20+333

t, time trend~m2 unknown! 1 23+934 0+998 0+656 20+044
2+5 23+637 1+100 0+671 20+091
5 23+389 1+213 0+658 20+126

10 23+109 1+377 0+584 20+135

Note:The termxr is ~1, 1 2 r, ~1 2 r!2, ~1 2 r!3!' +
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l 5 2
s«

sc
EwSFS x

s«
DD dF 1

s«

fS x

s«
DG

5
1

sc s«
ExwSFS x

s«
DD 1

s«

fS x

s«
D dx

5 Corr@«1,w~F~«1!!# +

The same result holds for theM-tests+ Thus, under normal errorsl 5 r no
matter what the test, so the modifiedt-test has local power everywhere equal to
its size+ This may be confirmed in Table 2, where under normalityl equalsr
for every test considered+ In Table 4 we also show that the modifiede-test also
has very little power with normal errors+ Lucas~1995b! reports simulation results
for M-tests that are consistent with these results+ Herce~1996! obtains a stron-
ger result for the LAD estimator—under normal errors the modified LADt-test
has power equal to its size+ Although our results apply only to the local power
function, in Section 5 we provide Monte Carlo evidence that the actual power
function exhibits similar behavior for empirically relevant sample sizes+ Robust
methods are meant to perform well for plausible misspecifications of the model+
By this measure the traditional Dickey–Fuller methods are robust relative to
the modified statistics+

Figure 1. Simulated 1%, 2+5%, 5%, and 10% quantiles~solid lines! plotted along with
the polynomial approximations from Table 3~dotted lines!+ The approximations are so
close that it is difficult to distinguish the solid from the dotted lines+ The horizontal axes
give values ofr+
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Table 4 provides some evidence to compare the modified tests with the unmod-
ified tests that use the polynomial approximation to the critical value+ The table
lists the local alternative where asymptotic power is approximately1

2
_ in the

model that includes a linear time trend~e+g+, no restrictions onm2!+ King ~1988!
and Elliot, Rothenberg, and Stock~1996! make the case for preferring tests that
achieve 50% power at alternatives closer to zero+ By definition, tests that achieve
50% power at lower values ofc have better asymptotic relative efficiency at
50% power~see Stock, 1994, p+ 2775!+

The modified tests have virtually no power for distributions close to the Gauss-
ian, but sometimes they beat the unmodified tests for the thick-tailed double
exponential andt3 errors+ Asymptotic power was calculated for local alterna-

Table 4. Local alternative where asymptotic power is approximately 50%

Innovation Process

A~t!exp~26x6t! Mixture

Test Test type t 5 2+0 t 5 1+8 t 5 1+2 t 5 1+0 m 5 0+1 m 5 0+2 t3

LAD or e 217+50 216+50 211+50 29+25 213+00 211+50 29+75
sign-median Modifiede 2100 295 212+25 27+50 218+00 212+50 29+00
ranks t 230 230 211+75 28+25 215+25 212+25 29+50

Modified t 2100 2100 218+50 29+00 240 219+50 212+00

Huber’sM e 216+00 215+75 214+00 213+50 212+75 212+25 211+00
Modified e 2100 290 217+75 213+25 211+75 29+75 28+50
t 218+25 217+50 214+75 213+25 212+25 211+50 29+75
Modified t 2100 2100 235 230 217+25 213+25 210+75

Student’st3 e 216+00 214+50 213+25 211+25 212+00 210+50 29+25
Modified e 2100 220 214+75 210+00 212+25 29+25 27+50
t 218+00 215+25 213+50 210+50 212+00 29+75 28+25
Modified t 2100 245 230 213+50 218+50 212+25 29+00

Wilcoxon e 216+00 215+50 213+50 212+25 212+75 211+75 210+25
ranks Modifiede 2100 260 214+00 29+75 211+75 29+50 27+50

t 218+00 217+25 213+50 211+50 212+25 210+75 28+75
Modified t 2100 2100 230 213+25 217+75 212+50 29+25

Normal ranks e 215+75 215+75 214+75 213+75 213+75 213+25 211+50
Modified e 2100 2100 215+00 210+00 212+00 29+00 28+50
t 217+50 217+50 215+50 213+50 213+75 212+50 210+25
Modified t 2100 2100 230 213+50 218+25 211+75 211+00

Notes:The ratio of local alternatives for two different tests is their asymptotic relative efficiency at 50% power+
In nearly all cases the unmodified tests are more efficient+ Entries are largest local alternatives where asymp-
totic power is at least 50%+ Local power was calculated for alternatives fromc 5 0 to 2100, at increments of
20+25 for alternatives 0 through220 and increments of25 for alternatives225 through2100 ~so c 5
0,20+25,20+5, + + + ,220,225,230, + + + ,2100!+ Size is 5%+ Results for the LAD and sign ranks tests are given on
the same line because the two tests are asymptotically equivalent+ To see this, notice from Table 1 that for these
testsh is the median of«1 andc~x 2 h! 5 w~F~x!! +
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tives as small as2100, so a value of2100 in the table means that the test did
not achieve 50% power for any alternative greater than2100+ Although the
modified e-test has power greater than size for Gaussian errors, the modified
e-tests considered here do not achieve 50% power for any alternative greater
than 2100+ Both the modified and unmodifiede-tests beat the corresponding
t-tests for error distributions close to normality, and thet-tests are more pow-
erful for thicker tailed error distributions+

The unmodified robust tests essentially dominate least squares+ The least
squares–basede- andt-tests of Dickey and Fuller~1979! achieve 50% power at
c 5 215+75 and217+5; the unmodified robust tests do slightly worse for nor-
mal errors and much better for nonnormal errors+ For each robust test the pres-
ence of thick-tailed errors leads to greater power relative to normal innovations+
There is a larger decline in power under normality for the LAD and sign ranks
tests, but even in these two cases the decrease is small relative to the gain in
power for thicker tailed distributions+

The normal ranks test is at least as efficient as the least squares test for every
error distribution in the table+ In the classical location model we can make the
stronger statement that the normal ranks test is asymptotically at least as pow-
erful as the least squarest-test no matter what the error distribution+ This result
is shown by Chernoff and Savage~1958! ~also see the discussion in Hett-
mansperger, 1984, Sec+ 2+9!+ The result may hold for the unit root problem, but
I was not able to prove it+ At normal errors both the Dickey–Fuller and the
normal ranks tests havel 5 r 5 1, so their power functions are identical+ I am
able to show that for the normal ranks test, l $ 1 andr $ 10l for any error
distribution+ Power obviously increases inl, but simulations show that power
is not monotonic inr+ However, I conducted simulations4 suggesting that in
the model with a time trend, large sample power of thee- andt-tests forl $ 1
andr $ 10l is always at least as high as whenl 5 r 5 1+ In the model with no
time trend the result holds only for thee-test+ In that model thet-test has about
1% less power than the Dickey–Fuller test in the range 0+90 # r # 0+92 and
1+06 # l # 1+11+ Although I am unable to find an error distribution with these
nuisance parameters, one may exist+

Chernoff and Savage~1958! establish thatl $ 1 for the normal ranks test;
see for example their Theorem 3 or Theorem 2+9+2 of Hettmansperger~1984!+
To see thatr $ 10l, note thatsc

2 5 1 and assume without loss of generality
that se

2 5 1+ Thus

r 5EyF21~F~ y!! f ~ y! dy5EF21~F~x!!xf~x! dx5 2EF21~F~x!! df~x!,

where f is the density of the errors andf is a standard normal density+ The
second equality follows from the change of variablesx 5 F21~F~ y!!, and the
third equality follows from the fact that]f~x!0]x 5 2xf~x!+ Integration by
parts and a change of variables leads to the expressions
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r 5Ef~F21~t !! dF21~t ! 5E f~F21~F~x!!!

f ~x!
f ~x! dx5 EFf~F21~F~«1!!!

f ~«1! G,
l 5E f ~F~t !! dF21~t ! 5E f ~x!

f~F21~F~x!!!
f ~x! dx5 EF f ~«1!

f~F21~F~«1!!!G +
Let W 5 f ~«1!0f~F21~F~«1!!!+ By Jensen’s inequality,

r 5 E@10W# $ 10E@W# 5 10l+

3.2. Lucas’s (1995b) Method for Obtaining Critical Values

Lucas~1995b! obtains critical values by computing the distribution of the test
statistics from realizations of simulated data+ Lucas simulates the data by gen-
erating a time series from the data generating process with i+i+d+ standard nor-
mal innovationsvt and with dt and g set to zero+ Because the parameterr
depends on both the choice of estimation method and the error density, this
approach will give asymptotically incorrect critical values for the robust tests
unless the errors are in fact normal+ For the tests based on thet3 estimator, r 5
0+98 for normal errors and the 5% quantiles ofE0 andT0 are221+8 and23+42
when the model has a time trend+ For t3 errorsr 5 0+71 and the quantiles are
217+5 and23+01+ A simulation shows that when the errors are distributedt3,
using the quantiles based on normal errors instead of the correct values results
in e- and t-tests with asymptotic sizes of 1+59% and 1+68%, respectively+5

4. CALCULATING THE TESTS

To calculate the test statistics we need consistent estimates for the various nui-
sance parameters+ Likewise, the polynomial approximation to the critical val-
ues, x [r' [ga , is evaluated at a consistent estimate[r for r+

Following Hasan and Koenker~1997!, the nuisance parameters are esti-
mated under the null+ For a givenM-test with associated functionsg andc, let
Ie denote the vector of residualsDY 2 Z Db, where Db minimizes 1'g~DY 2 Zb!+

Theorem 1 implies that under the null, Ie will converge to the recentered errors
e 2 h+ So we estimate the two variancess«

2 5 Var~«1! andsc
2 5 Var~c~«1 2 h!!

with

[s«
2 5 ~ Ie 2 SIe!'~ Ie 2 SIe!0T and [sc

2 5 ~c~ Ie! 2 Oc!'~c~ Ie! 2 Oc!0T,

where SIe and Oc are the sample averages ofIe andc~ Ie!+ Similarly, the correlation
r 5 Corr@«1,c~«1 2 h!# is estimated by

[r 5 ~ Ie 2 SIe!'~c~ Ie! 2 Oc!0~T [s« [sc!+

For Huber’sM-test and thet3-testv is estimated by 1'¹c~ Ie!0T, where¹c~x!
equalsc '~x! if c is differentiable atx and zero otherwise+ Following Herce
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~1996!, for the LAD test I estimatev 5 2f ~h! using the kernel estimatorZf ~h! 5
1'f~ Ie0h!0~Th!, whereh 5 1+06 [s«T2105+ The bandwidthh was chosen based on
a recommendation in Silverman~1986, Ch+ 2!+ The term Zf ~h! will converge in
probability tof ~h! becauseIe is converging toe 2 h+ Following Lucas~1995b!,
the scale parameterk appearing in Huber’sM function is 1+345~ [e '~ [e 2 1' [e0T !0
T !102, where [e 5 DY 2 X [a 2 Z Zb are the residuals from a preliminary LAD
regression+

For the rank tests the nuisance parameters are calculated using the same for-
mulas+ I follow Hasan and Koenker~1997! and set the residualsIe equal toDY2
Z Db, where Db minimizes the LAD objective function 1' 6DY2 Zb 6+ For the rank
testsc~x! is replaced byw~ EF~x!!, where EF is an estimate ofF+ Following Hasan
and Koenker~1997!, I take EF~x! to be the empirical distribution function ofIe,
equal to~$#residuals# x% 2 0+5!0~T 2 p!+ The termsc

2 is known in closed
form for the rank tests and does not need to be estimated; sc

2 is 1
12
_ for the

Wilcoxon ranks test and 1 for the normal and sign ranks tests+
Computing the rank tests requires calculating the vectorb 5 *0

1 [a~s! dw~s!,
where [a solves the linear programming problem in~2!+ Hasan and Koenker
~1997! use an algorithm that calculates[a~s! for all s+ I instead solve the linear
programming problem in expression~2! at the points$ti % i51

50 ~with ti 5 ~i 2 1!0
49! and use numerical integration+ For the Wilcoxon ranks test, b 5

(i51
50 [a~ti !0502 0+5+ For the normal ranks test, b is (i51

50 [a~ti !0~50f~F21~ti !!!
1and for the sign ranks tests it is 0+5 sign~ [a~t26! 2 0+5!+ I use the discretized
version of the [a process because canned algorithms for solving linear program-
ming problems are widely available—for example, I used the Matlab function
linprog+

5. MONTE CARLO EVIDENCE

We carried out a Monte Carlo study to evaluate the small sample performance
of the various tests+ The calculation of the various tests was described in
Section 4+

Table 5 lists empirical rejection rates under the null~g 5 0! and for a distant
alternative~g 5 20+5!+ The errors«t are i+i+d+ draws from either theN~0,1! or
Student’st3 distribution+We make the unrealistic assumption that the researcher
knows that the errors are i+i+d+ and sets the lag lengthp equal to zero+ Results
are given for both the intercept only model and for the model with a time trend+
Small sample size looks good for all the tests except the modifiede+ The LAD
test exhibits some size distortions+ Thompson~2004b! argues that this results
from a poor estimate ofv, because Zf ~h! does not converge at a root-T rate+

Previously we have shown that the modified tests have poor power against
the local alternativec+ The Monte Carlo results suggest that power is also poor
against the distant alternativeg 5 20+5+ Test power is very close to one for
most of the unmodified tests, whereas the modified tests suffer from large power
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losses+ As the asymptotics predict, the modified t-tests have power equal to
size for normal errors+ The asymptotics also predict that the modified tests will
beat the unmodified ones for the thick-tailed Student’st3 distribution, and this

Table 5. Empirical rejection rates, i+i+d+ errors

e-tests t-tests
Modified

e-tests
Modified

t-tests

Test N~0,1! t3 N~0,1! t3 N~0,1! t3 N~0,1! t3

True g 5 0, intercept only model, ~m1,m2! 5 ~1,0!
Least squares 0+06 0+06 0+05 0+05 — — — —
LAD 0+05 0+04 0+03 0+02 0+04 0+03 0+03 0+01
Huber’sM 0+06 0+07 0+05 0+06 0+04 0+08 0+03 0+05
Student’st3 0+06 0+07 0+05 0+06 0+04 0+08 0+04 0+06
Wilcoxon ranks 0+06 0+06 0+05 0+04 0+08 0+07 0+03 0+04
Normal ranks 0+06 0+06 0+06 0+05 0+15 0+10 0+06 0+06
Sign ranks 0+06 0+07 0+05 0+06 0+07 0+08 0+05 0+06

True g 5 0, model includes intercept and time trend, ~m1,m2! 5 ~1,1!
Least squares 0+06 0+06 0+05 0+05 — — — —
LAD 0+06 0+04 0+03 0+02 0+05 0+02 0+02 0+01
Huber’sM 0+07 0+08 0+06 0+07 0+04 0+08 0+03 0+06
Student’st3 0+06 0+08 0+06 0+08 0+06 0+09 0+04 0+06
Wilcoxon ranks 0+06 0+06 0+05 0+04 0+11 0+08 0+03 0+04
Normal ranks 0+07 0+06 0+06 0+05 0+17 0+12 0+04 0+06
Sign ranks 0+08 0+07 0+06 0+05 0+08 0+08 0+06 0+05

True g 5 20+5, intercept only model, ~m1,m2! 5 ~1,0!
Least squares 0+99 1+00 0+98 0+99 — — — —
LAD 1+00 1+00 0+78 0+95 0+22 0+61 0+02 0+22
Huber’sM 0+99 1+00 0+98 1+00 0+28 0+92 0+03 0+69
Student’st3 0+99 1+00 0+97 1+00 0+31 0+94 0+04 0+73
Wilcoxon ranks 0+99 1+00 0+96 1+00 0+32 0+78 0+01 0+50
Normal ranks 0+99 1+00 0+98 1+00 0+47 0+76 0+06 0+55
Sign ranks 0+98 1+00 0+82 0+98 0+34 0+79 0+04 0+37

True g 5 20+5, model includes intercept and time trend, ~m1,m2! 5 ~1,1!
Least squares 0+97 0+97 0+95 0+94 — — — —
LAD 0+92 0+98 0+59 0+86 0+17 0+52 0+02 0+22
Huber’sM 0+97 0+99 0+93 0+99 0+23 0+87 0+03 0+68
Student’st3 0+97 0+99 0+91 0+99 0+26 0+90 0+05 0+75
Wilcoxon ranks 0+96 0+99 0+88 0+98 0+28 0+68 0+01 0+44
Normal ranks 0+97 0+99 0+93 0+97 0+40 0+65 0+04 0+47
Sign ranks 0+92 0+98 0+68 0+93 0+26 0+69 0+05 0+36

Notes:There are 1,000 Monte Carlo replications+ Sample size isn 5 100+ Under normality the modifiedt-tests
have virtually no power against the distant alternativeg 5 20+5+
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does not seem to be the case+ One explanation for this is that the local-to-null
asymptotic approximations become less accurate for distant alternatives such
as g 5 20+5+ Thus the Monte Carlo results make a stronger case against the
modified tests than the asymptotics+

The calculations in Table 5 assume that the errors are independent+ To inves-
tigate the impact of serially correlated errors, Table 6 provides evidence about
the small sample behavior of the unmodified tests when the errors exhibit serial
dependence of unknown form+ The data generating processes are

AR~1!: vt 5 0+5vt21 1 zt ,

MA ~1!: vt 5 +zt 2 0+5zt21,

GARCH MA: vt 5 qt 2 0+5qt21, qt 5 ht
102zt ,

ht 5 11 0+65ht21 1 0+25qt21
2 , h0 5 0+

The fundamental innovationszt have initial conditionz0 5 0 and were gener-
ated from either theN~0,1! or thet3 distribution+ The table gives results for the
intercept only model and also for the model that includes a time trend+

Bringing the tests to serially correlated data requires an algorithm for select-
ing the lag lengthp+ The termp is chosen by the Bayesian information crite-
rion of Schwarz~1978! constrained so 2# p # 6+ Because the tests are designed
for thick-tailed data, we calculate Schwarz’s criterion from a double-exponential
likelihood with constant variance+

Size is generally accurate for AR errors, less accurate for MA errors, and
worse for GARCH errors+ The t-tests exhibit more accurate size than thee-tests+
For the rankt-tests, rejection rates under the null range from 0+04 to 0+11+ The
rank tests in general exhibit better size properties than theM-tests+ Thompson
~2004b! argues that this occurs because of estimation error associated with[v+
Computing the rank tests does not require an estimate of[v+ Although in large
samples the estimation error will have an asymptotically negligible effect on
inference, in small samples it could affect test size+

As the asymptotic analysis predicted, the robust tests essentially dominate
least squares at the alternativeg 5 20+1+ Except for the LAD and sign ranks
tests, the robust tests are about as good as least squares at normal errors and
are much more powerful att3 errors+ The asymptotics also suggested that the
e-tests would be more powerful than thet-tests for normal errors but less pow-
erful for t3 errors, but in the Monte Carlo thee-tests are at least as powerful as
the t-tests for both distributions+ Taking the size and power results together, the
unmodified Wilcoxon ranks and normal rankst-tests are nice alternatives to
least squares: both rank tests have accurate size, and both do at least as well as
least squares over a range of error distributions+
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6. CONCLUSION

A goal of the robustness literature is to produce a test that is almost as power-
ful as least squares–based tests for normal errors and much more powerful for

Table 6. Empirical rejection rates with serially correlated errors

e-tests t-tests

N~0,1! errors t3 errors N~0,1! errors t3 errors

Test AR MA GH AR MA GH AR MA GH AR MA GH

True g 5 0, intercept only model, ~m1,m2! 5 ~1,0!
Least squares 0+06 0+11 0+13 0+06 0+11 0+16 0+05 0+09 0+09 0+05 0+09 0+08
LAD 0+05 0+09 0+12 0+03 0+08 0+17 0+03 0+04 0+06 0+02 0+04 0+13
Huber’sM 0+06 0+12 0+14 0+07 0+13 0+22 0+05 0+09 0+11 0+06 0+11 0+18
Student’st3 0+06 0+12 0+18 0+07 0+14 0+48 0+06 0+09 0+15 0+07 0+11 0+48
Wilcoxon ranks 0+07 0+11 0+12 0+07 0+12 0+16 0+05 0+09 0+07 0+05 0+09 0+08
Normal ranks 0+08 0+12 0+13 0+07 0+12 0+16 0+06 0+10 0+08 0+05 0+10 0+10
Sign ranks 0+06 0+12 0+12 0+07 0+13 0+15 0+05 0+08 0+07 0+06 0+09 0+07

True g 5 0, model includes intercept and time trend, ~m1,m2! 5 ~1,1!
Least squares 0+05 0+11 0+13 0+05 0+12 0+14 0+05 0+10 0+10 0+05 0+11 0+11
LAD 0+06 0+11 0+13 0+05 0+08 0+21 0+03 0+06 0+09 0+01 0+04 0+16
Huber’sM 0+05 0+11 0+16 0+07 0+15 0+24 0+05 0+09 0+14 0+07 0+16 0+24
Student’st3 0+05 0+11 0+24 0+09 0+17 0+62 0+05 0+11 0+25 0+07 0+16 0+64
Wilcoxon ranks 0+07 0+12 0+13 0+06 0+12 0+14 0+05 0+09 0+06 0+04 0+10 0+08
Normal ranks 0+07 0+12 0+13 0+07 0+12 0+15 0+06 0+11 0+08 0+05 0+11 0+09
Sign ranks 0+08 0+13 0+13 0+08 0+14 0+16 0+06 0+11 0+07 0+05 0+11 0+06

True g 5 20+1, intercept only model, ~m1,m2! 5 ~1,0!
Least squares 0+35 0+64 0+64 0+35 0+63 0+58 0+23 0+49 0+48 0+22 0+47 0+44
LAD 0+30 0+54 0+59 0+39 0+70 0+72 0+11 0+23 0+29 0+18 0+43 0+54
Huber’sM 0+37 0+65 0+68 0+51 0+79 0+72 0+24 0+48 0+53 0+44 0+74 0+68
Student’st3 0+36 0+64 0+70 0+61 0+88 0+92 0+23 0+44 0+50 0+54 0+80 0+89
Wilcoxon ranks 0+38 0+62 0+60 0+53 0+81 0+63 0+20 0+42 0+37 0+46 0+73 0+39
Normal ranks 0+39 0+65 0+64 0+49 0+77 0+63 0+24 0+47 0+44 0+42 0+71 0+45
Sign ranks 0+37 0+58 0+55 0+55 0+82 0+58 0+20 0+31 0+25 0+42 0+67 0+24

True g 5 20+1, model includes intercept and time trend, ~m1,m2! 5 ~1,1!
Least squares 0+18 0+40 0+42 0+17 0+38 0+42 0+13 0+32 0+33 0+12 0+31 0+32
LAD 0+17 0+33 0+40 0+20 0+44 0+58 0+08 0+13 0+23 0+10 0+26 0+47
Huber’sM 0+19 0+41 0+46 0+28 0+56 0+59 0+14 0+32 0+40 0+30 0+59 0+61
Student’st3 0+20 0+41 0+59 0+39 0+68 0+91 0+13 0+32 0+48 0+42 0+70 0+91
Wilcoxon ranks 0+21 0+39 0+38 0+28 0+56 0+40 0+10 0+26 0+21 0+28 0+54 0+22
Normal ranks 0+21 0+42 0+41 0+26 0+52 0+39 0+13 0+30 0+28 0+25 0+51 0+24
Sign ranks 0+23 0+37 0+35 0+33 0+61 0+39 0+12 0+24 0+15 0+31 0+52 0+16

Notes:There are 1,000 Monte Carlo replications+ Sample size isn 5 100+ GH denotes the GARCH MA data
generating process+ The robust tests are slightly less powerful than least squares for normal errors and much
more powerful fort3 errors+
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thicker tailed distributions+Although the modified tests have poor power, unmod-
ified tests can achieve this goal+ Shin and So~1999! document large power
gains from using tests that adapt to the shape of the error distribution+ Thomp-
son ~2004a! provides examples where the robust tests are more powerful than
the point-optimal DF-GLS test of Elliot et al+ ~1996!+ Thompson~2004b! con-
structs confidence intervals for the parameterc by inverting the rankt-testRt +
Under normality the robust intervals are almost as short as the least squares–
based intervals of Stock~1991! and Elliot and Stock~2001!, and under nonnor-
mal distributions the robust intervals tend to be much shorter+

NOTES

1+ Numerical integration was carried out using the Matlab function quad, which implements a
quadrature algorithm+ All integrals were solved between240 and 40, so, for example, v was cal-
culated as*240

40 @ f ~x!# 2 dx for the Wilcoxon scores tests+ Kurtosis is defined to beE@~e 2 Ee!4#0
Var~e!2+ We calculate the quantity by numerical integration+

2+ The normalizing constantsA~t! are chosen to make the densities integrate to one+
3+ Throughout the paper simulations from the distributions ofAc andBc were computed as the

realizations of normalized sums of 500 successive draws from a discrete time Gaussian AR~1!
process with autoregressive parameter 12 c0T+

4+ I carried out the following simulation+ Set ri 5 i050, l j 5 500j, and ck 5 2k+ For each
~r, l, c! 5 ~ri , l j , ck! triple over i 5 1, + + + ,50, j 5 1, + + + ,50, k 5 1, + + + ,50, I simulated 100,000
Monte Carlo draws ofEc andTc+ For eachc I computed power for a 5% level test using the poly-
nomial approximations to the critical values given in Table 3+

5+ There are 50,000 Monte Carlo replications+
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APPENDIX

Here we prove Theorem 1+ We will derive the results forM-estimators for the model
with a linear time trend+ All of the results may be extended to the model with an inter-
cept only ~e+g+, m1 5 0!+ The required results for the rank tests are contained in the
Appendix to Hasan and Koenker~1997!+ Throughout the Appendix7{7 denotes the norm:
7bij 7 5 ~(i, j bij

2!102+
To incorporate estimators based on the LAD and Huber’sM function, we allow g to

have finitely many points of nondifferentiability if continuity and several growth condi-
tions hold+We assume thatg is convex because it simplifies the proofs+ The proofs rely
on an asymptotic approximation to the objective function, and assuming convexity allows

378 SAMUEL THOMPSON

https://doi.org/10.1017/S0266466604202055 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466604202055


us to conclude that our approximation, which is proved keeping the parameters fixed,
holds uniformly over the parameters in a neighborhood of their true values+ Convexity
also greatly simplifies the demonstration of the rate of convergence of the estimators+
Our extensive use of convexity is due to results in Pollard~1991! and Hjort and Pollard
~1993!+ Some objective functions, such as the Student’st, are not convex+ Because this
objective function is three times differentiable, the usual Taylor series–based arguments
can be used to show that Theorem 1 holds for this objective function+

Assumption 1 (Objective Function). g~x! is convex and strictly increasing in6x6;
g~x! is everywhere twice differentiable except forx in P, whereP contains theD points
p1, + + + , pD+ g satisfies the Lipshitz condition6g~x! 2 g~ y!6# H 6x 2 y6+ 6c~x!6# H, and
there exist two finite pointsxL and xH so thatc~x! is constant forx . xH and for
x , xL+ The term6g''~x!6 , H for x not in P+

This assumption rules out the least squares estimator, because the squared error func-
tion g~x! 5 x2 does not satisfy the Lipschitz condition+

Becauseg may not be everywhere differentiable, we cannot use the usual Taylor series
expansions to approximate the objective function+ Instead of pointwise differentiability,
the proofs make use of stochastic differentiability as in Pollard~1985!+ This requires
that I impose smoothness conditions on the error density to make up for the lack of
smoothness in the objective function+

Assumption 2 (Smoothness of the Error Density).The errors$«t %t51
T are i+i+d+

mean zero withE6«1621d , H for somed . 0+ The term«1 has a density functionf ~z!
that is bounded and uniformly continuous+

It will prove convenient to reparameterize the objective function+ Consider the esti-
mator Zu that minimizes(t5p12 qt ~u!, where

qt ~u! 5 g~«t 2 h 2 wt
'u! 2 g~«t 2 h!+

Here wt
' 5 T2102~ut210T 102,1, t0T,Dut21, + + + ,Dut2p!' and Zu is a 3 1 p-dimensional

parameter vector given by

Zu1 5 T [a 2 cG~1!,

Zu2 5 MTF~ [a 2 cG~1!0T !~m1 2 m2! 1 m2 (
i53

p

~ Zbi 2 bi ! 1 ~ Zb1 2 b1! 2 hG ,
Zu3 5 T 302 @~ [a 2 cG~1!0T !m2 1 ~ Zb2 2 b2!# ,

Zu31i 5 MT ~ Zbi 2 bi !

for i 5 1, + + + , p+ Because there is a one-to-one mapping betweenZu and ~ [a, Zb!, we will
describe the asymptotic properties ofZu+

Define the remainder term

rt ~u! 5 qt ~u! 1 wt
'uc~«t 2 h! 2 ~v02!u 'wt wt

'u+

The following two lemmas establish thatrt~u! is asymptotically negligible, implying
that the objective function is approximately quadratic+
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LEMMA 1 + Define bt 5 1~T 1027wt7 . M !. For any « . 0, we can take M large
enough so thatlimTr` Pr@6( rt ~u!bt 6 . «# , «.

Proof. Write the remainder as( rt ~u!bt 5 ( Et21 rt ~u!bt 1 R0,T , where R0,T 5

(~rt ~u! 2 Et21rt~u!!bt + To handle theEt21rt~u!bt term, define the functionh~u! 5
Et21@g~«t 2 h 1 u! 2 g~«t 2 h!# , or equivalently

h~u! 5E
R

@g~s2 h 1 u! 2 g~s2 h!# f ~s! ds+ (A.1)

We have imposed enough smoothness ong, c, and f so thath~u! is twice continuously
differentiable+ By a Taylor series expansion,

h~2wt
'u! 5 h~0! 2 h '~0!wt

'u 1 ~h ''~ut
*!02!u 'wt wt

'u,

where6ut
* 6 # 6wt

'u6+ Notice thath~0! 5 0, h '~u! 5 Et21@c~«t 2 h 1 u!# , andh '~0! 5 0+
The termh ''~u! can be shown to be2*c~x 2 h 1 u! df ~x! by an argument based on
integration by parts+ The boundedness off along with the conditions onc in Assump-
tion 1 imply that there exists a boundB so that supu6h ''~u!6 , B+ Therefore

E( 6Et21 rt ~u!bt 6 5 E(
6h ''~ut

*!61 v

2
~u 'wt !

2bt #
B 1 v

2
E(~u 'wt !

2bt +

By Hölder’s inequality,

E(~u 'wt !
2bt # ( @E~u 'wt !

21d #10~11d02! ~Pr@T 1027wt7 . M # !~21d!0d

# e~M !~21d!0d ST21 ( @E~T 102u 'wt !
21d #10~11d02!D, (A.2)

wheree~M ! 5 supt Pr@T 1027wt7 . M # + For all t, T 102wt converges to anOp~1! random
variable, so E~T 102u 'wt !

21d is bounded ande~M ! r 0 asM increases+ Thus we can
pick M large enough to make the term small with high probability+

Next we handle theR0,T term:

ER0,T
2 # ( Ert

2~u!bt +

The Lipshitz condition ong implies that6rt~u!6 # ~2H 1 6c~«t 2 h!6!6wt
'u6+ Therefore

ER0,T
2 # ~2H 1 sc!2E(~wt

'u!2bt +

We showed in equation~A+2! that we can pickM large enough to makeE(~wt
'u!2bt

asymptotically negligible+ n
LEMMA 2 + For any fixed M,( rt 1~T 1027wt7 , M !

p
&& 0.

Proof. It will prove convenient to examine the remainder over regions where it is
differentiable and regions where it is not differentiable+ Let Kwt denotewt1~T 1027wt7, M !
and letAt denote the event that6«t 2 h 2 pi 6 . 6 Kwt

'u6 for all i + So 1~At !g~«t 2 h 2
Kwt
'u! is differentiable inu+ Write the remainder as( rt 1~T 1027wt7 , M ! 5 R2,T 1

R3,T 1 R4,T , whereR2,T 5 (@1~At !zt ~u! 2 Et211~At !zt~u!# , R3,T 5 (@1~At
c!zt ~u! 2

Et211~At
c!zt ~u!# ,
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R4,T 5 ( Et21 @g~«t 2 h 2 Kwt
'u! 2 g~«t 2 h!# 2 ~v02!u ' Kwt Kwt

'u,

andzt~u! 5 g~«t 2 h 2 Kwt
'u! 2 g~«t 2 h! 1 Kwt

'uc~«t 2 h!+
A Taylor series expansion yields

R2,T 5 ( u Kwt Kwt
'u@1~At !c '~«t 2 h 2 ut

*! 2 Et211~At !c '~«t 2 h 2 ut
*!# ,

where6ut
* 6 # 6 Kwt

'u6+ BecauseR2,T is a sum of martingale difference sequences,

ER2,T
2 # E(~ Kwt

'u!4 @c '~«t 2 h 2 ut
*!# 2 # T21H 27u74M 4+

Therefore limTr` ER2,T
2 5 0, so R2,T converges in probability to zero+

The condition 1~At
c! 5 1 puts a bound on the values«t can take+ Therefore the

momentE1~At
c!zt

2 exists+ For large enoughT,

ER3,T
2 # E( Et211~At

c!zt
2

# 7u72H 2M 2 (
i51

D

Pr@6«1 2 h 2 pi 6# T2102M7u7# +

Because the density of«1 is bounded, limTr0 ER3,T
2 5 0 and6R3,T 6 converges to zero in

probability+
To handleR4,T , defineh~u! as in~A+1!+ By a Taylor series expansion ofh around 0,

6R4,T 6 #
1

2 H6v 2 h ''~0!61 sup
t
6h ''~0! 2 h ''~ut

*!6JM 27u72+

The continuity ofh ''~u! leads to the result limTr`$supt 6h ''~0! 2 h ''~ut
*!6% 5 0, with

supt 6ut
* 6 , T2102M7u7+ The termv can be shown to be equal toh ''~0! using an argu-

ment based on integration by parts+ ThusR4,T converges to zero in probability+ n
Proof of Theorem 1. Hasan and Koenker~1997! prove the result for the rank test

statisticsRe andRt + To deal with theM-statisticsMe andMt , combine Lemmas 1 and 2
to obtain the pointwise convergence result( rt ~u!

p
&& 0+ By the convexity ofg and

Lemma 1 of Hjort and Pollard~1993!, if ( rt ~u!
p
&& 0 for fixed u then the convergence

is uniform overu in compact sets+ Uniform convergence of the remainder, combined
with the argument in Section 3 of Pollard~1991!, leads to the asymptotic approximation

Zu 5 Fv ( wt wt
'G21

( wt c~«t 2 h! 1 op~1!+

Lemma 3+1 of Phillips ~1988! implies the weak convergence result

Su@rT #

MT
, (

t#@rT #

c~«t 2 h!

MT D' n S s«

G~1!
Wc~r !, sc @ rW0~r ! 1M12 r2 GW~r !#D',

where GW is standard Brownian motion, independent ofW+ The desired results follow
from the usual applications of the continuous mapping theorem+ n
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