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Chemically active particles in extensional flow

Rahul Roy @ and Shubhadeep Mandal'

'Department of Mechanical Engineering, Indian Institute of Science, Bengaluru 560012, India
Corresponding author: Shubhadeep Mandal, smandal @iisc.ac.in

(Received 21 August 2024; revised 6 February 2025; accepted 24 February 2025)

In a quiescent medium, chemically active particles propel themselves by emitting or
absorbing solutes, creating concentration gradients that induce a slip at the particle
surface. This self-propulsion occurs when solute advection overcomes diffusion. However,
an imposed flow field can alter these dynamics. This study explores the propulsion
characteristics and the related rheological consequences of chemically active particles
in an imposed uniaxial extensional flow analytically and numerically. An asymptotic
solution is obtained for weak imposed flow relative to self-induced diffusiophoretic slip.
Meanwhile, finite element simulations are carried out over a wide range of imposed
flow strength and Péclet number. The results reveal that the interplay between solute
advection, imposed flow and diffusiophoretic slip significantly affects particle propulsion
and suspension rheology. While solute advection and diffusiophoretic slip tend to create
asymmetric solute distributions, promoting self-propulsion, imposed extensional flow
promotes symmetric distributions, hindering self-propulsion. This not only delays the
start of self-propulsion but also results in an early transition from a propulsion state
to a stationary state characterised by an abrupt halt at relatively lower Péclet number
compared to a quiescent medium. Post the abrupt halt, a stirring effect induced by particle
activity and imposed extensional flow results in an increased magnitude of stresslet, thus
a sudden change in the effective viscosity of the active suspension. The effect of imposed
extensional flow on active particle dynamics and suspension rheology can be described
succinctly by categorising the overall dynamics into three separate regimes, determined
by the Péclet number and the intensity of the extensional flow.

Key words: microfluidics, swimming/flying

1. Introduction

Colloidal particles that have the ability to move on their own by carrying out interfacial
physico-chemical interactions with the suspension medium are referred to as chemically
active particles (Zottl & Stark 2016; Illien, Golestanian & Sen 2017; Moran & Posner 2017;
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Chen, Zhou & Wang 2019; Popescu 2020; Michelin 2023). The interfacial physico-
chemical interaction results in the formation of a solute cloud around the colloid. This
can lead to the motion of the particle if the solute cloud is distributed asymmetrically
at the particle surface (Ramaswamy 2010; Michelin, Lauga & Bartolo 2013; Illien et al.
2017; Farutin et al. 2023). The asymmetry is achieved by default in active particles that
are chemically asymmetric, known as Janus particles (Golestanian, Liverpool & Ajdari
2007; Howse et al. 2007; Ebbens & Howse 2010; Zhao & Pumera 2012). For chemically
isotropic particles, the asymmetric solute cloud is achieved through a symmetry-breaking
instability caused by advection of solute (Michelin et al. 2013; Hu et al. 2019; Saha,
Yariv & Schnitzer 2021; Kailasham & Khair 2022; Saha & Yariv 2022). Potentially, these
active particles could be used in various applications, such as micromixing, microscale
cargo transport, drug delivery, and more (Wirtz 2009; Wang 2013; Maass et al. 2016;
Saintillan 2018; Kailasham & Khair 2023a; Yang et al. 2024). The presence of a flow
field, either internally induced and/or externally imposed, is inevitable in most applications
(Saintillan 2018; Saha er al. 2021; Kailasham & Khair 2022; Picella & Michelin 2022). The
interaction between the moving particles and the induced or imposed flow field often leads
to interesting motion of active particles and unusual rheological properties of the active
suspension (Frankel & Khair 2014; Ten Hagen er al. 2014; Uspal et al. 2015; Stark 2016;
Katuri er al. 2018; Brosseau et al. 2019; Si, Patel & Mangal 2020; Sharan et al. 2022),
necessitating additional investigation.

The phenomenon of self-propulsion even in the absence of any external force or flow
is the hallmark of a chemically active particle (Michelin ef al. 2013; Michelin & Lauga
2014). This has been established by theoretical as well as experimental observation on
active droplets such that the active particle serves as a model for active droplets (Izri et al.
2014; Maass et al. 2016; Seemann, Fleury & Maass 2016; Morozov & Michelin 20195;
Michelin 2023; Chen et al. 2024). Here, we focus on chemically active particles, which
are chemically and geometrically isotropic. The spontaneous motion of such particles is
caused by an uneven distribution of solute concentration over their surface. The asymmetry
in solute concentration is linked to two important characteristics: (i) surface activity, which
refers to the interchange of solute with the surrounding medium, and (ii) mobility, which
represents the interactions that turn solute concentration gradients into diffusiophoretic
slip across short distances (Michelin et al. 2013; Yariv & Kaynan 2017; Saha et al. 2021).
The initial perturbations in solute distribution over the particle surface caused by the
interfacial chemical interaction are enhanced by the diffusiophoretic slip. The particle will
start moving only if the solute advection due to diffusiophoretic slip is sufficiently strong
to counter the homogenising effects of diffusion. The self-propulsion of the active particles
is therefore quantified using the Péclet number P e, which allows for the characterisation of
different instability modes in the particle’s behaviour (Chen et al. 2021; Desai & Michelin
2021; Hokmabad et al. 2021; Kailasham & Khair 2022). The self-propulsion starts after
the advent of the first instability mode at threshold value Pe =4, which indicates the
breaking of the symmetry of the solute cloud around the particle surface (Michelin et al.
2013; Chen et al. 2021; Kailasham & Khair 2022). The particle’s self-propulsion creates
a disturbance in the surrounding medium, which results in the production of an active
stresslet in the suspension (Lauga & Michelin 2016; Saintillan 2018). As a result, the
suspension’s effective viscosity and rheological properties are also altered. This continues
until the higher-order instability surpasses the first-order instability. When the Péclet
number Pe exceeds 26, the higher-order instability becomes more dominant than the
first-order instability, causing the particle to stop abruptly (Morozov & Michelin 2019¢;
Kailasham & Khair 2022). This is characterised by a symmetric solute cloud around
the particle with the flow field resembling a straining flow (Kailasham & Khair 2022).
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On increasing the Péclet number (Pe > 55) even further, the particle exhibits a short burst
of self-propulsion characterised by a sharp and random change in both the speed and
direction of motion. This is referred to as a chaotic regime (Hu et al. 2019; Kailasham
& Khair 2022). Theoretical investigation of the instability associated with the near-
threshold Pe (e.g. Pe =4 for the onset of self-propulsion) is quite challenging. In this
regard, Schnitzer (2023) and Peng & Schnitzer (2023), in their series of weakly nonlinear
dynamics of active particles, have presented the first unsteady and fully three-dimensional
weakly nonlinear perturbation approach to study the onset of spontaneous dynamics of
active particles, including perturbation effects such as external forces and torques.

In addition to the internally induced flow, the active particles are often subjected to
an external force or flow field (Frankel & Khair 2014; Saintillan 2018; Saha et al. 2021;
Kailasham & Khair 2023b; Peng & Schnitzer 2023; Schnitzer 2023). Linear flows —
which includes shear and extensional flows — are commonly encountered in microscale
processes. Although it has been observed that imposed shear flow significantly impacts
the overall behaviour and rheology of active suspensions (Frankel & Khair 2014; Saintillan
2018; Kailasham & Khair 2023b), only a handful of studies in the literature explore the
coupled effect of particle surface activity and an imposed linear flow field. The rheology
of active particle suspension exhibits a transition from chaotic to periodic to eventually
steady rheology with an increase in shear strain rate (Kailasham & Khair 2023b). The
effective viscosity of active biological suspension in the presence of an imposed shear
flow either increases or decreases depending upon the active motion of the biological
swimmer (Koch & Subramanian 2011; Saintillan 2018). For a pusher-type extensile motion
(E.coli), the active stresslet tends to reduce the effective viscosity, whereas a contractile
puller-type motion (C. reinhardtii) results in an active flow opposing the imposed shear,
thereby increasing the effective viscosity of the suspension (Saintillan 2010). It is also
observed that with the increase in motility, the extensional viscosity of suspension of
algal pullers increases, whereas the extensional viscosity decreases for bacterial or sperm
pushers (McDonnell et al. 2015). Thus the coupled effect of imposed extensional flow and
particle surface activity on a particle’s propulsion characteristics and effective suspension
rheology will provide a deeper understanding of the underlying biophysical phenomena as
well as providing insights into applications associated with engineered active suspensions.

Motivated by these concerns, here we carry out an investigation to explore the combined
effect of imposed uniaxial extensional flow and particle activity on its self-propulsion
characteristics and its impact on suspension rheology. At first, it is explored from a
theoretical viewpoint, which is valid for weak extensional flow and away from the
instability threshold. For moderate and strong extensional flow, the investigation was
performed numerically after its theoretical validation at a weak extensional flow. We also
obtain various regimes depicting the resulting propulsion characteristic and overall fluid
rheology as function of Péclet number and the strength of imposed extensional flow.

2. Mathematical modelling

The objective of the present study is to analyse the motion of an active particle and its
impact on suspension rheology when subjected to an imposed uniaxial extensional flow.
We will focus on the nonlinear coupling between chemical transport in the bulk fluid,
solute emission at the particle surface, and the flow of fluid driven by the self-generated
diffusiophoretic velocity, which will determine the motion of particles and the rheology
of the suspension. Since it is a common practice to study single-particle dynamics to
obtain rheological effects on dilute suspensions (Taylor 1932; Lin, Peery & Schowalter
1970; Raja, Subramanian & Koch 2010; Subramanian et al. 2011; Lauga & Michelin
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Figure 1. An active particle with diffusiophoretic slip denoted by C4+ > C_ encountering a uniaxial extensional
flow u,, where C denotes the solute concentration. The asymmetric solute cloud around the particle surface
due to surface activity, diffusiophoresis and advection results in self-propulsion of the particle.

2016; Mandal et al. 2018; Saintillan 2018), the present study will focus on single-particle
dynamics to obtain crucial insights into the rheological behaviour of dilute suspensions.

2.1. Physical system

A chemically isotropic active spherical particle of radius a is suspended in an unbounded
fluid with solute concentration C and subjected to an imposed uniaxial extensional flow
as shown in figure 1. The far-field velocity u is the velocity field associated with the
imposed uniaxial extensional flow. For extensional flow, the velocity field is expressed as
U, = I' - x, where x is the position vector, and I' represents the rate-of-strain tensor. This
imposed extensional flow is symmetric in nature, with the corresponding velocity scale
represented by Ga, where G is the strain rate of the extensional flow. The rate-of-strain
tensor for uniaxial extensional flow is of the form

-1 0 0
G
r==1o0 -1 0]. @1
210 o 2

The interfacial activity at the particle surface, represented by A, results in a formation
of excess solute cloud near the particle surface such that the difference between local
concentration and far-field solute concentration Co is of the order C = | A| a/D, where D
represents the solute diffusivity. This interfacial gradient of solute concentration coupled
with mobility results in the formation of diffusiophoretic slip, such that the velocity
scale corresponding to the slip is expressed as U = | AM|/D, where M is the mobility
parameter (Michelin et al. 2013; Saha et al. 2021). Thus the corresponding Péclet number
quantifying the solute advection relative to diffusion is expressed as Pe=Ua/D =
|AM | a/D?.

For analytical simplification, all equations have been normalised. Consequently, the
remainder of the paper employs dimensionless variables unless explicitly stated otherwise.
By normalising length variables by a, solute concentration by C, velocity by U/, and time by
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a /U, the non-dimensional form of the advection—diffusion equation, governing the excess
solute concentration distribution, is expressed as

aC
Pe<5;+u-vc>=v%1 (2.2)

The advection term in this equation illustrates the nonlinear coupling between the solute
concentration and the velocity field. The isotropic surface flux condition is represented as
aC

— =—A, 2.3
or 2:3)

r=1

where A = A/|A| = =1 is dimensionless activity. The far-field attenuation condition is
represented as

Cly— oo — 0. (2.4)

The fluid flow is governed by the continuity and Navier—Stokes equations as
u 2
V.u=0, Re E—i—u-Vu =—-Vp+V-u, (2.5)

where the pressure is non-dimensionalised by ulf/a, and Re = pald/u is the Reynolds
number, with p being the fluid density, and w being the fluid viscosity.
At the particle surface, the diffusiophoretic slip is characterised as

ul=1 =MV;C, (2.6)

where Vi = (I — nn) - V represents surface gradient operator, and M = M/|M|==*1
is the dimensionless mobility. This surface slip condition couples the flow field with the
solute concentration. With the reference frame moving with the particle, the flow field as
r — oo could be represented as

-1 0 o0
Heo—><| 0 =1 0]-x—-U, 2.7)
210 0 2

where U represents the particle velocity. The dimensionless extension rate is given by
€ = Ga/U, which represents the ratio of the velocity scales due to imposed uniaxial
extensional flow and diffusiophoresis. Thus € is a measure of the strength of imposed
extensional flow. The particle velocity is governed by the Newton’s second law of motion:

ﬁ = (0 -n) dA, (2.8)
dt A
4
where 0 = —pI + Vu + (Vu)T is the hydrodynamic stress tensor, A p 1is the particle
surface, and n is the outward unit normal on A . The right-hand side of (2.8) represents
the total hydrodynamic force on the particle. At the steady state, the total hydrodynamic
force vanishes, and the particle translates in a force-free manner.

The motion of particles in a suspension alters the overall suspension rheology due to
the disturbance flow generated by individual particles that interact with external flows,
impacting the rheological characteristics of the suspension. The stresslet accounts for
the stress due to individual particles to the bulk fluid stress. For dilute suspension with
low volume fraction such that the particle—particle hydrodynamic interaction is absent (or
negligible), the effective suspension rheology is dependent directly on the stresslet and
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the volume fraction. In the present study, the stresslet S is determined using the following
expression derived by Batchelor (1970) for a particle:

S=/ [% {(a -n)x + ((o -n)x)T - %I (0 -n) -x} — (un + (un)T)] dA. (2.9)
AI’

Before discussing the asymptotic and numerical approach for solving the nonlinear
particle dynamics, it is important to note that the coupled problem involving an active
particle and imposed extensional flow will now depend on Pe as well as €. This coupled
and nonlinear nature of the mathematical model cannot be directly solved analytically for
arbitrary Pe and €.

2.2. Asymptotic solution

We obtain the analytical solution based on the following key assumptions. (i) The flow and
chemical transport are axisymmetric, and the particle stays very close to the stagnation
point of the imposed extensional flow. (ii) The fluid inertia is negligible compared to the
viscous effects. (iii) Steady state is assumed. (iv) There is small € linearisation about the
stationary base state and away from any bifurcations (i.e. Pe < 4).

The asymptotic steady-state solution is obtained for motion of the active particle in the
limit of negligible fluid inertia, Re < 1. In this limit, the governing equation for fluid flow
(2.5) and solute concentration distribution (2.2) can be rewritten as

V-u=0, —Vp+Viu=0, (2.10)

Peu-VC =V>C. (2.11)

In the limit € < 1, the asymptotic expansion for any dependent variable (e.g. solute
concentration C) is of the form

C=CO+ecV+e*C?+.... (2.12)

This is such that the leading order or the base state corresponds to a trivial solution with
no flow and a spherically symmetric source distribution for solute concentration around a
stationary particle, represented as

u®=0, Uv©®=0 cO= é. (2.13)
Considering the axial symmetry of fluid flow and chemical transport, we have chosen
an axisymmetric spherical coordinate system (r, #). For an asymptotically small value
of €, the perturbation expansion represents the O(e) deviation from the base state of
spherical symmetry. Considering the axisymmetric nature of the flow field, the fluid flow
is expressed through stream function w(l), such that the radial and tangential velocity
components can be expressed as

uﬁl) — _’%%;) and uél) = _—r ﬁl_ = a]g’fl) , (2.14)

where 1 = cos 6. The Stokes equation (2.5) can thus be expressed as (Leal 2007)
E*y M =0, (2.15)
where E*= 5722 - “:—;72)% Using the stream function leads to satisfaction of the

continuity equation automatically, while the solution of the Stokes equation (2.15) yields a
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generalised expression of the stream function for a particle in an axisymmetric flow field,
where the stream function can be expressed as (Leal 2007)

e.¢]
y®=3" [Anr”+3 +B, "t E P 4 Fnr*”] Q,m), (2.16)

n=1

where Q, (n) is the Gegenbauer polynomial. The O(¢) far-field flow velocity from (2.7)
becomes

uoo—>5 3n —I—Tn e, —|3ny1—n°— " 1—n“)es|, 217)

where e, and ey are unit vectors in spherical coordinates, with U ! being the O (¢) particle
velocity. Applying the far-field condition on the stream function, the values of the constants
can be determined as

A, =0forn>1,
B,=0forn>2, (2.18)
Bi=UW and B, = —1.

Thus the stream function is of the form
o0
p O =002 0,6 - 0,0+ Y [Er > +Fr ] 0,n. (2.19)
n=1

The far-field stream function includes Q, (1) and Q,(n), therefore by considering n =1
and n = 2, the respective stream function is

F F
w(l) — (U(l)rz + 71 + E1r> Q1 (’7) + (_r3 + E2 + r_§> Qz(n) (220)

By incorporating a no-penetration boundary condition at the particle surface, i.e. u,|,—; =
0, we get E{ + F1 + U =0 and E + F» = 1. Substituting Es in terms of F», the stream
function takes the form

F 1
v = [Umrz + 71 + E1r:| o, + [—r3 +1+4F, (r—2 - 1)] Q,(m. (221

The O(1) and O (€) solute transport equations are respectively of the form

v2c® =0 for 0(1), (2.22)

Ve = PeuD . vCO  for O(e), (2.23)

such that (C© /3r)|,_; =—A ,(@CD/3r)|,=1 =0and CV|, (o =CP|, ., =0.0n
applying the boundary conditions, the final expression for the O(e) solute transport
equation is of the form

v F, E 11 11
20 1 1
Ve —PeA[{,,—z+r—s+r—3}Pl(n)—{;—rj—F2<r—6——r4)}Pz(n) :

(2.24)
1008 A40-7
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where P, (n) is the Legendre polynomial of degree n. By solving this equation, the solute
concentration is found to be of the form

v F E 1 (3F, E
C(l):_P A _ 1 1 o 1 _ 1 P
¢ [2 4r3+2r+r2<8 4)} ()

peal-f-Fo LB Y L L TR, )
Pl a et T2 ") T \Ta T )|

The diffusiophoretic slip at the particle surface corresponds to ugl,—1 =

—M+/1 —n2@CWM /3n)|,—;. After substituting the expressions of solute concentration in
the expression obtained from the slip condition , i.e.

(2.25)

F, —20" —E 34+2F ac
: vy GF2R)n : (2.26)
2 2 an
r=I1
one can determine the value of the unknown constants E, and F, as
12—-3AM P
E,=u0 (=222 (2.27)
AM Pe—38
9(=2+AM Pe) 3
= =—=+3CM. 2.28
27 12— AM Pe 2 T2 228

For the force-free condition, E, =0, which implies that the particle velocity is U M=0
up to O(€). Similar results have been obtained in the studies carried out by Michelin et al.
(2013) and Saha et al. (2021). Also, it is important to note that away from bifurcation,
the particle is motionless even in the presence of extensional flow due to symmetry of
the flow. Here, C, is the coefficient of the second-degree Legendre polynomial when the
solute concentration distribution on the particle surface is expressed in terms of Legendre
polynomials as

o
Clr=1=Y_ Cy Pa(). (2.29)
n=0
For large r, the above solution for O (¢) solute concentration does not satisfy the far-field
condition. One can use matched asymptotic expansion to obtain the far-field correction,
which has been done for a passive phoretic particle in linear flow at low Pe by Yariv &
Kaynan (2017). Since the solute concentration at the particle surface is independent of the
far-field solution, as shown by Saha et al. (2021) and Yariv & Kaynan (2017), the far-field
solution has not been evaluated in the present study. However, the far-field solution can be
obtained by applying the matched asymptotic solution, as followed by Saha et al. (2021).
For an axisymmetric particle self-propelling in direction e (z-direction), the stresslet
tensor (S) can be expressed in terms of a scalar stresslet intensity (S) as S = S(ee —
(1/3)I). The velocity field and the stress tensor are determined directly from the stream
function, with an additional determination of fluid pressure through the Stokes equation to
determine the diagonal elements of the stress tensor. This yields the stresslet intensity S
up to O (¢) to be of the form

9
= (107 — 12 M)e =4 l——|e. 2.
S=({0r mCoM) e Or [ o~ AM Pe] € (2.30)

Stresslet intensity S indicates the effective viscosity of the suspension. A positive value
of the stresslet represents the case of active particles showcasing puller-type motion,
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thereby increasing the effective viscosity, whereas a negative value of the stresslet, on
the other hand, represents the active particle behaving as a pusher, thereby decreasing
the effective viscosity of the active suspension (Saintillan 2010, 2018; Lauga & Michelin
2016). A higher magnitude of S, irrespective of its sign, represents the impact of a particle
in influencing the suspension rheology. It is important to note that the self-propulsion
and stresslet depend on the sign of AM. Negative AM represents the scenario of no self-
propulsion (Michelin et al. 2013), thus the suspension also behaves as a suspension of
passive particles. The chemical transport for negative AM gives rise to a diffusiophoretic
slip which resists the imposed extensional flow and thereby enhances the stresslet as
represented in (2.30). On the other hand, positive A M represents a state of self-propulsion
beyond the threshold Pe =4 (Michelin et al. 2013). The chemical transport for positive
AM gives rise to a diffusiophoretic slip that augments the imposed extensional flow and
thereby reduces the stresslet as represented in (2.30). It is important to note that for positive
AM, due to the first-order dipolar instability resulting in the particle self-propulsion, the
assumed motionless isotropic base state is not valid for all values of Pe (Schnitzer 2023),
thereby limiting the theoretical expression derived in (2.30) to be applicable for Pe < 4
only.

2.3. Numerical solution

In the case of an active particle in imposed uniaxial extensional flow, the asymptotic
solution is applicable only when the imposed extensional flow is weak in comparison to
the diffusiophoretic slip, i.e. € is small. Also, for positive AM, due to the dipolar instability
at Pe =4, the perturbation solution (2.30) is limited to Pe < 4 only. In addition to this,
the particle sets into motion due to instability of dipolar perturbation, and further increase
in Pe results in instability of other types of perturbations (such as quadrupolar) (Hu et al.
2022; Kailasham & Khair 2022). To address these limitations, we carry out numerical
analysis over a wide range of € and Pe.

The particle velocity and stresslet intensity are obtained through numerical simulations
of the governing equations (2.5) and (2.2) for fluid flow and solute concentration subject
to boundary conditions (2.6), (2.7) and (2.3), (2.4), respectively, using the finite element-
based simulation framework COMSOL Multiphysics (Zhu & Zhu 2023; Shreekrishna,
Mandal & Das 2024). For simulations, an axisymmetric problem is solved with a spherical
particle being at the stagnation point of the imposed extensional flow with unit radius in an
axisymmetric computational domain (with non-dimensional size 50 x 100). To inculcate
the effects of increasing Pe, along with the possibility of the presence of an initial
asymmetry in the concentration distribution, the initial concentration field is expressed
following Kailasham & Khair (2022) as

A cos 6
C|(r:1,t:0) = 7 - 5per r_2 , (2.31)

with |6per| <1, such that initial asymmetry is inculcated with an axisymmetric
concentration distribution. We chose the default triangular mesh element setting with
linear elements for both the velocity components and the pressure field (P1 + P1). The
element size is finer near the particle—fluid interface as compared to the fluid domain
where the maximum element sizes 0.008 and 0.5 were used for meshing the particle
surface and the fluid domain, respectively. The mesh sizes are selected based upon a
convergence test performed with coarse mesh, fine mesh and very fine mesh, where
the respective maximum element sizes of the fluid domain and the particle surface
were 1, 0.05 (coarse mesh), 0.5, 0.008 (fine mesh), and 0.2, 0.002 (very fine mesh).
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Figure 2. Theoretically and numerically obtained stresslet for a particle subjected to a weak uniaxial
extensional flow with € = 0.01 and positive and negative values of AM.

The domain size 50 x 100 is selected post domain independence tests performed on three
fluid domains of sizes 30 x 60, 50 x 100 and 60 x 120. The Navier—Stokes equation along
with the continuity equation is solved in the computation model by using the ‘laminar
flow’ interface. This is coupled with the ‘stabilised convection—diffusion’ equation to solve
the solute concentration distribution with the application of a slip velocity at the particle
surface. The Reynolds number for the fluid flow in the domain was kept at Re = 0.01.
A time-dependent BDF solver with relative tolerance of 107 is used alongside a direct
PARDISO solver.

The comparison between theoretical and numerical simulation is represented in figure 2.
The theoretical and numerical simulations exhibit strong similarity for all values of Pe
when AM = —1. However, for AM =1, i.e. the case of self-propulsion, it can be observed
that the theoretical and the numerical simulations are in close resemblance for Pe ~ 4,
beyond which the theoretical results diverge due to instability, resulting in self-propulsion
at Pe =4. When AM = —1, the stresslet is observed to remain positive for all values of
Pe > 0. This adheres to the fact that the effective viscosity of passive particle suspension
is more than the background fluid viscosity. On the contrary, the stresslet changes sign
after a particular value of Pe when AM > 0. In addition to this, the numerical simulations
compare very well with the existing results for the case of active particles in a quiescent
medium, as represented in figure 3. Thus numerical simulations are carried out to analyse
active particle propulsion and the associated stresslet in the imposed uniaxial extensional
flow condition.

3. Results and discussion
3.1. Motion in a quiescent medium

The motion of an active particle in the absence of any imposed flow is the sole consequence
of the coupled effect of particle surface activity and the interfacial diffusiophoretic
slip caused by the mobility. Depending upon the magnitude of the Péclet number,
the solute concentration distribution across the particle surface is modified such that
the active particle motion can be characterised by three distinct regimes, namely
(i) quiescent, (ii) self-propulsion and (iii) stirring, as depicted in figure 3 (Michelin et al.
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Figure 3. Motion of an active particle in the absence of any imposed background flow. The present numerical
simulation is validated with results in the literature. Particle velocity is validated from Kailasham & Khair
(2022) and Hu et al. (2022), and the stresslet is validated from Michelin et al. (2013). Plots show the variation
of particle velocity and the induced stresslet with Péclet number for an active particle in the absence of any
imposed flow. The surface plot shows qualitatively the symmetry breaking in the solute concentration around
the particle surface.

2013; Hu et al. 2022; Kailasham & Khair 2022). At low values of the Péclet number, the
solute advection over the particle surface is weak compared to the diffusive transport of
solute. As a result, the solute cloud surrounding the particle remains symmetric, while the
particle remains stationary. This is represented by the quiescent regime, which extends to
a critical value of the Péclet number, above which the solute advection is strong enough to
overcome the uniforming effects of diffusion. As a consequence, the symmetry in solute
concentration distribution is broken once the Péclet number is greater than the critical
Péclet number. Above this threshold Péclet number, the quiescent state becomes unstable,
and spontaneous particle motion occurs under small perturbation. This threshold value
of the Péclet number representing the onset of self-propulsion is denoted by Pe;, which
is found to be Pe; =4. This symmetry breaking is characterised by the onset of particle
motion, i.e. self-propulsion. This is associated with the onset of the first hydrodynamic
instability mode, which is also referred to as dipolar instability (Hokmabad et al. 2021).
The insets showing the surface plot in figure 3(a) depict the symmetry breaking in solute
distribution. The self-propulsion regime continues until the Péclet number attains a critical
value Pey ~ 27 (Kailasham & Khair 2022). This Pe; denotes the critical value of the
Péclet number for the transition from self-propulsion to the stirring regime. The particle
comes to an abrupt halt for a Péclet number higher than 27. This is attributed to the higher
growth rates of second hydrodynamic instability mode, also referred to as quadrupolar
instability (Hokmabad et al. 2021). This regime is referred to as the stirring regime because
the particle surface activity only stirs the fluid around it while the particle is not moving.
Although the propulsion characteristics of the particle in the quiescent regime and the
stirring regime are similar where the particle is stationary in both cases, the difference
between the two cases is clearly evident from the stresslet associated with the particle in
these two regimes, as shown in figure 3(b). The stresslet in the quiescent regime remains
negligible, whereas it is significantly higher in the stirring regime, with the transition from
self-propulsion to stirring regime being marked by a sudden increase in the magnitude of
the stresslet, and thereby a sudden change in the effective viscosity of the fluid. At higher
values of the Péclet number (> 55), a chaotic motion of the particle is observed, and the
flow regime is referred to as the chaotic regime (Hu et al. 2019, 2022; Kailasham & Khair
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Figure 4. (a) The variation of numerically obtained particle velocity with Péclet number for varying strengths
of imposed extensional flow. (a) The onset of particle self-propulsion and abrupt halt at different values of Pe
for varying strengths of imposed extensional flow. (b) The change in critical Péclet number for the onset of
self-propulsion (Pe;) with increasing value of imposed strain rate. The self-propulsion in the case of a greater
value of imposed strain rate starts much later than the weak imposed extensional flow condition. (¢) The particle
comes to an abrupt halt at a lower Péclet number (Pey) for increased strength of imposed extensional flow. The
particle is assumed to be stationary if the numerical value of particle velocity is less than 5 x 1073 (Picella &
Michelin 2022).

2022). Note that similar regimes are also reported for chemically active droplets driven
by the Marangoni and/or diffusiophoresis effect (Morozov & Michelin 2019a; Li 2022;
Wang, Zheng & Li 2024).

3.2. Motion with background uniaxial extensional flow

Figure 4 illustrates the influence of imposed uniaxial extensional flow on active particle
motion, where € represents the relative strength of imposed flow to the self-induced
diffusiophoretic slip. As shown in figure 4(a), two distinct behaviours emerge, depending
on €. For 0 < € < 0.013, the particle motion resembles that in a quiescent medium, while
for e = 0.05, the dynamics aligns with passive particles under extensional flow. To analyse
coupled effects of surface activity, mobility and imposed flow, the study considers € in the
range 0.001—0.05.

Self-propulsion begins once the Péclet number (Pe) surpasses a critical threshold (Pey),
but the imposed flow delays this onset as its strength increases, as shown in figure 4(b).
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Additionally, higher € causes an earlier transition from self-propulsion to a stirring regime,
indicated by an abrupt drop in velocity at a lower Pe (Pe>), as seen in figure 4(c). For
€ =0.05, the imposed flow completely inhibits self-propulsion, rendering the particle
stationary even at high Pe. Within Pe; < Pe < Pep and € < 0.013, the imposed flow
further reduces particle velocity, as shown in figure 4(a).

The imposed extensional flow induces non-uniform solute distribution near the particle,
enhancing diffusiophoretic slip. However, the symmetry of uniaxial flow promotes a
quadrupolar solute distribution, as depicted in figure 5(e), inhibiting dipolar instabilities
required for self-propulsion. Consequently, particle dynamics depend on two parameters:
(1) Péclet number (Pe), indicating solute advection strength relative to diffusion, and
(1) strain rate (€), representing imposed flow strength relative to diffusiophoretic slip.
Self-propulsion does not begin before Pe = 4 for any € because advection is insufficient to
overcome diffusion. As € increases, stronger diffusiophoretic slip is needed to counteract
the quadrupolar symmetry, delaying self-propulsion onset and increasing Pej. This delay
is evident for moderate € (0.001 < € < 0.013), as shown in figures 4(a) and 4(b).

The transition from self-propulsion to the stirring regime corresponds to the dominance
of quadrupolar instability, associated with second-order effects (Chen et al. 2021;
Hokmabad et al. 2021; Kailasham & Khair 2022). The flow field in the stirring regime
resembles uniaxial extensional flow, also called the extensile pumping regime (Morozov &
Michelin 2019a; Kailasham & Khair 2022). While uniaxial flow suppresses dipolar insta-
bility, it promotes quadrupolar instability due to its symmetry, as reflected in figures 4(a)
and 4(c). Increasing € causes an earlier cessation of self-propulsion at lower Pej, leading
to an early transition to the stirring regime. For € =0.05, self-propulsion is completely
inhibited, and particle dynamics is dominated by the imposed flow, as the effects of
diffusiophoretic slip on particle propulsion become negligible. A similar suppression
of self-propulsion under imposed shear flow was observed for disk-shaped particles
(Kailasham & Khair 20235). It is important to note that although diffusiophoretic slip
at € = 0.05 does not significantly influence the particle’s motion, it still affects the overall
dynamics and the stresslet associated with the particle, as will be discussed in the following
paragraphs.

So far, the impact of imposed flow on active particle motion has been discussed.
However, the presence of a particle in any fluid medium modulates the overall
rheology of the fluid as well. To investigate the impact of active particle locomotion
in imposed extensional flow on the fluid rheology, it is imperative to focus on the
solute cloud distribution over the particle surface. The steady-state solute concentration
distribution on the particle surface can be expressed in terms of Legendre polynomials as
Cl—1= ZZOZO Cy P,(n). The relevant modes, C; and C;, can be determined using the
orthogonality property of the Legendre polynomials. These modes respectively contribute
to the particle self-propulsion and stresslet. This is depicted in figure 5. As discussed
earlier, for strong imposed extensional flow (e > 0.013), the extensional flow around the
particle tends to strengthen the second mode while simultaneously weakening the first
instability mode. As a consequence, the symmetry breaking is not achieved, and the
particle remains stationary. Although the particle surface activity and mobility are not
able to surpass the effect of strong imposed flow to initiate particle self-propulsion, they
do, however, influence the suspension rheology with increase in Pe. For Pe =0, the
rheology is governed solely by the imposed extensional flow, which tends to stretch the
particle while inducing a positive stresslet and an increased effective viscosity. As Pe
increases, the coupled effect of activity and mobility induces an active stresslet having a
tendency to oppose the imposed flow condition. This is indicated by a reduction in the
stresslet with increase in Pe. In addition to this, the impact of imposed extensional flow

1008 A40-13


https://doi.org/10.1017/jfm.2025.232

https://doi.org/10.1017/jfm.2025.232 Published online by Cambridge University Press

R. Roy and S. Mandal

(@) (b) (© >
Stresslet Particle velocity a— Stresslet Particle velocity & Stresslet Particle velocity ::)
k> 0 tese 0.08 07w " 0.08 1 ™=, 0.08 2
2 : >
g -l -2 S -1 . =
A 1 0.04 : 0.04 S ; 0.04 2
) N : —4 -3 L—J
(d) (e) 02

Ol ¢ i s € =G et OB 2 e 10

e . 0.1 o Pos

o Opeeen e R 0.10 0.6

> . . 0.05 2 pe=13 | 04

O\ pe=10  pe=13 O e I Pe=3 ¢
0.1 e T -0.1 Pe=10 - 0.2
Pe=3 Pe = Pe=18 Pe=10 0
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
Pe Pe Pe

Figure 5. Numerically obtained particle velocity and the induced stresslet along with the solute concentration
distribution (C) at the particle surface for (a,d) € =0.001, (b,e) € =0.003, and (c,f) € = 0.05. The first mode
of solute concentration C represents the asymmetric solute cloud distribution, while the second mode C;
represents the symmetric solute distribution about the particle surface. For € = 0.003, the abrupt halt in particle
motion is characterised with a sudden drop in C; and a sudden rise in C,, whereas for € =0.05, the self-
propulsion does not start, which is represented by C1 =0.

in enhancing the second mode of solute concentration distribution (C7) increases. This
results in augmentation of the active stresslet (negative) with rise in Pe.

When the strength of the imposed extensional flow is reduced, the impact of self-
generated diffusiophoretic slip due to particle surface activity and mobility becomes
more noticeable. As mentioned earlier, the activity on the particle’s surface in tandem
with mobility causes an uneven distribution of solute concentration resulting in the
diffusiophoretic slip. This is characterised by an increase in the value of C1, which in turn
causes the particle self-propulsion, as seen in figure 5. Figure 5 indicates that the relative
magnitude of the two modes, C1 and C3, dictates the magnitude of the stresslet. In the case
of weak and intermediate strength of extensional flow (e < 0.013), the solute concentration
distribution achieves dipolar asymmetry at Pej, resulting in the self-propulsion of the
particle. This is characterised by a higher value of C; compared to C,, resulting in a
reduction in the magnitude of the stresslet. This is because the disturbance in the fluid
medium near the particle, which is induced as a reaction to self-propulsion, tends to aid
the background flow, thereby reducing the opposing effect of surface activity and mobility
(characterised by C»). This results in a reduction in the magnitude of the net stresslet
induced by the particle as € decreases. This is depicted in figure 6, where the magnitude
of the stresslet for Pe; < Pe < Pej reduces with decrease in €.

As discussed earlier, for dimensionless strain rates ranging from 0.001 to 0.05, the self-
propulsion caused by the onset of the first-order dipolar instability mode abruptly stops at
a certain Péclet number (Pey), owing to the early initiation of higher-order quadrupolar
instability, resulting in a symmetric distribution of solute particles that is further enhanced
by the imposed extensional flow. This abrupt cessation of propulsion results in the particle
entering a state of symmetric extensile pumping, also referred to as a stirring regime.
In this condition, the activity of the particle induces stirring of the surrounding fluid
(Morozov & Michelin 2019qa; Kailasham & Khair 2022), with no self-propulsion. The
stirring effects act in tandem with the negative active stresslet leading to a sharp rise
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Figure 6. The variation of numerically obtained stresslet with Péclet number for different strengths of
imposed extensional flow.

in the net negative stresslet (figure 6), which in turn decreases the effective viscosity of
the suspension. This is also characterised by a sudden jump in C» and a simultaneous
drop in Cy, as depicted in figure 5. The sudden jump in the magnitude of the stresslet
results in an abrupt change in the effective viscosity of the fluid. Thus, depending upon
the strength of the imposed extensional flow, the coupled effect of imposed extensional
flow and the self-induced diffusiophoretic slip can modify the rheological behaviour with
increasing Péclet number. A similar increase/decrease in stresslet for active suspension of
particles, including bacterial suspension, has been reported in the case of imposed shear
flow (Saintillan 2010, 2018; Koch & Subramanian 2011; Frankel & Khair 2014; Kailasham
& Khair 2023b).

Similar to the case of active particle motion in a quiescent medium, the active particle
motion and its subsequent impact on the suspension rheology, when subjected to a uniaxial
extensional flow, can be summarised through the regime plot as depicted in figure 7.
Although the regimes are similar to that of active particle motion in a quiescent medium,
the span and distribution with respect to the strength of imposed flow and Péclet number
are different. Additionally, it is observed that with increasing €, both the critical Péclet
numbers (Pe; and Pe;) tend to merge together, as depicted in figure 7, resulting in a
direct transition to the stirring regime. All this is summarised as follows.

(i) Quiescent regime. This indicates that the self-propulsion has not started or the first-
order instability mode has not been attained. Usually, for an active particle in the
absence of any imposed flow, this happens when the Péclet number is less than
4. In the presence of extensional flow, the self-propulsion initiates only after a
threshold value of the Péclet number (Pe;), which depends on the magnitude of
the imposed strain rate, is attained. The increased strength of imposed extensional
flow, i.e. € > 0.013, also results in non-attainment of the first-order instability mode.
This is because of the dominance of the imposed uniaxial extensional flow over the
self-propelling nature of the diffusiophoretic slip. Although the uniaxial extensional
flow tries to make the solute cloud non-uniform, it promotes the quadrupolar
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Figure 7. Regimes corresponding to contrasting particle behaviour depending on the Péclet number and
strength of imposed uniaxial extensional flow. The quiescent regime signifies that the particle has not started
moving. The onset of the self-propulsion regime and end of the quiescent regime is characterised by Pe
(circular marker). The abrupt halt of the particle is denoted by the stirring regime. The transition from self-
propulsion to the stirring regime is characterised by Pe; (rectangular marker). The data are obtained through
numerical simulations.

symmetry associated with C,. This quadrupolar symmetry in solute does not result
in self-propulsion as self-propulsion is governed solely by the C; mode of solute
concentration. Thus for € > 0.013, the self-propulsion regime is not observed with a
direct transition from the quiescent regime to the stirring regime.

(i1) Self-propulsion regime. Once the magnitude of self-generated diffusiophoretic slip
is strong enough to counter the homogenising effect of diffusion as well as
the tendency of the imposed flow to attain quadrupolar symmetry of the solute
cloud, an asymmetry in the solute cloud distribution around the particle surface
results in its self-propulsion. The regime starts when the Péclet number is greater
than the threshold Péclet number (Pep). For weak imposed extensional flow, i.e.
€ <0.001, the self-propulsion regime continues until Pe~27, whereas for
intermediate strength of the imposed extensional flow, i.e. 0.001 < e < 0.013, the
propulsion regime is limited to a critical value of the Péclet number (Pe>), which
reduces with increasing strength of imposed flow. Thus an increase in imposed flow
strength facilitates an early attainment of the stirring regime.

(iii) Stirring regime. Here, the higher-order quadrupolar instability mode dominates the
dipolar propulsion instability mode. This results in the particle coming to a sudden
halt. The stirring effect adds to the passive flow-induced stresslet, resulting in an
abrupt increase in the net negative stresslet, thereby reducing the effective viscosity
of the suspension.

4. Conclusions

The present study investigates the effects of the interaction between particle surface
activity and mobility with the applied uniaxial extensional flow on the propulsion
behaviour of the particle and its impact on the overall rheology of the suspension. The
diffusiophoretic slip induced by the non-uniform solute concentration on the particle
surface, when enhanced by the advection, results in self-propulsion of the particle, whereas
the imposed uniaxial extensional flow tends to curtail the self-propulsion characteristics.
The dynamics of the particle in this coupled system is governed by two parameters,
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namely (i) Péclet number (Pe), denoting the strength of solute advection with respect
to diffusion, and (ii) dimensionless strain rate €, which represents the strength of imposed
flow relative to the self-induced diffusiophoretic slip. The imposed extensional flow is
observed to enhance the non-uniformity in solute concentration distribution in such a way
that it promotes quadrupolar symmetry in concentration distribution around the particle
surface, suppressing the active particle’s self-propulsion. For an intermediate strength of
the imposed uniaxial extensional flow, i.e. 0.001 < e < 0.013, the self-propulsion of the
particle starts only after a critical value of the Péclet number (Pe;), which in turn depends
on the imposed strain rate. The Pe; value is higher for the greater value of imposed
strain rate; i.e. with increasing strength of the imposed extensional flow, the onset of
self-propulsion with respect to Péclet number is delayed. In the self-propulsion regime,
the magnitude of particle velocity decreases with an increase in €, again showcasing
the propulsion-prohibiting tendency of the imposed extensional flow. The particle is also
observed to come to an abrupt halt at a relatively lower Péclet number (Pe;) compared
to the case of no external flow. With increasing Pe, the extensile nature of the imposed
flow augments the active stresslet (negative) by promoting the quadrupolar second-order
symmetry. Additionally, the stirring effect caused by the particle activity post the abrupt
halt, i.e. Pe > Pe», acts in tandem with the imposed flow condition, thereby reducing
the effective viscosity of the suspension. These results could have potential implications
in various fields connected to the study of the flow behaviour of suspensions, including
moving particles, droplets, and living organisms that exhibit wriggling motion. The
present single-particle analysis could be extended to explore the collective dynamics of
multi-particle systems in the future, which will be an intriguing field of investigation.

4.1. Challenges and future directions

The present analysis is based on a two-dimensional axisymmetric assumption, which holds
true as long as the particle remains at the stagnation point of the extensional flow. However,
once self-propulsion begins, the particle moves away from the stagnation point, making the
problem inherently three-dimensional. Additionally, theoretical studies such as those by
Morozov & Michelin (2019a), Saha et al. (2021), Schnitzer (2023) and Peng & Schnitzer
(2023) provide valuable insights into bifurcation analysis and asymmetric modes related
to self-propulsion. These works suggest that a bifurcation analysis, especially for Pe > 4,
could unveil further details about self-propulsion dynamics, and represents a significant
avenue for future theoretical exploration. Moreover, the assumption of fore—aft symmetry
in our perturbation analysis is valid only up to Pe=4. Beyond this threshold, self-
propulsion instabilities render the analysis less applicable. This limitation, coupled with
the agreement between the stresslet predictions and numerical results only up to Pe ~ 4,
as shown in figure 2, underscores the restricted applicability of our perturbation analysis
at higher Pe. Therefore, extending the theoretical framework to include stability analysis
of the fully three-dimensional model would offer deeper insights into particle dynamics at
higher Pe values, and represent a promising direction for future research. In this regard,
the solution methodology suggested by Schnitzer (2023) and Peng & Schnitzer (2023)
could be applied to analyse the bifurcation at Pe = 4 for the resulting three-dimensional
unsteady problem.
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