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The study of spherically symmetric motion is important for the theory of explosion waves. In this
paper, we consider a ‘spherical piston’ problem for the relativistic Euler equations, which describes
the wave motion produced by a sphere expanding into an infinite surrounding medium. We use the
reflected characteristics method to construct a global piecewise smooth solution with a single shock
of this spherical piston problem, provided that the speed of the sphere is a small perturbation of
a constant speed.
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1 Introduction

In a frame of reference where the fluid moves with 3-velocity u = (i, u», u3), the 4-velocity
of the fluid is given by @ = (u°, u', 1%, 1®) = x (1, u1, u, u3), where the speed of light is 1, x =
1

1—u
The thermodynamic quantities n, p, e, T, S, p =n + e and i = p + p denote the average rest-

mass density, the pressure, the internal energy per unit volume, the absolute temperature, the
entropy per particle, the total mass-energy per unit volume and the enthalpy per unit volume,
respectively.

The motion of a relativistic fluid in the Minkowski space-time is governed by the conservation
laws for energy and momentum:

is the Lorentz factor and u = ,/u? + u3 + u3 is required to be less than 1.

(T)ey =0, @,=0,1,2,3, (1.1)
and the conservation law for the number of particles:
(nu®)y, =0, (1.2)
where repeated indices imply summation,

T = (p+ p)uu’ — pg** (1.3)

P
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denotes the stress-energy tensor, and

; 1.4)

0q

Il
c oo~
o~ oo
- o o o

see Taub [24].

There are many results about Cauchy problems for the one-dimensional relativistic Euler
equations. Smoller and Temple [22] considered the system of conservation laws in energy and
momentum in special relativity:

( iu n >+( iu )

— TP T o) =Y

_ 2 2

1—u ¢ 21 u*/x (1.5)

( iu )+( iu —|—)—O
1 —u?/: 1—u? px_

with the equation of state p = o2 p, where o is a positive constant smaller than 1. They solved the
Riemann problem and the Cauchy problem for the system. Marti and Miiller [20] also studied
the Riemann problem for (1.5) with the equation of state p = o>p. Chen [4], Hsu et al. [13] and
Li et al. [2, 17] extended the result of Smoller and Temple [22] to more general equations of
state p = p(p). For more results about one-dimensional relativistic Euler equations, the readers
cansee [3, 5,6, 7, 18, 26].

We are concerned with spherically symmetric motion. The conservation laws in energy and
momentum in special relativity with spherical symmetry have the form:

(iu2+)+( iu>+ 2iu _0
— )0 ), A—uy

( iu )+( iu? +)+ 2iu? _0
1—2) T2 TP, T A ey T

where ¢ > 0 an » > 0. We take the equation of state p = o2 p.

We consider the ‘spherical piston’ problem which describes the wave motion produced by a
sphere expanding into a quiet gas; see Courant and Friedrichs [8]. The spherical piston problem
for the compressible Euler equations was first worked out by Taylor [25]. He constructed a self-
similar solution with a single shock of the problem. Chen et al. [1] constructed a global weak
solution of the spherical piston problem for the compressible Euler system. The spherical piston
problem for the relativistic Euler system was first studied by Ding and Li [11, 12]. They studied
the local existence of shock wave solutions of the spherical piston problem for the relativistic
Euler system (1.6). In a recent study, the author [15] studied self-similar solutions of the radially
symmetric relativistic Euler equations (1.6).

In this paper, we consider system (1.6) with the initial and boundary conditions:

(1.6)

1
(u, p)(7,0)=1(0, po), u(r,a(r))= a’_(r)’ r>0. (1.7)
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Global solution to a three-dimensional spherical piston problem 3
We assume that a(r) € C?[0, +00) satisfies the following assumptions:
(Al): «a(r)= é as r € [0, r], where u, € (0, 1);

(A2): |o/(r) — #| < %, and |o"(r)| < =55 as r € [ry, +-00).

We also assume § € (0, ),

1—4o 2 1 170
o+ = |t < 10, (1.8)
(1—20p 8| (1-20) 12(1— Lo)
and
-0 +2 ! 1 1 (1.9)
e — —_— — < — 0. .
- \a-gy

Remark 1.1 By a direct computation, we know that there exists a o) >0, such that when
0 < o < oy there hold

i 1—40 +2 1 . 170
my——s——+<|—5—-— U EE—
50| (1-30) 8| (1-30) 12(1 — 3o)?

20 170
:1—40—21n<1——>+—<1—o
3 12

. 1—13—00 1 1—%"
lim 2015+2 2015_1 = 2U<1—0.
=0 | (1T =) (1= 11—

Therefore, when 0 < o < o) there exists a sufficiently small § > 0 such that (1.8) and (1.9) can
be satisfied.

and

Remark 1.2 Assumptions (1.8) and (1.9) are actually ‘dissipative’ conditions for the problem.

We use the reflected characteristics method to solve the (1.6), (1.7). Such a method has been
used in [10, 9, 19, 27] to study the stability of shock waves of the compressible Euler equations.
The main result of the paper can be stated as the following theorem:

Theorem 1.1 (Main theorem) There exists a o, € (0, 01) which depends only on u,, such that
Jor any o € (0, 02), when ¢ is sufficiently small, the problem (1.6), (1.7) admit a global piecewise
smooth entropy solution with a single shock.

The rest of the paper is organised as follows.
In Section 2, we consider the system (1.6) with the initial and boundary conditions:

,
(u, p)(r, 0) = (0, po), u(r, Z> =u, 7>0. (1.10)

We construct a self-similar solution (u, p) = (it, p)(7) to the problem (1.6), (1.10) with a single
shock located at some point ; = %; see Figure 1(left). We also establish some useful estimates
for the self-similar solution. These estimates will be used to establish uniform a priori estimates
for the perturbed solution.
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FIGURE 1. Left: self-similar solution; right: perturbed solution.

We aim to construct a global piecewise smooth solution containing a single shock to the prob-
lem (1.6), (1.7); see Figure 1(right). To this aim, we reduce the problem (1.6), (1.7) to a free
boundary problem for (1.6) in Section 3.1. It is obvious that (i, 0)(7) (u, < 7 < Slo) is the solu-
tion to the free boundary problem for a(r)= ;- (> 0). Then the problem can be seen as a
small perturbation problem for the self-similar solution with a single shock. In Section 3.2, we
introduce the Riemann invariants:

1. 1+4u o 1 1+4u o

Ri=-1 __% Ry=-1 _7
1=y, T T M ey e

In p.

We give a reformulation of the free boundary problem (see (3.10), (3.21)~3.22) and (3.26))
using the perturbations of the self-similar solution:

Wi(r, )= Ri(r, f) — Ry (;) and  Wy(r, 1) = Ra(r, ) — Ry (;)

where

. 1. 1+4u o N 1. 1+4u o
Ri=—1 _ Inp and Ry=-1
e B i R B prapes:

Inp.

In Sections 3.3 and 3.4, the free boundary condition (3.21) and the slip boundary condition
(3.26) in terms of the variables W, and W, are formed by the sum of a linear part plus a small
perturbation. We also derive some useful estimates on the coefficients of the reformulated non-
linear system and its boundary conditions in this section.

In order to establish the a priori estimates for the derivatives of W, and W, we derive charac-
teristic equations and boundary conditions for the derivatives of the perturbations in Section 4.
In Section 4.1, we derive the characteristic equations for VVI and I7V2, where

~ 0. W;

VVl:aFVVl+ > l:192’
Up

see (4.3). In Sections 4.2 and 4.3, the boundary conditions for the derivatives VNVI and Wz are
derived and reformulated by the sum of a linear part plus a small perturbation; see (4.15) and
(4.17).

In Section 5, we use the reflected characteristics method to establish the required uniform a
priori C' norm estimates for the classical solution (W, W,)(r, f) for the reformulated free bound-
ary problem; see Lemma 5.1. Using the uniform a priori C! norm estimates, one can extend the
local classical solution to a global classical solution; see Theorem 5.1.
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There are also some other related works about the spherically symmetric relativistic Euler
system. Hsu et al. [14] and Mizohata [21] constructed spherically symmetric weak solutions of
the relativistic Euler system in the exterior of a hard sphere.

2 Self-similar solution of the problem (1.6), (1.10) and some useful estimates

2.1 Ordinary differential equations

By self-similar transformation, system (1.6) can be written as:

d i dp d iu 2iu
_‘§£(1 —u2)+$E+£<l —u2)+ (1 —u?)E =0,
d iu d / i dp 2iu?
() e () et e O
where & > 0. Hence, we get
d_p . 2iu(u — &)
€ gl -+ 0+ D -9)w— )+ +u2 - 2u)us - 1)
du 2ué — Du(l — u?) @D
4 gfle0 -0+ 0+ I —o))—§) + 1+ - 2u8)E — 1)
Let s = 1/&. Then, we have
du  2(u—s)u(l — u?)
ds fs)
2.2)
dp 201+ Zup(us — 1)
ds f(u, s) :
where
flu,s) = Bl—u%+(L+£ﬂ@m—lﬂ@s—l}+ﬂl+uﬁs—2ﬂm—4)
Ty
- (”Sa—zl) —(u—s)

2.2 Rankine—Hugoniot conditions for shock waves

Assume that there is a shock wave with the speed & € (0, 1). We make the Lorentz transformation:
r—E&t . t—E&r
e e
Then in the coordinates (7, 7), the shock is stationary. Thus, the Rankine—Hugoniot conditions for

the shock are

2.3)

r=

o1l _ 02l
-2 11—
2 Plﬁ% 2 /0272% @4
(I+o)—=S+tp=0+0)—5 +p2
1 —uy 1 —u;
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see [16, 23]. Here, the subscript ‘1’ denotes the fluid in front of the shock, the subscript 2’
denotes the fluid behind the shock and
. u—§
Up =
1— E Uy
denotes the velocity of the fluid relatively to the shock.
In addition to the jump conditions (2.4), the admissible forward shock waves must satisfy the
entropy condition:

(k=1,2) (2.5)

i < i <0. (2.6)
From (2.4), we immediately have
i (it — i) = o*(i — in).
Hence, for shock waves, we have
5l1512=02; 2.7

see for example [23].

2.3 Self-similar solution of the problem (1.6), (1.10)

In what follows we are going to show that for any u, € (0, 1), the problem (1.6), (1.10) admits a
self-similar solution with a single shock.
Assume the speed of the single shock is & = 1/s. Then by (2.5)—(2.7), we have

. 1
—1l<u=—- <—o0,
s
and hence
l<s<—.
o

Using (2.4), (2.5) and (2.7), we know that if the front side state of the shock is (0, pg), then the
backside state of the shock is

p=p(s)i= =)
== e
_ 1 —s%02 8)
u= M(S) = m

Eliminating s from (2.8), we get the shock wave curve through (0, pg):

u(l —o? + po? + po?
Hup) = W) [OLPT  MEPT g pop 9)
o P+ poo p + poo

Thus, in order to construct a shock wave solution to the problem (1.6), (1.10), we consider the

problem:
du  2(u—s)u(l —u?) 1
& faws) T w) (2.10)
”(t) =up
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u 1%

2(v—s)v(1—v?)

Yo near the

FIGURE 2. Left: the integral curve of the problem (2.10); right: integral curves of % =
point (s, v) = (£, 0).

The problem (2.10) is classically well defined which has an unique local solution u = i(s).

Lemma 2.1 For any u, € (0, 1), there exists a so € (1, é) such that the solution u = u(s) of the
problem (2.10) satisfies il(sy) = u(sy). Moreover, we have

I L wnd i H dic o 0 .11
m so = — an m |(|— — 2Zu = V. .
500 Uy o—0 Il ds P CO[S(),#]
Proof Let
- 1
i(s) = — 2% and i(s)= —2° (2.12)
s—0 s+o

Then by computation, we have

(C1): ii(s) < L <i(s)as s > 1;

(C2): i(s) <i(s) < Lasl<s<l;

(C3): f(u,s) <0as (u,s) € {(u,s)|s>1,u(s) <u<u(s)};
see Figure 2(left).

We first prove that there exists a sg € (1, al) such that the solution u = #(s) of the problem (2.10)
satisfies i(so) = u(sg). We divide the discussions into two cases: (1) u, > o and (2) u, <o.

If u, > o, then by (C1)-(C3), we can see that there exists a s € (1, al) such that &i(sq) = u(so).

We now consider the case of u, < o. We first show that #(s) > 0 as é <s< i. If there exists

as, € (}7, t) such that zi(s) > 0 as s € (s, i) and i(s,) = 0, then we have

0 s ~ ~2
1 *2 —s)(1—
/ L = / (u(s) f)( u(s)) ds, 2.13)
w0 L fGls),s)
up
which leads to a contradiction, since the right part of (2.13) is finite. Thus, we have u(s) > 0 as
% <s< i
Next, we shall show ﬁ(é) > 0. Let us consider the system of ordinary differential equations:
d
& 2w — sl — v,
dt (2.14)
S Ls— 1P —w—s?
—=—ws—1)"—(v—29).
dt o2
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At the point (v, s) = (0, %), we find that the linear part of the right-hand side of (2.14) is given by
M(v,s — )T where

2
—— 0
M = 7
2 2 2
o o3 o
The matrix has eigenvalues 1| = A, = —(%. Since % — % < 0, along the integral curves of (2.14),

we have % — —oo as (v, s) — (0, %) and v # 0; see Figure 2 (right). Thus, we have z}(é) > 0.
Therefore, there exists a 59 € (1, 5) such that @i(sg) = u(so).

i i(s) — L = "% 1 i =1
From (112) llu(s) — < ”00[1,#] =0and #/(s)>0assy<s < 0> We have (}1_r)1})s0 =0

When o < u,, we have

(1 _ 1 )20.2

2
Up

(@i(s)s — 1)? - L(l — 550 3 1)2 _ (1 —s3)’o? -
o? o2\ 1—-¢2 (1—02)? (1—02)?

as 5o <s < ul, since 0 < u(sg)so = i1(so)so < ii(s)s < 1 as 1 <sy9 <s < . Hence, by a direct
'p ll[;
computation, we can get {}12}) H s 2up” OLso, # ! 0.
We then complete the proof of Lemma 2.1. O

Let p = p5(s) (so <s < t) be the solution of the problem:

dp  2(1 4 H)piis — 1) 1
= So<s < —,

ds £(i, s) ’ Uy (2.15)
p(s0) = p(s0)-

Therefore, the self-similar solution of the problem (1.6), (1.10) has the form:
@ AL, 0 <t < Ly

(u, p)(t,7) =
0,p0), 0<1i<so.

Remark 2.1 Actually, there exist s\ and s, with s1 < 5o < i < 83, such that the problem (2.10)
admits a solution in (s1, s2), and f(u(sy), s1) =f (ti(s2), s2) = 0, see Figure 2(left).

2.4 Some useful estimates about the self-similar solution (i, p)(s)

System (1.6) has two distinct eigenvalues:

=T and A=t (2.16)
o

So, we can define the C; (i = 1, 2) characteristic curves as the integral curves i—; = Xi(u(r, 0)).

Lemma 2.2 Assume the C, characteristic curve passing through (ry,sor1) intersects with
r=1uyt at some point (r2,12/uy); see Figure 3(left). Then, for any given small € >0, when o
is sufficiently small we have

ry o

> =>1—-——, Vr>0.
7 3 —2€)u,
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t 1

r=u,t r=u,t

t=s,r . t=s,r

o 7 7 r o n

FIGURE 3. Cj and C, characteristic curves.

Proof Let
= _( ) - 1 Sé i ( 1 )
up . uso (1 Z)S(). 2.17

By the entropy condition, we have
1
Ao(uz) > —.
S0

By a direct computation, we know that the straight line » = r; + A,(u2)(¢ — sor}) intersects with
the line » = uyt at the point:

> 'l
)\z(uz) — Up )uz(uz) —Up

( 2o (u)so — 1 M%M—j
Upr'y .
Since @i(s) > up as 5o < s < i, we have

1

)»z(it(s)) >A(uy) assyp<s< u— (2.18)
P

r2 > )\2(1"2) - %
—_— Uy, _— .
n P\ () — Up

By (2.11), we know that for any small € > 0, if o is sufficiently small then,

di 1
£>(2—6)u12, s << (2.19)

Consequently, we have

Let s.(c0) be determined by

(=) = (2 — e (se - l),

up

s (2.20)

2
1 —sio

=07

Thus, we have

1— sgaz = (up(e -D+Q2- e)u;&)se(l —0?).
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By computation, we also have

1 / 1 2 u;27 B 1
5¢(0)=—, 5.(0)=0, and s/(0)= 3
u, 3—€ u,
Hence, by Taylor’s formula, we have
I k. S i 221
5o (3_€)p0 2 +o(c?). (2.21)
From (2.19) and (2.20), we have s, < so. Hence, we have
Ao(u2) — SLO Ao(uz) — - 2.22)
upSo| ———— | > wpse| ——— .
P20 )\.z(uz) — U }\.z(uz) — up
Since s¢ < #, we have
_ (1 u, — 0’ P 2
U > u <Z) = m = u,+ | u, — Z 0”4+ o(0°), (2.23)
and hence
ut —o? U, +0 +yo?+o(c?
)»2(“2)>)»2( - 2)= L y2 (2)
uy(1 — o) 1+ +yo?+o(o ))(T

where y 1= u, — --.
'p

Moreover, by Si > u,, we have
€

| 2o .
M) — o )‘Z(u (= 02)) S
o) —u ~ up—o? '

2(u2) — up )\2< i )—up

up(lfoz)

(2.24)

Combining with (2.21), (2.22), (2.23) and (2.24), we get

1 1 4o 1
Aa(u2) = 5 Aa(u2) — - )‘2(%(1—#)) TS
pso | ————2 ) > wpse [ ———= ) > wpse —

A

Aa(u2) — up Aa(u2) — up 2( u€1 2)) —u,
up —0

1 1 w-1
=u,- —+—p3 o2 +o(c?)
u  3—€ u

(up +o+yo?+ 0(02)) - (up + 50w i —L 24 0(02)) (1 + (up + yo?+ 0(0‘2))6)

(up + 0 +yo?+0(6?) — u,(1 4+ (u, + yo? + o(c?))o)
1- u,%)a + ( (37)1> o2 +o(c?)

= (1 +0(0)) : (1— u[%)g +yvo +0((72)

1

We then complete the proof of Lemma 2.2. O
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Lemma 2.3 Assume that the C| characteristic curve passing through (r2, r2/uy) intersects with
t = sor at some point (r1, sor1). Then, for any given small € > 0, when o is sufficiently small, we

have
" o

1>2>1

- % Vm>o
= n = G-20m 7

Proof By a direct computation, we know that the straight line r =7, + A (u,)(f — ;—i) intersects
with the line # = syr at the point:

(1l — _MlE;'p)) sor2(1 — —M,le))
1—- )L](up)S() ’ 11— M(u,,)so ’

Since i(s) < u, as 5o <5 < ul, we have
P

U, — o 1
a(@) < r(uy) = 1” as Sp<§<—. (2.25)
—upa up

Consequently, by Ai(u,) < u, < bio and s, < sg, we have

1 Up—o 1 1 Up—o Up—0o

7"_1 < - ﬁ l—upo - @ 1—upo — 1 . u
o lesoftn T leset s b
B 1 1- ulz,)o
e (1—ud)o + (3:“)12;1702 o)
= o +o(o),
B —€uy

where s is defined by (2.20).
If o is sufficiently small, then by (2.11), we also have A;(x) > 0, and hence % < 1. We then

complete the proof of Lemma 2.3. O

Lemma 2.4 For any given small € > 0, when o is sufficiently small, we have
1t

w7 o

= (3 —2e)2 (2.26)

‘up - )»,(il(;))‘ >(1- uf7 —€)o and

| M)
Up
as(r,t)e A :={(r,0)|r>0,50r <t < i}, wherej=1,2.

Proof From (2.18) and (2.23), we have
‘ t | ( )| u, +0o + (up— i)az—i—o(az)
u —Az(ﬁ<—)>‘> u, — A(u)| = |u, —

v r r 1+ (up + (up — t)oz + o0(0?))o

=1 —uw)o +o(0).

Up

From (2.25), we have

)up —A1<ﬁ<§>>‘ > |up — Al(up)| =(1 —uz)a + o(o).
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Let s. be defined by (2.20). Then, we have

1 _ 1 _
up r up € o
o(o
1 — M@ 1= M) = 3 —e)u? +o(0)
- u up P
'p
and
1 _t 1
up r up € < o
— < + o(o0).
1 — Aa((L)) 1 — 22002 (3 — e)u? (@)
u Up P
‘P

We then have (2.26) as o is sufficiently small.
We then complete the proof of Lemma 2.4.

3 Reformulation of the problem (1.6), (1.7)

3.1 Free boundary problem

We intend to look for a piecewise smooth solution with a single shock of the problem (1.6), (1.7).

So, we consider system (1.6) with the fixed boundary condition:

u(t,r)y= onl,,

1
o'(r)
where ', :={(r, 1) | r > 0, t = a(r)}, and the free boundary condition

H(u,p)=0 and pB'(r)=5u) onT;,

where Iy :={(r, ) | r > 0, ¢t = B(r)} is the shock free boundary and

) = —u(l — o) +/u?(1 — 62 + 402 2

202 T u(1 — 02+ u(1 — 2 + 40?2

is the inverse function of u = u(s) (1 <s < l).
g

Remark 3.1 [t is easy to see that for any 0 <a < 1,

- 1 L 1
(}lino Hs(u) B ; HCO[O,a] =0 and ;11% HS () + ; HCO[O,a] -

3.2 Riemann invariants and characteristic equations

We introduce the Riemann invariables:
1 14+u o 1 14+u o

Ri=—-In— — ——Inp, Rp=—-In—+

— —— Inp.
2 1—u 1402 2 1—u 1402 e

By computation, we have

R g
Uu—= —7—m—
efithy 41’
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3R1 3R1 1 o
u op 1-u2 (1402
u e | _ u (I+0%)p , (3.6)
8R2 8R2 1 o
ou  9p 1—u* (14+0%p
and
du  du 1 —u? 1 —u?
R R
Ry ORy | 2 2 . (3.7)
9 9 (I+0%p (1402
8R1 8R2 - 20 20
In terms of the Riemann invariables, system (1.6) can be written as:
Fi(u
ORy + M(u)o,Ry = L),
4 (3.8)
Fo(u)
0:Ry + Aa(u)0,Ry = — p
where
Fiw 4 Fay=—2
= an = .
1 1— 2 1+ uo
Let
" 1 14+u Inp A 1 1+u Inp
Ritr.n=3 i (EED) CIPO = S (TR TP
2 1 —u(s) 1+o02 2 1 —u(s) 1+o02

(3.9)
Wl(r’ ZL) =R1(}", t) - ]/\31(1’, t)a Wz(}", t) =R2(V, t) - Rz(f‘, t),

where s = f, ui(s) is the solution of the problem (2.10) and o(s) is the solution of the problem
(2.15). Then, in view of 8,R; + A;(i1)d,R; = (—1)/+! @ (j=1,2), we have

Fl(u) —Fl(il)

W1+ M@d, Wy = —————+ (h1(@) — A1 (u) 3Ry,
r
F(u) — Fy(i) (3.10)
u) — Fr(u . A
M%+MM&%==—i—7¥L~MMM—MWM£z
By Taylor’s formula, we know that there exist §; € (0, 1) (j =1, 2, 3, 4), such that
) 4o ekl g
Fiw) — Fi(@) = — -, 3.11)
17 —1 »
[1 B (ZR+91W+1) U] (1 +efra W)
. 4o kol
Fo(u) — Fa(@) = — -, (3.12)
e R
[1 B (ek+92W+1) U] (1 * 6R+82W)
) 2(1 — a2)ef oW
M) — () = 1= (3.13)

[1 - (Z22=1) o] (14 hromy

KA 4
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2(1 — a2l

halt) = hali) = o (3.14)
e 4" —1 R
[1+ (2220 o] (14 evaur)
where W =W, + W, and R =IA€1 +i€2.
Lemma 3.1 We have
. 2 2k 1—u2
lim | ra, R — —22 =0 and lim H W —0. (315
o—0 ' 1 — u}% c0(a) a—0 1l (1 4 k)2 2 OA)

Proof By computation, we have

R 1 s du os dp
R =—— —— — ~— 3.16
: r(l—uzds (l—i-az)pds) (3.16)

and
o R — 1 s du n os dp (3.17)
T\ —22ds T 0 +odpds ) ‘
Thus, using Lemma 2.1 and lin%) ”ft —uy, HCO[VO 1= 0, we can get Lemma 3.1. O
o—> - ’up

3.3 Free boundary condition in terms of #; and W,

Next, we reformulate the free boundary condition.
The shock wave curve (2.9) can be written as:

H[u(Wy + Ry, Wy + Ry), p(Wy + R\, Wa + Ry)] = 0. (3.18)

Since fij (j=1,2) are given functions of £, equation (3.18) can be written as:

ﬁ(Wl, w,, ;) — 0. (3.19)
Moreover, we have
H(0,0,s0) = 0. (3.20)
Let
B(r)

nry=——=-—s9, r=>0.
r

Then, using Taylor’s formula and implicit function theorem, the free boundary condition (3.2)
can be reformulated as:

Wi(t, r) = A1 Wa(t, 1) + Aan(r) + L(Wa(2, 1), n(7)) (3.21)
and

() = 5(u(r, B(r))) — so (3.22)
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on I'y, where

A= _nﬂ’ A= _f?/l(so)ml +IA€’2(so)m2’
m m
(1= w) oH (1+0>py 0H
= 2 ' a (u2.02) B T ' % (uz,»oz)’
_(-w) aH (+0%p 0H
"= T . 3_u (u2,02) T . % (“2»02)’

uy = u(8o), p2 = p(so) and 1(0, 0) = Iy, (0, 0) = 1,,(0, 0) = 0. Moreover, for the function /(#>, n),
there exists a positive constant C independent of |#,| and |n|, such that when |W;| and |n| are
sufficiently small:

[I(W2, )l < C(IW2* + [nl?)  and (8w, I(Wa, )| < C(IW2] + In)). (3.23)
There exist 6; € (0, 1) (j =5, 6, 7, 8), such that the condition (3.22) on I'; can be written as:
(rn) = 5(u(r, B(r))) — so

st pom =5 (a (22) ) +5 (2 (22) ) = staon)
sl o)
() ) o))

. 2068\ 26kt gy
= 5 a(so +n) +

(1+ eiz+07W)2 (1+ eie+97W)2
+5 (il(So) + Ol (59 + Og 77))7)5!/(.5‘0 +6smn, r>0.

Lemma 3.2 For the constants A and A,, we have

4 4du,o
[41]=1— u—a +o(o) and |Ax|= — + o(0). (3.25)

P 1 P

Proof By computation, we have
2
Ly (l—oz) [potpo? (uz(l—vz) /pzﬂ)ocrz + 1) ( 02) popa(1—ct)
my 2 o p2+p002 20 po+pr02 20 (p2+pp02)?
A - )
my 1—u; (1702) pot+mo? + (Mz(l—f’z) /p2+p002 + 1) ( 02) popa(l—a*)
2 4 pa+ppo? 20 po+p20? 20 ) (pa+poo?)?

po(1=s50*)
(s5=Do?

From p; = we have

po + ,OZUZ = 22
p2 + poo?
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and
popa(1—0*)  pg(1 —o*)(1 —s5a?) 1

p2+p00—2)2 - S2 — o2 2 1—s254 (2
( o= b P+ (5(2),?)02)

(1= 3304)(s(2) —1)o?

1—-o*

Hence, we get

1—12 1—02 l4o2 (1—s2o)(2—1)0?
my ol —0%)—2 — (M + 1) (%f) et

25902
2 2 4\ (2 2
nm 2 1*“2 uz(l—dz) 1402 (]_SOU )(50_1)‘7
so(1 = o252 + (gD 1) (122 ) o

_ 2s30(1 —o2)(1 - u%) — uz(sé - D — s(2)04)(1 —0?)— 2(s5 - D — s(2)04)s002
2530 (1 — 022(1 —ud) + ua(s§ — 1)(1 — s3o)(1 — 02) + 2(s5 — 1)(1 — s304)sp02

_ —uz(s(z) -+ 2s(2)(1 — u%)a 4+ o(o)
uz(s% -+ 2s5(1 — u%)cr 4+ o(o)

4s3(1 — u%)a o(0)
uz(sé —-1) uz(s(z) -+ 2sé(1 - u%)a +o(0)

=—1+

Thus, by Lemma 2.1, we can get |4,| =1 — %o + o(0).
From Lemma 2.1, we have

2ur(1-s3)o

a,ﬁ'(so) 2up(soup—1) — Qu.o
o —0 14
— = - = + O(G)
2 12 _2)252 )
(14 02)p(s0) (souaz_z) — (ur — 50)? (1173?;)2;2 — (s — 50)? 1 —u;
and
fl/(So) 21/![27 + (1)
= = o(l).
1—a%(so) 1—u2

Hence, we have

_opso)  W(s0)  ( #(s0) o 5'(s0) 4
o= (I+02)p(s0) 1 —u?(s0) (1 — 12(s0) + 1+ 02),5(6‘0)) ( 1+ uPU +0(U)>

_ 204s0) ( o) 0P ) )<i6+d®>

(I+09(s0)  \1—=2(s0) (1 +02)a(s0)) \uy
—4u,o
— 1 P ) + O(O')
— 122
We then complete the proof of Lemma 3.2. O

3.4 Fixed boundary condition in terms of #; and W,
The fixed boundary condition (3.1) can be written as:

Wh(r,t)y=—=Wi(r,t)+ Gii(r) + Gia(r, 1) onT),, (3.26)
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where
B a'(r)+1 1 +u, . 1 +u, N2
Gn()=n (55" o ) 1n(1 —u,,)’ Glg(r,t)_ln(l _up) — (R +R2)<;).
Lemma 3.3 Under assumptions (A1)—(42), when ¢ is sufficiently small we have
2
e
1G] < —5 e T
’; (3.27)
|G12(}” t)' < - _BS(Vst)erp'
p

Proof By computation, we have

20) - )

e feo-3)]

where 6 € (0, 1). Thus, by assumptions (A1)—(A2), we have that when ¢ is sufficiently small

Gu(r) =

42
|G11(r)] < i’z - L asr>ry.
l—up 7

By computation, we have

Gp(r,t)=In <

) o)
<

=R+ Ry) ( ) (R) + Ry)
Up

t

,
1 to1 (3.28)
=) G-3)

where 6 € (0, 1). By assumptions (A1)—(A2), we have

’a(r) - uL‘ <
p

" 1
o/(r)——‘dr< £ = s . (3.29)
0 uy, 1-§

Thus, using Lemma 2.1 and Remark 2.1, we know that when ¢ is sufficiently small |G, (7, f)| <

8u?
s ast=oa(r)and r > ro.

17142
We then complete the proof of Lemma 3.3. O
4 Characteristic equations and boundary conditions for the derivatives of W
Let
1
0. =9, +—0, @.1)
Up

and set I7V, =0, W;.
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4.1 Characteristic equations about Wl and Wz

By computation, we have

0; — u,0, 0y — A0
b, =21 and g =% (4.2)
A —up 1= 4
Up

where 9; = 9; + A;0, (j =1, 2). Then by (3.10), we obtain

O + hi ()3, W, = Hj,

7% 7 4.3)
oWy + Ay(u)o,Wr = H,,
where
= %BZ[FI(M) B Fl(ﬁ)] + 82[}‘1(&) - Al(“)](arﬁl — 0. W1)
+ [Ma(@) = 21 ()]9.0,Ry + 021 ()3, 71 — fw
1 A~
Hy = ——0[F2(0) = Fa@)] + 8:[a(@) — 22()] @Ry — 3,172)
+ [Ma(i) = 22(0)]8:8,Ra + D:22(@)8, W2 + w
By computations, we have
1 / ~ 7 s oaias [ 1 £\ 1
0:[F1(u) — F1(@)] = F} (u)(0u — 0.42) + [F} (w) — F}(@)]2 (;> (u_ _ ;> Lo
P

0.[Fau) — Fa(@)] = Fy)(@:u — 8.2) + [F3(u) — Fy(@))it (’) (ui - t) L@y
P

1 t 1 t
t W e~ 1
9,0 ()0, W; = M (' | - 2 W, — =L Wt —, 4.6
()3, W; = Aj(u)u (r) { _% j Ry j J}r (4.6)

0. [0 — @10 = ([10) = K@)]0.0 -+ 1 — ), R 47

0.[ () — Ay() ]9, W = ([)\;(u) — W()] 8t + A1) — a)) oW,

t
t u T~ u, 1 1
=|X@w) - X@|id | - ? wo—2__"aw\Z
[/(u) /(u)]u (r> Aj J " 77T r (48)

u ~ 1
M) (u — i L Wit
AR u){”p_)‘j Toup =2 ]}

0.0,R, = rlz {(sz = :—p)ie;/ <£> + (25— i)iy <£>} . (4.9)
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By Taylor’s formula, there exist 6; € (0, 1) (j =9, 10, 11, 12, 13), such that

R 2R R 2eR 26k N
Dt — 0t = — (R — 3.R) + a.R

(1+efy? (I+eR? (1 +eky
o~ 2 (L _ 1) (pRH0W _ 3R+6I)\ ! (4.10)
2R 7 T ( e )JR'W
= a +e1}+W)2 "1 +ei€+99W)4 >
8 2 i?-‘r(‘?loWW
Fl(u)— Fi() = — WU < - @.11)
10" —1 R
[l B (Z&+910W+1) G] (1 + eR+6IOW>
8 2 i?-‘r@l]WW
Fy(u) — Fy(@r) = rw WU < = (4.12)
17— R0, W
[1 + (ei”‘)nWH) O-:I (1 +etron )
4(1 — oV)o ekt
M) — 3 () = M(Q - 7)o - (4.13)
_ 12" 1 R+6
[1 (;*912W+1) G] (l +eft 12W)
41 — o2y el oy
My(u) — R = oo , (4.14)
[1 + (ek+913W71) 0]3 (1 +6R+913W)2
RHO13W 1
where W = VVl + Wz.
4.2 Boundary conditions of Wl and Wz onT,
Let 9, = 0, + &/(r)d,. Then by (3.26), we have
2a"(r) A R
8(XW2:_3(XWI+W_8(X(RI+R2) 0nt=a(r).
Inserting (4.2) into this, we have
’ 1 ’ 1
L=y~ @)=y =~ =
TR W, —I_A_ZPBZWZZ_ ! Wy — 1_/\_1p81W1
up up up up
2a"(r) 1/, AP A t
()= =) R +R) (- r,.
P wer O )RR (D) et
Consequently, we have
~ ~ 1 ’ 1
L N 2, M) YO—o o' (r)—
Wz=—W1+<0/(’”)——)( 2)\2+ 1,\1>_ Ap32Wz——,\lp1 1
U 1—22 — 4 1—22 1—-4
P up up up up (4 1 5)

2a"(r) 1/, I\ At
o (0= )+ (1) on,
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By (A2) and (3.29), we also have

ot(r)——‘ ——f‘_3—8

70

o(r) — -‘

on [, (4.16)

4.3 Boundary conditions of Wl and Wz on I
Let 9g = 9, + B'(r)9,. Then by (3.21), we have
3/3 W1 =A18/3 Wz +A277/(7") + 3W218,3 W2 + 8,71n/(r) on Fs.

Inserting (4.2) into this, we have

1 _,3/(’,))Ll [7[/ n ,3/(1”) - i

—a n o
llp up
1 —B'#)Ay ~ B'(r)— o
= (4 +8W2[)(#W2+1—p32W2 +(A2+3n])77/(1”) on ;.
up up

Consequently, we have

=(A1+aW21)VV2+(ﬁ’(r>—%)(le ~ 1+ ) W)

PTG
(R B — o /
+ (A1 + 0wy 1) R 32W2—1—31W1+(A2+3n1)'7 (r)
T o
~ ) M A V-
= (A1+8W2[)W2+<:3 (r)—s())(l1 (A1+8W21) : 2) (4.17)
B “p T
(S() — —) )»1W1 (S — u_p))"sz
e A+ 3W21)—)\2
W W
B'(r) — i B'(r) u,, )
+ (41 + 0wy 1) R 32W2—1—31W1+(A2+3n1)'7 (r)
T o
on [';. By computation, we also have
1B'0) = so| < Inl + I (4.18)

5 Global solution of the free boundary problem (1.6), (3.1)—(3.2)

5.1 Local solution of the free boundary problem
Let r = 7(¢) be defined by
di(r)  (zH) +o
= >
dr 1+a£¢(#))’ up

?(;—2)2”0-
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t

[,:t=a(r)

©.v) 0

Qe
0.,.y)

T, :t=4(@r)
(r,,8)
(r,,8)

FIGURE 4. Reflected characteristic curves.

Let Qo047 be a domain closed by » =u,t, t =sor and » = #(¢). It is obvious that the solution of
free boundary value problem (1.6), (3.1)—(3.2) in the region 2j,.4s is (i, ,6)(5). In what follows,
we are going to extend the local solution to a global solution.

5.2 Uniform estimates for W, n and their derivatives

In this section, we will derive the uniform decay estimates for /¥, n and their derivatives. Using
these estimates, we can obtain the global classical solution of the free boundary value problem
(1.6), (3.1) and (3.2).

Lemma 5.1 (Uniform decay estimates) Ler Dy = {(t,r) | ro <r < T, a(r) <t < B(r)} for any
large T > ro. When o and ¢ are sufficiently small, there exist two positive constants Cy and C;
independent of ¢ and T, such that the solution of the problem (1.6), (3.1)—(3.2) satisfies

C Co Ce ~ Cie |
|W1|< W < ==, || < T and |W2|<m in Dy,
and
17(1 — u?)Coe 31— 2)Coe
Inl < W and || < —u;rliﬁ in [ro, T).

Proof In what follows, we are going to use the reflected characteristics method to prove these
estimates.

For any (71, t) € Dr, we shall denote by y;(t; 71, #;) (j = 1, 2) the backward j-th characteristic
curve passing through the point (7|, #;). Thus, we have

d i(T 9t
% Z)\j(l/l(yj(f;rlatl)’ T))’ T=1;

yi(ti;r, ) =ry.

Referring to Figure 4. The characteristic curve r = y(t; ry, t;) intersects with [y at a point
(¢1(r1,t1), lﬁ1(r1,11))- The characteristic curve r = y»(t;r, 1) intersects with I', at a point
(¢2(r1, t), ¥a(ry, tl)). The backward C, characteristic curve issuing from (¢1(r1, t), ¥i(ry, tl))
intersects with I', at a point (nz(rl, t), & (ry, tl)). The backward C; characteristic curve issuing
from (qbz(rl, t), ¥a(ry, tl)) intersects with Iy at a point (m(rl, t), ¢1(ry, tl)).
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Let Q(ry, t1) be a closed domain encircled by I, I'y, r = y1(7; 71, 1) and r = ya(t; 11, £1). By
the continuity induction, we only need to prove that if

o W] < W] < G2 )i < 1+a,and|Wz|< S in Q(r, 1)\ {1, 1)

17(1 i2)Coe 31-2)C
o [n(nl< 48—250 and |n'(r)| < u[z),—ﬁso asr € [ro, ¢1(r1, 1)),

then
Coe Coe Ce Ce
Wil < =5 W)l < =5 Tl < =5 10,0l < =5
r

1+8° 1+8°
1 r r

17(1 — 12)Coe ( —u2)Coe

|n(¢1(rl,t1))| < W’ and |77 (¢l(rlstl))| < 1+8( latl)

In what follows, we shall let € be an arbitrary small positive constant.

Step 1. Estimations of |n| and |7'|.
Using (2.8),(3.4), (3.15) and (3.24), we know that when o and ¢ are sufficiently small,

1 —u 2Coe 2 2Coe
_< 2u;p+ )T?ﬂ 2+€)n(r)<rn(r)+n(r)<( . ) (=24 m).

2up
(5.1
Thus by integration, we know that there exists a small € > 0 which is independent of o and ¢,
such that when o and ¢ are sufficiently small,

—[h ey, - 2Coe 2=€dr
gDl < e o (/ ( 2u2p+€> [ e T
70 D

)
T 3- i =5 (1214;% +€) 22})8 (1 - (%)Hﬂ

171 =) Coe

48ul% -

Combining this with (5.1), we have

3(1 — 12)Coe

()] < e

(5.2)

Step 2. Estimations of || and |W;].
It follows from (3.11)—(3.17) that if o and ¢ are sufficiently small, then

Fy(u) — Fy(il) ’(x (8 = 1j())d,R;

1 .
) o) ’ = ;(1 + e)(|W1| + |W2|) in Q(r1, ). (5.3)

Using Lemmas 2.2 and 2.3, it can be easily seen that if o and ¢ are sufficiently small, then

‘ ; ) ¢t 2
,(r1, 1) o o ’ i(r, 1) - i , j=1,2. (5.4)
" G-3om (3 =3
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Using the characteristic method, the boundary conditions (3.21) and (3.26), and (5.3), we get

pl+d

|W1(I"1,t1)|
2(1
< ‘W1(¢1,1ﬂ1)|+/ (:—fs)%gdr
rl 2 1
< LA, Y|+ LAan(@D] + L(Ta(r, ), n(¢1))l+/ 21 +e)Cot

1 2(1 C
< AW, £2)]+ Ao + T, ¥, n(0)] + / AL e
< AW (2, &)l + |Gii(m2)| + G272, $2)| + |42n()]

"1 2(1
+ a1 Y1) n( D) + f 201+

pl+s

Thus, by (3.23), (3.25), (3.27) and (5.4), we have that there exists a small € > 0 which is
independent of o and ¢, such that when ¢ and ¢ are sufficiently small, there holds

(=€)
Wi, )] < (1=5%) C°‘9+<4”2 ) : + °
1r,t) £ ————= - —5 3 5 3
(I-5= 36)141,)5 m l—u, ) (1 G- 35)1:,,)5 l—u, (1— Zo ) &
(B=3e)up
2
N 4+e)l70 Coe L (Cos>2 n 17(1 - “12,) Coe
48(1 - (37(375)141, )SuP I’? I"? 48”127 (1 - (3—ge)up )5”?
L2+ [ 1 1] Coe
- 3
8 (I -5 36)141,)(S 1

C 1612
<<1—i>i;+ 2=,
2u, ) ¥ l—upr1

. 32u3
So, if we choose Cy = 12) , then we have |W (ry, ;)| < 08
1
Similarly, we can get [Wa(r1, 1) < Cos
]

Step 3. Estimations of | W1| and |W2|.

Using (4.4)—(4.14) and Lemmas 2.1 and 3.1, we know that for any given small € > 0, when o
and ¢ are sufficiently small, we have

2

|azu—aza|<< _ p+e)|V~V|+§|W|, (5.5)

3O [Fi(u) — F)]| < (|W| + @) (5.6)
0.[1(00) — A (], | < (up + )@ + 'E'W' (5.7)
8.[A(u) — 2i(@)]8,W;| < € (u + @> + %WF, (5.8)
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[3() — 7,(@0)]0.9,R;| < (up + e)'r@ (5.9)
and
<e(@+'r@> (5.10)
in Q(r1, 11). Thus, we have
T) <(1+ )<@+@+ 'VNV|2> in Q(r, 1), (5.11)

wherei=1, 2.

In what follows, we denote by D various constants that depend only on #, and o.

Using (4.15), (4.16) and Lemma 2.4, we know that for any given small € > 0, if o and ¢ are
sufficiently small then,

~ ~ ~ De
w. Wi+ ———IW|+— onTl,.
VIR 1|+r5(1_u§_€)0| |+ only
Hence, when ¢ is sufficiently small, we have
~ ~ De
W2l <(1+e€0)IWil+ - onTl,. (5.12)
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From (4.17) and (4.18), we know that for any given small € > 0, when ¢ and ¢ are sufficiently
small, there hold

~ 4—¢ Ce\ ~ Ce ~ o ~
il < (1= =0 )Ial I+ 17
p p
C'e o /4 (4u, +€)oy
+<_6+(3—3e)up) r +(r5 A >|"|
4—¢ Ce Ce o ~
<(1 - o+—>|W2|+ |W|+—(3 A
4 "o o - 4
Ce o /4 e  (Qu,+e)y
i T SR padan] p T r
+( (3_3%) (r8+ = )il onT,,

where C’" depends only on C and u,,. Hence, when ¢ is sufficiently small, we have

) < (1 - MG)WNV |+D—— as(rne{t=p0) r<pin)).  (5.13)

3u,, yl+d
Using the characteristic method and the boundary conditions (5.11), (5.12) and (5.13), we get

UAGHED]

"1 2(14€)Co+C)e  5C3&?
|W1(¢1,¢1)| +/ r2+g — + erlrzs dr

/” 2(1+€)Co+Cre  5Cie?

y2+0 y2+28

1
- (I_M >|W2(¢1,¢1)|+¢1+8 v

3u,

&1
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10(1 €) De " 2(1+€)Co+Cre  5Cie?
< (1 3up >|W2(n2, o+ 155 pI T + /ﬂz 7248 + 72426 dr
10(1 €) De De
< (1- 5 )(1+€0)|W1(7Tz,§2)|+n21+5 + o
"1 2(1+€)Co+Cr)e  5Ce?
+ / 2+ T dr.
b))

Thus, using (1.9) we known that there exists a small € > 0 which is independent of o and ¢, such
that when ¢ is sufficiently small there holds

~ 10(1 — € 1+€0)Ce 2(14+¢€)Cie 1
[Wi(ry, 1] < (1— (3 )‘7 4 0)115 o ( —t+5) : ( 1 +o 1)
tp (1- 3e)up) it " (-5 3e)up)
n De n 5Ce 1 i Cie
o \0-5 5a) it
(1 )Cle n De
< —_ -
2u 146 r}+5
So, there exists a C; depending only on o and u,, such that
Cie
|W1(I"1, t1)| <1 r1+5
1
Similarly, we can prove | W5 (r1, ;)| < (f—fa
"
Therefore, by an argument of continuity, we can get Lemma 5.1. O

5.3 Global solution of the free boundary problem

Using (2.26), (4.2) and Lemma 5.1, we can get uniform a priori C' norm estimates of W; (j = 1, 2)
and 7. Therefore, by the local existence result and the standard continuity extension method, one
can obtain the global existence of a classical solution; see for example [9, 10, 19]. We have the
following theorem.

Theorem 5.1 For sufficiently small o and €, the free boundary problem (1.6), (3.1) and (3.2)
admits a global classical solution.

From Theorem 5.1, we immediately have Theorem 1.1.
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