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We extend a result by Fiiredi and Komlos and show that the first eigenvalue of a random
graph is asymptotically normal, both for G, and G, provided np > n or m/n > n’ for
some 6 > 0. The asymptotic variance is of order p for G, and n! for Gp,m- This gives a
(partial) solution to a problem raised by Krivelevich and Sudakov.

The formula for the asymptotic mean involves a mysterious power series.

1. Introduction

Fiiredi and Komlos [2] investigated the eigenvalues of random symmetric matrices. In
particular, their result shows that for constant p € (0,1), the first eigenvalue 4; of the
adjacency matrix of the random graph G,, is asymptotically normal, with

1(Grp) — (n—1)p—1+p > N©O,2p(1—p))  asn— oo, (1.1)

In fact, [2] showed that the random fluctuation of 4;(G,,) asymptotically can be
completely explained by the fluctuation of the number of edges in G,,. More precisely,
they showed that if e(G,,) ~ N((5),p) is the number of edges in G,,, then

2e(Gnyp)

71(Grp) = = — (1= p) = 0, (n7) 5 0,

which immediately implies (1.1) by the central limit theorem.

This suggests studying 41(G,,) conditioned on a given e(G,,), or, equivalently, 11(G,m),
where m is a given function of n. Assume first, in analogy to the case studied by Fiiredi
and Komlos, that m/ () — p, with p € (0, 1) fixed. We will show that then 4;(Gpu) too is
asymptotically normal, but with an asymptotic variance of order only n~'.
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We will also extend the results to p — 0 and m/(g) — 0, as long as np > n® and
m > n'*° for some 6 > 0.
Krivelevich and Sudakov [6] have found the first-order asymptotics of 41(G,p) for all

p = p(n); in particular, for p in the range treated here, their result gives 11(G,,)/(np) 51
They leave the question of the limit distribution as an open problem, which we thus
(partially) answer. Note also the large deviation result by Alon, Krivelevich and Vu [1].

Our main results are the following. Here and elsewhere in this paper, (a;)72 is a certain
sequence of integers, defined in Section 4. We have computed a; for j < 10 by calculations
with Pascal and Maple and found (unless we made a mistake)

o0
Az) =Y i =14z 4+ 2+ 2+ 27 4584220 + 1720+
0
No simple form is evident.

Theorem 1.1. Suppose that n — oo, p — po € [0,1) and n'~°p — oo, for some fixed 5 > 0.
Let, for some integer J with 2J +1 > 1/0,

J J
Uy = (n—2)p+ Z a;(np)'~ = Z a;(np)'~7 — 2p.
j=1 =0

Then

_ d
P 2(24(Gp) — otp) = N(0,2(1 — pp)).

Theorem 1.2. Suppose that n — oo, m/ (;) —po €[0,1) and n~'"°m — oo for some fixed
0 > 0. Let, for some integer J with 2J > 1/6,

om o\ am 2m [ < om\ 1
“"’"“anz‘”(n) W Z"f(n) T

j=1 Jj=0
Then

121 (Gon) — ) ~ N(0,2(1 — po)?).

Note that J is chosen such that terms a;(np)'™/ or a;(2m/n)'~/ with j > J can be
ignored.

The definition of (¢;)72, in Section 4 is rather involved, and we find the numbers a; quite
mysterious. Lemma 3.1 exhibits the combinatorial significance of these numbers perhaps
better than the theorems above. Nevertheless we are lacking a simple combinatorial
interpretation of a;, and leave it as an open problem to understand these numbers
better.

Theorem 1.1 follows easily from Theorem 1.2. We will, however, prove both in parallel
by the same method. Not surprisingly, the details are somewhat simpler for Theorem 1.1,
but we will see that with our methods, the difference is not great.
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Remark 1. Also for p — 0, the random variation of 4;(G,) is explained by the variation
of the number of edges e(G,,) in the sense of linear regression. In other words, we have
21(Gnp) = a(n, p)e(Gnp) + b(n, p) + R for certain constants a(n, p) and b(n, p) and a random
error term R such that p~'/2R 5 0, while p~2a(n, p)(e(Gny) — Ee(G,,)) converges in
distribution.

For G, ,,, where the number of edges is constant and explains nothing, the proof shows
that the variation is explained in this way by the number of paths of length 2 (or,
equivalently, by the sum of the squares of the vertex degrees).

The proof uses the traditional method of computing the trace of a suitable power of
the adjacency matrix as the number of closed walks of a given length in the graph. This
number is closely related to subgraph counts, and we use methods from [3] to find the
required asymptotics.

We consider the case np > n® (m/n > n°) for some é > 0. It turns out that the smaller
0 is, the higher matrix powers and the longer walks have to be employed (otherwise we
cannot ignore the other eigenvalues); we also need more terms in the sums defining ),
and o,,,. We thus give general arguments treating arbitrarily long walks below. If we
restricted ourselves to, say, p > n~!/2, we would only have to consider a few small values
of this length, and the general arguments could be replaced by explicit calculations, which
would make the proof simpler but perhaps less interesting.

Remark 2. Note that we only study the case when p or m is so large that there is a large
gap between the first and second eigenvalue. It seems that different methods are needed
in the case of sparser graphs. Perhaps the methods of [6] could be useful.

Remark 3. Fiiredi and Komlos [2] studied more general random symmetric matrices
where the entries are not restricted to 0 and 1. We leave it to the reader to extend the
results of this paper to such matrices.

Remark 4. Note that A1(G) > 2¢(G)/n for every graph G with n vertices, since vAvV =
2e(G)/n if v=n"12(1,...,1) and A4 is the adjacency matrix of G. The results above show
that, with high probability, we almost have equality for the random graphs studied here,
which witnesses that the eigenvector for 4; is close to v.

If X,, are random variables and ¢, positive numbers, we write X, = 0,(c,) if X,,/c,, L 0,
and X, = O,(c,) if the sequence X, /c, is stochastically bounded (tight).

If H is a graph, v(H), e(H) and aut(H) denote the numbers of vertices, edges and
automorphisms of H.

2. Matrices

We denote the eigenvalues (with multiplicities) of a real symmetric matrix M by A;(M) >
(M) > ... > A4,(M). For a graph G, we similarly denote the eigenvalues of its adjacency
matrix by 41(G) > ---.
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The algebraic part of our proofs is the following lemma.

Lemma 2.1. Let M be a real symmetric matrix and let Ty = Tr(M*) =", Ji(M)*. Sup-
pose that, for some even k > 2 and p > 0,

(M) = p, (2.1)
T < ff(14275). (2.2)

Then

Proof. Let 6; = 4;/21, 1 <i< v, where v is the size of M. First, by (2.1) and (2.2),
1+) o =T/Af <1427
i=2
Hence |0;| < 1/2 for i > 2. In particular,

(1—0%> (3)7>1>202

1

Consequently,
T Tira = T¢ = Y (2050 = AA) = (282 4 25020572 — 2225)
i,j=1 i<j
— k=23k=2(92 _ 2\2 - k+2 5k—2 2)2
=D ATHTE =) 2 Y AT (1-0))
i<j =2
v v
> TR 203 = 208y Ok = 20(Ti = )
=2 j=2
> Ty (T — 7).
The left inequality follows. The right one is immediate. L]

Lemma 2.2. Let M,, n > 1, be random symmetric matrices (of arbitrary sizes), and let
Tin = Tr(M¥). Suppose that w, > 0 are real numbers such that for every n > 0

P(41(M,) > (1 —n)uy) — 1 as n — oo, (2.3)

and that Y is a random variable and ¢, — 0 are positive numbers such that

Ten
e < kl; — 1) S kY as n — oo, (2.4)
Hn
Jjointly for three fixed consecutive even values of k. Then
M(M,
8}1_1(12")—1>iY as n — oo.
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Proof. Write

Tin = 151 + £,k V). (2.5)
Thus Y, < Y jointly for three even values of k, say k = m — 2, m and m 4 2, and hence
(M —2)Ypan + (M +2)Yyion — 2mYy, = 0. Then

0, = Tm—Z,n Tm+2,n o (1 +&,(m—2) Ym—2,n)(1 + &p(m + Z)Ym+2,n)
n = =

Tl’gl,n 1+ ’Sanm,n)z
2.6
=1 + 8n((m - Z)Ym—Z,n + (m + 2)Ym+2,n - 2mYm,n) + 0,;(8,,) ( )
=14 0,(es).

(Some readers may prefer to use the Skorohod representation theorem [5, Theorem 4.30]
and assume for simplicity that Yy, — Y as. for k =m—2,m,m+2; then o, may be
replaced by o.)

Moreover, with it := u,(1 — ), where 5 > 0 is so small that (1 — )% < 1 427K,

P(Ti, < T +27%) =P(1 +6,kY, <(1—n)(14+275) -1  asn— .

Since P(4;(M,) > ) — 1 as n — oo by (2.3), we see that with probability tending to 1 as
n — oo, M, satisfies the assumptions of Lemma 2.1 (with m and @) and thus

P[Tyn(2 = Qn) < 2i(Mp)" < Tup] — 1. 2.7)
Combined with (2.6), this yields
A(Mp)" = Tpp(1 + 0p(en))
and thus

2(My) = T+ 0p(en)) = pta(1 4 £am Yy n) ™ (1 + 0p(e4))
= :un(l + & Ym,n + Op(sn))-

The result follows. ]

We apply Lemma 2.2 to G,, and G,,, with w, = a,, and p, = a,,, respectively. Note
that o, , = np(1 + o(1)) and o, = 2}%(1 + o(1)). By Remark 4, 2;(Gn) > 2m/n, and (2.3)
follows. For G, similarly, Z; > 2e(G,,)/n and 2e(G,,)/(n’p) 51 by the law of large
numbers; again (2.3) follows.

Note further that if M is the adjacency matrix of a graph G, then Tr(M¥) equals the
number of closed walks of length k in G; i.e., sequences v,...,v;, of vertices such that
vo =vr and v;_; and v; are adjacent for 1 <i < k; we denote this number by Wi(G).
Theorems 1.1 and 1.2 therefore follow by Lemma 2.2 from the following two lemmas.
(The assumptions k > 6/ are made for convenience and could be weakened. However,

the results are not true for, say, k = 2 or k = 4, even for constant p.)
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Lemma 2.3. Under the hypotheses of Theorem 1.1, if Y ~ N(0,2(1 — py)), then for every

k> 6/5,
np1/2<Wk(an’p) - 1> Sky

np

and the convergence holds jointly for any set of such k.

Lemma 24. Under the hypotheses of Theorem 1.2, if Y ~ N(0,2(1 — po)?), then for every

k> 6/5,
2mn—1/2 ( Wk(an,m) _ 1) i} kY

Lm

and the convergence holds jointly for any set of such k.

3. Random graphs

We prove Lemmas 2.3 and 2.4 using the orthogonal decomposition method of [3], sum-
marized in [4, Section 6.4]. For convenience, we repeat the main definitions and results
here, referring to [3] for proofs. We begin by defining an orthogonal family of functionals
of G,

Let H be a graph. Consider the (n),, injective mappings from the vertex set of H into
{1,...,n}. Each such mapping ¢ maps H onto a copy ¢(H) of H in K,, and we define

Sup(H) :=>_ ] . (3.1)

¢ e€p(H)
where I, = 1[e € G,,] is the indicator that the edge e is present. In other words, we sum
[I.cp e — p) over all copies of H in G, ,, counted with multiplicities aut(H). Note that if
Xu(G) denotes the number of copies of H in G, each counted with multiplicity aut(H),

we have the similar formula
Gup) = [T Ies (32)
¢ e€p(H)

where, however, the terms in the sum are not orthogonal.

Snp(H) depends on H only up to isomorphism. Hence we may regard H as an unlabelled
graph.

Let %° denote the set of unlabelled graphs without isolated vertices. Then the random
variables {S,,(H)}ycso are orthogonal, and each functional of G,, that depends only on
the isomorphism type is a linear combination of these variables. In particular,

Wi(Gnp) = Y Wiln, p; H)S,,(H) (33)
Heau®

for some coefficients Wwy.
Here we allow H to be the empty graph @ with v(0) = (@) = 0; then S, ,(0) = 1. Since
ES,,(H) =0 when H # 0, we have

Wk(n»p;(b) =E Wk(Gn,p)~ (34)
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We can find the decomposition (3.3) as follows. A closed walk of length k may have
a finite number (depending on k) different shapes, since one or several vertices may be
repeated. Hence W), can be written as a linear combination of different subgraph counts
Xp. For example, with k =4 we can have a 4-cycle, a path of length 2 with each edge
traversed twice, or a single edge traversed four times, and we find

Wy = Xc, +2Xp, + Xk,-

(P; denotes the path with [ edges and thus [ 4+ 1 vertices.)

Next, substituting I, = (I, — p) + p in (3.2) and expanding, each Xy becomes a linear
combination of S, ,(K) for K = H. For example, straightforward calculations yield, with
(M =nn—1)-(n—k+1),

Xk, (Gnp) = Snp(K2) + (n)op

Xp,(Gup) = Sup(P2) +2(n — 2)pSyp(K2) + (m)3p”

X¢,(Gup) = Sup(Ca) + 4pSp(P3) + 4(n — 3)p* S, p(P2) + 2p° S, p(2K5)
+4(n — 2)(n — 3)p*Sup(K2) + (n)ap®.

In this way, we can obtain a decomposition (3.3) for any k explicitly (but the amount of
work increases rapidly with k). Note that only terms with e(H) < k appear.

For H € %°,
Sup(H) = 0, (n*/2peH)/2y, (3.5)
Hence we also define
Spp(H) = n~" 2= D25, (H), (3.6)
Wi (n,p; H) = n2p 2 (n, p; H); (3.7)
thus (3.3) can be rewritten
Wi(Gnp) = > Wi(n.p: H)S, (H), (3.8)
Heu®
where by (3.5), for every H,
Syp(H) = 0,(1). (39)

If further H # 0 and H is connected, we have the limit result ([3, Theorem 1],
[4, Theorem 6.43]) that if n — oo, p — po € [0,1] and np"H) — oo, where m(H) =
max{e(F)/v(F) : F < H, v(F) > 0}, then, for some random variables U(H),

S:,(H) 5 U(H) ~ N (0, aut(H)(1 — po)**). (3.10)

To prove Lemma 2.3, it is now sufficient to verify, for k > 6/,
E Wi(Gyp) = o, (1 +0(n"'p7"/?)) (3.11)
Wi, ps Ka) = o ,n "' p~ "2 (k + 0(1) (3.12)
Wi(np;H)=o(as ,n'p'?),  Hewv(H) >3, (3.13)
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because then (3.8) yields by (3.4), (3.9)
%y Wil Grp) = 0, E Wi(Gip) + 06, Wi (n, p3 K2)S;, (K2) + 0p (0™ p™12)
=140 p kS (Ka) + 0y (n™'p 1),

and Lemma 2.3 follows by (3.10), with Y = U(K>).
To prove Lemma 2.4, we define p :=m/(3) and note that

np = O + 0(1/’1) = OCn,m(1 + O( = _1)) - o‘”m(l + 0( _3/219_1)).

For Lemma 2.4, we now need, for k > 6/0,

E Wi(Gyp) = o, (1 +o( 2p71) (3.14)
Wi (n,p; Py) = oy n>2p~" (k + o(1)) (3.15)
We(n,p;H) = o(oc n 3/217*1) He %’ H + 0,K>, P. (3.16)

(No condition on W (n, p; K,) is needed.) Indeed, using these estimates ([3, Theorem 7] or
[4, Theorem 6.54]) with 8, :=n=3/?p~lok . shows that

n3/2p(Wk(k nm) ) —d>kU(P2)

n,m

(again jointly for different k), which yields Lemma 2.4 and thus Theorem 1.2.

It is important to note that we here draw a conclusion for G,, from the estimates
(3.14)—(3.16) for G, p. In the remainder of the paper, we thus consider G, , only.

It remains to prove the estimates (3.11)—(3.13) and (3.14)—(3.16). Using a,, ~ np and
changing J, we restate (and partly improve) them slightly as the following lemmas, which
thus contain the combinatorial part of the proof of Theorems 1.1 and 1.2. (We treat
Wi(n, p;0) = E Wi(G,p) separately because a much smaller relative error is required.)

Lemma 3.1. Let 6 >0 and let k and J be fixed integers with J > 1/ and k > 6/6. If
n — oo and np/n® — oo, then

k

2 < » o
E Wi(G,,) = (np)* 1—;+Zaj(np) T+om2p™)
j=1

Lemma 3.2. Let 6 >0 and k >4/ be fixed, and suppose that H € #° with H # 0. If

n — oo and np/n® — oo, then

knZp~t +o(n7p7h),  H=K,
(np) ™ W(n, p; H) = { kn=3p=2 + o(n3p2), H =P,
0(nfv(H)/273/2pfe(H)/27l)’ H 75 Q), KZ»P2~

4. Proof of Lemma 3.1

We begin by giving an explicit, although rather opaque, definition of the numbers a; in
Theorems 1.1 and 1.2.
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For a tree T, let by (T) be the number of (not necessarily closed) walks of length k on
T that traverse every edge at least twice. Let .7, be the set of the n"~? trees on {1,...,n},
and let 7 :=J,_, 7, and define the formal power series

Y(e,z) = f:zy: Zbk(Tke F=
k=0 n=1

" TeT, k=0 TeT

Jek—elT)

By symmetry, we can eliminate the factor 1/n! by only considering walks on T € 7, such
that the first visits to the vertices come in order 1,2,...,n. Thus W has integer coefficients.

If a term &/zF appears in W(e,z) with nonzero coefficient, then j =k — e(T) for some
tree with a walk of length k that uses every edge at least twice. Thus k > 2¢(T), so
k/2 < j < k. We can thus regard Y(e,z) as a power series in ¢, with coefficients that are
polynomials in z with integer coefficients. Note also that the constant term W(0,z) = 1. It
follows that there exists a unique power series Z(¢) such that

ZEY (e Z() = 1. (4.1)

Z has integer coefficients and Z(0) = 1. Finally, define the formal power series

Zake = Z— 4.2)

Note that each gy is an integer and ag = 1.

Proof of Lemma 3.1. A closed walk with k steps defines a connected graph F consisting
of all vertices and edges in the walk. Since e(F) < k, there is only a finite number of
possible F (regarded as unlabelled graphs). The contribution to (np)*E Wi(Gyp) for a
given unlabelled F is clearly

(np)~ kO( F)) O(nv(F)fkpe(F)fk)_ (4.3)
We consider three cases separately.
Case 1. F is a tree, v(F) = e(F) + 1.

Since a closed walk on a tree has to traverse each edge at least twice, we have 2e(F) < k
and thus the contribution is, by (4.3),

O(n”(F)_kp"(F)_k) O (n(np)* e(F)— k) (n(np)_k/z) = O(n_z) (4.4)
because (np)/> > (np)’/° > n’.
Case 2. F has more than one cycle, v(F) < e(F).
The contribution from F is by (4.3)
0 (n*(e(F)*v(F))(np)e(F)*k)

which is O(n2p~!) except when v(F) = e(F)—1 and e(F) = k. The latter case means
that the edges of the walk are distinct but one vertex is repeated. Labelling the vertices
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v1,...,Uk, we thus have v; = v; for two indices i and j, while the v;s otherwise are distinct.
Moreover, 3 < |i — j| < k — 3 since each of the two cycles in F has at least 3 vertices. The
indices i and j may thus be chosen in k(k — 5)/2 ways, and thus the contribution from
such walks is

Myt = 01 4 00,

(np)™*

The total contribution from F with v(F) < e(F) is thus
k(k —5)
2
Case 3. F is unicyclic, v(F) = e(F).

n 4+ omph. (4.5)

Then F consists of a cycle with attached trees. Given a closed walk on F traversing all
edges, colour all edges of F that are traversed at least twice red and colour the remaining
edges green. Each edge in the attached trees is red, while the edges in the cycle may be
either red or green. Let [ > 0 be the number of green edges.

If there are [ > 1 green edges, the removal of them from F leaves [ red components
Ti,..., T;. Each T; is a tree (possibly a single vertex only) and v(F) = 25:1 v(T;); moreover,
the green edges join the red components into a cycle.

Fix | > 3 and trees Ty,...,T; (regarded as disjoint subgraphs of K,), and consider
together all F that are obtained by joining the trees by [/ edges, one from each T; to
Ti+1 (and from T; to Ty). A closed walk on one of these F with red subtrees T1,..., T},
that starts with the green edge leading from T; to Tj, is called special. A special closed
walk thus consists of a walk in each T; that traverses each edge at least twice, together
with single (green) steps linking the walks. The green links are determined by the walks
in the trees, and thus the number of special walks with k; steps inside T;, i = 1,...,1, is
HLI by,(T;); summing we find that the number of special walks with length k, for given
Ti,..., T, is, with B(x; T) := 3,2, x*bx(T) and using [x/]f(x) to denote the coefficient
of x/ in a power series f(x),

!
> 6Ty = 1B Th) - B(x; T (4.6)
kit +kj=k—I i=1

Each of these walks uses Y} v(T}) edges, so to get the contribution to (np)™* E Wi(Gy,)
we multiply by (np)~*p2 v(T),

Summing first over all choices of Tj,..., T; with given vertex sets and then over all
ways to choose these vertex sets in {1,...,n} we obtain
—k n kI ST - Blx: Tpei (T
()™ > <n1,...,n,) > BT B(x: Tip
ety =1 Te7,,

B T) ; . 4.7)

_ —k k=1 Xs o(T) 1oz

(np)~*[x ](TZ S ) ) ( +0(—))

This is, for a given [ > 3, the contribution from the walks that generate a unicyclic F with
I red subgraphs, and that begin with a green edge. A walk generating such an F may be
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shifted (cyclically) in k ways by changing the starting point, and [ of these shifts begin
with a green edge; hence, the contribution from the walks that begin with a green edge is
I/k times the total contribution for this F. Consequently, the contribution from all walks
that generate a unicyclic F with [ red subgraphs (for given [ > 3) is k/I times the value in
4.7).

If I <k, then v(T;) > 1 for some i so F contains a red edge. This means that k > e(F) =
v(F) =", v(T;). Since each term in the sum in (4.7) then is

O ((np)=""7%) = 0((np)™"),

the contribution of the term O(1/n) in (4.7) then is O((nzp)_l). Moreover,

B(x; T )T = bk(T oT)+1 _ 1
Z o(T ZZ np) = np¥ np,npx .

TeT k=1 TeT

Hence we find from (4.7) that the contribution to (np) ™*E Wi(Gnyp) from all walks that
generate a unicyclic F with [ red subtrees is, for 3 <[ <k,

l !
?(np)*k [x"’unp)’w(nl,npx) +0((mp)™") = ';[x’”w(l,x) +0((rp)). (48)
P np

For | =k we are considering walks without repeated edges, i.e., cycles. Clearly, the
contribution from them is

k
(np)~(nyp* =1~ (ﬁ); +0(n7?) = [x°]\1'<;p,x> - (g) % +0(n?). (4.9)

For [ < 2, the formulas above are not quite correct. However, with [ > 0 green edges
and thus e(F)—1[ red edges, we have k > [+ 2(e(F) — ) and thus e(F) < (k+1)/2. If
I <2 we thus have e(F) < 1+k/2, and by (4.3), the contribution from such F is, since
k/2>3/9,

0((np)"’(F)_k) ( np)]_k/z) = O(n(np)_z'/‘s) = O(n_z). (4.10)
Summing (4.4), (4.5), (4.8) for 3 <1 <k and (4.9), (4.10) we find
Lk 1\ Lk
(np) ™ E Wi(Gyp) = ;7 Xy (p,x) -2 +0(n?ph).
Lemma 3.1 now follows from the next algebraic lemma. U]

Lemma 4.1. IfJ >0 and k > m > 2J, then
k

K k J ‘
Z 7 NP(e,z2) = ;ajsj +0(8J+1).

I=k—m

Here and in the proof, O(¢*), with a real, denotes a polynomial or power series in ¢
containing only powers & with j > a
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Proof. Define @, as the power series that solves the equation
Y(e,z) =D, (z‘I’(s,z)). (4.11)

Since W(¢,0) =1, it is easily seen that @, exists and is unique; moreover, by an easy

induction, each coefficient [zX]®,(z) is a polynomial in & with nonzero terms c;e! for

k/2 < j <k only, because V¥ is of this type. The same is then true for any power of @.(z).
By Lagrange’s inversion formula [7, Theorem 5.4.2], for 1 <[ <k,

S o) = S (e 2) = 0w

This is a polynomial in ¢ and is O(¢*~"/2). Hence,

k

Z %[zk—l]‘{/(g Z Z uJ d. (u [uj](D];(u) + 0(6(m+1)/2)’
j=0

I=k—m j=0

8

where the infinite sum is well defined as a power series in ¢. This sum of all coefficients of
ok is

V(1) = (1)
and, substituting (4.1) in (4.11) and using (4.1) and (4.2),

O, (1) =D, (Z(s)‘P(s,Z(s))) = ‘I’(a,Z(a)) = % = A(e).

(These manipulations are easily justified modulo &V for any fixed N.) The lemma follows.
Ll

5. Proof of Lemma 3.2

It is easily seen from the discussion in Section 3 that Wi(n,p; H) can be computed as
follows. Fix a copy Hy of H in K, and consider the set #~ of closed walks of length k
in K, that use every edge in H, at least once. If y € #", let  denote its trace, i.e., the
subgraph of K, consisting of the edges and vertices in y. Then

Zp o= (5.1)

yew

N H
Wk(n>pa aut(H

Let ¢ = ¢(H) be the number of components of H, and note that v(H) < ¢ + e(H).

Fix j > 0 and consider the closed walks y in this sum that pass through j vertices
outside Hy. Clearly, the number of such y is O(n/).

Since 7 connects the j vertices outside Hy and the ¢ components of Hy, it has at least
j+c—1 edges outside Hy, i.e.,

e(y)—eH) > j+c—1

Case 1. e(y)—e(H)=j+c—1.

In this case, if we collapse each component of Hy to a single point, 7 becomes a
connected graph with j 4 ¢ vertices and j 4 ¢ — 1 edges, i.e., a tree. The closed walk y has
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to traverse each edge in this tree an even number of times, and thus
k>2(j+c—1)+e(H).
The contribution to (np)*Wy(n, p; H) from all y in Case 1 is thus, using (5.1),

O((np)*"njpj‘*"*l) _ 0((np)fk/2n17<rfe(H)/2p7g(H)/2)
— 0(n—k5/2+1—c/2—v(H)/2p—e(H)/2)

-0 (n73/27v(H)/2pfe(H)/2) )

This is covered by the o term in the lemma.
Case 2. e(j)—e(H) > j+c.
Then k > e(7) > j + ¢ + e(H). The contribution to (np) *Wi(n, p; H) is, using (5.1),

O((np) ™ n/p/*) = 0 (= Mp=e)

- . e (52)
= O ((np)UH)/2ye/ 2/ 2 ()2

If e(H) > 3, or if e(H) = 2 and ¢ > 1, this is o(n=>/?p~1n=0H)/2p=e()/2) \which verifies the
lemma for these H, i.e., all H except K, and P;.

For H = P,, the calculation in (5.2) yields O(n3p~2), and o(n—3p~?) unless k = e(}) =
j+c+e(H)=j+ 3. We thus only have to consider y that go through k different vertices,
i.e., cycles of length k. The number of such cycles passing through Hy is 2k(n);/(n)s, since
there are (n),/(n); choices of the cycle 7, and for each 7, y may start at k places and in 2
directions. Thus, (5.1) yields

. k(i - . 3
(1) i P) = () S 07 2) = o o),

Finally, for H = K,, (5.2) yields O(n?>p~!), and again we have o unless k = e(7) =
j+c+e(H)=j+v(H). Thus, again, we only have to consider y that go through k
different vertices, i.e., cycles of length k. Arguing as for P, we find that the number of
such cycles passing through Hy is 2k(n);/(n),, and

—ek()e gy

(np) " Wi(n, p; K2) = (np) w,? T o(n?p~ ") =kn?p~' +o(n?p7). O
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