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Abstract

We study normal approximation of subgraph counts in a model of spatial scale-free
random networks known as the age-dependent random connection model. In the light-
tailed regime where only moments of order (2+ ε) are finite, we study the asymptotic
normality of both clique and subtree counts. For clique counts, we establish a multivari-
ate quantitative normal approximation result through the Malliavin–Stein method. In the
more delicate case of subtree counts, we obtain distributional convergence based on a
central limit theorem for sequences of associated random variables.
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1. Introduction

Recently, several variants of kernel-based or weighted random connection models (RCMs)
have received substantial research interest [4, 5, 6, 12]. This is because they can reproduce the
heavy-tailed degree distributions observed in many real-world complex networks, while simul-
taneously retaining a positive clustering coefficient. This latter property sets them apart from
standard discrete models for complex networks such as the Chung–Lu model or the Norros–
Reittu model [1, 20]. Other popular alternatives for obtaining a positive clustering coefficient
include the spatial preferential attachment models [10, 11]. While these models offer a natural
interpretation of a growing network, their time-dependent construction makes them far less
tractable than the weighted RCMs. Another highly studied class of spatial scale-free networks
is the hyperbolic random geometric graph from [7], where the non-Euclidean geometry can
pose technical difficulties. Such hyperbolic networks have Euclidean RCM counterparts, in
the sense that these networks have the same local limits as some RCMs [29, Theorem 9.33],
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but it is not clear if local limits are sufficient to capture many interesting network properties
such as the asymptotic normality of subgraph counts.

In this paper, we consider a popular example for such weighted RCMs, namely the age-
dependent random connection model (ADRCM) [4, 5, 6, 12]. Here, nodes are placed in a
metric space and endowed with independent and identically distributed (i.i.d.) weights, and the
connection probability between two nodes is a function of both the distance and their respective
weights, in such a way that the typical degree has a power law. The main achievements of this
paper are normal approximation results for clique and subtree counts in the ADRCM. Our
motivation is to investigate the limiting behavior of such networks in large domains, and such
normal approximation results would statistically validate the use of the ADRCM as a model
for real data. For example, with the help of the asymptotic normality obtained, we could derive
asymptotic confidence intervals for such networks as the basis for various hypothesis tests.
Even though the computations and regimes may not be identical to those for other RCMs,
many of the methods used here have the potential to be deployed in other models, where the
local number of subgraphs is square integrable.

Central limit theorems (CLTs) in spatial random systems have become a vibrant research
stream in the last 20 years, from the martingale-based techniques in [2], [23], and [31] to
the Malliavin-Stein method that allowed second-order Poincaré inequalities and likely optimal
rates of convergence to be obtained; see [14], [15], [17], [24], and [25] for related studies in
this direction. However, these results traditionally require uniformly bounded fourth moments,
which is not compatible with the heavy-tailed behavior of the ADRCM. We exploit here a
recent update of the Malliavin–Stein method from [27], [28] that allows us to deal with func-
tionals where only moments of order (2+ ε) are needed, and [21, Theorems 4.1 and 4.8] for
associated random variables.

Last et al. [16] established a quantitative CLT for component counts. However, they
assumed unweighted edges and results in a light-tailed (Poisson) degree distribution. In con-
trast, the major difficulties in our work stem exactly from the heavy-tailed nature of the degree
distribution. While both this paper and [16] consider quantitative CLTs for RCMs, the tech-
niques are fundamentally different. To the best of the authors’ knowledge, there are no other
quantitative CLTs for subgraph counts in models with infinite fourth moments, and our quan-
titative CLT is the first of its kind. From the technical point of view, our work can be regarded
as a contribution to the field of CLTs for geometric models with heavy-tailed structure, rather
than as a direct extension of existing results for RCMs, where heavy-tailed behavior has not
previously been considered.

In the ADRCM, the subgraph counting statistics follow a wide range of limiting behaviors
from Gaussian to stable laws. In our companion paper [9], we established stable limit theorems
for both clique and subtree counts in the regime where these statistics have infinite second
moments. In contrast, the present work focuses on proving normal approximation results for
the same statistics under parameter regimes of finite second moments. By combining the results
from [9] with those of the present work, we obtain a full picture of a phase transition from
Gaussian to stable laws. Specifically, this highlights the threshold phenomenon where subgraph
counts transition from a CLT to a stable limit theorem as the heavy-tailedness of the degree
distribution increases. Heuristically, we note that the clique count behaves similarly to the
count of single-edge trees on two vertices: once such an edge is selected, all remaining vertices
of the clique must be close to the lighter-weight endpoint of that edge.
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Normal approximation for subgraph counts in age-dependent random connection models 3

The main contributions of this paper are as follows.

(i) For clique counts, we derive the limiting variance and prove the quantitative normal
approximation using the Malliavin–Stein bounds from [27, 28]. This analysis allows us
to study the multivariate case as well, where several clique counts of various dimensions
are considered simultaneously.

(ii) For subtree counts, we give the variance magnitude and show the qualitative normal
approximation based on the CLTs for associated random variables from Theorems 4.1
and 4.8 in [21].

One of the most challenging issues is to deal with the lack of integer powers of the
moments of the quantities of interest; hence, we perform a detailed configurational analysis
of both clique and subtree counts in order to deduce the required fractional moment bounds. In
addition, we need to perform a detailed second-order analysis.

The phase transition depends critically on the parameter regime of the ADRCM, and such
subtle dependence becomes even more pronounced for general subgraph counts. Indeed, unlike
classical random geometric graphs (see, e.g., [22]), the situation for the ADRCM is far more
delicate due to the heavy-tailed phenomena induced by the associated weights. As a result, a
unified treatment of CLTs, as well as stable limit theorems, for arbitrary subgraph counts still
remains out of reach.

Nevertheless, the results of this paper mark a crucial step toward understanding the behavior
of fundamental statistics in network analysis. One such example is the clustering coefficient
considered in [10, 30]. This index measures how well a model resembles an actual network,
and is typically defined as the ratio between wedge counts (a special case of subtree counts) and
triangle counts (a special case of clique counts). It is known from [10, 30] that the clustering
coefficient in the ADRCM is asymptotically positive. Together with [9], the results obtained
lay the groundwork for a unified theory for the asymptotic distribution of the clustering coef-
ficient, regardless of whether the underlying statistics have finite or infinite second moments.
For example, in the light-tailed regime with finite second moments, we conjecture that the nor-
malized clustering coefficient may be approximated by the ratio of components of a Gaussian
vector, taking the form a+ bZ1/Z2 (Cauchy distribution), where Z1 and Z2 are i.i.d. normal
random variables. Further investigation of the clustering coefficient is left for future research.

The rest of this paper is organized as follows. In Section 2, we introduce the model and
state our main results. To provide the reader with a broad overview, proof outlines are given
in Section 3. A key component in the clique case is the variance and covariance asymptotics,
which are presented in Section 4. The remaining arguments for the clique CLT are provided in
Section 5. Finally, the subtree case is treated in Section 6.

2. Model and main results

We review the ADRCM from [4, 6]. Let n � 1, 0 < γ < 1, and Pn = (Pi)i�1 =(
(Xi, Ui)

)
i�1 ⊆Tn := Tn × [0, 1] be a unit-intensity Poisson point process, with respect to the

Lebesgue measure on Tn, where Tn := [− n1/d/2, n1/d/2]d/∼ represents the d-dimensional
torus. In particular, the volume of Tn scales as n. Given P= (X, U) ∈Pn, we interpret X as the
spatial (or location) coordinate and U as the associated birth time, or mark, of X.
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We connect two nodes P= (X, U) and Q= (Y, V) with V > U, in symbols Q→ P, with
probability

P(Q→ P)= ϕ(|X − Y|dUγ V1−γ /β),

β > 0, where | · | is the Euclidean norm and ϕ : R+→R+ is a non-increasing and integrable
profile function. To ease our computations, we always consider the case d= 1 and the hard
profile function ϕ(r)= 1{r � 1}.
Remark 1. We briefly summarize the technical reasons for these restrictions. The assumption
d= 1 is mainly for geometric clarity: it allows us to work with intervals instead of complicated
intersections of balls in higher dimensions, but the same methods should lead to similar results,
up to a more complex geometric study. The restriction to the hard threshold is motivated by
avoiding a massive extension of the state space in the Malliavin–Stein analysis, and does not
seem so restrictive from the modeling perspective. For soft profile functions or higher dimen-
sions, encoding the full randomness within the Poisson point process framework becomes
substantially more involved. As a further clarification, note that passing to soft profile functions
would require us to consider the mark space [0, 1]× [0, 1]N instead of [0, 1] alone.

The resulting graph is known as the ADRCM and is denoted by Gn,γ,β . Sometimes, we
think of Gn,γ,β as a directed graph by interpreting an edge between P= (X, U) and Q= (Y, V)
with V > U as being directed from the younger node Q to the older node P.

2.1. CLT for clique counts

We begin by introducing some notation. For k � 1, let

Cn,k := ∣∣{�⊆Pn : |�| = k, p↔ q for all p, q ∈�
}∣∣ (1)

be the number of k-cliques as directed subgraphs with respect to the aforementioned time-
ordering. That is, ↔ means the point with the higher mark (i.e. larger time coordinate) is
connected to the point with the lower mark (i.e. smaller time coordinate). In the regime
0 < γ < 1/2, a point (x, u) ∈ T̄n is less likely to connect to other nodes of higher marks, even
when u is small. Consequently, a CLT holds for (1), as shown in Theorem 1. In contrast, when
γ is larger, i.e. 1/2 < γ < 1, the second moment is infinite, and the number of connections to
(x, u) ∈ T̄n increases significantly, especially for small u. This leads to a stable limit theorem
for (1) as established in [9] when the second moment is infinite.

Recall that the Wasserstein distance between two integrable random variables X, Y is
defined as

dW(X, Y)= suph∈Lip1

∣∣E[h(X)]−E[h(Y)]
∣∣,

where Lip1 is the space of 1-Lipschitz functions h : R→R.

Theorem 1. Let 0 < γ < 1/2, k0 � 1, and η ∈ (1, 2) be such that η(2γ ∨ (1− γ )) < 1.

(i) Univariate CLT. For every 1 � k � k0, it holds that

dW
(
C̃n,k,N (0, 1)

) ∈O
(
n−(η−1)/2), (2)

where C̃n,k := (Cn,k −E[Cn,k])/
√

Var(Cn,k) and N is a normal distribution. Moreover,
for some σk ∈ (0,∞), we have∣∣n−1Var(Cn,k)− σk

∣∣ ∈O(n2γ−1).
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(ii) Multivariate CLT. There exists a positive semidefinite matrix σ = (σk,	), such that

d3
((
C̃n,k
)

k�k0
,N (0, σ )

) ∈O
(
n−(ζ (γ )∧((η−1)/2))), (3)

where d3 is the distance function on random vectors based on C3-test functions defined
in [28, Equation (2.3)], and ζ (γ ) := (1− γ )∧ (1− 2γ )/γ . Moreover, σk,	 is explicitly
defined in Proposition 1 and satisfies σk,k > 0. For every k, 	 ∈ {1, . . . , k0}, it holds that

∣∣n−1Cov(Cn,k, Cn,	)− σk,	
∣∣ ∈O(n−ζ (γ )).

In particular, (3) implies that
(
C̃n,k
)

k�k0

d−→N (0, σ ) as n→∞, where
d−→ is conver-

gence in law.

In Theorem 1 we do not attempt to optimize the rate of convergence because our goal is to
develop arguments applicable for all 0 < γ < 1/2. For the case of light-tailed random variables,
there is a clear heuristic that the optimal convergence rate should be inversely proportional to
the square root of the variance. However, in the heavy-tailed setting, this heuristic breaks down
(see, e.g., [13]) and there are no universal conjectures on what the optimal rate should be. We
believe, however, that a more refined analysis, potentially yielding sharper rates, is feasible in
the more restrictive regime 0 < γ < 1/4.

Remark 2. In Theorem 1, the constants in the O( · ) terms depend on γ , k0, and η, but not on n.
While it is often of interest to allow the clique size k to grow with n, our current proof treats
k0 as a fixed parameter. Since the formation of a k-clique requires the selection of k distinct
points from the Poisson point process, the combinatorial factors in our error bounds grow at
least exponentially in k. Consequently, the fastest possible growth that could be obtained is
k= kn =O( log n). Tracking these constants, when the clique size grows with n, is a nontrivial
problem, and we leave it for future work.

2.2. CLT for subtree counts

Next we deal with subtree counts, where we often identify a directed tree with its edge
set. While an (unoriented) clique is parameterized fully by the number of nodes only, the
oriented nature of the underlying tree offers a wide variety of different configurations that lead
to different asymptotic behaviors. We henceforth characterize different types of tree by fixing
a vertex set {1, . . . , m} and embedding a directed tree structure T on this vertex set. Then

Tn,T := ∣∣{{P1, . . . , Pm} ⊆Pn : Pi→ Pj for all edges {i, j} in T with i→ j
}∣∣ (4)

is the number of copies of T. More precisely, it represents the number of injective homomor-
phisms from an abstract directed tree T into Gn,γ,β . Since the connectivity patterns of general
trees are more delicate than in the clique case, the analysis for various quantitative bounds
becomes significantly more complex. For this reason, we do not attempt to deduce an explicit
rate of convergence.

For us, it is convenient to reformulate (4) as follows. First, let us endow T with a root r, and
for (x, u) ∈ T̄n, define Din(x, u) as the number of copies of T such that the root r of T is mapped
to (x, u). We write Din(u) := Din(0, u). Using this notation, we can rewrite (4) as

Tn,T =
∑

P∈Pn

Din(P), (5)
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FIGURE 1. Example of directed wedge trees of two leaves (i.e. 	= 2), where two vertices are connected
to a root with a lower mark. The quantity Tn,T counts only the ‘visualized’ rooted wedges drawn by solid
lines. Note that each such rooted wedge admits two isomorphisms, and therefore we have Tn,T = 14.

where the roots of subtrees in Gn,γ,β are drawn from Pn. It is important to emphasize that
Din(P) enumerates graph homomorphisms; hence, (5) does not necessarily count induced
subtrees in Gn,γ,β . Figure 1 gives a simple example of wedge counts.

Our second main result is a CLT for the subtree counts (5) when 0 < γ < 1/(2	), where
	 denotes the number of leaves in T (with no further children). Notice that the threshold
value 1/(2	) is optimal in the sense that stable limit theorems for (5) were established when
1/(2	) < γ < 1 (see [9]).

Theorem 2. Given a directed tree T, assume that 0 < γ < 1/(2	). Then we have c−n≤
Var(Tn,T)≤ c+n for some 0 < c− < c+ <∞, and

Tn,T −E[Tn,T]√
Var(Tn,T)

⇒N (0, 1), n→∞.

If simpler graph structures, such as stars, are considered, the extension of Theorem 2 toward
quantitative normal approximation seems within reach of the Malliavin–Stein framework. One
difficulty, however, is the computation of non-integer moments of first-order and second-order
difference operators. In the case of stars, we could sum over all possible locations of the center
of the star and then apply similar Hölder techniques as in the clique case. Making this precise
would be an interesting direction for future work.

Remark 3. (Higher dimensions and non-compactly supported profile functions.) While
Theorems 1 and 2 are proved only in dimension d= 1, there is no principal obstruction to a
generalization to higher dimensions. However, since the one-dimensional setting already relies
on heavy computations, performing those calculations in higher-dimensions would make our
analyses far less accessible without gaining much additional mathematical insight. Moreover,
extending our results to profile functions ϕ of unbounded support would be substantially
more involved. This is because for compactly supported profile functions, the size of the joint
neighborhood of nodes can be accurately bounded via a simple application of the triangle
inequality.

3. Proof outline

In this section, we give the outlines for the proofs of Theorems 1 and 2. These two results
are shown with the use of different techniques, so we treat them in Subsections 3.1 and 3.2
separately.

3.1. Proof outline for Theorem 1

First, we give a broad overview of the proof of Theorem 1; the detailed arguments are
provided in the subsequent proof sections. Our derivation of the multivariate quantitative CLTs
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in (3) is based on Theorem 1 in [28], while the univariate version in (2) uses Theorem 3.4 in
[27]. Both results are suitably adapted to handle random variables whose fourth moments are
not uniformly bounded.

We begin by recalling the general setup. For a general Poisson functional F : X→R on a
state space X, we introduce the first-order and second-order Malliavin derivatives: for q ∈X
with P(q ∈P)= 0,

DqF(P) := F(P ∪ {q})− F(P),

and for p, q ∈X,

Dp,qF(P) := Dp
(
DqF(P)

)= F(P ∪ {p, q})− F(P ∪ {p})− F(P ∪ {q})+ F(P),

which is obviously symmetric in p and q. In our case, the Poisson process is Pn, with unit
intensity on the state space X=Tn with respect to the Lebesgue measure, and the functional
F is chosen as the clique count, i.e. F(Pn) := Cn,k. For simplicity, we write Du := D(0,u) and
Du,q := D(0,u),q for u ∈ (0, 1) and q ∈ T̄n. In particular, note that:

(i) DqCn,k (respectively DuCn,k) is the number of k-cliques containing q (respectively
(0, u));

(ii) Du,qCn,k is the number of k-cliques containing (0, u) and q.

The concept of second-order Poincaré inequalities, or more generally p-Poincaré inequali-
ties as here, is to control the distance between the variable of interest and the Gaussian law in
terms of moments of first-order and second-order increments in the appropriate space, gen-
erally based on Stein’s method. The quantities below are such estimates, as they involve
first-order and second-order derivatives related to Malliavin calculus on the Fock space
representation associated with the Wiener–Itô decomposition of Poisson functionals. For a
fixed η ∈ (1, 2), we need to prove that the following quantities are of at most volume order
O(|Tn|)=O(n): for p, q ∈ T̄n,

�1 :=
∑

k,	�k0

∫
Tn

(∫
Tn

E

[
(DqCn,k)2η

]1/(2η)
E

[
(Dp,qCn,	)2η

]1/(2η)
dq

)η

dp,

�2 :=
∑

k,	�k0

∫
Tn

(∫
Tn

E

[
(Dp,qCn,k)2η

]1/(2η)
E

[
(Dp,qCn,	)2η

]1/(2η)
dq

)η

dp,

�3 :=
∑

k,	�k0

∫
Tn

E
[(

DpCn,k
)η+1 ]1/(η+1)

E
[(

DpCn,	

)η+1 ]1−1/(η+1) dp.

By the invariance under torus translations, these quantities can be simplified as �i = |Tn|�′i =
n�′i , where

�′1 :=
∑

k,	�k0

∫ 1

0

(∫
Tn

E

[
(DqCn,k)2η

]1/(2η)
E

[
(Du,qCn,	)2η

]1/(2η)
dq

)η

du, (6)

�′2 :=
∑

k,	�k0

∫ 1

0

(∫
Tn

E

[
(Du,qCn,k)2η

]1/(2η)
E

[
(Du,qCn,	)2η

]1/(2η)
dq

)η

du, (7)

�′3 :=
∑

k,	�k0

∫ 1

0
E
[(

DuCn,k
)η+1 ]1/(η+1)

E
[(

DuCn,	

)η+1 ]1−1/(η+1) du. (8)
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Here we note that in [28, Theorem 1], some quantities have exponents η, while others do not.
In particular, after taking the exponent 1/η in (6) and (7) (but not in (8)), we can completely
recover the quantities ζ

(p)
i in [28, Theorem 1]. More precisely, we have ζ

(η)
2 � 22/η−1k2

0�
1/η

1 ,

ζ
(η)
3 � 22/ηk2

0�
1/η

2 , and ζ
(η)
4 � kη−1

0 �3.
To bound them, we must control the (2+ ε)th moment of the first-order and second-order

difference operators for small ε > 0. In addition to controlling the terms �′i , i= 1, 2, 3, we
also need to show that the variance of clique counts grows at least linearly in the system size.
Moreover, for the multivariate setting, it is necessary to determine the exact growth rate of
covariances as well.

To make our approach more precise, let P be a Poisson point process on R := R× [0, 1]
with Lebesgue intensity. Then, given k, 	� 1, p, q ∈R, and the ADRCM defined on P ∪ {p},
we let Ck(p) be the number of k-cliques centered at p, by which we mean the number of
k-cliques with p as its lowest marked vertex. On P ∪ {p, q}, let Ck,	(p, q) denote the number
of pairs of (k− 1)-element subsets of P and (	− 1)-element subsets of P giving rise to a
k-clique centered at p and an 	-clique centered at q, such that these two cliques have at least
one common point. A common point could be p or q itself. To ease notation, for u ∈ (0, 1) and
q ∈R, we put Ck(u) := Ck((0, u)) and Ck,	(u, q) := Ck,	((0, u), q).

Proposition 1. (Covariance asymptotics.) Let 0 < γ < 1/2 and k, 	 ∈ {1, . . . , k0}. Then∣∣n−1Cov(Cn,k, Cn,	)− σk,	
∣∣ ∈O(n−ζ (γ )),

where σk,	 := ∫ 1
0 E
[
Ck(u)C	(u)

]
du+ ∫ 1

0

∫
R
E
[
Ck,	(u, q)

]
dq du ∈ [0,∞). It is in particular

easily established that σk,k > 0.

Proposition 2. (Bounds for �i.) Let 0 < γ < 1/2 and η ∈ (1, 2) be such that η(2γ ∨
(1− γ )) < 1. Then �′1 ∈O(( log n)η) and �′2 + �′3 ∈O(1).

Assuming Propositions 1 and 2 temporarily, we can complete the proof of Theorem 1.

Proof of Theorem 1. Recall that C̃n,k = (Cn,k −E[Cn,k])/σn is the standardized clique count,
where σ 2

n := Var(Cn,k). We apply the quantitative normal approximation based on the Poincaré
inequality (see [27, Theorem 3.4]). If the bound is expressed in terms of the integrated dif-
ference operators �i, the Wasserstein distance to a standard normal law N (0, 1) satisfies

dW
(
C̃n,k, N (0, 1)

)
� C

(
�

1/η

1 + �
1/η

2

σ 2
n

+ �3

σ
η+1
n

)
, (9)

where C is a constant depending only on η. Recall also that �i = n�′i for i= 1, 2, 3.
We now evaluate the asymptotic scaling of each term.

(i) Variance scaling: By Proposition 1, the variance grows linearly with the system size. In
particular, σn � Cn1/2.

(ii) First term (�1): From Proposition 2, we have �′1 ∈O(( log n)η), implying that �1 ∈
O(n( log n)η). Substituting this into the first term on the right-hand side of (9), we obtain

�
1/η

1

σ 2
n

� C(n( log n)η)1/η

n
=Cn1/η−1 log n.

(iii) Second term (�2): Since �′2 ∈O(1), we have �2 ∈O(n), yielding σ−2
n �

1/η

2 � Cn1/η−1.
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(iv) Third term (�3): Since �′3 ∈O(1), we have �3 ∈O(n). Substituting this into the second
fraction, we obtain

�3

σ
η+1
n

� Cn

(n1/2)η+1
=Cn−(η−1)/2.

Since η ∈ (1, 2), we have −(η− 1)/2 > 1/η− 1, and thus the third term dominates the
decay rate. Combining these estimates, we obtain dW

(
C̃n,k, N (0, 1)

) ∈O(n(1−η)/2), which
establishes the rate of convergence (2) in Theorem 1.

Finally, combining the above bounds on �1, �2, and �3 with the covariance estimates in
Proposition 1, and applying Theorem 1 in [28], we obtain the convergence (3) as well. �

In the univariate case, the exponent is optimal with use of this strategy as we cannot do
better than proving that the �′i’s are bounded in Proposition 2.

Remark 4. (Kolmogorov distance.) For statistical applications, it is sometimes relevant to use
the Kolmogorov distance between two random variables

dK(X, Y)= supt∈R |P(X ≤ t)− P(Y ≤ t)|.
In the univariate case, [27, Theorem 3.4] also gives bounds on dK(C̃n,k,N (0, 1)) in terms of the
quantities γ4, . . . , γ7, which are related to estimates on first-order and second-order derivatives
of the functionals of interest (quantities γ1, γ2, γ3 bound Wasserstein distance). At the cost of
some additional computations, it is likely that we could obtain Kolmogorov bounds using this
route.

3.2. Proof outline for Theorem 2.

Theorem 2 is proved with the use of the CLTs for associated random variables from
Theorems 4.1 and 4.8 in [21]. We now provide an outline of the proof. To begin, we decompose
Tn,T in (5) on the basis of the spatial coordinates of P ∈Pn:

Tn,T =
n∑

i=1

∑
P∈Pn∩([i−1,i)×[0,1])

Din(P) =:
n∑

i=1

T (n)
i .

Because of the cyclic structure of the torus, the random variables (T (n)
i )n

i=1 are identically dis-

tributed though not independent. Moreover, (T (n)
i )n

i=1 is positively associated, which means
that for every k � 1 and any two bounded functions f1, f2 : Rk→R that are non-decreasing in
the coordinatewise sense, we have

Cov
(

f1(T (n)
1 , . . . , T (n)

k ), f2(T (n)
1 , . . . , T (n)

k )
)
� 0. (10)

To see (10), let � denote the space of finite subsets of Tn, and define a partial ordering ω �ω′
for ω, ω′ ∈� if and only if ω⊂ω′. In other words, this is the natural inclusion order. Adding
points to Tn naturally increases the chance of forming (not necessarily induced) subtrees. Thus,
the Harris–Fortuin—Kasteleyn—Ginibre inequality [18, Theorem 17.4] shows the required
relation:

E
[

f1(T (n)
1 , . . . , T (n)

k ) f2(T (n)
1 , . . . , T (n)

k )
]≥E

[
f1(T (n)

1 , . . . , T (n)
k )
]
E
[

f2(T (n)
1 , . . . , T (n)

k )
]
.

Note that the centered versions T̄ (n)
i := T (n)

i −E
[
T (n)

i

]
, i= 1, . . . , n, are also positively

associated.
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Next we define the Cox–Grimmett coefficient (see [3]): for each 1 � k � n,

un(k) := max
1�p�n

n∑
j=1, |j−p|�k

Cov(T (n)
p , T (n)

j ). (11)

Because of the cyclic structure of the torus, (11) simplifies as un(k)= 2
∑�n/2�

j=k+1

Cov(T (n)
1 , T (n)

j ). A key feature for the proof of Theorem 2 is the uniform boundedness of un(k).
To this end, Lemma 1 plays an important role. In fact, it follows from Lemma 1(i), together
with the assumption 0 < γ < 1/(2	), that

supn un(k) � C
∞∑

j=k+1

j−(2−2	γ ) � Ck−(1−2	γ ). (12)

Lemma 1. Let T be a directed tree with 	� 1 leaves. Then it holds that (i) supn�1

Cov(T (n)
1 , T (n)

k ) ∈O(k−(2−2	γ )) and (ii) infn�1 Var(Tn,T )/n > 0.

Intuitively, the covariance decay rate O(k−(2−2	γ )) in Lemma 1 can be understood through
the rarity of ‘hub’ nodes. To see this, consider two subtrees whose roots are separated by dis-
tance k. If these subtrees share at least one node, the most efficient way for this to occur is
through a central hub with a small birth time of order O(k−1), which increases the correspond-
ing probability by O(k−1). When integrating over the possible spatial locations of this hub
relative to the two roots, we obtain a baseline geometric decay of order O(k−2). The heavy-
tailed nature of the model then provides a ‘boost’ to this probability: since this central hub
supports 	 leaves of the first and second subtrees, respectively, the contribution of such config-
urations is of order O

(
(kγ )2	

)
. Combining these effects yields the dominant asymptotic rate of

O(k−(2−2	γ )).
The uniform boundedness in (12), along with the positive associativity of (Ti)n

i=1, enables
us to complete the proof by following an approach similar to that of Theorems 4.1 and 4.8 in
[21].

4. Mean and covariance asymptotics for clique counts

In this section, we prove the covariance asymptotics from Proposition 1. To navigate the
technical details of this proof, we provide the following road map. Our approach relies on the
Mecke formula to decompose the covariance into distinct components, which are analyzed
separately.

• Lemma 3: We first establish asymptotic bounds for the expected number of cliques,
which controls the product of expectations appearing in the covariance expansion.

• Lemma 4: We then estimate the ‘single-integral’ term, corresponding to pairs of cliques
centered at the same location.

• Lemma 5: We handle the most complex ‘double-integral’ term, which accounts for the
interaction between spatially separated cliques.

• Lemma 6: Finally, we state a specific integral bound that is repeatedly used to control
the heavy-tailed decay rates in the proofs of Lemmas 4 and 5.

Combining these auxiliary results allows us to derive the final convergence rates stated in
Proposition 1.
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We note that related covariance computations were performed in [9]. However, we cannot
directly cite those results, as the analysis in [9] is conducted in R with infinite volume, whereas
the present work considers a torus of finite volume for each fixed n � 1, and, because of heavy
tails, the contribution of the boundary is actually sensitive to our analyses. Owing to this dif-
ference, it is necessary to carefully examine the rate of convergence of the covariance in the
torus setting toward its counterpart defined on R. This analysis requires substantial effort and
constitutes the main focus of this section.

We recall from [6, Proposition 4.1] a basic result on the size of the up- and down-
neighborhoods of a point in the ADRCM on P . We write Nup(p) := {q ∈R : q→ p} and
Ndo(p) := {q ∈R : p→ q} for the up-neighborhoods and down-neighborhoods of p ∈R. We
also write Nup(u) := Nup((0, u)) for u ∈ (0, 1), and define Ndo(u) analogously.

Lemma 2 (Size of up-neighborhoods and down-neighborhoods.) Let u ∈ (0, 1). Then
P(Nup(u)) and P(Ndo(u)) are independent Poisson variables with respective parameters

λ+u = c+u−γ , λ−u = c−
for some c−, c+ > 0 depending only on β and γ .

In particular, the distribution of the number of down-neighbors does not depend on u, and
if U is uniformly distributed in (0,1), the number of neighbors (or equivalently, up-neighbors)
of U has a finite moment of order q ∈N if and only if qγ < 1.

Before proceeding, we define the clique counts analogously to what was done in the para-
graph preceding Proposition 1. Specifically, given Gn,γ,β (i.e. the ADRCM defined on Pn),
together with k, 	� 1 and p, q ∈ T̄n, let Cn,k(p) be the number of k-cliques centered at p. Note
that Cn,k is the sum of the Cn,k(p) for p ∈Pn. Let Cn,k,	(p, q) be the number of point sets
that generate both a k-clique centered at p and an 	-clique centered at q, such that the two
cliques share at least one common vertex. As before, we also define Cn,k(u) := Cn,k((0, u)) and
Cn,k,	(u, q) := Cn,k,	((0, u), q) for u ∈ (0, 1) and q ∈ T̄n.

We prove Proposition 1 by expanding the covariance using the Mecke formula:

Cov(Cn,k, Cn,	)=
∫
Tn

E
[
Cn,k(p)Cn,	(p)

]
dp+

∫∫
T

2
n

E
[
Cn,k,	(p, q)

]
d(p, q)

= n
∫ 1

0

(
E[Cn,k(u)]E[Cn,	(u)]+Cov

(
Cn,k(u), Cn,	(u)

)
+
∫
Tn

E
[
Cn,k,	(u, q)

]
dq
)

du, (13)

where the second equality follows from the homogeneity of the torus. In the remainder of
the proof, our goal is to establish the rate of convergence for each of the individual terms in
(13). For the precise statements, however, we need to ‘redefine’ all clique counts in (13), along
with their counterparts induced by P , on a common probability space. For this purpose, we
use a coupling of Pn and P by reformulating them as Pn =P ∩Tn, where Tn = [− n/2, n/2].
In the preceding section, Tn denoted the torus; however, in this section, we define it as the
interval above, with some abuse of notation. In this new formulation, we continue to define
T̄n := Tn × [0, 1] as before.

Lemma 3 (Auxiliary expectation computations.) Let k � 1. Then (i) supn�1 E[Cn,k(u)] ∈
O(u−γ ) and (ii)

∫ 1
0 u−γ

E
[|Ck(u)− Cn,k(u)|]du ∈O

(
n−ζ (γ )

)
.
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Next we deal with the single-integral covariance. The key idea is that by expanding the
covariance, we need to count pairs of suitably selected k-cliques and 	-cliques, both centered
at (0, u), such that the two cliques share at least one common vertex.

Lemma 4. (Auxiliary covariance computations I.) Let k, 	� 1. Then∫ 1

0

∣∣Cov
(
Ck(u)− Cn,k(u), Cn,	(u)

)∣∣ du ∈O(n−ζ (γ )).

Finally, we deal with the most complicated case, namely the double-integral contributions.

Lemma 5. (Auxiliary covariance computations II.) Let k, 	� 1. Then

(i)
∫ 1

0

∫
R\Tn

E
[
Ck,	(u, q)

]
dq du ∈O(n−(1−γ )),

(ii)
∫ 1

0

∫
Tn

E
[∣∣Ck,	(u, q)− Cn,k,	(u, q)

∣∣] dqdu ∈O(n−(1−γ )).

These three auxiliary results imply Proposition 1 as follows.

Proof of Proposition 1. To establish the convergence to σk,	, we divide (13) by n and
compare the resulting terms with the definition of σk,	. Then |n−1Cov(Cn,k, Cn,	)− σk,	|
can be bounded by the sum of the single-integral and double-integral terms. For the single-
integral term (i.e. the first two terms in (13)), the difference from the limiting expectation∫ 1

0 E[Ck(u)C	(u)]du is controlled by Lemma 3 (which handles the product of expectations) and
Lemma 4 (which handles the covariance term). Consequently, these lemmas ensure that the
error is of order O(n−ζ (γ )). For the double-integral term (i.e. the third term in (13)), the differ-
ence arises from the truncation of the spatial domain to Tn and the approximation of the clique
counts. Lemma 5(i) bounds the error due to truncating the domain (i.e. restricting from R̄ to
Tn), while Lemma 5(ii) bounds the error due to approximating Ck,	 by Cn,k,	. Both errors are
shown to be O(n−(1−γ )). Since ζ (γ ) < 1− γ , the total error is dominated by O(n−ζ (γ )), which
completes the proof. �

It remains to prove Lemmas 3, 4, and 5. The first step is to provide a usable interpretation of
the difference Ck(u)− Cn,k(u). More precisely, this difference can be decomposed into positive
and negative contributions. The positive contribution arises from k-cliques of P centered
at (0, u), having at least one point lying outside Tn. The negative contribution comes from
k-cliques of Pn centered at (0, u), all of whose vertices lie in T̄n, but for which there exists a
pair of vertices Pi = (Xi, Ui) ∈ T̄n, i= 1, 2, such that {X1, X2} forms an edge under the toroidal
metric but not under the Euclidean metric. We denote by Cn,k(u) the family of such k-cliques
contributing either positively or negatively. Note that each k-clique in Cn,k(u) contains at least
one point P= (X, U) with |X|� n/2.

Henceforth, to simplify notation, we set n1 := n/8. Moreover, when convenient, we will
see P and Pn both as sets and as random measures, allowing us to write P(A) or |P ∩ A|
for A⊂R. We also denote by Poi(c) a Poisson random variable with parameter c, or just its
law in an abuse of notation. Finally, we remark that P(A)∼Poi(|A|) and set n2 := β−1n1.
In the following, we do not track the β-dependence of multiplicative constants, meaning that
constants c, C > 0 may depend on β.

Proof of Lemma 3. To prove part (i), we consider the highest marked point Q= (Z, W) of
the k-clique. Apart from a point (0, u), the remaining k− 2 points of the k-clique lie in Ndo(Q).
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We recall from Lemma 2 that the number of down-neighbors of Q is Poisson distributed with
a parameter bounded above by a value independent of W and n. Therefore, the number of k-
cliques having (0, u) as the lowest marked vertex is bounded by the number of (k− 2)-tuples of
points in the down-neighborhood of Q. It follows from Lemma 2 that the desired upper bound
is given by

E

[ ∑
Q∈Nup(u)∩P

P(Ndo(Q)k−2)

]
=
∫

Nup(u)
E[P(Ndo(q))k−2] dq �

∫
Nup(u)

E
[
Poi(c−)k−2] dq ∈O(u−γ ).

(14)

Next we continue with part (ii). As stated in the paragraph preceding the proof of Lemma 3,
it suffices to give an upper bound on the expected number of cliques in Cn,k(u). Then we
distinguish two (non-exclusive) cases. In the first case, the highest marked point (Z, W) is
outside [− n1, n1]× [0, 1]. In the other case, at least one of the down-neighbors of (Z, W) has
at least distance n1 from it.

Note that if q= (z, w) ∈Tn is such that q→ (0, u), with |z|> n1, then |z|uγ w1−γ < β, and
so u= uγ+1−γ � uγ w1−γ < n−1

2 . Hence, in the first case, using the same technique as in (14)
and writing B(0, n1)= {z : |z|� n1}, we obtain∫ n−1

2

0
u−γ

E
[
P(Nup(u) \ B(0, n1))

]
du �

∫ n−1
2

0
u−γ

∫
B(0,n1)c×(u,1)

1
{
q→ (0, u)

}
dq

�
∫ n−1

2

0
u−γ

∫
B(0,n1)c×(u,1)

1{|z|< βu−γ wγ−1} dz dw

� c
∫ n−1

2

0

∫ 1

u
u−γ (βu−γ wγ−1 − n1)+ dw du

� C
∫ n−1

2

0
u−2γ (1∧ (uγ n2)−1/(1−γ ))γ du. (15)

Hence, there are two cases, namely u � n−1/γ

2 and u > n−1/γ

2 . In the first case, we obtain

an upper bound of order cu−2γ1{u � n−1/γ

2 }. In this case, integrating over u, we obtain an
upper bound of order O(n−(1−2γ )/γ ). In the second case, we also deduce from u � w that
u � n−1

1 , and hence we obtain the upper bound c1{n−1/γ

2 � u � n−1
2 }n−γ /(1−γ )u−2γ−γ 2/(1−γ ).

By integrating over u, we obtain an upper bound of order O(n−ζ (γ )).
Finally, consider the case where at least one down-neighbor of (Z, W) has distance at least

n1. The computation is similar, but we still need to bound the integral of the relevant expres-
sion u−2γ wγ−1

E
[
P(Ndo((z, w)) \ B(z, n1))

]
over u � w ∈ [0, 1]. Note that E

[
P
(
Ndo((z, w)) \

B(z, n1)
)]
� cwγ−1(w∧ (w1−γ n2)−1/γ )1−γ . If w � n−1

2 then integrating over u � w � n−1
1

gives an expression of order O(n−(1−γ )). Second, in the case where w � u � n−1
1 , we obtain an

expression of order
∫ 1

n−1
2

u−1u−(1−γ )2/γ n−(1−γ )/γ
2 du ∈O(n−(1−γ )). Finally, consider the case

where w � n−1
2 � u. Then we obtain n−γ

2

∫ n−1
2

0 u−2γ du, which is again of order O(n−(1−γ )),
thereby concluding the proof. �

Proof of Lemma 4. We reduce the argument to finding the desired upper bounds as in the
proof of Lemma 3. Specifically, we again decompose Ck(u)− Cn,k(u) into its positive and neg-
ative contributions. In addition, it is necessary to count the number of pairs consisting of a
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k-clique in Cn,k(u) and an additional 	-clique centered at (0, u), such that the two cliques share
at least one common vertex. If the two cliques in a pair share the same highest marked vertex
(Z, W), then all other nodes must lie in the down-neighborhood of (Z, W), and the assertion
follows as in the proof of Lemma 3. Otherwise, the two cliques have distinct highest marked
vertices, denoted respectively as (Z, W) and (Z′, W ′). In this case, the down-neighbors of (Z, W)
and (Z′, W ′) are both Poisson distributed with constant parameters. The contribution from the
additional 	-clique can still be bounded above by Cu−γ , and the rest of the argument is the
same as in the proof of Lemma 3. �

To prove Lemma 5, we establish an integral bound that will be used frequently in the
following.

Lemma 6 (Integral bound.) Let 0 < γ < 1/2 and a ∈ (3− γ − 1/γ, 2− γ ). Then∫ 1

0
w−a(w∧ (w1−γ n2)−1/γ

)1−γ dw ∈O(na+γ−2).

Proof. First, if w � n−1
2 then we obtain an upper bound of order O(na+γ−2). This follows

from a < 2− γ . If w � n−1
2 , we again obtain a bound of order n−(1−γ )/γ

∫ 1
n−1

2
w−(1−γ )2/γ−a

dw ∈O(na+γ−2), which follows from a > 3− γ − 1/γ . �
We are now ready to prove Lemma 5.

Proof of Lemma 5(i). Let (Z, W) and (Z′, W ′) be the highest points of the k-clique and
the 	-clique, respectively. We distinguish two cases depending on whether one of the highest
points is in the down-neighborhood of the other one. Note that it could also be that (Z, W)= q
or (Z′, W ′)= (0, u). However, we do not consider these cases since the arguments are easier
than in the other case.

Case 1. We assume without loss of generality that (Z′, W ′) ∈Ndo((Z, W)), since the
other case (Z, W) ∈Ndo((Z′, W ′)) is analogous. Note that any clique point is in the down-
neighborhood of (Z, W) or (Z′, W ′). Since the number of points in the down-neighborhood
is Poisson distributed with parameter of constant order, this provides a constant contribution.
Hence, we need to bound the expected number of configurations

(0, U)← (Z, W)→ (Z′, W ′)→ q =: (Y, V)

such that at least one of these edges has a length of at least n1.
We discuss the following three cases separately. All the computations below are based on

the same techniques as in (14) and (15) and we do not provide all details. First, consider the
case |Z|� n1. Then, using the estimate from Lemma 6 with a= 1− γ ,∫ 1

0

∫ w

0
(βu−γ wγ−1 − n1)+ du dw � C

∫ 1

0
wγ−1(w∧ (w1−γ n2)−1/γ )1−γ dw ∈O(n−1).

Second, consider the case where |Z′ − Z|� n1. Then we need to bound the expression∫ 1

0

∫ w

0

(
wγ−1(w′)−γ − n1

)
+ dw′ dw=C

∫ 1

0
wγ−1(w∧ (w1−γ n2)−1/γ )1−γ dw.

As above, this is of order O(n−1).
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Finally, consider the case |Z′ − Y|� n1. Then we need to bound the expression∫ 1

0

∫ w

0

∫ w′

0

∫ w

0
u−γ w2γ−2(w′)−γ

(
(w′)γ−1v−γ − n1

)
+ dudvdw′ dw

=C
∫ 1

0

∫ w

0

∫ w′

0
wγ−1(w′)−γ

(
β(w′)γ−1v−γ − n1

)
+ dvdw′ dw

=C
∫ 1

0
(w′)−1(w′ ∧ ((w′)1−γ n2)−1/γ )1−γ dw′.

Applying Lemma 6 with a= 1 shows that this expression is in O(n−(1−γ )).

Case 2. The two highest points (Z, W) and (Z′, W ′) are different and none of them belongs
to the other clique. However, by the covariance property, we know that there exists at least
one common point, denoted (Z′′, W ′′), between the two cliques. Hence, we need to bound the
expected number of configurations

(0, U)← (Z, W)→ (Z′′, W ′′)← (Z′, W ′)→ (Y, V) (16)

such that at least one of these edges has a length of at least n1.
We discuss the following four cases separately. First, consider the case where |Z|� n1.

Then, by Lemma 6 with a= γ ,∫ 1

0

∫ w

0
w−γ (u−γ wγ−1 − n1)+ du dw=C

∫ 1

0
w−γ (w∧ (w1−γ n2)−1/γ )1−γ dw ∈O(n−2(1−γ )).

Second, consider the case where |Z′ − Y|� n1. Then, by Lemma 6 with a= γ ,∫ 1

0

∫ w′

0
(w′)−γ (v−γ (w′)γ−1 − n1)+ dw′ dv

=C
∫ 1

0
(w′)−γ (w′ ∧ ((w′)1−γ n2)−1/γ )1−γ dw′ ∈O(n−2(1−γ )).

Third, consider the case where |Z − Z′′|� n1. Then, by Lemma 6 with a= γ ,∫ 1

0

∫ w

0
(w′′)−γ (wγ−1(w′′)−γ − n1)+ dw′′ dw

=C
∫ 1

0
wγ−1(w∧ (w1−γ n2)−1/γ )1−2γ dw ∈O(n−(1−γ )).

Finally, consider the case where |Z′ − Z′′|� n1. Then we need to bound the integral∫ 1

0

∫ w

0
(w′′)−γ ((w′)γ−1(w′′)−γ − n1)+ dw′′ dw′.

Hence, the calculations are identical to those in the second case. �
We now prove part (ii). Similarly to part (i), this involves several case distinctions.

Proof of Lemma 5(ii). As in the proof of part (i), to avoid redundancies, we do not treat
explicitly the cases (Z, W)= q or (Z′, W ′)= (0, u). We first consider again the configuration
of the form

(0, U)← (Z, W)→ (Z′′, W ′′)← (Z′, W ′)→ (Y, V)
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as in (16). If one of the edges at (0, U) or (Y , V) is longer than n1, then we conclude as in part (i).
Hence, it remains to consider the case where one of the edges (Z, W)→ (Z′′, W ′′) or

(Z′, W ′)→ (Z′′, W ′′) is at least of length n1. We deal only with the former case, since the
argument for the latter is similar. If this edge goes to (Z′, W ′) or (Z′′, W ′′) then we can again
argue as for part (i). Therefore, it remains to deal with the case where the long edge goes to a
different vertex.

First, the expected number of edges of the form (z, w)→ (Z̄, W̄) of length at least n1 is of
order

Cwγ−1(w∧ (w1−γ n1)−1/γ )1−γ . (17)

Second, the expected number of configurations (z, w)→ (Z′′, W ′′)← (Z′, W ′) is of order

Cwγ−1
∫ w

0
(w′′)−2γ dw ∈O

(
w−γ

)
. (18)

Hence, combining (17) and (18) yields the upper bound C
∫ 1

0 w−1(w∧ (w1−γ n2)−1/γ )1−γ dw.
By Lemma 6 with a= 1, this expression is of order O(n−(1−γ )), thereby concluding the
proof. �

5. Proof of Proposition 2: CLT for clique counts

In this section, we prove Proposition 2. We begin with the analysis of the �′3-term. This term
needs a simpler analysis than �′1 and �′2, as it involves only the moments of first-order differ-
ences. We then proceed to handle �′1 and �′2, which are substantially more delicate, because of
the need to control moments of second-order differences. To ease notation, we henceforth set
β+ := β + 1.

Proposition 3. (Moment bound for DuCn,k.) Let k0 � 1 and a > 1 be such that aγ < 1. Then

lim sup
u→0

supn�1 max
k�k0

log E[(DuCn,k)a]

log(1/u)
� aγ .

Before proving Proposition 3, we explain how to deduce the rate of convergence of �′3.

Proof of Proposition 2; �′3-term in (8). Let η ∈ (1, 2) with (η+ 1)γ < 1. Then,

by Proposition 3, supn�1 E[(DuCn,k)η+1] � u−(η+1)γ+o(1). Hence, as asserted, supn�1
∫ 1

0
E[(DuCn,k)η+1] du <∞. �

To derive the rates of convergence for �′1 and �′2, we need bounds for the moments of the
second-order differences. To state them precisely, we introduce the function

s∧(u, r) := 1∧ (β−1uγ r)−1/(1−γ )1{r � 2βu−1}, u ∈ (0, 1), r > 0. (19)

Proposition 4. (Moment bound for Du,qCn,k.) Let a > 1 be such that aγ < 1 and k0 � 1. Then
there exists a constant C=C(a, γ ) > 0 such that for 0 � u � v � 1 and q= (y, v) ∈ T̄n,

max
k�k0

E[(Du,qCn,k)a] � C
(
1{q ∈Nup(u)} + v−aγ s∧(u, |y|)aγ

)
.

We also need a specific integral computation as follows.

https://doi.org/10.1017/apr.2026.10073 Published online by Cambridge University Press

https://doi.org/10.1017/apr.2026.10073


Normal approximation for subgraph counts in age-dependent random connection models 17

Lemma 7. Let a ∈ {1, 2}. Then
∫
R

s∧(u, |y|)aγ dy ∈O
(
u−(γ∨(1−aγ )) log(1/u)

)
.

Proof. Since |[x− u−γ , x+ u−γ ]| = 2u−γ , we may assume that |y|� βu−γ . Also,

s∧(u, |y|)aγ � u−aγ 2/(1−γ )(β−1|y|)−aγ /(1−γ ).

We first assume aγ /(1− γ ) > 1 so that
∫∞

1 r−aγ /(1−γ )dr <∞. Hence, using the change of
variables r := β−1uγ |y|, we have

∫
R

s∧(u, |y|)aγ dy ∈O(u−γ ). Second, we consider the case

aγ /(1− γ ) < 1. Then, by (19), we have |y|� 2βu−1. Moreover, u−aγ 2/(1−γ )
∫ 2βu−1

0
r−aγ /(1−γ )dr ∈O(u−(1−aγ )), as asserted. The case aγ = (1− γ ) is similar except for the
appearance of a new log (1/u) term. �

By Propositions 3 and 4, we can obtain the asymptotic bounds for �′1 and �′2. For the
rest of this section, we choose η ∈ (1, 2) such that η(2γ ∨ (1− γ )) < 1. We henceforth put
τ (γ )= γ ∨ (1− 2γ ).

Proof of Proposition 2; �′2-term in (7). We need to control the expression∫ 1

0

(∫
Tn

max
k�k0

E
[
(Du,qCn,k)2η

]1/η dq

)η

du, (20)

where q= (y, v). We first assume that u � v. Then, by Proposition 4 with a= 2η,

max
k�k0

E

[
(Du,qCn,k)2η

]1/η

� C
(
1{q ∈Nup(u)} + v−2γ s∧(u, |y|)2γ

)
. (21)

For the inner integral, note that |Nup(u)| ∈O(u−γ ). Also, we can apply Lemma 7,
which gives

∫
R

s∧(u, |y|)2γ dy ∈O
(
u−τ (γ ) log(1/u)

)
. Hence, we bound (20) as

∫ 1
0 u−τ (γ )η

( log u−1)η du <∞.
Next we assume v < u. Then (21) holds with the roles of u and v reversed. Note that

|Ndo(u)|� C. Moreover, we apply Lemma 7 to compute the integral over y, resulting in∫ 1

0

∫
R

s∧(v, |y|)2γ dy dv � c
∫ 1

0
v−τ (γ ) log(1/v) dv <∞.

Since
∫ 1

0 u−2γ ηdu <∞, we can conclude the proof. �
The proof of the �′1-term is similar, but for convenience of the reader, we still provide some

details.

Proof of Proposition 2; �′1-term in (6). First, note that E
[
(DqCn,k)2η

]1/(2η) ∈O(v−γ ) by
Proposition 3. We now first consider the case, where u � v. We note that integrating u−γ v−1

for v � u gives an expression of order O(u−γ log(1/u)). This quantity is integrable, even when
raised to the power η. Hence, by Proposition 4 with a= 2η it remains to deal with the quantity

Cv−2γ s∧(u, |y|)γ . (22)

We integrate this expression over y, applying Lemma 7. This yields a term of order
O
(
u−(1−γ ) log(1/u)v−2γ

)
. Hence, integration over u and v shows the asserted finiteness, even

after raising to the power η.
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Next we deal with the case v < u. Here we need to first consider the integral of v−2γ uγ−1

over v � u, which is of order O(u−γ ). Hence, this quantity is integrable even after rais-
ing to the power η. Now, analogous to (22), we need to deal with Cu−γ v−γ s∧(v, |y|)γ . If
|y|� v−γ , then we obtain an expression of order Cu−γ v−2γ . Hence, we can from now on
assume that |y|> v−γ . Again, we can integrate out y using Lemma 7 and are reduced to the
quantity Cu−γ v−1. Now, integrating v in the domain n−1/γ � v � u, we obtain an expression
of order Cu−γ log(n1/γ u). Raising to the power η and integrating, we obtain a quantity of order
( log n)η. �

5.1. Proof of Propositions 3 and 4

It remains to prove Propositions 3 and 4. For both cases, a key ingredient is the following
moment bound on the maximal degree, defined by

Dmax(u) := max
P∈P∩Nup(u)

P(Ndo(P)), u ∈ (0, 1).

Lemma 8 (Moment bound for Dmax(u)). Let a � 1. Then log E[Dmax(u)a] ∈ o(log(1/u)).

We remark that Dmax(u) behaves as the maximum of roughly 	 := u−γ independent light-
tailed Poisson variables, for which we consider the asymptotics of u→ 0 (i.e. 	→∞).
Extreme value theory suggests that this maximum scales as log 	/( log log 	). To justify
this, let us consider i.i.d. random variables X1, . . . , X	 ∼ Poi(λ) with fixed λ > 0, and set
M	 := max1�i�	 Xi. A standard extreme value heuristic requires us to estimate the typical
size of M	 by solving the equation

	 P(X1 � m)≈ constant, equivalently, P(M	 < m)≈ constant. (23)

On the other hand, a sharp concentration for the Poisson distribution gives

P(X1 � m)≈ exp
{− I(m)

}
, (24)

where I(m) := m log(m/λ)−m+ λ. Thus, (23) and (24) imply I(m)≈ log 	. Since the domi-
nant term of I(m) is m log m, we obtain m log m≈ log 	; equivalently, m≈ log 	/( log log 	). It
then follows from (23) that M	 � log 	/( log log 	) for large enough 	.

By this heuristic computation, log E[Dmax(u)a] is expected to grow as O( log log(1/u)).
While this is finer than the bound o( log(1/u)) in Lemma 8, the latter is sufficient to ensure
that the maximal degrees do not interfere with the polynomial scaling of the variance.

Proof. By the Cauchy–Schwarz inequality, for every ε > 0,

E[Dmax(u)a] � u−ε +E
[
Dmax(u)a1{Dmax(u) > u−ε/a}].

By our bounding the max by the sum, together with the Mecke formula, the expectation on the
right-hand side is bounded above, up to a multiplicative constant, by

E

[ ∑
Q∈P

1{Q→ (0, u)}P(Ndo(Q))a1{P(Ndo(Q)) > u−ε/a}
]

=
∫
R

1{q→ (0, u)}E[P(Ndo(q))a1{P(Ndo(q)) > u−ε/a}] dq

�E
[
Na1{N > u−ε/a}]E[P(Nup(u))

]
,
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where N ∼Poi(c−) (see Lemma 2). Here the first expectation of the rightmost term is bounded
by c1 exp(−c2u−ε/a) for some c1, c2 > 0. By Lemma 2, we also have E[P(Nup(u))] ∈O(u−γ ),
which concludes the proof. �

It now remains to complete the proofs of Propositions 3 and 4.

Proof of Proposition 3. First, for each 1 � 	� k, we write C(	)
n,k(u) for the number of

k-cliques in which (0, u) ∈ T̄n is the 	th-lowest marked vertex. Then we claim that for every
1 � 	� k � k0,

lim sup
u→0

supn�1

log E[C(	)
n,k(u)a]

log (1/u)
� aγ . (25)

We now explain why (25) implies the required bound in Proposition 3. Recall that the first-
order difference operator DuCn,k represents the number of k-cliques in the configuration
Pn ∪ {(0, u)}. In any such clique, the vertex (0, u) must have a specific rank among the
k vertices with respect to the ordering of values of their marks. Let 	 ∈ {1, . . . , k} denote the
rank of (0, u). Since the events where (0, u) has different ranks are disjoint classifications of
these cliques, we can decompose the difference operator as follows:

DuCn,k =
k∑

	=1

C(	)
n,k(u).

To bound its ath moment, we apply the inequality (
∑k

	=1 x	)a � ka−1∑k
	=1 xa

	 , which holds
for any a � 1 and non-negative x	. This yields

E[(DuCn,k)a] � ka−1
k∑

	=1

E[C(	)
n,k(u)a]. (26)

Taking the logarithm of both sides of (26) and dividing by log(1/u) (which is positive for
small u), we obtain

log E[(DuCn,k)a]

log(1/u)
� (a− 1) log k

log(1/u)
+

log
(∑k

	=1 E[C(	)
n,k(u)a]

)
log(1/u)

.

By the property that for any finite collection of non-negative functions f	(u),

lim sup
u→0

log(
∑k

	=1 f	(u))

log(1/u)
= max

1�	�k
lim sup

u→0

log f	(u)

log(1/u)
,

together with the bound (25), we get

lim sup
u→0

supn�1
log E[(DuCn,k)a]

log(1/u)
� max

1�	�k

(
lim sup

u→0
supn�1

log E[(C(	)
n,k(u))a]

log(1/u)

)
� aγ .

We now prove (25). Here we focus on the case 1 � 	� k− 1. For any k-clique contributing
to C(	)

n,k(u), there exists a point P ∈Pn with the highest mark within this k-clique such that

P→ (0, u) and the remaining k− 2 points of that clique lie in Ndo(P). Thus, it follows that

C(	)
n,k(u) �P(Nup(u)) max

P∈P∩Nup(u)
P(Ndo(P))k−2. (27)
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Hence, for any b1, b2 > 0 with 1/b1 + 1/b2 = 1, the Hölder inequality gives

E
[
C(	)

n,k(u)a]�E
[
P(Nup(u))ab1

]1/b1
E

[
max

P∈P∩Nup(u)
P(Ndo(P))ab2(k−2)

]1/b2
.

By Lemma 2, the first expectation is of order O(u−aγ ), and by Lemma 8, the second term is of
logarithmic order, thereby concluding the proof of (25). �

Proof of Proposition 4. Throughout the proof, we write q= (y, v). Our envisioned bound
will be derived from (Du,qCn,k)a � G1 +G2, where the split into two terms depends on whether
the highest marked point (Z, W) of the considered k-clique equals q. We need to discuss the
following two cases.

(i) (Z, W)= q. In this case, it follows that G1 � 1{q ∈Nup(u)}P(Ndo(q))a(k−2), so

E[G1] � 1{q ∈Nup(u)}E[P(Ndo(q))a(k−2)].

By Lemma 2, the expectation on the right-hand side is of finite order.

(ii) (Z, W) �= q. We let Nup(u, q) := {r ∈ T̄n : r→ (0, u), r→ q} denote the collection of
points connecting toward two nodes (0, u), q ∈ T̄n. Then, as in (27), the number of
k-cliques containing (0, u) and q, such that the highest marked point lies above (0, u)
and q, is at most P

(
Nup(u, q)

)a
Dmax(q)a(k−3). Now, by applying the Hölder inequality

for b1, b2 > 0 with 1/b1 + 1/b2 = 1, we obtain

E[G2] �E[P(Nup(u, q))ab1 ]1/b1E[Dmax(q)ab2(k−3)]1/b2 . (28)

Note that P(Nup(u, q)) is a Poisson random variable with parameter bounded by
Cv−γ s∧(u, |y|)γ . Hence, E[P(Nup(u, q))ab1 ]1/b1 � Cv−aγ s∧(u, |y|)aγ . By Lemma 8, the
second expectation in (28) is of order o( log(1/v)). Combining these two observations
gives the asserted bound. �

6. Proof of Theorem 2: CLT for subtree counts

We begin with the asymptotic bounds for the moments of Din(x, u). The proof of the follow-
ing proposition is provided later in this section. First, we define the expectation of Din(x, u) by

μn,T(u) := E
[
Din(x, u)

]
, (x, u) ∈ T̄n.

Because of the homogeneity of Pn, we have dropped ‘x’ from the left-hand side.

Proposition 5. Let 0 < γ < 1/(2	), η > 0, and T be a directed tree. Then, there exist N ∈N
and C ∈ (0,∞) such that for all n � N and u ∈ (0, 1) the following properties hold:

(i) μn,T(u) � Cu−	γ−η;

(ii) Var
(
Din(u)

)
� Cu−2	γ−η; and

(iii) E
[
Din(u)3

]
� Cu−3	γ−η.

Furthermore, define

Din(u) := lim
n→∞Din(u) and μT(u) := lim

n→∞μn,T(u).

Then μT(u), Var
(
Din(u)

)
, and E

[
Din(u)3

]
satisfy the same bounds as in (i)–(iii) above.
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First, we present the Newman’s inequality, which is one of the main ingredients for the
proof of Theorem 2.

Theorem 3. ([19].) Let (Xn)n∈N be positively associated random variables. Let ϕ(X1,...,Xn)

(u1, . . . , un)=E
[
ei
∑n

j=1 ujXj
]

be the characteristic function. Then for all n � 1 and
u1, . . . , un ∈R,∣∣∣ ϕ(X1,...,Xn)(u1, . . . , un)−

n∏
j=1

ϕXj(uj)
∣∣∣� n−1∑

j=1

n∑
k=j+1

|ujuk|Cov(Xj, Xk).

Proof of Lemma 1. Proof of (i): For ease of description, we will establish an upper bound
for Cov(T (n)

1 , T (n)
k+2). First, the Mecke formula yields

Cov(T (n)
1 , T (n)

k+2)=
∫

[0,1]2

∫
[k+1,k+2]×[0,1]

Cov
(
Din(x, u), Din(y, v)

)
dydvdxdu+ R(n)

k

=
∫

[0,1]2

∫
[k+1,k+2]×[0,1]

×E

[ ∑
(P1,...,Pm−1)∈(Pn)m−1

�=

∑
(Q1,...,Qm−1)∈(Pn)m−1

�= ,

|(P1,...,Pm−1)∩(Q1,...,Qm−1)|�1

h
(
(x, u), P1, . . . , Pm−1

)

× h
(
(y, v), Q1, . . . , Qm−1

)]
dy dv dx du+ R(n)

k , (29)

where h is the indicator function for the event that there exists a graph homomorphism from
T to an induced graph defined on

{
(0, u), P1, . . . , Pm−1

}
, with the root r mapped to (0, u).

See also (47) below. Moreover, R(n)
k is a negligible remainder term; see [8, Lemma 10] for its

detailed calculations.
As argued in [9] (see the proof of Proposition 2.2 therein), it suffices to consider the case∣∣(P1, . . . , Pm−1)∩ (Q1, . . . , Qm−1)

∣∣= 1. Let T1 and T2 be two identical trees isomorphic to T,
and select a node from each of T1 and T2, and identify these nodes together. For the calculation
of (29), it is essential to consider the configuration of nodes and edges, defined by

(z0, w0)→ (z1, w1)→· · ·→ (zd, wd)→ (x, u),

(z0, w0)→ (z′1, w′1)→· · ·→ (z′e, w′e)→ (y, v),
(30)

where d, e � 0, and (z0, w0) corresponds to the common node between (P1, . . . , Pm−1) and
(Q1, . . . , Qm−1). If d= 0 (respectively e= 0) then (z0, w0) directly connects to (x, u) (respec-
tively (y, v)) without any intermediate nodes. To clarify, we assume that the nodes in the first
line of (30) are taken from T1, while all the nodes in the second line belong to T2.

We introduce a non-negative integer 	0 as the number of leaves that have no further children
and are connected to (z0, w0) by paths consisting of nodes whose marks are all higher than w0.
In addition, for every i= 1, . . . , d (respectively j= 1, . . . , e), there are 	i (respectively 	′j)
leaves that have no further children and are connected to (zi, wi) (respectively (z′j, w′j)) by
the paths not including (zi−1, wi−1) (respectively (z′j−1, w′j−1)), but consisting of nodes whose
marks are all higher than wi (respectively w′j). Moreover, let p (respectively p′) denote the num-
ber of leaves that have no further children and are connected to (x, u) (respectively (y, v)) by
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the paths not including (zd, wd) (respectively (z′e, w′e)), but consisting of nodes whose marks
are higher than u (respectively v).

In this setting, if the common node (z0, w0) is not taken from any leaves of either T1 or T2,
then

2	= p+ p′ + 	0 +
d∑

i=1

	i +
e∑

j=1

	′j. (31)

If (z0, w0) corresponds to a leaf of either T1 or T2 but not the other, then we have

2	= p+ p′ + 	0 +
d∑

i=1

	i +
e∑

j=1

	′j + 1. (32)

Finally, if (z0, w0) is taken from the leaves of both T1 and T2, then 	0 = 0, so

	= p+
d∑

i=1

	i + 1= p′ +
e∑

j=1

	′j + 1. (33)

Notice that if 	0 � 2, either (31) or (32) applies, whereas (32) always holds when 	0 = 1.
Moreover, (33) is valid only when 	0 = 0.

In the sequel, we focus only on the case 	0 � 1, as 	0 = 0 is an easier case that can be
treated analogously. We assume further that either d or e is positive, because the case d= e= 0
is significantly simpler to study. Without loss of generality, we take d � 1. In the setup and
notation above, we note

max
0�i�d−1

distn(zi, zi+1)∨ distn(zd, x)∨ distn(z0, z′1)∨ max
1�j�e−1

distn(z′j, z′j+1)

∨ distn(z′e, y) � k

d+ e+ 2
,

where distn(x, y) := minz∈Z |x− y+ nz| denotes the toroidal metric on Tn. By the symmetry
between (zi) and (z′j), along with the assumption d � 1, it is sufficient to consider the following
two cases.

Case (i): distn(zq, zq+1) � k

d+ e+ 2
for some q= 0, . . . , d− 1.

Case (ii): distn(zd, x) � k

d+ e+ 2
.

(34)

The required arguments in both cases are similar, so we discuss case (i) only. In case (i), we
have

k

d+ e+ 2
� distn(zq, zq+1) � βw−γ

q+1wγ−1
q � βu−γ wγ−1

q � βu−1,

and thus

wq �
( (d+ e+ 2)β

kuγ

)1/(1−γ )
1
{

u � (d+ e+ 2)β

k

}
=: s(u, k). (35)

Define also s∧(u, k) := s(u, k)∧ 1. For simplicity, we may set, without loss of generality, (d+
e+ 2)β ≡ 1 and then recover the definition from Section 5.
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Here we need to prove that the following integral is of order O(k−(2−2	γ )) uniformly
over n:∫ 1

u=0

∫ 1

v=0

∫ 1

w′e=v

∫ 1

w′e−1=w′e
· · ·
∫ 1

w′1=w′2

∫ 1

w0=w′1

×
∫ 1

wd=u

∫ 1

wd−1=wd

· · ·
∫ 1

w1=w2

w−	0γ

0

(
d∏

i=1

w−	iγ
i

)(
e∏

j=1

(w′j)
−	′jγ

)
u−pγ v−p′γ1{wq � s∧(u, k)}

×
∫ 1

x=0

∫ k+2

y=k+1

e∏
j=1

∫
z′j∈[0,n]

∫
z0∈[0,n]

d∏
i=1

∫
zi∈[0,n]

× 1
{
(z0, w0)→ (z1, w1)→· · ·→ (zd, wd)→ (x, u)

}
× 1

{
(z0, w0)→ (z′1, w′1)→· · ·→ (z′e, w′e)→ (y, v)

}
. (36)

Here the integrand in the second line is obtained by repeatedly integrating out both spatial and
time coordinates of all the vertices, except for those in (30). As detailed after (54) below, addi-
tional logarithmic factors may need to be multiplied into the above integrands. However, in
such cases, it suffices to bound these logarithmic factors by terms such as w−ηγ

0 . For simplicity
of presentation, we will ignore the appearance of logarithmic factors throughout the proof.

We start with the case q= 0. Dropping the condition (z0, w0)→ (z1, w1) from (36) (with
q= 0), we calculate integrals over part of the variables in (36):

Au,k:=
∫ s∧(u,k)

v=0

∫ s∧(u,k)

w′e=v

∫ s∧(u,k)

w′e−1=w′e
· · ·
∫ s∧(u,k)

w′1=w′2

∫ s∧(u,k)

w0=w′1
w−	0γ

0

e∏
j=1

(w′j)
−	′jγ v−p′γ (37)

×
∫ k+2

y=k+1

e∏
j=1

∫
z′j∈[0,n]

∫
z0∈[0,n]

1
{
(z0, w0)→ (z′1, w′1)→· · ·→ (z′e, w′e)→ (y, v)

}
.

Here we have suppressed the dependence on n from Au,k. By integrating out all spatial
coordinates in (37), as well as using a bound of the type (53) below, we obtain

Au,k �
∫ s∧(u,k)

v=0
v−(p′+1)γ

∫ s∧(u,k)

w′e=v
(w′e)−1−	′eγ

∫ s∧(u,k)

w′e−1=w′e
(w′e−1)−1−	′e−1γ × · · ·

×
∫ s∧(u,k)

w′1=w′2
(w′1)−1−	′1γ

∫ s∧(u,k)

w0=w′1
w−1−(	0−1)γ

0 .

Since we have assumed 	0 � 1, it holds that
∫ s∧(u,k)

w0=w′1
w−1−(	0−1)γ

0 � C(w′1)−(	0−1)γ . By carrying

out all the remaining integrals, we obtain

Au,k � C
∫ s∧(u,k)

v=0
v−(p′+	0+∑e

j=1 	′j)γ =Cs∧(u, k)1−(p′+	0+∑e
j=1 	′j)γ ,

where the above equality is assured by the constraint γ < 1/(2	).
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We continue by calculating integrals over the remaining coordinates, i.e. (z1, w1), . . . ,

(zd, wd), and (x, u) in (36), to estimate the expression

Bk :=
∫ 1

u=0

∫ s∧(u,k)

wd=u

∫ s∧(u,k)

wd−1=wd

· · ·
∫ s∧(u,k)

w1=w2

u−pγ s∧(u, k)1−(p′+	0+∑e
j=1 	′j)γ

d∏
i=1

w−	iγ
i

×
∫ 1

x=0

d∏
i=1

∫
zi∈[0,n]

1
{
(z1, w1)→· · ·→ (zd, wd)→ (x, u)

}
� C

∫ 1

u=0
u−(1+p)γ s∧(u, k)1−(p′+	0+∑e

j=1 	′j)γ
∫ s∧(u,k)

wd=u
w−1−	dγ

d

∫ s∧(u,k)

wd−1=wd

w−1−	d−1γ

d−1 × · · ·

×
∫ s∧(u,k)

w2=w3

w−1−	2γ

2

∫ s∧(u,k)

w1=w2

w−1−(	1−1)γ
1 .

Observe that ∫ s∧(u,k)

w1=w2

w−1−(	1−1)γ
1 �

{
Cw−(	1−1)γ

2 if 	1 � 1,

Cs∧(u, k)γ if 	1 = 0.
(38)

If 	1 � 1, it follows from the first bound in (38), as well as (35), that

Bk � C
∫ 1

0
u−(p+∑d

i=1 	i)γ s(u, k)1−(p′+	0+∑e
j=1 	′j)γ du

=C
∫ 1/k

0
u−(p+∑d

i=1 	i)γ
( 1

kuγ

) 1−(p′+	0+
∑e

j=1 	′j)γ
1−γ

du

=Ck−(2−(p+p′+	0+∑d
i=1 	i+∑e

j=1 	′j)γ ) � Ck−(2−2	γ ).

The last step above holds as an equality if (31) is satisfied. On the other hand, under the
condition (32), the last step is a strict inequality. If 	1 = 0, using the second bound in (38),
we observe that

Bk � C
∫ 1

0
u−(1+p+∑d

i=1 	i)γ s(u, k)1−(p′−1+	0+∑e
j=1 	′j)γ du

=C
∫ 1/k

0
u−(1+p+∑d

i=1 	i)γ
( 1

kuγ

) 1−(p′−1+	0+
∑e

j=1 	′j)γ
1−γ

du

=Ck−(2−(p+p′+	0+∑d
i=1 	i+∑e

j=1 	′j)γ ) � Ck−(2−2	γ ).

Now let us return to case (i) in (34) and examine the remaining case q ∈ {1, . . . , d− 1}.
Once again, our goal is to show that the integral in (36) is bounded by the term of order
O(k−(2−2	γ )) uniformly over n. We will consider the following distinct cases, based on the size
of the time coordinates. Once these cases have been treated, the proof of the assertion will be
complete:

(I) v > 1/k;

(II) w′e > 1/k and v � 1/k;

(III) w′s−1 > 1/k and w′s � 1/k for some s= 2, . . . , e;
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(IV) w0 > 1/k and w′1 � 1/k;

(V) w0 � 1/k.

We first discuss cases (I)–(IV), which always indicates that w0 > 1/k. Removing the
condition (zq, wq)→ (zq+1, wq+1) from (36), we first need to bound the integral:

Cu,k :=
∫ 1

v=0

∫ 1

w′e=v

∫ 1

w′e−1=w′e
· · ·
∫ 1

w′1=w′2

∫ 1

w0=w′1∨ 1
k

∫ s∧(u,k)

wq=0

∫ 1

wq−1=wq

· · ·
∫ 1

w1=w2

w−	0γ

0

(
e∏

j=1

(w′j)
−	′jγ

)( q∏
i=1

w−	iγ
i

)
v−p′γ

×
∫ k+2

y=k+1

e∏
j=1

∫
z′j∈[0,n]

∫
z0∈[0,n]

1
{
(z0, w0)→ (z′1, w′1)→· · ·→ (z′e, w′e)→ (y, v)

}
×

q∏
i=1

∫
zi∈[0,n]

1
{
(z0, w0)→ (z1, w1)→· · ·→ (zq, wq)

}
.

By integrating the above expression over all spatial coordinates, we obtain

∫ k+2

y=k+1

e∏
j=1

∫
z′j∈[0,n]

∫
z0∈[0,n]

1
{
(z0, w0)→ (z′1, w′1)→· · ·→ (z′e, w′e)→ (y, v)

}
×

q∏
i=1

∫
zi∈[0,n]

1
{
(z0, w0)→ (z1, w1)→· · ·→ (zq, wq)

}
� Cw2γ−2

0

( q−1∏
i=1

w−1
i

)
w−γ

q

e∏
j=1

(w′j)−1v−γ ,

and hence

Cu,k � C
∫ 1

v=0
v−(1+p′)γ

∫ 1

w′e=v
(w′e)−1−	′eγ

∫ 1

w′e−1=w′e
(w′e−1)−1−	′e−1γ × · · ·

×
∫ 1

w′1=w′2
(w′1)−1−	′1γ

∫ 1

w0=w′1∨ 1
k

w2γ−2−	0γ

0

×
∫ s∧(u,k)

wq=0
w
−(1+	q)γ
q

∫ 1

wq−1=wq

w
−1−	q−1γ

q−1 × · · · ×
∫ 1

w1=w2

w−1−	1γ

1 .

Since γ < 1/(2	), it follows that

∫ s∧(u,k)

wq=0
w
−(1+	q)γ
q

∫ 1

wq−1=wq

w
−1−	q−1γ

q−1 × · · · ×
∫ 1

w1=w2

w−1−	1γ

1 � Cs(u, k)1−(1+∑q
i=1 	i)γ .
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Moreover, since 	0 � 1 with 2γ − 1− 	0γ � γ − 1 < 1
2	
− 1 < 0, we deduce that∫ 1

w0=w′1∨ 1
k

w2γ−2−	0γ

0 � C
(

w′1 ∨ 1
k

)2γ−1−	0γ

, so

Cu,k � Cs(u, k)1−(1+∑q
i=1 	i)γ

∫ 1

v=0
v−(1+p′)γ

∫ 1

w′e=v
(w′e)−1−	′eγ

∫ 1

w′e−1=w′e
(w′e−1)−1−	′e−1γ × · · ·

×
∫ 1

w′2=w′3
(w′2)−1−	′2γ

∫ 1

w′1=w′2
(w′1)−1−	′1γ

(
w′1 ∨

1

k

)2γ−1−	0γ

. (39)

We now claim that

Cu,k � Cs(u, k)1−(1+∑q
i=1 	i)γ · k−(1−p′−	0−∑e

j=1 	′j)γ . (40)

To prove this, we first assume the condition in case (I); that is, v > 1/k. Then the corresponding
terms on the right-hand side of (39) are given by

Cs(u, k)1−(1+∑q
i=1 	i)γ

∫ 1

v=1/k
v−(1+p′)γ

∫ 1

w′e=v
(w′e)−1−	′eγ

∫ 1

w′e−1=w′e
(w′e−1)−1−	′e−1γ

× · · · ×
∫ 1

w′2=w′3
(w′2)−1−	′2γ

∫ 1

w′1=w′2
(w′1)2γ−2−(	0+	′1)γ . (41)

Since γ < 1/(2	) and 	0 � 1, we have 2γ − 1− (	0 + 	′1)γ < 0, and thus∫ 1

w′1=w′2
(w′1)2γ−2−(	0+	′1)γ � C(w′2)2γ−1−(	0+	′1)γ .

Substituting this bound and integrating the resulting expression over (w′2, . . . , w′d), we find
that (41) is upper-bounded by the desired quantity

Cs(u, k)1−(1+∑q
i=1 	i)γ

∫ 1

1/k
v−1+(1−p′−	0−∑e

j=1 	′j)γ dv

� Cs(u, k)1−(1+∑q
i=1 	i)γ · k−(1−p′−	0−∑e

j=1 	′j)γ .

We next turn to case (III) and assume that w′s−1 > 1/k and w′s � 1/k for some s= 2, . . . , e.
Then the corresponding terms on the right-hand side of (39) can be bounded as follows:

Cs(u, k)1−(1+∑q
i=1 	i)γ

∫ 1/k

v=0
v−(1+p′)γ

∫ 1/k

w′e=v
(w′e)−1−	′eγ

∫ 1/k

w′e−1=w′e
(w′e−1)−1−	′e−1γ

× · · · ×
∫ 1/k

w′s=w′s+1

(w′s)−1−	′sγ
∫ 1

w′s−1=1/k
(w′s−1)−1−	′s−1γ

∫ 1

w′s−2=w′s−1

(w′s−2)−1−	′s−2γ

× · · · ×
∫ 1

w′2=w′3
(w′2)−1−	′2γ

∫ 1

w′1=w′2
(w′1)2γ−2−(	0+	′1)γ

� Cs(u, k)1−(1+∑q
i=1 	i)γ · k−(2γ−1−	0γ−∑s−1

j=1 	′jγ )

×
∫ 1/k

v=0
v−(1+p′)γ

∫ 1/k

w′e=v
(w′e)−1−	′eγ

∫ 1/k

w′e−1=w′e
(w′e−1)−1−	′e−1γ × · · · ×

∫ 1/k

w′s=w′s+1

(w′s)−1−	′sγ

� Cs(u, k)1−(1+∑q
i=1 	i)γ · k−(2γ−1−	0γ−∑s−1

j=1 	′jγ ) · k−1+(1+p′+∑e
j=s 	′j)γ

=Cs(u, k)1−(1+∑q
i=1 	i)γ · k−(1−p′−	0−∑e

j=1 	′j)γ .
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For cases (II) and (IV), the required computations are almost identical to those above, and we
omit detailed arguments. Now (40) has been established.

It remains to integrate the right-hand side of (40) with respect to the remaining coordinates
in (36).

Dk :=
∫ 1

u=0

∫ s∧(u,k)

wd=u

∫ s∧(u,k)

wd−1=wd

. . .

∫ s∧(u,k)

wq+1=wq+2

s(u, k)1−(1+∑q
i=1 	i)γ · k−(1−p′−	0−∑e

j=1 	′j)γ

×
(

d∏
i=q+1

w−	iγ
i

)
u−pγ

∫ 1

x=0

d∏
i=q+1

∫
zi∈[0,n]

1
{
(zq+1, wq+1)→· · ·→ (zd, wd)→ (x, u)

}
� Ck−(1−p′−	0−∑e

j=1 	′j)γ
∫ 1

u=0
s(u, k)1−(1+∑q

i=1 	i)γ u−(p+1)γ
∫ s∧(u,k)

wd=u
w−1−	dγ

d

×
∫ s∧(u,k)

wd−1=wd

w−1−	d−1γ

d−1 × · · · ×
∫ s∧(u,k)

wq+2=wq+3

w
−1−	q+2γ

q+2

∫ s∧(u,k)

wq+1=wq+2

w
−1−(	q+1−1)γ
q+1 .

The innermost integral is bounded as∫ s∧(u,k)

wq+1=wq+2

w
−1−(	q+1−1)γ
q+1 �

⎧⎨⎩Cw
−(	q+1−1)γ
q+2 if 	q+1 � 1,

Cs(u, k)γ if 	q+1 = 0.
(42)

If 	q+1 � 1, it follows from the first bound in (42) that

Dk � Ck−(1−p′−	0−∑e
j=1 	′j)γ

∫ 1

0
s(u, k)1−(1+∑q

i=1 	i)γ u−(p+1)γ · u−(
∑d

i=q+1 	i−1)γ du

=Ck−(1−p′−	0−∑e
j=1 	′j)γ × k−

1−(1+∑q
i=1 	i)γ

1−γ

∫ 1/k

0
u−(p+∑d

i=q+1 	i)γ−γ
1−(1+∑q

i=1 	i)γ
1−γ du

=Ck−(1−p′−	0−∑e
j=1 	′j)γ × k−(2−(p+1+∑d

i=1 	i)γ )

=Ck−(2−(p+p′+	0+∑d
i=1 	i+∑e

j=1 	′j)γ ) � Ck−(2−2	γ ),

where the last inequality follows from (31) and (32). On the other hand, even when 	q+1 = 0,
by using the second bound in (42) and following the same calculations as above, we can obtain
the same bound Dk � Ck−(2−2	γ ).

Since we have completed all the necessary arguments for cases (I)–(IV), we are left to deal
with case (V): w0 � 1/k. Removing the condition (z0, w0)→ (z1, w1) from (36), we begin with
the integral concerning some of the coordinates in (36).

Eu,k :=
∫ 1/k

v=0

∫ 1/k

w′e=v

∫ 1/k

w′e−1=w′e
· · ·
∫ 1/k

w′1=w′2

∫ 1/k

w0=w′1
v−p′γ

(
e∏

j=1

(w′j)
−	′jγ

)
w−	0γ

0

×
∫ k+2

y=k+1

e∏
j=1

∫
z′j∈[0,n]

∫
z0∈[0,n]

1
{
(z0, w0)→ (z′1, w′1)→· · ·→ (z′e, w′e)→ (y, v)

}
� C

∫ 1/k

v=0
v−(1+p′)γ

∫ 1/k

w′e=v
(w′e)−1−	′eγ

∫ 1/k

w′e−1=w′e
(w′e−1)−1−	′e−1γ × · · ·

×
∫ 1/k

w′1=w′2
(w′1)−1−	′1γ

∫ 1/k

w0=w′1
w−1−(	0−1)γ

0 .
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Since 	0 � 1 and
∫ 1/k

w′1
w−1−(	0−1)γ

0 dw0 � C(w′1)−(	0−1)γ , we have

Eu,k � C
∫ 1/k

0
v−(p′+	0+∑e

j=1 	′j)γ dv=Ck−1+(p′+	0+∑e
j=1 	′j)γ .

Substituting this bound, we calculate the integral over all the remaining coordinates,

Fk :=
∫ 1/k

u=0

∫ 1/k

wd=u

∫ 1/k

wd−1=wd

· · ·
∫ 1/k

w1=w2

k−1+(p′+	0+∑e
j=1 	′j)γ u−pγ

d∏
i=1

w−	iγ
i

×
∫ 1

x=0

d∏
i=1

∫
zi∈[0,n]

1
{
(z1, w1)→· · ·→ (zd, wd)→ (x, u)

}
� Ck−1+(p′+	0+∑e

j=1 	′j)γ
∫ 1/k

u=0
u−(p+1)γ

∫ 1/k

wd=u
w−1−	dγ

d

∫ 1/k

wd−1=wd

w−1−	d−1γ

d−1 × · · ·

×
∫ 1/k

w2=w3

w−1−	2γ

2

∫ 1/k

w1=w2

w−1−(	1−1)γ
1 .

The innermost integral satisfies∫ 1/k

w1=w2

w−1−(	1−1)γ
1 �

⎧⎨⎩Cw−(	1−1)γ
2 if 	1 � 1,

Ck−γ if 	1 = 0.
(43)

If 	1 � 1 then by (43)

Fk � Ck−1+(p′+	0+∑e
j=1 	′j)γ

∫ 1/k

0
u−(p+∑d

i=1 	i)γ du=Ck−(2−(p+p′+	0+∑d
i=1 	i+∑e

j=1 	′j)γ )

� Ck−(2−2	γ ).

If 	1 = 0 then by (43) again, we have

Fk � Ck−1+(p′−1+	0+∑e
j=1 	′j)γ

∫ 1/k

0
u−(p+1+∑d

i=1 	i)γ du

=Ck−(2−(p+p′+	0+∑d
i=1 	i+∑e

j=1 	′j)γ ) � Ck−(2−2	γ ).

Proof of (ii): Using the Mecke formula for Poisson point processes, we can write

Var(T (n)
1 )=

∫ 1

0
E
[
Din(u)2]du+

∫
[0,1]4

Cov
(
Din(x, u), Din(y, v)

)
dx du dy dv+C(n)

1 ,

where C(n)
1 is a positive remainder term corresponding to the integral of the expectation of the

count of subtrees rooted at (x, u) (respectively (y, v)) that contain a node (y, v) (respectively
(x, u)). A more detailed expression for C(n)

1 , along with its analysis, can be found in [8, Lemma
10]. By the Harris-Fortuin—Kasteleyn—Ginibre inequality, the covariance term above is non-
negative, and hence

Var(T (n)
1 ) �

∫ 1

0
E
[
Din(u)2] du �

∫ 1

0
μn,T(u)2 du.
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By appealing to Fatou’s lemma, lim infn→∞ Var(T (n)
1 ) �

∫ 1
0 μT(u)2 du > 0. By an additional

application of the Harris-Fortuin—Kasteleyn—Ginibre inequality, as well as the fact that T1
d=

· · · d= T (n)
n , we have Var(Tn,T ) � nVar(T (n)

1 ), and now the proof of (ii) has been completed. �
Proof of Theorem 2. Our proof adopts an approach similar to that used for Theorems 4.1 and

4.8 in [21]. We first regroup T̄ (n)
i = T (n)

i −E
[
T (n)

i

]
, i= 1, . . . , n, into multiple blocks of size

	n, where 	n→∞ and 	n = o(n) as n→∞. Then mn := �n/	n� represents, asymptotically,
the number of blocks (here �z� is the largest integer that does not exceed z). We define sn :=√

Var(Tn,T ) and

Y (n)
j,	n

:=
j	n∑

i=( j−1)	n+1

T̄ (n)
i , j= 1, . . . , mn, Y (n)

mn+1,	n
:=

n∑
i=mn	n+1

T̄ (n)
i .

We first claim that as n→∞,

E

[
exp

{
i

u

sn

(
Tn,T −E[Tn,T ]

)}]∼ mn∏
j=1

E

[
exp

{
i

u

sn
Y (n)

j,	n

}]
, u ∈R.

For the proof, it is sufficient to show that for any u ∈R,∣∣∣∣E[ exp
{

i
u

sn

(
Tn,T −E[Tn,T ]

)}]−E

[
exp

{
i

u

sn

mn∑
j=1

Y (n)
j,	n

}]∣∣∣∣→ 0, n→∞, (44)

∣∣∣∣E[ exp
{

i
u

sn

mn∑
j=1

Y (n)
j,	n

}]
−

mn∏
j=1

E

[
exp

{
i

u

sn
Y (n)

j,	n

}]∣∣∣∣→ 0, n→∞. (45)

Since |eis − eit|� |s− t| for s, t ∈R, the Cauchy–Schwarz inequality and Lemma 1(ii) give∣∣∣∣E[ exp
{

i
u

sn

(
Tn,T −E[Tn,T ]

)}]−E

[
exp

{
i

u

sn

mn∑
j=1

Y (n)
j,	n

}]∣∣∣∣� C|u|
{

n−1
E
[
(Y (n)

mn+1,	n
)2]}1/2

.

By Lemma 1(i), we see that E
[
(Y (n)

mn+1,	n
)2
]
� C	n(1+ un(1)) � C	n, and thus (44) converges

to 0 as n→∞.
For the proof of (45), we use Newman’s inequality (see Theorem 3) to ensure that (45) can

be upper-bounded by

u2

s2
n

mn−1∑
j=1

mn∑
k=j+1

Cov(Y (n)
j,	n

, Y (n)
k,	n

) � Cu2mn

s2
n

	n∑
p=1

n∑
q=	n+1

Cov(T (n)
p , T (n)

q )

� Cu2mn	n

s2
n
· 1

	n

	n∑
p=1

un(p) � C

	n

	n∑
p=1

p−(1−2	γ )→ 0, as n→∞.

In the last inequality, we used Lemma 1(ii) and (12).
The proof of Theorem 2 will be completed if we can demonstrate that

mn∏
j=1

E

[
exp

{
i

u

sn
Y (n)

j,	n

}]
→ e−u2/2 for all u ∈R;
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equivalently, s−1
n
∑mn

j=1 Ỹ (n)
j,	n

d→N (0, 1), where
(
Ỹ (n)

j,	n

)mn

j=1 is an i.i.d. copy of
(
Y (n)

j,	n

)mn

j=1. For this

purpose, we note that s2
n ∼Var

(∑mn
j=1 Ỹ (n)

j,	n

)
=mnVar(Y (n)

1,	n
) as n→∞. Thus, by Slutsky’s

theorem, it suffices to verify that as n→∞,

1√
mnVar(Y (n)

1,	n
)

mn∑
j=1

Ỹ (n)
j,	n

d→N (0, 1).

According to the Lindeberg–Feller CLT (see Theorem 2 on p. 334 in [26]), it is sufficient to
show that for every ε > 0,

1

mnVar(Y (n)
1,	n

)

mn∑
j=1

E

[
(Y (n)

j,	n
)2 1
{
|Y (n)

j,	n
|� ε

√
mnVar(Y (n)

1,	n
)
}]
→ 0, n→∞; (46)

equivalently, 1
s2
n

∑mn
j=1 E

[
(Y (n)

j,	n
)2 1
{
|Y (n)

j,	n
|� εsn

}]
→ 0 as n→∞. We observe the bound

(Y (n)
j,	n

)2 � 	n
∑j	n

i=(j−1)	n+1 (T̄ (n)
i )2. Thus, together with the union bound, (46) is upper-bounded

by

1

s2
n

mn∑
j=1

	n

j	n∑
i=(j−1)	n+1

j	n∑
k=(j−1)	n+1

E

[
(T̄ (n)

i )21
{|T̄ (n)

i |� εsn/	n
}]

= mn	
3
n

s2
n

E

[
(T̄ (n)

1 )21
{|T̄ (n)

1 |� εsn/	n
}]

.

Here we assume temporarily that there exists δ ∈ (0, 1) such that supn E
[
(T̄ (n)

1 )2+δ
]
<∞. Then

Hölder’s inequality yields

E

[
(T̄ (n)

1 )21
{|T̄ (n)

1 |� εsn/	n
}]

�
{
E
[
(T̄ (n)

1 )2+δ
]}δ/(2+δ)

P

(
|T̄ (n)

1 |�
εsn

	n

)δ/(2+δ)

� CP

(
|T̄ (n)

1 |�
εsn

	n

)δ/(2+δ)
.

By Markov’s inequality, P
(
|T̄ (n)

1 |� εsn
	n

)
� 2	n

εsn

∫ 1
0 μ(n)(u) du � C	n

sn
. Substituting them, we get

1

s2
n

mn∑
j=1

E

[
(Y (n)

j,	n
)2 1
{|Y (n)

j,	n
|� εsn

}]
� C

mn	
3+δ/(2+δ)
n

s2+δ/(2+δ)
n

� C
(	4+3δ

n

nδ/2

)1/(2+δ)
,

where the last inequality follows from Lemma 1(ii). By our taking 	n→∞ to ensure that
	n = o

(
nδ/(2(4+3δ))

)
, the final term above tends to 0 as n→∞.

To conclude the proof, it remains to verify supn E
[
(T̄ (n)

1 )2+δ
]
<∞. Here it is enough to

show that supn E
[
(T (n)

1 )2+δ
]
<∞. By Hölder’s inequality,

E
[
(T (n)

1 )2+δ
]
�E

[
P
(
[0, 1]2)2+δ

max
P∈P∩[0,1]2

Din(P)2+δ
]

�
{
E

[
P
(
[0, 1]2)(2+δ)(1+ε0)/ε0

]}ε0/(1+ε0){
E

[
max

P∈P∩[0,1]2
Din(P)(2+δ)(1+ε0)

]}1/(1+ε0)

,
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where ε0 > 0 satisfies (2+ δ)(1+ ε0) < 3. Since the ((2+ δ)(1+ ε0)/ε0)th moment
of P([0, 1]2) is clearly finite, we demonstrate only that supn E[ maxP∈P∩[0,1]2

Din(P)(2+δ)(1+ε0)] <∞. By applying again Hölder’s inequality and Proposition 5(iii),
we obtain

E

[
max

P∈P∩[0,1]2
Din(P)(2+δ)(1+ε0)

]
�E

[ ∑
P∈P∩[0,1]2

Din(P)(2+δ)(1+ε0)

]
=
∫ 1

0
E
[
Din(u)(2+δ)(1+ε0)] du.

Now E
[
Din(u)(2+δ)(1+ε0)

]
�
{
E
[
Din(u)3

]}(2+δ)(1+ε0)/3
� C(u−3	γ−η)(2+δ)(1+ε0)/3. It can be

assured from the assumption 0 < γ < 1/(2	) that the integral over the final term becomes
finite if we set δ, ε0, and η sufficiently small. �

We now prove Proposition 5.

Proof of Proposition 5. The proof of part (i) is provided in [9, Proposition 2.1]. For the
proof of part (ii), given a directed tree T on m vertices with root r, we start by expressing
Din(u) as follows:

Din(u)=
∑

(P1,...,Pm−1)∈(Pn)m−1
�=

h
(
(0, u), P1, . . . , Pm−1

)
, (47)

where (Pn)m−1
�= = {(P1, . . . , Pm−1) ∈Pm−1

n : Pi �= Pj for i �= j
}

and h is an indicator function
for the event that there exists a graph homomorphism from T to an induced graph defined on{
(0, u), P1, . . . , Pm−1

}
, with the root r mapped to (0, u).

By the Mecke formula for Poisson point processes,

Var
(
Din(u)

)=E

[ ∑
(P1,...,Pm−1)∈(Pn)m−1

�=

∑
(Q1,...,Qm−1)∈(Pn)m−1

�=

h
(
(0, u), P1, . . . , Pm−1

)

× h
(
(0, u), Q1, . . . , Qm−1

)]−μn,T(u)2

=μn,T(u)+E

[ ∑
(P1,...,Pm−1)∈(Pn)m−1

�=

∑
(Q1,...,Qm−1)∈(Pn)m−1

�= ,

1�|(P1,...,Pm−1)∩(Q1,...,Qm−1)|�m−2

h
(
(0, u), P1, . . . , Pm−1

)

× h
(
(0, u), Q1, . . . , Qm−1

)]
. (48)

The asymptotics of μn,T(u) is already given in part (i), so we focus on the second term above.
As discussed in the proof of Proposition 2.2 in [9], it suffices to consider the case where
|(P1, . . . , Pm−1)∩ (Q1, . . . , Qm−1)| = 1. Let Ti, i= 1, 2, be copies of T, and select one node
from each of T1 and T2, identifying the two selected nodes together. For the calculation of the
second term in (48), we focus on the configuration of nodes and edges defined by

(z0, w0)→ (z1, w1)→· · ·→ (zd, wd)→ (0, u),

(z0, w0)→ (z′1, w′1)→· · ·→ (z′e, w′e)→ (0, u),
(49)

for some d, e≥ 0, where (z0, w0) represents a common node between (P1, . . . , Pm−1) and
(Q1, . . . , Qm−1). In the special case of d= 0 or e= 0, the point (z0, w0) directly connects
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to (0, u). If d= e= 0 then (49) does not imply a cycle, whereas a cycle occurs only when
either d or e is positive. Since the latter case is more fundamental, we assume below that
e � 1. To clarify the configuration in (49), we assume, without loss of generality, that the path
in the first line of (49) is taken from T1, while the path in the second line is taken from T2.
Furthermore, assume there are 	0 leaves with no further children that are connected to (z0, w0)
by the paths, all consisting of nodes with marks higher than (z0, w0). Similarly, for each
i= 1, . . . , d (respectively j= 1, . . . , e), there are 	i (respectively 	′j) leaves with no further
children that are connected to (zi, wi) (respectively (z′j, w′j)) through paths that do not include
(zi−1, wi−1) (respectively (z′j−1, w′j−1)) and consist entirely of nodes with marks higher than
(zi, wi) (respectively (z′j, w′j)). In addition, let p denote the number of leaves with no further
children that are connected to (0, u) through paths containing neither (zd, wd) nor (z′e, w′e),
where all nodes on these paths have marks higher than (0, u).

Under this setup, there are three possible cases regarding the relation between 	 and the
other integers p, 	i, and 	j. First, if the node (z0, w0) is not taken from the leaves of either
T1 or T2, then

2	= p+ 	0 +
d∑

i=1

	i +
e∑

j=1

	′j. (50)

Second, if (z0, w0) corresponds to a leaf in only one of T1 or T2 but not both, then

2	= p+ 	0 +
d∑

i=1

	i +
e∑

j=1

	′j + 1. (51)

Finally, if (z0, w0) corresponds to a leaf in both T1 and T2, then 	0 = 0 and

	= p

2
+

d∑
i=1

	i + 1= p

2
+

e∑
j=1

	′j + 1. (52)

It is important to note that if 	0 ≥ 2 then either (50) or (51) applies. If 	0 = 1, (51) always
applies. Lastly, (52) applies only when 	0 = 0.

Before continuing, we describe how to integrate out the indicator for the presence of an edge
over spatial coordinates under the toroidal metric: for (x, u), (y, v) ∈Tn with 0 � u � v � 1,∫

[0,n]
1
{
(y, v)→ (x, u)

}
dx=

∫
[0,n]

1
{
distn(x, y) � βu−γ vγ−1} dx � 2βu−γ vγ−1. (53)

Clearly, the same bound is obtained even when dx above is replaced with dy.
Returning to the second term in (48), applying the Mecke formula, and integrating out all

variables except those in (49), it remains for us to bound the expression

Au :=
∫ 1

w0=u

∫ w0

wd=u

∫ w0

wd−1=wd

· · ·
∫ w0

w1=w2

∫ w0

w′e=u

∫ w0

w′e−1=w′e
· · ·
∫ w0

w′1=w′2
u−pγ

×
( d∏

i=0

w−	iγ
i

)( e∏
j=1

(w′j)
−	′jγ

)

×
∫

z0∈[0,n]

d∏
i=1

∫
zi∈[0,n]

e∏
j=1

∫
z′j∈[0,n]

1
{
(z0, w0)→ (z1, w1)→· · ·→ (zd, wd)→ (0, u)

}
× 1

{
(z0, w0)→ (z′1, w′1)→· · ·→ (z′e, w′e)→ (0, u)

}
. (54)
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More precisely, it may be necessary to include additional logarithmic factors in the integrands
in (54). For instance, u−pγ ( log u−1)s could appear instead of u−pγ for some s= 1, 2, . . . .
In such cases, we bound ( log u−1)s by Cu−η for a sufficiently small η > 0. To simplify the
presentation, however, these logarithmic factors are omitted throughout the remainder of the
proof. Note further that Au depends on n, owing to the integration domain [0, n] (and the
related toroidal metric). However, if we use bounds of the form (53), the dependence on n
can be immediately removed. Consequently, the dependence on n is suppressed in (54) for
simplicity, and this convention is applied throughout the proof.

By removing the condition (z0, w0)→ (z′1, w′1) and calculating the integral (54) sequentially
over all spatial coordinates, we obtain

∫
z0∈[0,n]

d∏
i=1

∫
zi∈[0,n]

e∏
j=1

∫
z′j∈[0,n]

1
{
(z0, w0)→ (z1, w1)→· · ·→ (zd, wd)→ (0, u)

}
× 1

{
(z0, w0)→ (z′1, w′1)→· · ·→ (z′e, w′e)→ (0, u)

}
� Cu−2γ wγ−1

0

( d∏
i=1

w−1
i

)
(w′1)γ−1

{ e∏
j=2

(w′j)−1
}

. (55)

Substituting this bound into Au, we have

Au � Cu−(p+2)γ
∫ 1

w0=u
w−1−(	0−1)γ

0

∫ w0

wd=u
w−1−	dγ

d

∫ w0

wd−1=wd

w−1−	d−1γ

d−1

× · · · ×
∫ w0

w1=w2

w−1−	1γ

1

∫ w0

w′e=u
(w′e)−1−	′eγ

∫ w0

w′e−1=w′e
(w′e−1)−1−	′e−1γ

× · · · ×
∫ w0

w′2=w′3
(w′2)−1−	′2γ

∫ w0

w′1=w′2
(w′1)−1−(	′1−1)γ . (56)

The innermost integral can be bounded as

∫ w0

w′1=w′2
(w′1)−1−(	′1−1)γ �

⎧⎨⎩C(w′2)−(	′1−1)γ if 	′1 � 1,

Cwγ

0 if 	′1 = 0.
(57)

(If 	′1 = 1, the upper bound takes a logarithmic form, but as noted earlier, such logarithmic
terms are systematically ignored.) Suppose first that 	′1 � 1. Then, by applying the first bound
in (57) and sequentially integrating the resulting expression, we obtain

Au � Cu−(p+1+∑d
i=1 	i+∑e

j=1 	′j)γ
∫ 1

w0=u
w−1−(	0−1)γ

0 �

⎧⎨⎩Cu−(p+	0+∑d
i=1 	i+∑e

j=1 	′j)γ if 	0 � 1,

Cu−(p+1+∑d
i=1 	i+∑e

j=1 	′j)γ if 	0 = 0.
(58)

Recall that if 	0 � 1, either (50) or (51) holds. In both cases, the first term in (58) is further
bounded by Cu−2	γ . If 	0 = 0, (52) always holds and the second term in (58) is again upper-
bounded by Cu−2	γ . Throughout our discussion, logarithmic terms have been systematically
ignored. However, whenever they appear, they can be bounded by Cu−η for sufficiently small
η > 0. From this perspective, Au is ultimately bounded by Cu−2	γ−η, as required.
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Let us return to (56) and suppose next that 	′1 = 0. Then we use the second bound in (57).
Similarly to the last case, we conclude that

Au � Cu−(p+2+∑d
i=1 	i+∑e

j=1 	′j)γ
∫ 1

w0=u
w−1−(	0−2)γ

0 �

⎧⎨⎩Cu−(p+	0+∑d
i=1 	i+∑e

j=1 	′j)γ if 	0 � 2,

Cu−(p+2+∑d
i=1 	i+∑e

j=1 	′j)γ if 	0 ∈ {0, 1}.
(59)

Once again, it can be shown that, for any 	0, the final term in (59) is bounded by Cu−2	γ . More
precisely, because of the possible contribution of logarithmic terms, we have Au ≤Cu−2	γ−η

for sufficiently small η > 0.

Proof of (iii): It follows from the Mecke formula that

E
[
Din(u)3]=μn,T(u)3

+E

[ ∑
(P1,...,Pm−1)∈(Pn)m−1

�=

∑
(Q1,...,Qm−1)∈(Pn)m−1

�=

∑
(R1,...,Rm−1)∈(Pn)m−1

�=

h
(
(0, u), P1, . . . , Pm−1

)
× h
(
(0, u), Q1, . . . , Qm−1

)
h
(
(0, u), R1, . . . , Rm−1

)
×1

{
there is at least one common point between (P1, . . . , Pm−1),

(Q1, . . . , Qm−1) and (R1, . . . , Rm−1)
}]

. (60)

By Proposition 5(i), we observe that

μn,T(u)3 � (Cu−	γ−η/3)3 =Cu−3	γ−η. (61)

For the second term in (60), whenever a cyclic structure arises as in (49), we will collapse
it by removing an edge formed by the youngest pair of nodes, such as (z0, w0)→ (z′1, w′1) in
(55). As implied by the proof of Proposition 5(ii), the removal of such an edge will not lead
to a growth rate exceeding that in (61). Specifically, the removal of this edge introduces a new
leaf, such as (z1, w1) in (55), whose mark is, however, lower than that of the common node
as (z0, w0) in (55). This constraint ensures that the removal of an edge does not increase the
growth rate of the second term in (60) beyond that of (61).

Finally, the remaining bounds for μT(u), Var(Din(u)), and E
[
Din(u)3

]
follow directly by our

repeating the proofs of (i)–(iii) and applying the monotone convergence theorem. �
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