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ROBUST TESTS OF THE UNIT ROOT
HYPOTHESIS SHOULD NOT
BE “"MODIFIED”

SAMUEL B. THOMPSON
Harvard University

The rank-based unit root tests proposed by Hasan and Ko€b&@y, Economet-

rica 65, 133-161 have power equal to size for normal innovatiokmit root

tests based oll-estimators exhibit the same behavibine problem occurs because
the test statistics are transformed to obtain computationally convenient critical
values | describe a convenient way to compute critical values without transform-
ing the test statisticsThe resulting tests are almost as powerful as least squares—
based tests for normal errors and much more powerful for thicker tailed
distributions

1. INTRODUCTION

Following Dickey and Fullef1979, econometricians often employ least squares
regression to test for a unit root in the autoregressive representation of a time
series Although least squares—based tests should perform well when the inno-
vations are normalthere may be a loss of power relative to other methods
when they are not normaln recent years researchers have proposed a variety
of “robust” tests that are designed to have good power for many different error
distributions For exampleCox and Llatag1991), Lucas(19954, Lucas(1995h,
Hoek Lucas and van Dijk(1995, Herce (1996, and Rothenberg and Stock
(1997 have proposed robust tests basedbestimators Hasan and Koenker
(1997 have proposed a collection of rank tests

Because the robust test statistics generally have null distributions that depend
on unknown nuisance parametefiading appropriate critical values is a non-
trivial problem Lucas(1995bh describes a simulation-based method for com-
puting critical valuesHerce (1996, Lucas(1995h, and Hasan and Koenker
(1997 suggest transforming the test statistics so that the asymptotic null is
nuisance-parameter free

The present paper derives local-to-null asymptotic power functions for the
robust tests and uses the asymptotic representations to evaluate the various pro-
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cedures for computing critical valueBhe procedure in Lucad 995b leads to
tests with incorrect sizeven asymptoticallyl he transformations used in Herce
(1996, Lucas(1995h, and Hasan and Koenké&t997) lead to tests with asymp-
totic power equal to size for normal erromdhis result is not entirely neylucas
(1995h reports simulation evidence in favor of the resaibd Herce(1996
derives a similar result for the test based on the least absolute deviations estimator
| fit a polynomial approximation to the critical values of the untransformed
test statisticsThe resulting tests are almost as powerful as least squares for
normal errors and much more powerful for thicker tailed distributiéios alter-
natives far from the nullthe tests dominate the transformed statistics used by
Herce (1996 and Hasan and Koenkéi997). A Monte Carlo study suggests
that the untransformed versions of the Wilcoxon ranks and normal ranks tests
of Hasan and Koenkgil997) are superior to the least squares tests for a vari-
ety of error distributions

2. LOCAL-TO-UNITY ASYMPTOTICS FOR ROBUST TESTS
The observationsy, };_, come from the data generating process

Vi = pq T pot + U,
Aug = yu g t oy,
Lo = &,

where {g,}{_, is an independent and identically distributéd.d.) sequence
with mean 0 and variance?. The termI'(L) is the lag polynomial + I;L —
-+~ — IL,LP, and we assume that the rootsIofz) = 0 all lie outside the unit
circle. For convenience we assume thgt= 0. We wish to test the unit root
hypothesisy = 0 versus the alternatives < 0.

The tests are based on the augmented Dickey and Ki®&t9 representa-
tion of the model

AY = Xa + ZB + ¢, (1)

where AY = (Ypr2 = Ypr1r---s¥1 — ¥1-1)s X = (Yp41,---5¥7-1), and Z
is the design matrix with row — p — 1 equal to(L,t, Ay, 4,...,Ay; ). The
parametera is yI'(1), B is a (p + 2) X 1 parameter vectorand e =
(&p+2,...,&7)". FoOr the intercept only modée.g., u, = 0) the design matriZ
has rows(1, Ay;_1,...,AY;—p).

M-tests are based dvl-estimatorswhich may be characterized as solutions
to minimization problemslt will be convenient to adopt the notation thé&br
any functiong(-) mapping) into )i and anyn-dimensional column vectox
with components;, g(x) is then-dimensional column vector with components
g(x). The M-estimators(&, 3) minimize the objective function

1'g(AY — Xa — ZB),
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where 1 is a vector of ones aigds a function chosen by the research®hen
g(x) = x2, estimation is by least squarégable 1 lists some alternative choices
for g that “robustify” the estimators against thick-tailed error distributidrtse
unit root test rejects the null for small values d@f

Hasan and Koenkdf.997) propose an alternative class of unit root tests based
on ranks The null is rejected for small values pPX’MX]~Y2X'Mb, whereM
is the projection matrix — Z(Z'Z)"*z'" andb is the vector of regression rank
scoresh = fol a(s) do(s), whered solves the linear programming problem

a(t) = argmaxXa’AY|Z'a=(1—-7)Z'1,a€[0,1]7 7} (2)

andg is a function chosen by the researchidris construction fob is a way to
handle the nuisance parametgrand allows the researcher to consider general
functions of the ranked residualehenZ is a vector of ones ang(r) = 7,
each element df is the rank of the corresponding elementf Table 1 lists
some common choices far.

In large samples the critical values and power functions of the various tests
depend on several nuisance parameteos the M-tests the nuisance param-
eters are determined by a scorelike functiltx), equal tog’(x) if g is differ-
entiable atx and zero otherwiséwe allow g to have finitely many points of
nondifferentiability to handle quantile estimators such as least absolute devia-
tions (LAD)). The nuisance parameters are

p = Corle, (e —m)] and A=o,0/0,

wherew = —[ri(x — ) df(x), 0',/? = Var[¢/(e; — m)], f is the marginal
density ofe;, andn solvesEy (e, — i) = 0. Wheny is everywhere differen-
tiable w takes the more familiar forr&y’(x — n). The rank tests depend on the
same nuisance parametensth ¢ (x — n) replaced by (F(x)), whereF(x) =
Pr{e, = x]. Table 1 lists theg, ¢, and ¢ functions for some common robust
tests along with the associated formulas fer

TABLE 1. Some robust unit root tests

Test g, ¥, or ¢ function 1)

Least squares g(x) = x%2, /(x) = x 1

LAD g(x) = [x], ¥(x) = sign(x) 2f(n)

Huber'sM P (x) = XL(|x] = k) + ksign(x)1(|x] > k) Pr[le; — n| = K]
Student’st U (X) = (x/v)/(1+ x?/v) Ey'(e1— m)
Wilcoxon ranks ¢(s) =s— 3 Ef(eq)

Normal ranks  ¢(s) = @ (s) Ef(e1)/d (P (F(e1)))
Sign ranks @(s) = sign(s— 3) 2f(n)

Notes: Hx) = Pre; = x] andf (x) = F’(x). The parametek that appears in HuberM function is chosen by the
researchefThe parameter that appears in Studentunction is the number of degrees of freedom
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The tests come in two versionan e-test and a-test The e andt M-tests
reject the null for small values of the statistics

Me = [[(1)] *AT@& and M, =6 *A[X'MX]¥24,

where the variables with the ~ are consistent estimates of the corresponding
nuisance parametershe e andt rank tests reject for small

R. = [6, T ()X'MX] %6, TX'Mb and R, =&, [X'MX] ¥2X'Mb.

Hasan and Koenkgl997) propose only thé version of the testbut for com-
pleteness we examine tleeversion also Section 4 provides estimates of the
nuisance parameters

Hasan and Koenkdi997) stress that the nuisance parameteioes not need
to be estimated to normalize a rank t€gtis may be an advantage of the rank
tests over théVl-tests In the Monte Carlos in Section, Bhe rank tests have
more accurate size than thetests Thompson(2004h argues that this occurs
because of estimation error associated withAlthough in large samples the
estimation error will have an asymptotically negligible effect on infereinte
small samples it could affect test size some casew is especially poorly
estimated—for examp)dor LAD « = 2f(7), and the estimate of a density at a
point converges at less than a rdotate

Because | am interested in inference wheis close to ongl adopt the local-
to-zero reparameterization = ¢/T so that the parameter space is a shrinking
neighborhood of zero as the sample size grdvedlowing Chan and We({1987)
and Phillips(1987), | take c fixed when making limiting argumentsbtaining
asymptotic representations as a function of the local alternative

Hasan and Koenke1997 derive local-to-zero asymptotic representations
for the rank testsin Theoren 1 | provide local-to-zero representations for the
M-tests The theorem applies to objective functiogmghat are not twice contin-
uously differentiablesuch as LAD Huber'sM function and the quantile regres-
sion estimator of Koenker and Bassé€i978. We assume thag is convex
which rules out Studentsobjective functionAlthough the convexity assump-
tion simplifies the proqfalternative methods can be used to show that the theo-
rem holds for Student’s function

The limiting forms of the test statistics are expressed as functionals of Brown-
ian motion Define W(-) as standard Brownian motion and defMk(-) as the
Ornstein—Uhlenbeck proce¥%.(t) = fg exp{c(t — s)} dW(s). Define

1
Ac JO De(r) dW(r),

B

lec(r)zdr, (3)
0
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whereD.(r) = W(r) — folWC(s) dsin the intercept only model anB.(r) =
W,(r) — 2f4(2 — 3s — (3 — 65))W.(s) ds in the model with a linear time
trend Under the local-to-null asymptoticthe e-testsM, andR, both converge
to the limiting distribution represented by the random varighleand thet-tests
M, andR; converge in distribution to the random varialite The limiting forms
are

A S
ECEpEC—I—\]l—pZ\/g-l-/\C,
C C
A
Tcsp—|3°+\/1—p28+ Acy/Be, 4)
V C

whereSis an independent standard normal variaileese results are summa-
rized in the following theorem

THEOREM 1 Under Assumptions 1 and 2 in the Appendix,afid R, con-
verge weakly t&,;, and M and R converge weakly t@..

There are a number of well-known asymptotic results concerning robust infer-
ence for a location modésee Rothenberg and Stod®97, AppendixX. Asymp-
totic power depends on a single parameter that shifts the limiting distribution
of the test statisticPower is increasing in the parametahich is maximized
under correct specificatiomhe movement of the parameter is asymmetric under
incorrect specificationin the sense that with normal data power declines only
slightly when using robust methods instead of least squdmetswith thick-
tailed distributions robust tests lead to significant increases in power

For the unit root testing problenarge sample power depends on the pair of
nuisance parameteys and A. Because we reject for small values of the test
statisticsin large samples the power of a¥test is given by A = gu(p,a)],
whereq.(p, a) satisfies Pf€, = q.(p,a)] = aanda s the size of the testim-
iting power for thet-test is P{7; = q.(p,a)], where P{7; = q/(p,a)] = a.
Power obviously increases wit) which shifts the distribution to the left when
c is negative The termp also affects power by changing the shape of the dis-
tribution. The results in Section.B suggest thar dominates the power func-
tion relative top.

In generalp and A depend on the test and error densiy exception to
this is the least squares—based Dickey—Fuller, twbereys(x) = x andp =
A =1 no matter what the error densityor other testg will differ from 1 and
the limiting null representations become a linear combination of a “Dickey—
Fuller” term (B; A, for the e-test andB; V/2A,, for thet-tesh and another ran-
dom variable

In Table 2 we have calculated and A by numerical integration for various
tests and error densitiésWe include the tests based on LABuber’s func-
tion, and the Student'sdensity with three degrees of freedddenoted3). In
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TABLE 2. Values ofp and A

A(r)exp(—[x|7) Mixture

7=20 7=18 7=12 7=10 m=01 m=02 13
(3.000 (323 (474 (6.00 (833 (7.54)  (o0)

Values ofp
LAD M-test Q080 Q79 Q74 Q71 Q71 069 064
Huber's M-test Q97 097 095 094 092 092 086
Student'st3M-test Q98 097 090 084 082 Q77 Q71
Wilcoxon ranks ®8 097 094 092 091 089 083
Normal ranks 100 100 099 098 097 Q097 Q90
Sign ranks B0 Q79 Q74 Q71 071 069 064
Values ofA
LAD M-test Q080 084 115 141 100 112 127
Huber's M-test Q97 099 108 113 117 122 131

Student'st3M-test Q98 106 112 125 117 128 141
Wilcoxon ranks 8 100 112 122 117 126 138
Normal ranks 100 100 106 113 112 117 128
Sign ranks B0 084 115 141 100 112 127

Notes:The numbers in parentheses are the kurtosis of each distribAioralues were calculated either analyt-
ically or by numerical integratian

addition we include the three rank tests considered in Hasan and Kda&skay:
the tests based on Wilcoxpnormal and sign ranks

To get a sense of how the parameters change as we move from normal errors
to thicker tailed densitiesve give results for error densities of the fofif) =
A(r)exp(—|e|™) for 7 = 2.0, 1.8, 1.2, and 10 and for the thick-tailed Student’s
t distribution with three degrees of freedddenoted3).? Whenr is 2 the errors
are normal with variancg, and whenr is 1 the errors are double-exponential
with variance 2 We also report values for two mixture distributiofiabeled
mixture in the tablgwhere a standard normal variable is drawn with probabil-
ity 1 — mand aN(0,9) variable is drawn with probabilityn. The mixture den-
sity has fatter tails than the norm&esults are given fam = 0.1 andm = 0.2.

The values ofp fall as the errors become thicker taildeor normal errors
the parameter is close tg éxcept for the LAD and sign rank testdnder nor-
mality the null distributions of the other tests are similar to the null for the
least squares—based testhen the errors have thick tails the null distributions
are different from the least squares distributions and from each. other

The term A increases as the errors become thicker taiRdygesting that
thicker tailed errors lead to increased powender normal errors the param-
eters for the LAD and sign-median rank tests are far belpwolwe expect
these tests to have poor power relative to the least squares—based tests when
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errors are normalFor the rest of the tests is close to 1 with normal erroys
implying that these tests have power almost as good as least squares when errors
are normal and better than least squares when errors are thick fEalelé 4
confirms this analysisthere the robust tests essentially dominate least squares
even for distributions close to Gaussian

For the test and errors densities considered in Table i maximized by
choosing—(x — n) or —¢(F(x)) equal tod log f(x)/dx. For normal errorsA
is largest with the least squares and normal ranks.t&sts same result holds
for the LAD and sign ranks tests used with double exponential errors and for
thet3 test witht3 errors This property holds for any test and error distribution
which is not surprising because it corresponds to testing under correct specify-
ing of the error distributionTo see that it holds for the rank teshst f (x) equal
Aexp(—[*_ ¢(F(u)) du), whereA makes the density integrate to ole argu-
ment based on integraNtion by parts can be used to shothhalrﬁ. For anyg@
with associatedr, andA, we have

ke 0-8 ~
A= —&—wfqo(F(X))df(X)

?f@(F(x»go(F(x))f(x) dx
Ty

ACort[&(F(gy)), o (F(&y))].

Therefore = A. The result can be extended to thetests by replacing (F (x))
with ¢ (x — 7).

It can be shownusing integration by partshatp = A™* when —¢(x — 7)
or —¢(F(x)) equalsd log f (x)/dx. This may be confirmed in the tables for the
least squares and normal ranks tests applied to Gaussian. ¢rmesy also be
confirmed for the LAD and sign ranks tests used with double exponential errors
and for thet3 test witht3 errors Thus under correct specification of the errors
only one nuisance parameter appears in the asymptotic representation of the
test statistics

3. OBTAINING CRITICAL VALUES

It is well known that the asymptotic null distributions of the usual Dickey—
Fuller tests do not depend on any nuisance parameteitical values can be
calculated once and tabulatefor robust non-least squares—based tesie
critical values cannot be tabulated so simflfie asymptotically correct criti-
cal valuesge(p, @) andq;(p,a) are theath quantiles o€, and7Z,. For a given
robust tesp must be estimatedo the shape of the asymptotic null distribution
is not estimable until we see the data

There are many ways to accurately approximate the quantil€g ahd 7.
Shin and Sd1999 simulate draws o, and7, for eachp and use the empir-
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ical quantiles as critical value$eo (1999 and Lucas(1998 also describe
simulation-based procedureBothenberg and Stockl997) and Thompson
(2004b use Cornish—Fisher expansiorkansen1997) and Juhl and Xia¢2002
simulate to calculate quantiles for similar test statistics

A computationally convenient approach is to approxinigt@, a) andg;(p, a)
by a third-order polynomial in + p. For the&, statistic the formula is

Qe(p,a) ~ X;; Yas

wherex, = (1, 1 — p, (1 - p)% (1 — p)®)’ andy, is a four-dimensional coef-
ficient vector The formula is defined similarly for th&,-statistic To compute
va | simulatedN = 5 million draws of &, and 7, for p = po, ..., p100, Where
p; = j/1003 | do not consider negative values pthecausge can be shown to
be nonnegativeFor eachp; | sorted the test statistics and computidp;, a)
and@q(pj,a) as the(aN)th draws of the simulated statistidsor the&, test |
computey, by regressinge(p;,a) on Xy, The minimization problem is

100
a2 = argmin, > (Qe(p;,8) — X), va)>
i=0

The same procedure is used ffy. Table 3 provides the estimated coefficients
for a equal to 001, 0.025 0.05, and Q10.

In practice | calculate critical values using a consistent estifpdte p. So
the e-tests reject the null at levelwhenM, or R, are less tham/; y,. Similarly
thet-tests reject wheM; or R; are less tham/;y,. The estimation op and the
other nuisance parameters is discussed in Section 4

Figure 1 plots the simulated quantiles along with the polynomial approxima-
tions The quantiles are nearly linear i and it is difficult to see a difference
between the quantiles and the approximating polynanhiaksess the quality
of the approximation in terms of the worst large sample size distartion

max [PI{&, = x;, 7] — al.
0=j=100
The expressiofPr[&, = z] is an estimate of €, =< z]. | calculatePr by sim-
ulating 5 million draws of&,, independent of the draws used to estimate
and calculatePr[&, = Z] as the percentage of draws belawThe worst size
distortion was calculated for the models with and without a trend and for both
the £y- and 7,-statistics The maximum over the four cases wa9@4942
Thus the polynomial approximations are highly accurate both in terms of approx-
imating the quantiles and minimizing asymptotic size distortions

3.1. Modifying the Tests to Eliminate the Nuisance Parameter

Herce(1996 and Hasan and Koenkét997) suggest modifying the test statis-
tics to obtain null distributions that are free pf Recall that&, and 7, are
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TasLE 3. Estimated coefficienty, of polynomial approximatiornx,,y, to the
ath quantiles of the asymptotic null distributions

Coefficientsy, of polynomial

Quantile

Test and model (%) Intercept 1-p (1—p)? (1—p)3
e, intercept only(e.q., > = 0) 1 —20392 12667 -—0.823 —0.067
25 —16.745 10850 -0.673 —0.175

5 —13969 9382 -0.366 —0.368

10 —-11169 8050 —0455 —0.293

t, intercept only(e.g., u, = 0) 1 —-3.418 (0556 0636 —0.098
25 -3.112 Q671 0598 —0.118

5 —-2.853 Q780 0548 —0.118

10 —-2.560 Q920 Q494 —0.135

e, time trend( ., unknown) 1 —28846 18593 —-0.766 —0.318
2.5 —-24680 16630 -—0.734 —0.355

5 —-21427 15106 -0.681 —0.390

10 —18.037 13504 -0.672 —0.333

t, time trend( u, unknown 1 —-3.934 Q998 Q656 —0.044
25 —-3.637 1100 0671 —0.091

5 —3.389 1213 0658 —0.126

10 —3.109 1377 Q584 —0.135

Note: The termx, is (1, 1 — p, (1 - p)2 (1 - p)3)".

expressed as linear combinations of the “Dickey—Fuller” tedygsB, and
AO/\/§0 and another random variablBecause the least squares test statistics
converge to the Dickey—Fuller termse can write down a linear combination

of the robust test statistics and of the least squares statistics so that the limiting
null distribution does not depend gn Let g5 andt,s denote them,- and
m-statistics when estimation is by least squafdge modified tests are based

on the relationships

Modified e-test (1 — p2) ¥2[m, — pgs] = YBY?+ (1— p?) ¥2[1 — p]c,
Modified t-test (1— p2) Y2[m, — pt ] = S+ BY2(1— p?) Y2[A — p]c,

where g is a consistent estimator fgr. A test that rejects the null when the

modified statistics are below the 1&% quantile of S/B¥? or S will have

asymptotic size equal ta. The rank tests may be similarly modified
Unfortunately this modification seriously affects the power of the tekest

® and ¢ denote the distribution function and density function of a standard

normal variable When the errors areiid. normal the rank test formula for

Ais
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No time trend, e-test No time trend, t-test
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-

FiGcure 1. Simulated 1%2.5%, 5%, and 10% quantilessolid lineg plotted along with
the polynomial approximations from Table(Botted lineg. The approximations are so
close that it is difficult to distinguish the solid from the dotted lin€ke horizontal axes
give values ofp.

)
)22

Corrleq, o(F(&))].

The same result holds for thd-tests Thus under normal errorss = p no
matter what the tesso the modified-test has local power everywhere equal to
its size This may be confirmed in Table, &here under normality equalsp

for every test consideredh Table 4 we also show that the modifiedest also

has very little power with normal errarsucas(1995b reports simulation results
for M-tests that are consistent with these resttisrce(1996 obtains a stron-
ger result for the LAD estimator—under normal errors the modified LABst

has power equal to its sizAlthough our results apply only to the local power
function in Section 5 we provide Monte Carlo evidence that the actual power
function exhibits similar behavior for empirically relevant sample siRmbust
methods are meant to perform well for plausible misspecifications of the model
By this measure the traditional Dickey—Fuller methods are robust relative to
the modified statistics
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TaBLE 4. Local alternative where asymptotic power is approximately 50%

Innovation Process

A(r)exp(—|x|7) Mixture

Test Testtype 7=20 7=18 7=12 7=10 m=01 m=0.2 t3
LAD or e —-1750 -1650 —1150 -—9.25 —-1300 —-1150 -—9.75
sign-median Modifiece —100 -95 -1225 -7.50 -1800 -1250 -—9.00
ranks t —-30 —-30 —1175 —-825 —-1525 -1225 —950
Modifiedt —100 —-100 —-1850 —9.00 -40 —-1950 -1200
Huber’'sM e —16.00 —1575 —-1400 —1350 —-1275 -—-1225 -1100
Modified e —100 -90 -17.75 —-1325 -1175 -975 -850
t —1825 —-1750 —-1475 —-1325 -—-1225 -1150 -—-9.75
Modifiedt —100 —-100 -35 -30 —-1725 -1325 -1075
Student’st3 e —-16.00 —-1450 —-1325 —-1125 —-1200 —-1050 —9.25
Modified e —100 -20 —-14.75 -1000 -1225 -925 -7.50
t —1800 —1525 —-1350 —-1050 —-1200 -9.75 -—-8.25
Modifiedt —100 —45 -30 —-1350 —-1850 -1225 -9.00
Wilcoxon e -1600 -1550 —1350 —1225 —1275 —1175 —1025
ranks Modifiede —100 -60 -1400 -9.75 —-1175 -950 -7.50
t —-1800 —1725 —-1350 —1150 —-1225 -1075 -—875
Modifiedt —100 —100 -30 —1325 —-17.75 —-1250 -9.25
Normal ranks e —1575 —1575 —-1475 —-1375 —-1375 —-1325 -1150
Modified e —100 —-100 -1500 -10.00 —-1200 -9.00 -850
t -1750 -1750 —-1550 —-1350 -1375 -1250 -1025
Modifiedt —100 —100 —-30 —1350 —-1825 -1175 -—-11.00

Notes:The ratio of local alternatives for two different tests is their asymptotic relative efficiency at 50% .power
In nearly all cases the unmodified tests are more efficientries are largest local alternatives where asymp-
totic power is at least 50%.ocal power was calculated for alternatives frem= 0 to —100, at increments of
—0.25 for alternatives 0 through-20 and increments of-5 for alternatives—25 through—100 (so c =
0,-0.25,-0.5,...,—20,—25,—30,...,—100. Size is 5% Results for the LAD and sign ranks tests are given on
the same line because the two tests are asymptotically equiv@itesee thisnotice from Table 1 that for these
testsy is the median ot; andy/(x — 1) = ¢(F(X)).

Table 4 provides some evidence to compare the modified tests with the unmod-
ified tests that use the polynomial approximation to the critical valte table
lists the local alternative where asymptotic power is approximagely the
model that includes a linear time tref&lg., no restrictions onu,). King (1988
and Elliot Rothenbergand Stock 1996 make the case for preferring tests that
achieve 50% power at alternatives closer to zBsodefinition, tests that achieve
50% power at lower values af have better asymptotic relative efficiency at
50% power(see Stock1994 p. 2775.

The modified tests have virtually no power for distributions close to the Gauss-
ian, but sometimes they beat the unmodified tests for the thick-tailed double
exponential and3 errors Asymptotic power was calculated for local alterna-
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tives as small as-100, so a value of—100 in the table means that the test did
not achieve 50% power for any alternative greater thak0Q Although the
modified e-test has power greater than size for Gaussian ertieesmodified
e-tests considered here do not achieve 50% power for any alternative greater
than —100. Both the modified and unmodified-tests beat the corresponding
t-tests for error distributions close to normalignd thet-tests are more pow-
erful for thicker tailed error distributions

The unmodified robust tests essentially dominate least squahesleast
squares—bases andt-tests of Dickey and Fullef1979 achieve 50% power at
¢ = —1575 and—17.5; the unmodified robust tests do slightly worse for nor-
mal errors and much better for nonnormal errévsr each robust test the pres-
ence of thick-tailed errors leads to greater power relative to normal innovations
There is a larger decline in power under normality for the LAD and sign ranks
tests but even in these two cases the decrease is small relative to the gain in
power for thicker tailed distributions

The normal ranks test is at least as efficient as the least squares test for every
error distribution in the tabldn the classical location model we can make the
stronger statement that the normal ranks test is asymptotically at least as pow-
erful as the least squares$est no matter what the error distributiorhis result
is shown by Chernoff and Savad&958 (also see the discussion in Hett-
manspergerl984 Sec 2.9). The result may hold for the unit root probleivut
| was not able to prove.itAt normal errors both the Dickey—Fuller and the
normal ranks tests have= p = 1, so their power functions are identicilam
able to show that for the normal ranks test= 1 andp = 1/A for any error
distribution Power obviously increases in but simulations show that power
is not monotonic inp. However | conducted simulatiorfssuggesting that in
the model with a time trendarge sample power of the andt-tests forA =1
andp = 1/\ is always at least as high as whers p = 1. In the model with no
time trend the result holds only for tlestest In that model the-test has about
1% less power than the Dickey—Fuller test in the ran@® 6= p = 0.92 and
1.06 = A = 1.11. Although | am unable to find an error distribution with these
nuisance parametersne may exist

Chernoff and Savagél958 establish thath = 1 for the normal ranks test
see for example their Theorem 3 or Theorer@.2 of Hettmansperge1984).
To see thap = 1/A, note that(rj = 1 and assume without loss of generality
thato? = 1. Thus

p= fyqfl(F(Y))f(Y) dy=fF’l(<D(X))X¢(X) dx= —IF’l(CD(X)) d(x),

wheref is the density of the errors anfl is a standard normal densityhe
second equality follows from the change of varialtes ®~*(F(y)), and the
third equality follows from the fact thai¢(x)/0x = —x¢(x). Integration by
parts and a change of variables leads to the expressions
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_ : [ @ HF(X) -
p —f«b(cb L(t)) dF 1(t)—f 0 f(x)dx=E

f(x)
d(@H(F(x)))

Let W = f(g;)/¢d(d1(F(g,))). By Jensen’s inequality
p = E[1/W] = 1/E[W] = 1/A.

¢(<I>1(F(81)))]
f(ey) ’
f(ep) ]

A =ff(<1>(t)) dd)’l(t)=f

””dx:E[¢@r%Fwo»

3.2. Lucas’s (1995b) Method for Obtaining Critical Values

Lucas(1995h obtains critical values by computing the distribution of the test
statistics from realizations of simulated dataicas simulates the data by gen-
erating a time series from the data generating process with standard nor-
mal innovationsy, and with d, and y set to zero Because the parametgr
depends on both the choice of estimation method and the error dethssty
approach will give asymptotically incorrect critical values for the robust tests
unless the errors are in fact normgbr the tests based on tt&estimatarp =

0.98 for normal errors and the 5% quantilesSgfand7y are —21.8 and—3.42
when the model has a time trerfgor t3 errorsp = 0.71 and the quantiles are
—17.5 and—3.01 A simulation shows that when the errors are distribufgd
using the quantiles based on normal errors instead of the correct values results
in e- andt-tests with asymptotic sizes 0f30% and 168% respectively

4. CALCULATING THE TESTS

To calculate the test statistics we need consistent estimates for the various nui-
sance parameterkikewise the polynomial approximation to the critical val-
ues X;7,, is evaluated at a consistent estimatéor p.

Following Hasan and Koenkgil997), the nuisance parameters are esti-
mated under the nulFor a givenM-test with associated functiomsandy, let
¢ denote the vector of residuald’ — Z3, where8 minimizes 1g(AY — ZB).
Theorem 1 implies that under the nuflwill converge to the recentered errors
€ —n. So we estimate the two varianced = Var(e,) ando,; = Var(¢(e, — 1))
with

72=(E—&)(e—&)/T and 7= (&) — ) (Y& —P)/T,

whereé andy are the sample averageséandy (¢€). Similarly, the correlation
p = Corrl ey, (e, — m)] is estimated by

p= (=& (Y& —)/(T5,6,).

For Huber'sM-test and thé3-testw is estimated by ‘W (€)/T, whereVis (x)
equalsy’(x) if ¢ is differentiable atx and zero otherwise~ollowing Herce

https://doi.org/10.1017/50266466604202055 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466604202055

ROBUST TESTS OF THE UNIT ROOT HYPOTHESIS 373

(1996, for the LAD test | estimata = 2f (7) using the kernel estimatcﬁ(n) =
1'¢(&/h)/(Th), whereh = 1.066,. T ~¥®. The bandwidtth was chosen based on
a recommendation in Silverma®986 Ch. 2). The termf (n) will converge in
probability tof () because is converging ta — 5. Following Lucas(1995h,
the scale paramet&rappearing in Huber'$ function is 1345(¢'(é — 1'¢/T)/
T)Y2, whereé = AY — Xa — ZB are the residuals from a preliminary LAD
regression

For the rank tests the nuisance parameters are calculated using the same for-
mulas | follow Hasan and Koenke1997) and set the residuagsequal toAY —
Zf3, where minimizes the LAD objective function’1AY — Z8|. For the rank
testsy () is replaced by (F(x)), whereF is an estimate of. Following Hasan
and Koenker(1997), | take F(x) to be the empirical distribution function @f
equal to({#residuals= x} — 0.5)/(T — p). The termof is known in closed
form for the rank tests and does not need to be estimatﬁds + for the
Wilcoxon ranks test and 1 for the normal and sign ranks tests

Computing the rank tests requires calculating the vebt@;rfol a(s)de(s),
where & solves the linear programming problem (8). Hasan and Koenker
(1997 use an algorithm that calculatéss) for all s. | instead solve the linear
programming problem in expressié®) at the pointg 7, }7°, (with 7, = (i — 1)/
49) and use numerical integratiorFor the Wilcoxon ranks testb =
>0 a(7;)/50 — 0.5. For the normal ranks tedtis 3°°, a(7;)/(50¢(®1(7,)))
land for the sign ranks tests it isbGsign(a(7,s) — 0.5). | use the discretized
version of thea process because canned algorithms for solving linear program-
ming problems are widely available—for exampleised the Matlab function
linprog.

5. MONTE CARLO EVIDENCE

We carried out a Monte Carlo study to evaluate the small sample performance
of the various testsThe calculation of the various tests was described in
Section 4
Table 5 lists empirical rejection rates under the rigyll= 0) and for a distant
alternative(y = —0.5). The errorse, are ii.d. draws from either thé\(0,1) or
Student'st3 distribution We make the unrealistic assumption that the researcher
knows that the errors ard.d. and sets the lag lengihequal to zeroResults
are given for both the intercept only model and for the model with a time trend
Small sample size looks good for all the tests except the modifidthe LAD
test exhibits some size distortiariBhompson(2004h argues that this results
from a poor estimate ab, becausd () does not converge at a rodtrate
Previously we have shown that the modified tests have poor power against
the local alternative. The Monte Carlo results suggest that power is also poor
against the distant alternative= —0.5. Test power is very close to one for
most of the unmodified testahereas the modified tests suffer from large power
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TaBLE 5. Empirical rejection rates.i.d. errors

Modified Modified
e-tests t-tests e-tests t-tests
Test N(0,1) t3 N(0,1) t3 N(0,1) t3 N(0,1) t3
Truey = 0, intercept only model( w1, w2) = (1,0)
Least squares .06 Q06 Q05 Q05 — — — —
LAD 0.05 004 003 002 004 003 003 001
Huber'sM 0.06 007 005 006 004 008 003 005
Student'st3 0.06 007 005 006 004 008 004 006

Wilcoxon ranks 6 Q06 Q05 Q04 008 007 003 Q04
Normal ranks 6 006 006 005 Q015 Q10 006 006
Sign ranks @6 007 005 006 007 008 005 006

Truey = 0, model includes intercept and time trerige,, x») = (1,1)
Least squares .06 Q06 005 005 — — — —

LAD 0.06 004 003 002 005 002 002 001
Huber’'sM 0.07 008 006 007 004 008 003 006
Student’st3 0.06 008 006 008 006 009 004 006

Wilcoxonranks 6 006 005 004 011 008 003 004
Normal ranks o7 006 006 005 017 012 004 006
Sign ranks @m8 007 Q06 005 008 008 006 005

Truey = —0.5, intercept only model( w1, u2) = (1,0)
Least squares .99 100 098 099 — — — —

LAD 1.00 100 078 095 022 061 002 022
Huber'sM 0.99 100 098 100 028 092 003 069
Student’st3 0.99 100 097 100 031 094 004 073

Wilcoxon ranks ™9 100 096 100 032 078 001 050
Normal ranks ®9 100 098 100 047 Q76 006 055
Sign ranks ®8 100 082 098 034 Q79 004 037

Truey = —0.5, model includes intercept and time trerfge, wo) = (1,1)
Least squares .97 Q97 Q95 094 — — — —

LAD 0.92 098 059 086 017 052 002 022
Huber'sM 0.97 099 093 099 023 087 003 068
Student’st3 0.97 099 091 099 026 090 005 Q75

Wilcoxon ranks 6 099 088 098 028 068 001 044
Normal ranks ®7 099 093 097 040 065 004 047
Sign ranks ®m2 098 068 093 026 069 005 036

Notes:There are 000 Monte Carlo replicationsSample size i = 100. Under normality the modified-tests
have virtually no power against the distant alternatyve —0.5.

losses As the asymptotics predicthe modifiedt-tests have power equal to
size for normal errorsThe asymptotics also predict that the modified tests will
beat the unmodified ones for the thick-tailed Studet&'slistribution and this
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does not seem to be the ca€ine explanation for this is that the local-to-null
asymptotic approximations become less accurate for distant alternatives such
asy = —0.5. Thus the Monte Carlo results make a stronger case against the
modified tests than the asymptotics

The calculations in Table 5 assume that the errors are indepefdenves-
tigate the impact of serially correlated errofable 6 provides evidence about
the small sample behavior of the unmodified tests when the errors exhibit serial
dependence of unknown forrmihe data generating processes are

AR(1): v; = 0.50,_; + £,

MA (1): v,

-gt - 0-5&—1,

GARCH MA: v, = ¥y — 0.53,_4, 9, = h¥2¢,,

h = 1+ 0.65h,_, + 02592,  hy=0.

The fundamental innovationg have initial conditiony = 0 and were gener-
ated from either th&l(0,1) or thet3 distribution The table gives results for the
intercept only model and also for the model that includes a time trend

Bringing the tests to serially correlated data requires an algorithm for select-
ing the lag lengthp. The termp is chosen by the Bayesian information crite-
rion of Schwarz1978 constrained so Z p = 6. Because the tests are designed
for thick-tailed datawe calculate Schwarz’s criterion from a double-exponential
likelihood with constant variance

Size is generally accurate for AR errptess accurate for MA erroysand
worse for GARCH errorsThet-tests exhibit more accurate size than ¢hests
For the ranki-tests rejection rates under the null range fron®9to Q11 The
rank tests in general exhibit better size properties tharivtiiests Thompson
(2004bh argues that this occurs because of estimation error associatedwith
Computing the rank tests does not require an estimate éithough in large
samples the estimation error will have an asymptotically negligible effect on
inference in small samples it could affect test size

As the asymptotic analysis predictetie robust tests essentially dominate
least squares at the alternatiye= —0.1. Except for the LAD and sign ranks
tests the robust tests are about as good as least squares at normal errors and
are much more powerful a8 errors The asymptotics also suggested that the
e-tests would be more powerful than théests for normal errors but less pow-
erful for t3 errors but in the Monte Carlo the-tests are at least as powerful as
thet-tests for both distributiongaking the size and power results togetlie
unmodified Wilcoxon ranks and normal rankgests are nice alternatives to
least squaredoth rank tests have accurate siaed both do at least as well as
least squares over a range of error distributions
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TaBLE 6. Empirical rejection rates with serially correlated errors

e-tests t-tests
N(0,1) errors t3 errors N(0Q,1) errors t3 errors
Test AR MA GH AR MA GH AR MA GH AR MA GH

Truey = 0, intercept only model( w1, w2) = (1,0)
Least squares .06 011 013 006 011 Q16 005 009 Q09 005 009 008
LAD 0.05 009 012 003 008 017 003 Q04 006 00O2 Q04 013
Huber'sM 0.06 012 014 007 013 022 005 009 Q011 Q06 011 018
Student’st3 0.06 012 018 007 014 048 006 009 015 007 011 048
Wilcoxon ranks 07 011 Q12 007 012 Q016 Q05 009 007 005 009 008
Normal ranks M8 012 013 007 012 016 006 010 008 005 010 Q10
Sign ranks M6 012 Q012 007 013 015 Q05 Q08 007 006 Q09 Q07

Truey = 0, model includes intercept and time treriges, wo) = (1,1)
Least squares .05 011 013 005 012 014 005 010 Q10 005 011 011
LAD 0.06 011 013 005 008 021 003 006 009 001 Q04 Q16
Huber'sM 0.05 011 016 007 Q15 024 005 009 Q14 Q07 016 024
Student’st3 0.05 011 024 009 017 062 Q05 011 025 007 Q016 064
Wilcoxon ranks 07 012 013 006 012 014 005 009 006 004 010 008
Normal ranks M7 012 013 007 012 Q15 006 011 008 005 011 009
Sign ranks M8 013 013 008 014 016 006 011 OO7 OO5 011 Q06

Truey = —0.1, intercept only model( w1, o) = (1,0)
Least squares .85 064 064 035 063 058 023 049 048 022 047 044
LAD 0.30 054 059 039 070 072 011 023 029 018 043 054
Huber'sM 0.37 065 068 051 079 072 024 048 053 044 074 068
Student’st3 0.36 064 070 061 088 092 023 044 050 054 080 089
Wilcoxon ranks 88 062 060 053 081 063 020 042 037 046 073 039
Normal ranks (B9 065 064 049 Q077 063 024 047 044 042 Q71 045
Sign ranks (B7 058 055 055 082 058 020 031 025 042 067 024

Truey = —0.1, model includes intercept and time trerigh, 12) = (1,1)
Least squares .08 040 042 017 038 042 013 032 033 012 031 032
LAD 0.17 033 040 020 044 058 008 013 023 010 026 047
Huber'sM 0.19 041 046 028 056 059 014 032 040 030 059 061
Student’st3 020 041 059 039 068 091 013 032 048 042 070 091
Wilcoxon ranks (®1 039 038 028 056 040 Q10 026 021 028 054 022
Normal ranks (@1 042 041 026 052 039 013 030 028 025 051 024
Sign ranks @®3 037 035 033 061 039 012 024 015 031 052 Q16

Notes: There are P00 Monte Carlo replicationsSample size is1 = 100. GH denotes the GARCH MA data
generating procesdhe robust tests are slightly less powerful than least squares for normal errors and much
more powerful fort3 errors

6. CONCLUSION

A goal of the robustness literature is to produce a test that is almost as power-
ful as least squares—based tests for normal errors and much more powerful for
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thicker tailed distributionsAlthough the modified tests have poor poywemmod-

ified tests can achieve this go&hin and So(1999 document large power
gains from using tests that adapt to the shape of the error distribTtimmp-

son (20044 provides examples where the robust tests are more powerful than
the point-optimal DF-GLS test of Elliot et .al1996. Thompson(2004h con-
structs confidence intervals for the parametdry inverting the rank-testR;.

Under normality the robust intervals are almost as short as the least squares—
based intervals of Stodk 991) and Elliot and Stock2001), and under nonnor-

mal distributions the robust intervals tend to be much shorter

NOTES

1. Numerical integration was carried out using the Matlab function gudndch implements a
quadrature algorithmAll integrals were solved between40 and 40 sq for example » was cal-
culated asff?w[ f(x)]? dx for the Wilcoxon scores test&urtosis is defined to b&[(e — Ee)*]/
Var(e)2. We calculate the quantity by numerical integration

2. The normalizing constant(7) are chosen to make the densities integrate to one

3. Throughout the paper simulations from the distribution®\oind B, were computed as the
realizations of normalized sums of 500 successive draws from a discrete time GaussiBn AR
process with autoregressive parameter &/T.

4. | carried out the following simulatianSet p; = i/50, Aj = 50/j, and ¢, = —k. For each
(p, A, ©) = (pi, Aj, C triple overi =1,...,50,j = 1,...,50, k = 1,...,50, | simulated 100D00
Monte Carlo draws of; and 7. For eachc | computed power for a 5% level test using the poly-
nomial approximations to the critical values given in Table 3

5. There are 5@00 Monte Carlo replications
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APPENDIX

Here we prove Theorem. We will derive the results foM-estimators for the model
with a linear time trendAll of the results may be extended to the model with an inter-
cept only(e.g., 1 = 0). The required results for the rank tests are contained in the
Appendix to Hasan and Koenk&r997). Throughout the Appendik- | denotes the norm

H bij || = (Zi,j bijz)l/z-

To incorporate estimators based on the LAD and Hubér&inction we allowg to
have finitely many points of nondifferentiability if continuity and several growth condi-
tions hold We assume thaj is convex because it simplifies the proofhe proofs rely
on an asymptotic approximation to the objective functemd assuming convexity allows
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us to conclude that our approximatiomhich is proved keeping the parameters fixed
holds uniformly over the parameters in a neighborhood of their true vaC@svexity

also greatly simplifies the demonstration of the rate of convergence of the estimators
Our extensive use of convexity is due to results in Polld@B1) and Hjort and Pollard
(1993. Some objective functiopsuch as the Studenttsare not convexBecause this
objective function is three times differentiabtbe usual Taylor series—based arguments
can be used to show that Theorem 1 holds for this objective function

Assumption 1 (Objective Function). g(x) is convex and strictly increasing irx|;
g(x) is everywhere twice differentiable except fomn P, whereP contains theD points
P -.., Po. g satisfies the Lipshitz conditiofg(x) — g(y)| = H|x —y|. |[¢(X)| = H, and
there exist two finite pointx, and xy so thaty(x) is constant forx > x4 and for
X < X_. The term|g”(x)| < H for x not in P.

This assumption rules out the least squares estinag¢oause the squared error func-
tion g(x) = x? does not satisfy the Lipschitz condition

Becausey may not be everywhere differentiablee cannot use the usual Taylor series
expansions to approximate the objective functimstead of pointwise differentiability
the proofs make use of stochastic differentiability as in Polid@B5. This requires
that | impose smoothness conditions on the error density to make up for the lack of
smoothness in the objective function

Assumption 2 (Smoothness of the Error Density).The errors{e};_, are ii.d.
mean zero WithE |e41|?>7® < H for somes > 0. The terme, has a density functiof(z)
that is bounded and uniformly continuous

It will prove convenient to reparameterize the objective functi©ansider the esti-
matorg that minimizesX,_,., q,(#), where

a(0) = g(e, —n — W 0) — g(e, — m).

Herew, = T Y2(u_1/TY21,t/T,AU_1,...,Al_p)’ and d is a 3 + p-dimensional
parameter vector given by

0, = Ta —cr'(1),
p
éz = ﬁ[(& — e (D)/T)(pg — pp) + ﬂzz(ﬁi -B)+ (:él - B~ 77],
0y =T¥2[(a@ ~ cT(V)/T)po+ (B2~ B2)],
é3+i = ﬁ(ﬁ. - Bi)
fori =1,...,p. Because there is a one-to-one mapping betwiand (&, 3), we will

describe the asymptotic propertieséof
Define the remainder term

r(0) = a(6) + w0 (8. — m) — (0/2)0"W, W 6.

The following two lemmas establish that(6) is asymptotically negligibleimplying
that the objective function is approximately quadratic
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LEMMA 1. Define h = 1(T¥?|w| > M). For anye > 0, we can take M large
enough so thalim_,, Pr{ |2 r (8)b,| > &] < e.

Proof. Write the remainder aZ r ()b, = X E,_;r(6)b, + Ro 1, whereRy 1 =
2(ri(6) — E_1ri(0))b. To handle theE,_1r.(0)b, term define the functiorh(u)
Ei-1[9(er — m + u) — g(e — )], or equivalently

h(u) :fR[g(s—nJrU) —g(s—n)lf(s)ds (A.1)

We have imposed enough smoothnesgpit, andf so thath(u) is twice continuously
differentiable By a Taylor series expansipn

h(—w{ @) = h(0) — h' (O, 8 + (h" (UF)/2) "W, W{ 6,

where|u;| = |w/0|. Notice thath(0) = 0, h'(u) = E;_1[¢ (e, — 1 + u)], andh’(0) = 0.
The termh”(u) can be shown to be-[(x — 5 + u) df(x) by an argument based on
integration by partsThe boundedness dfalong with the conditions og in Assump-
tion 1 imply that there exists a bourlso that sug/h”(u)| < B. Therefore

[h"(u)| + o

EX Ean(@)b] =EX ——

(0'w;)%b, = ? ED (6'w,)?b,.
By Hdlder’s inequality
ES (0'w)%, = 3 [E(6'w,)2 1Y/ (PT V2 |wi | > M])@+02
= e(M)@+08 (T3 [E(T Y20 w,) 2+ ]V a+or2 ), (A2)

wheree(M) = supPr[TY2|w| > M]. For allt, T*2w; converges to a®,(1) random
variable so E(T¥29'w;)?>™? is bounded an&(M) — 0 asM increasesThus we can
pick M large enough to make the term small with high probability

Next we handle th&g 1 term

ER+ = X Erf(6)by.

The Lipshitz condition ory implies that|r ()| = (2H + | (s — 1)|)|w; 6|. Therefore

ERS+ = (2H + 0,)?E Y, (W 0)?b;.

We showed in equatiofA.2) that we can pickM large enough to make > (w; 0)2b,

asymptotically negligible u
LEMMA 2. For any fixed M,> r, L(TY2|w,]| < M) % 0.

Proof. It will prove convenient to examine the remainder over regions where it is
differentiable and regions where it is not differentiathlet W, denotew; 1(T Y2 |w;| < M)
and letA; denote the event that, — n — p;| > |W/ 6| for all i. So AA)g(er — 1 —
W, 0) is differentiable ing. Write the remainder a& r, 1(T¥?|w] < M) = Ryt +
Rs 1 + Ry, whereRy v = X[1(A)z(0) — Ei-11(A)z(0)], Ra 1 = 2[1(A)z(0) —
Ei 1 1(AD)Z(0)],
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Ryt = > Ecalgle —n—W0) — g(e, — n)] — (0/2)6'W, W6,

andz(0) = g(et — n — W 0) — g(er — m) + W 0 (g, — m).
A Taylor series expansion yields

Ror = 2 OW W O[L(A) Y (8 — n — uf) — B L(A) Y (8 — 1 — up)],
where|u;| = |W 6]. BecauseR, 1 is a sum of martingale difference sequences
ERS + =EX (W 0)*[¥' (s —n— u)]> =T *H?|6]*M*.

Therefore lim_,, ERS = 0, sOR, t converges in probability to zero
The condition 1A?) = 1 puts a bound on the values can take Therefore the
momentE1(AS)z? exists For large enougf,

EREr =EX E ,UADZ
D
= [61°H>M? X Prl|e; —n — p| =T VM|6]].
=

Because the density ef is boundedlim_,, ERS + = 0 and|Ry 7| converges to zero in
probability.
To handleR, 1, defineh(u) as in(A.1). By a Taylor series expansion bfaround 0

1
[Ror| = 3 {lo =" O +suph”(©) — h"(up)l | M>[6l"
t

The continuity ofh”(u) leads to the result lif,.{sup|h”(0) — h”(u{)|} = 0, with
supluf| < T~Y2M|6|. The termw can be shown to be equal kd'(0) using an argu-
ment based on integration by parf®iusR, t converges to zero in probability W
Proof of Theorem 1. Hasan and Koenke1997) prove the result for the rank test
statisticsR, andR;. To deal with theM-statisticsM, and M;, combine Lemmas 1 and 2
to obtain the pointwise convergence reshlt,(6) 0. By the convexity ofg and
Lemma 1 of Hjort and Pollard1993, if X r,(9) -5 0 for fixed 6 then the convergence
is uniform overd in compact setsUniform convergence of the remaindeombined
with the argument in Section 3 of Polla(ti991), leads to the asymptotic approximation

6= I:wEW[W[/:l_lEWII»/j(SI —m) +05(1).

Lemma 31 of Phillips (1988 implies the weak convergence result

(u“” > u) ﬁ< % Wi(r), %[pwo(r)wl—pZW(r)]),

NT ' NT ra

whereW is standard Brownian motigrindependent ofV. The desired results follow
from the usual applications of the continuous mapping theorem n
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