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Abstract

For each of the four particle processes given by Dieker and Warren, we show the n-step transition kernels are
given by the (dual) (weak) refined symmetric Grothendieck functions up to a simple overall factor. We do so by
encoding the particle dynamics as the basis of free fermions first introduced by the first author, which we translate
into deformed Schur operators acting on partitions. We provide a direct combinatorial proof of this relationship in
each case, where the defining tableaux naturally describe the particle motions.
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1. Introduction

An asymmetric simple exclusion process (ASEP) is a probabilistic model for particles on a lattice,
typically one dimensional, domain such that each position can be occupied by at most one particle. As
such, it has been used as a simple model for a diverse range of natural processes, such as in transportation
through microscopic channels [CL.99], vehicle traffic moving in a single lane [CSS00], or the dynamics
of ribosomes along RNA [MGP68] (the earliest known publication as far as the authors are aware). The
study of such particle systems is an active area of research, with some recent mathematical articles being
[AGLS23, AMM23, AMM24, AN22, BB21, BLSZ23, CMP21, CMW22, CZ22, KW23, PS22, QS23].

We will focus on the case when the particles only move in one direction (here, to the right) on a Z
lattice. This is known as a totally asymmetric simple exclusion process (TASEP) on a line. Given that
TASEP can be interpreted as a model for electrons moving down a wire, in this introduction we will
be representing states using the description of free fermions. The question becomes how to encode the
dynamics of the TASEP considered in terms of operators acting on the free fermions.

The versions of TASEP we will focus on are the four variations that were studied by Dieker and
Warren [DWO08], where the particles will all lie on Z starting from the step initial condition, where the
Jj-th particle starts at site —j for all j > 1, and move in discrete time. (In [DWO08], they used a “bosonic”
formulation that can easily be translated into the fermionic description we use in the introduction; see
Section 2.4 for a precise relationship.) These TASEP variations have been studied before by various
authors and sometimes using different models; we refer the reader to [DWO08] for further connections
and references. The particles will stay in order, so we can identify a partition A with the positions of
particles by having the j-th particle be at position A; — j. All four variations are based on random
matrices [wj;]; ; with wj; either being Bernoulli or geometric random variables and taking either a
(zero temperature) first or last passage percolation model. Translating this to the motion of the particles,
the wj; specifies how many steps the j-th particle wants to move at time 7, and the first (resp. last)
passage percolation corresponds to the particles either being blocked by smaller particles (resp. pushing
the smaller particles). (See Section 2.4 for a precise description.) In order to encode the dynamics using
free fermions, we will show the transition probabilities can be described using symmetric functions
coming from the K-theory of a classical algebraic variety, the Grassmannian.

In more detail, the Grassmannian Gr(k, n) is the set of k-dimensional subspaces of C". Next, this has
anatural action of the group of invertible upper triangular n X n matrices B, which acts with finitely many
orbits on Gr(k, n) indexed by partitions A inside a k X (n — k) rectangle. The closures of these orbits
(under the Zariski topology) are known as Schubert varieties, and they give a CW decomposition of
Gr(k, n). Hence, they give rise to a basis for the cohomology ring H*(Gr(k, n),Z), where under Borel’s
isomorphism [Bor53] the cohomology class indexed by A corresponds to the Schur function s, (x). This
construction can be extended to the (connective) K-theory ring of Gr(k, n) by using the Bott—-Samelson
resolution of Schubert varieties, where now the K-theory class indexed by A corresponds [L.S82, LS83]
to the (symmetric') Grothendieck function G (x; 8). When working with symmetric functions, it is
natural from representation theory to consider the Schur functions as an orthonormal basis as they are
characters of the irreducible representations of the Lie group of all invertible n X n matrices. Therefore,
we can take the dual basis {g,(x;8)}1 to {G(x;8)}1 in (a completion of) the ring of symmetric
functions over all partitions A. Additionally, there is an algebra involution w defined by ws) = sy,

1We henceforth drop the word “symmetric” for simplicity as we will not consider the “nonsymmetric” Grothendieck polynomials
coming from the K-theory of the complete flag variety, which are analogous to Schubert polynomials.
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where A’ is the conjugate partition of A, that defines the “weak” versions J,(x; 8) := wGa(x;3) and
Ja(x; B) = wga(x; B).

These symmetric functions have combinatorial descriptions using variations of the classical semi-
standard tableaux description of s,(x) (see, e.g., [Sta99]). The Schur decomposition of G ,(x; 8) was
shown by Lenart [Len00], and expressing G ,(x; ) as a generating function of set-valued tableaux was
given by Buch [Buc02]. Lam and Pylyavskyy subsequently gave [LPO7, Thm. 9.15, Prop. 9.22] a com-
binatorial interpretation of J,(x;8), g1(x; B), and j(x; B) as multiset-valued tableaux, reverse plane
partitions, and valued-set tableaux, respectively. Later work of Galashin, Grinberg, and Liu [GGL16]
then refined the parameter 3 into a family g for g, (x; B8), and the dual version G ,(x; 8) was introduced
by Chan and Pflueger [CP21]. In a different direction, Yeliussizov [Yel17] introduced a combination of
G, (x; B8) and J(x; B) as the canonical Grothendieck polynomials and their duals (along with a combi-
natorial interpretation), and the refined version G (x; @, B8) and the duals g,(x; @, B) were introduced
by Hwang er al. [HJK*24, HIK*25] (also with combinatorial formulas). The Schur function decom-
position allows these combinatorial objects to be deconstructed into pairs of tableaux by RSK-type
algorithms [LLPO7, HS20, PPPS22].

The first connection between the TASEP models and the K-theoretic Schubert calculus was noted by
Yeliussizov [Yel20] when x = B = /g, where he showed that the geometric last passage percolation —
Case A in [DWO08] — probabilities equaled a dual Grothendieck polynomial up to an overall simple factor.
This was later generalized to w j; having its parameter 7 ;x; in [MS25]. We can also connect this to a
more classical version of TASEP in discrete time on Z starting from the step initial condition, where the
i-th particle moving to the right with probability x; if the site is free, and w j; records how long it waits
before it can move (see, e.g., [Joh00] or [MS25, App. A]). Taking the obvious time-dependent refinement
of [DWO08], the determinant formula is readily seen to be the Jacobi—Trudi formula for the natural skew
version g/, (x; B) [AY22, Kim22, Kim21, HIK*24, HIK*25]. By applying the w involution (see also
specialized versions of the Jacobi—Trudi formulas of [HJK*24, HIK*25]), we also obtain the Bernoulli
last passage percolation [DW08, Case D].

However, we are interested in trying to understand the relationship at the level of local dynamics; in
particular, to address the question of describing the TASEP dynamics using free fermions. To make this
precise, we want to describe the n-step transition kernel Px ,(A|u) in Case X (for X = A,B,C, D as
given in [DWO08]) from the particles starting at positions ¢ and ending at positions A. Building upon the
work of the first author [Iwa20, ITwa23, Iwa22], our previous work [IMS24] introduced a free fermion
description of G/, (X; @, B) and g/, (X; @, B). This leads to a Jacobi-Trudi formula [IMS24, Thm.
4.1] for Gy, (x; @, B), which then appropriate specializations give formulas (up to an overall simple
factor) for the transition probabilities of the first passage percolation cases [DWO08, Case B,C]. Likewise,
the generalized Schur operators in [Iwa20], which are acting on partitions and come from the current
operators, behave exactly like the TASEP pushing and blocking dynamics. Therefore, our main goal in
this paper is to introduce refined versions of these operators from [Iwa20] and show the correspondence
between transition probabilities of four types of discrete time TASEP and refined (dual) Grothendieck
polynomials. To state the correspondence, here we introduce the four types of TASEP. Let the Weyl
chamber Q; be

Qr={(z1.22,....20) €Z 21 > 22> -+ > 2}, (1.1)

for ¢ > 2.

We introduce four types of evolution of particles X2, XB, X and XP on Q. Each process corresponds
to case A, B, C and D of the TASEP version of the model by Dieker—Warren [DW08]. We consider the
discrete time evolution from time zero to time n with time step one.

(A) Geometric distribution with pushing behavior:
From time ¢ to time ¢ + 1, the evolution of the particle system X* € Q; is defined as

XA (k) = max(X(k), X5, (k+ 1) + 1) + &8k, 1 + 1), (1.2a)
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fork =1,...,£ -1 and XAI(Z) = XA(0) + EM(L,t + 1). E8(k,t) are random variables satisfying
P(&A(k,t) = r) = (1 — mgxy)(mpx,)", r € Zso, where 7y, x, are real numbers satisfying 0 < mx; < 1
for all k, t.

(B) Bernoulli distribution with blocking behavior:
From time ¢ to time ¢ + 1, the evolution of the particle system X € Q; is defined as

X2 (k) = min(XP (k) + &8 (k,t + 1), XB (k= 1) - 1), (1.2b)

fork =2,...,0and X2 (1) = XP(1)+&B(1,1+1). £B(k, 1) are random variables satisfying P(¢° (k, 1) =
1) = kat

k,t.

1
P(f (k,t) =0) = m, where pg, x; are real numbers satisfying 0 < pgx, for all
t

(C) Geometric distribution with blocking behavior:
From time 7 to time 7 + 1, the evolution of the particle system X,C € Q¢ is defined as

XS, (k) = min(XC (k) + S (k,t + 1), XE (k= 1) = 1), (1.2¢)

fork =2,...,¢and X© (D= XE(1)+&£C(1,1+1). €€ (k, t) are random variables satisfying P(¢€ (k, 1) =
r)=(1- ﬂkx,)(nkx,) r € Zso, where 7y, x, are real numbers satisfying 0 < mx, < 1 for all &, ¢.

(D) Bernoulli distribution with pushing behavior:
From time ¢ to time ¢ + 1, the evolution of the particle system XP € Q; is defined as

XP (k) = max(XP (k) + P (k,t + 1), X1, (k + 1) + 1), (1.2d)

fork =1,...,£ -1 and XDI({’) = XP(¢) + £P(¢, t1+ 1). é€P(k,t) are random variables satisfying
P(P(k,1) =1) = P(§ (k,1) =0) = T where pg, x; are real numbers satisfying
1+ pixy +p

kXt
0 < pxx; for all &, t

For a sequence of integers A = (A1, dz,..., A7) (4] = Ay > -+ > ), we write X = 1if X € Q,
satsifies X(j) =A;—j, j=1,2,...,L.

Theorem 1.1. Suppose £(4), A1 < €. Suppose njx; € (0,1) and pjx; > 0 for all i and j. Set aj = p 4
and ; = rj;1. The transition probabilities of the four particle systems X = XA, xB xC xP from the
initial configuration Xo = fi at time zero to the final configuration X,, = A at time n are given by

{ n
PO = Ax3 =) = [ [[ [(1 = mjmo)m ¥ gy (xus ™) =2 Pan(Alp),
j=1 i=1

B _ j1vB _ ~ pie
P(X, =Xy =) = -——— vy (Xn; @) =: Pp n(2p),

[Ta+px)
i=1

n
P(XS = XS =) = [ (1 = mix)m ™ Gag (a3 B) = Pen(Alp),
i=1
A/p
~ 5 P . _
P(X, = AIXp = i) = Jue i p™) = Pp ().

n

‘
1_[ (1+pjx;)
Jj=1

=1 i=1
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Here, nt/# = H§:1 77" and defined similarly for p/#. See Section 2.1 for combinatorial defi-
nitions of the skew refined Grothendieck polynomials, and/or its dual/weak version. There are several
expressions and methods to derive determinant forms of the skew refined (dual) Grothendieck polyno-
mials. One type of determinant forms involves a summation for each of the matrix elements which is
often referred to as the Jacobi-Trudi determinant formulas. See [AY?22, Kim22, Kim21] and [HJK* 24,
Thm. 6.1] for the canonical refined version derived by combinatorial arguments. An algebraic approach
using the free fermion technique is introduced in [Iwa20, Iwa23, Iwa22] and the canonical refined ver-
sion is given in [IMS24, Thm. 4.1]. These Jacobi-Trudi type determinants together with the overall
factors and specialized to x,, = 1 correspond to determinant forms of transition probabilities for time
homogeneous case in [DWO08, Thm. 1] and [Joh10, Thm. 2.1]. For example, the Jacobi—Trudi determi-
nant for the dual Grothendieck polynomials is given by [HJK*24, Thm. 6.1], [IMS24, Thm. 4.1], and
[MS25, Thm. 4.15]:

t

gaju(Xn; t) = det Z h,li_ﬂj_prj_m(xn)ai,{(t) s (1.3)

m=0 i,j=1
where cxi,{ (t) = hm(tj,...,ti-1) (a homogeneous symmetric function) for i > j and wi,{ (t) =
em(=ti,...,—tj—1) (an elementary symmetric function) for i < j. Multiplying by the normalization fac-

tor H§=1 T2, (1 = mjx;)m/# gives the determinant form for transition probabilities for Case A [MS25,
Cor. 4.18], which becomes the expression for the time homogeneous version [DW08, Thm. 1.A] and
[Joh10, Thm. 2.1] by setting x,, = 1 (specializing all x-variables to 1). The Jacobi—Trudi determinant
expression for the Grothendieck polynomials is [IMS24, Thm. 4.1]

¢
Gapu(%n3 ) = det| Y ha i ivjom ) B (O (1.4)
m=0 i,j=1
where Bi,’;(t) = hw(ti,...,tj1) for i < j and ﬁi,{(t) = en(—tj,...,—ti-1) for i > j, and the de-

terminants for the weak version j, (Xn;t), Jaju(Xn:t) are obtained from giy, (Xn;t), Gaju(Xn;t)
respectively, by applying the w-involution on the x-variables, which interchanges h;(x,) and e;(x,).

Rewriting each of the sums in the matrix elements of the Jacobi—Trudi determinants as an integral,
the determinant forms become the discrete time version of Schiitz type formulas. For example, we have
[IMS24, Thm. 4.19]

l

dz , (1.5)
ij=1

, 1 (- n2) 1

g/l/u(xn»t) detlZy‘ri j{/ H;;ll (1-1t2) szl(l _ xkz)lefuj—i+j+1
where v is a small circle centered at the origin, and changing the integration variable to its inverse and
multiplying overall factors gives [JR22, Thm. 1]. This type of determinant forms is the starting point to
finally obtain the Fredholm determinant expressions for multipoint distributions in several papers. See
[JR22] for Case A and more generally by [MR23b, MR23a] for all cases which they further generalized
to more generic models of sequential and parallel updates. See also [BLLSZ23] corresponding to Case B,
where a nonintersecting lattice path construction of transition probabilities was given which further lead
them to the Fredholm determinant expressions. There are several formulas for the refined Grothendieck
polynomials and its variants derived in [HJK"24, HIK*25, IMS24] for example, which may be useful
for further studies on transition probabilities. We discuss some applications in Section 6.

We also make a comment that a different version of inhomogeneous TASEP (space inhomogeneous
version) was studied in [Ass20, Pet20], and correlation kernels were obtained as determinants with
matrix elements involving double integrals. In [Ass20], this was done by introducing and generalizing
the analysis of the process on Gelfand—Tsetlin patterns originally due to [BF14], and in [Pet20] this
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was derived in a different way by identifying with some certain Schur process. It is an open question to
derive these types of determinants directly from the approach used in this paper.

Later, rather than the TASEP version, we use the equivalent bosonic version by Dieker—Warren in
[DW08], which is more suitable for the proofs given in this paper, that where the i-th particle is shifted
by i steps to the right. See Section 2.4 for the precise statement.

Our proof shows these generalized Schur operators satisfy the Knuth relations, which has proven
useful in the study of symmetric functions, such as in [FG98, Fom95], and we then use the Markov
property to reduce the equivalence to a computation for n = 1. We give two extensions that could be
used to build the K-theoretic symmetric functions, but only the ones for Gy, (x; @, B) satisfy the Knuth
relations (Theorem 3.2 and [IMS23, Thm.-3.11]). This allows us to describe the transition functions
for a new particle process in Section 8 that involves « acting as “local current” parameters, where the
rate depends on the position of the particle. We prove the analogous result to Theorem 1.1 for this new
particle process in Theorem 8.1 with G, (x; @, B). We also describe extensions of this process to the
other cases. However, this process can only be described “bosonically,” hence it cannot be applied to the
slow bond problem (which requires a “fermionic” presentation; see Remark 8.2). When x; = 0, our new
model becomes a special case of the model from [KPS19] (see Remark 8.5 for the precise relationship).

We also give another proof of Theorem 1.1 in Section 5 through a direct combinatorial bijection
between the tableaux description using more refined conditional probabilities. Essentially, it is given
by showing the branching rules [IMS24, Prop. 4.5] corresponds to the Markov property and showing
the result directly for n = 1. Our proof can be seen as analogous to using the (dual) RSK bijection
and the Schur decomposition in Case A and Case D that was described in [MS25] (compare also the
intertwining kernels of [DWO08] with [IMS24, Thm. 4.4]). As a consequence, we can explicitly describe
how the tableaux encode the movement of the particles.

Let us mention one technical point about the Case C result in Theorem 1.1. We need to take the
Taylor series expansion of f(Z) = (1 +¢)~! (around ¢ = 0) in order to obtain the equality with the
combinatorial formula with J,, (X,; @). Thus, strictly speaking, to do the Taylor series expansion we
should require that p;x; € (0, 1). We can make a change to the combinatorial description in terms of
rational functions to address this, and, in principle, we would then need to prove new free fermionic and
Jacobi—Trudi formulas. We leave this for the interested reader.

We describe some additional results we obtain from Theorem 1.1. Using the skew Cauchy identity
[IMS24, Thm. 4.6], we give determinantal formulas for the multipoint distributions in Section 6 for
all cases. We also give another proof for Case A using a refinement of [MS25, Cor. 3.14], but this
expansion has a natural geometric interpretation as coming from the K-homology classes of structure
sheaves of Schubert varieties studied in the work of Takigiku [Tak18a, Tak18b] (see also [Tak19]) at
B = 1 (as opposed to ideal sheaves of boundaries of Schubert varieties in [LLPO7]). For the Case C
multipoint distributions, a similar geometric construction for the underlying symmetric functions can
likely be given from [WZJ19]. It would be interesting to see how these geometry interpretations relate
to the integrability and determinant (and integral) formulas. We show that taking the continuous time
limit for the blocking behavior recovers the classical continuous time TASEP. We prove that the pushing
behavior satisfies the same master equation, but with different boundary conditions.

Let us discuss how our results relate to two other independent works that appeared while this paper
was being prepared. The first is by Bisi, Liao, Saenz, and Zygouras [BLLSZ23] that also studied the time-
dependent version of [DW08, Case B]. However, the techniques and results in their work [BLSZ23]
are (generally) different than what we obtained here. It is likely that our results could lead to new
proofs of some of the formulas in [BLLSZ23]. The second is a Grothendieck measure that was studied
in [GP24], which with 8 = 8 is coming from the Cauchy-type identity in [MS13, Cor. 5.4] with the
dual Grothendieck functions G ;(y; 8) being rescaled. This Cauchy-type identity is different than the
one considered in [HIK*24, HJIK*25, IMS24] (instead it appears to be related to [MS13]; see also
[GK17]), and so it does not relate to our results. Lastly, shortly before this paper appeared on the
aryiv, independent work by Assiotis [Ass23] also was posted, where Assiotis also studied a position-
inhomogeneous version of the TASEP cases we study here. More specifically, determinantal correlation
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functions are constructed with some limit results are proven based on generalizing Toeplitz matrices
and intertwinings of Markov semigroups are given in [Ass23]. Thus, [Ass23] has related but distinct
results from ours using different techniques.

We conclude the introduction by mentioning some potential applications of our work. Since we
are allowing any initial configuration y with finite distance from the step initial condition, we can
approximate the flat initial condition by taking u to be a sufficiently large staircase partition. As such, we
expect to be able to compute generalizations of results on flat initial conditions such as [BFPS07, BES08]
with having probabilities depend on the particles. Furthermore, we believe that limit shapes/densities can
be computed using the fermionic Fock space description following [OkoO1, OR03], although currently
an explicit description of the projection operator as an element in the Clifford algebra is not known.
However, because of [GP24, Prop. 1.2], it is likely that the projection operator cannot be used with
Wick’s theorem.

This paper is organized as follows. In Section 2, we give some background on refined (dual)
Grothendieck polynomials, the related combinatorics, and the stochastic processes we consider. In
Section 3, we describe our Schur operators for canonical and dual Grothendieck polynomials. In Sec-
tion 4, we prove Theorem 1.1 using our Schur operators. In Section 5, we prove Theorem 1.1 using a
direct combinatorial argument. In Section 6, we give our formulas for the multipoint distributions in
each case. In Section 7, we show the continuous time limits of our TASEP processes. In Section 8,
we describe our new blocking-behavior particle process with “local current” parameters « that is the
common generalization of Case B and Case C. In Section 9, we offer some concluding remarks on
our work.

Numerous additional examples can be found on the arXiv version of this paper [IMS23].

2. Background

Let 2 = (A1, 42,...,4¢) be a partition, a weakly decreasing finite sequence of positive integers. We
denote the set of all partitions by P. We draw the Young diagrams of our partitions using English
convention. We will often extend partitions with additional entries at the end being 0, and let £(2)
denote the largest index ¢ such that 1, > 0. Let A’ denote the conjugate partition. We often write our
partitions as words. A hook is a partition A of the form a1™ = (a, 1, ..., 1) with 1 appearing m times,
where the arm is a — 1 and the leg is m. For u C A, a skew shape 1/ is the Young diagram formed by
removing u from A, and we identity 1/0 = A.

Let x = (x1,x2,...) denote a countably infinite sequence of indeterminates. We will often set all
but finitely many of the indeterminates x to 0, which we denote as x,, := (xy,...,x,,0,0,...). We
make similar definitions for any other sequence of indeterminates, such as 'y = (yy, y2,...). We also
require infinite sequences of parameters @ = (@1, @y, .. .) and 8 = (B1, B2, - . .), which we often treat as
indeterminates.

2.1. K-theoretic symmetric functions

A semistandard tableau is a filling of a Young diagram A/u with positive integers such that the rows
are weakly increasing left-to-right and strictly increasing top-to-bottom. The weight of a semistandard
tableau T is

wt(T) = ]_[ XM
i=1

where m; is the number of i’s that appear in 7. This is a finite product since there are finitely many boxes
inA/pu.
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Table 1. The relationship between our sign choices and some other papers in the literature.

Work [HIK*24, HIK*25] [HS20, Yel17] [CP21, Iwa22, Iwa20] [MS25]

Specialization G (x;—-a, B) G(x;—a,—B) Ga(x;0,8) Ga(x:0,-8)

The Schur function is the generating function
Saju(®) = > wi(T),
T

where we sum over all semistandard tableaux T of shape A/u. The Schur functions {s,},cp form a
basis for the ring of symmetric functions, and so we can define the Hall inner product by declaring the
Schur functions are an orthonormal basis

($:5u) = Sau.

Furthermore, we have a natural grading on symmetric functions by having the degree of s, be |4].
There is also an algebra involution defined by ws,/, = s1/,s. We refer the reader to [Sta99, Ch. 7] and
[Macl15, Ch. I] for more details on symmetric functions.

A hook — valued tableau of skew shape A/ is a filling of the Young diagram by hook shaped tableau
satisfying the local conditions

alb ‘ max(a) < min(b)
| €] mir/l\(c)

(provided the requisite box exists). Note that this is a generalization of the semistandard conditions as
the conditions are equivalent to the usual standard ones when a, b, ¢ all consist of a single entry.
For u C A, the canonical Grothendieck function? is the generating function

Gapx . )= ) [ [(=a*® (=8,)"® wi(b),

T beT

where we sum over all hook-valued tableaux T of shape A/u, product over all entries b in T with a(b)
(resp. b(b)) the arm (resp. leg) of the shape of b and i (resp. j) the row (resp. column) of the entry. We
indicate various specializations and relation with the literature in Table 1. We note that technically the
canonical Grothendieck functions lie in the completion of the ring of symmetric functions given by the
grading; so we are allowed to take infinite sums with finite sums in each graded component. However,
this does not affect our computations or results, and so we suppress this distinction in this paper. A basis
for (the completion of) symmetric functions is given by {G 1 (X; @, 8) }1ep since

Ga(x; @, B) = sa(x)+ Y (=D HHEN (@, B)s,(x),

ACu

where Ef{(a',,B) € Zso|a, B] [HS20, HIK*24, HIK*25].

We note that if @ = 0, then all entries of the hook-valued tableau must be column shapes, which
we can equate with sets and recovers the set-valued tableau description of [CP21], which refines
[Buc02]. Likewise, if B = 0, then we have row shapes that we equate with multisets, refining [LPO7].

2This should be called the refined canonical Grothendieck polynomials following [HIK*24, HIK*25] as they are a refinement
of those introduced by Yeliussizov [Yell7], we dropped the word “refined” to simplify our nomenclature.
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Similarly, we call G, (x;B8) = G.(x;0, 8) a Grothendieck function® and Jy(x; @) := G (X;@,0) a
weak Grothendieck function.

The dual canonical Grothendieck functions{g,(X; @, B)},ep are defined as the dual basis to the
canonical Grothendieck functions under the Hall inner product. A combinatorial definition was given
in [HJK*25], which can be seen as the obvious refinement of the rim border tableaux description of
[Yell7]. As such, we can extend the definition to skew shapes. For our purposes, we will only use
the dual basis to the (weak) Grothendieck functions (that is, @ = 0 or 8 = 0), and thus we restrict to
describing the combinatorics of the special cases for the dual basis to the (weak) Grothendieck functions
following [LPO7, Thm. 9.15]. A reverse plane partition (resp. valued — set tableau) is a semistandard
Young tableau where we are allowed to merge boxes in the same column (resp. row) with the entry
considered to be aligned at the bottom (resp. right). The weight is the same as for semistandard tableaux.
We then have the generating functions

-1
ga/u(X: B) = ga/u(x:0, B) = Z ﬂﬁ;" wi(T),
T j=1

-1

i B) = gaju(x:,0) = Y [ ] o we(),

T j=I

where r; (resp. c;) is the number of boxes in row (resp. column) j that have been merged with the box
below (resp. to the right) and we sum over all reverse plane partitions (resp. valued-set tableaux) of
shape A/u. The definition of valued-set tableau follows [HS20], which is conjugate to that of [LLPO7].

We note that our description of reverse plane partitions matches the classical definition by simply
filling in the merged boxes with the entry of the merged box. The inverse map is merging duplicated
entries in the same column. Thus, the description of g/, (x; ) matches that introduced in [GGL16].
We have described reverse plane partitions as above to better demonstrate the following symmetry that
motivated the definition of canonical Grothendieck polynomials, even though we will write our reverse
plane partitions below using the classical description.

Theorem 2.1 [HIK*24, Thm. 1.7]. We have

WG (@, B) = Gy (x: B, @), W/ (X @, B) = gy (X; B, @).

As a consequence of Theorem 2.1, we have the relationship

WG (X @) = J (X @), W/ (X @) = jau(x; @),

between the (dual) weak Grothendieck functions and the (dual) Grothendieck functions. These are a
refinement of [LPO7, Prop. 9.22].

For the canonical Grothendieck polynomials, we note that the skew shape description is not natural
from the branching rules (a precise description is given below), the skewing operator [Iwa22, Sec. 4],
nor coproduct formula [Buc02, Sec. 5] perspective. Refining [Buc02, Eq. (6.4)] and [Yel17, Prop. 8.8],
we define [IMS24, Sec. 4.1]

Gy )=, || -(@+B)Gixe.p), @1

VT (i.j)ep/v

where v is formed by removing some of the corners of u (that is, boxes (i, y;) such that y; > p;11). We
remark that we have the following identity by the same proof as [IMS24, Thm. 4.4].

3Typically these are called the symmetric Grothendieck functions to distinguish these from those ®,, that arise from the
(connective) K-theory of the flag variety, which depend on a permutation w. However, since we do not use ®,, here, we omit the
word “symmetric” from our terminology.
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Proposition 2.2. We have
WG (X5, B) = Gy (X B, @).

Equation (2.1) allows us to give the following (cf. [Yel17, Prop. 8.7, 8.8]).
Proposition 2.3 (Branching rules [IMS24, Prop. 4.5]). We have

Gapu (% Y;: @, B) = > Gapu(y; @, B)Go (X @, B),

vCcAa

G y: . B) = D Gap(y:0, B)Gypu(x; @, B),
HEVCA

gyuX.y:a, B) = Z gy (Y@, B)gy/u(xi @, B).
HCvea

As was shown in [IMS24, Eq. (4.3)], we have

Guuxa.B) = [| (@i+B) Gy (xaB),

(.j)eu/a

and in particular, we do not have the vanishing property for G 3/, (x; @, B) that G ,,,(x; @, B) exhibits:
that G iy, (x; @, B) = 0 whenever u C A.

We will also need the skew Cauchy formula from [IMS24, Thm. 4.6] (nonskew versions can be found
in [HJIK*24, HIK*25] or as a consequence of [CP21, Rem. 3.9]). This is a refined version of [Yell9,
Thm. 1.1].

Theorem 2.4 (Skew Cauchy formula). We have

1
I —xiy;

Z Gapu(Xs@, B)gap(y; @, B) = ]_[ Z Gvin(5 @, B)gum (v @, B).
p ij 7

2.2. Supersymmetric functions

We set some additional standard notation from symmetric function theory. We (again) refer the reader
to the standard textbooks [Mac15, Sta99] for more information. Let

em(X) = D XX, ea(x) =ey e,
1> >0y

hm(X) = Z Xiy o Xiy,, ha(X) =hy, -+ hy,,
i < <ipm

pm(X) = ) xi", pa(X) =pa, - pags

i=

denote the elementary, homogeneous, and power sum symmetric functions, respectively. We consider
eo(x) = ho(x) = po(x) = 1. We have wp,,(x) = (=1)""'p,(x) = =pn(=x) for m > 0. Since, the
powersum symmetric functions generate the ring of symmetric functions as a polynomial ring (over Q)
and the monomials (in the variables p,, := p,,(x)) form a basis. Thus, we can define polynomials by
the equations

E,(p1,p2,...) = eu(x), H,(p1,p2,...) = hu(x), Su(pi,p2,...) =su(x).
For example, E>1(p1, p2,...) = %p? - %pzpl.
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Now we recall some particular supersymmetric functions; we refer the reader to [Mac15, Ch. I] for
more details. We define the supersymmetric elementary, homogeneous, powersum, and Schur func-

tions as
em(x/y) = ) (=1)"*ex () hmi (),
k=0
hn(x/y) = D (=D Fhi(X)em-i (y),
k=0

Pm(X/Y) = pm(X) = pm(y),
sa(x/y) = Y (=DM Hls, (x50 (y),

u

When y = 0, that is we have set all of the y indeterminates to 0, we have f(x/y) = f(x) for any
supersymmetric function f. The involution w also extends to supersymmetric functions by wsa/, (X/y) =
Sy (X/Y)

The supersymmetric functions can also be described in terms of plethystic substitution. While we will
not give a detailed account, we will briefly review the relevant descriptions for understanding the results
in [HJK*24, HIK*25] and refer the reader to [LR11] and [Mac15, Ch. I] for a more detailed description.
LetX =x;+xp+--- andY = y; +yy+- - -. For a symmetric function f, we define f[X] = f(x,x2,...),
andif Z =z + 20 + - - + 2, then we have f[Z] = f(z1,22,...,21,0,0,...). We also can define

hn[X = Y] = hin(x]y), em[X —Y] = em(x/y), Pml[X = Y] = pm(x/y).

As a consequence, we have that i, [-Y] = (=1)"e,,(y) and e, [-Y] = (=1)"h,,,(y). Furthermore, we
have the well-known plethystic identities

hn((XUX)/(YUY)) = hn[ X+ X =Y =Y = Y ha(x/¥)hs (X [Y).
a+b=m

em((x ux’)/(yu y/)) =en[X+X -Y-Y']= Z eqa(x/y)ep(x'/y’),

a+b=m

(see, e.g., [HIK*24, Prop. 2.1]). Next, we recall the notation given in [HIK*24, Def. 2.3]:

hu[X ©Y] = Z ha[X1ho[Y], em[X0Y] = Z ea[X]enlY].

a—b=m a—b=m

We note that these can have infinite nonzero terms and be nonzero even when m is negative.

In order to avoid confusion with the plethystic negative and negating the variables, we will not
use plethystic notation, and instead follow [IMS24], where we write h,,(x/y) := h,[X © Y] and
em(x/y) =en[X OY].

Additionally, note the ordering of the variables for the elementary symmetric functions. We have
chosen this so that the definitions extend to the noncommutative symmetric functions introduced by
Fomin and Greene [FG98]. We summarize the results that we need as follows. For a sequence of linear
operators {7;: K[P] — K[P]}?,, the weak Knuth relations are

TiTiTk = T;TkTi foralli>j >k, i-k2>2, (2.2a)
TiTkT) = TkTiT; foralli > j>k, i-k=>2, (2.2b)
(Ti + Tis ) Tin1 T = Ti1 T (Ti + Tia1) for all 7. (22¢)

The (strong) Knuth relations are formed by removing the requirement i — k > 2 from (2.2).
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Theorem 2.5 [FG98]. Let {7;: k[P] — k[P]}, denote a sequence of linear operators that satisfy the
weak Knuth relations. Then the Schur functions {si(71,T2,...)}aep commute and s,/2(T1,T2,...) =
D u ch WS (11,12,...), where ch . are the usual Littlewood—Richardson coefficients.

2.3. Free fermions and Schur operators

We describe the free-fermion presentation of the (dual) canonical Grothendieck polynomials from
[IMS24]. For more details, we refer the reader to [AZ13, Kac90, MJDO0O0]. Let k be a field of character-
istic 0. We consider the unital associative k-algebra of free — fermions.A generated by {y,, ¥ | n € Z}
with relations

(//mlﬂn+lﬁnl//m=lﬂ:nl//:,+lﬂ:¢/fn=o, l//m‘//:+’7[’;¢m:6m,n,

known as the canonical anticommuting relations. This is a Clifford algebra arising from the canonical
bilinear form of an infinite dimensional vector space V with a basis {v;};cz with its (restricted) dual
space V* spanned by {v}};cz. As such, there is an antialgebra involution on A defined by ¢, < ¥ ;
that is (xy)* = y*x* for any x, y € A. We will also define the fields

Y(z) = ", Wrw) = D

nez nez

The current operators* are defined as

ag = Z itk

i€Z
and satisfy the Heisenberg algebra relations and duality
[@m,ar] = mopm i, a, =a_g.
We will use the Hamiltonian operator
_ O Pe(x/y)
H(x[y) = ) == a.
k>0

and the corresponding half vertex operatore™ X/¥) These satisfy the relations (see, e.g., [Iwa23, Eq.
(17), Eq. (18)])

eH My TN = " i (x/y i, (232)
i=0

o H (x/y)¢zeﬂ(x/y) - Z he (XYW - (2.3b)
i=0

Note that —H (x/y) = H(y/x). Let H*(x/y) = (H(x/y))" denote the dual Hamiltonian operator. For
k > 0, we have the relations (see, e.g., [AZ13, Eq. (2.4)])

[a_g, e ] = kel ), [ ap] = —tket™ @), (2.4)

4We have omitted the normal ordering as we will not consider the current operator a in this text. See, for example, [AZ13,
Sec. 2] and [MJDO0O0, Sec. 5.2] for more details.
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and [ay, e D] = [eH D a_i] = 0. We will also use the transposed Hamiltonian operator

J(x/y) := wH(x/y) = —H(-x/-y).
Therefore, we can write
SH/Y) Z Hi(ay,as,...)pr(x/y), el 1Y) = Z Ex(ay,az,...)pr(x/y). (2.5)
k=0 k=0

We will consider the spinor representation F of semi-infinite wedge products subject to a finiteness
condition, but we will not present this here in detail (see, e.g., [Kac90, KRR 13, MJDO00] for more
information). This is sometimes referred to as fermionic Fock space. Instead, we will realize F as the
cyclic A-representation generated by the vacuum vector|0) that satisfies the relations

YUnl0) =y, |0) =0, n<0, m>0.
Therefore, we can describe the basis as the vectors
UnWny * Un W Wy W 10, (r,s=20,n>--n>20>mg>--->my).

We define the shifted vacuum vectors as

) = Wm—1 - WYol0) ifm >0, (m] = Olyg -y, ifm =0,
Yo, 10)  ifm <O, Olg—y- ¢, ifm<O.
Note that
1)) = |m), mle" 19 = Gn,
for all m. For finitely many (noncommutative) expressions ¥y, ..., ¥y, we will use the notation
[]w=w v, []w=v v,
1<i<t 1<i<t

to indicate the order of multiplication. We will use the vectors

e g = 1_[ (e—H<Aai_1>Wi_ieH<ﬁi>eH<Aai_n)|_g>,
1<i<t
|yl l_[ (eH*(Am.>¢Ai_ie—ﬂ*<ﬁi>e—ﬂ*<A¢,.))eH*<AW>|_5>’
I<i<t
where o = (071,07,...,07) € Z[zo and Ay = —ag = (—ay,...,—ar). When o = A, we simply write

|V [a.p) = M)ﬁl 5] and |A)[@A] .= |/1)/[l“’ﬁ]. We use the notation
0, 0,0
Dip) = DG - T = )P ) = ) =107 -

(note these are independent of o) for brevity. We will typically restrict ourselves to the subspace F°,
which we describe as the span of either of the bases [[MS24, Thm. 3.10]

{10 (a1} 2P (A} op.
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There is also the dual A-representation F*, which has a canonical bilinear pairing called the
vacuum expectation value that satisfies

(klm) = 6m., (wX)[v) = (wl(X[v)),

forall k,m € Z, X € A, (w| € F*,and |v) € F. We abbreviate (X) = (0|X|0), and note that |k)* = (k|.
Define

01 Ao = (DAY, BT = (10, 5"

and similar abbreviations as above. With respect to this inner product, we have the orthonormal bases
[IMS24, Thm. 3.10]

@81 A (a.p1 = " PI AP = 5, (2.6)

Moreover, there is an isomorphism from F° to symmetric functions defined by |v) — (0] X/¥)|y),
which satisfies [IMS24, Cor. 4.2, Eq. (4.1)]

Gapu(xsa, B) = 1Pl (e ™ pyleBl, Su(X @, B) = (o p e PN p. 27

From [IMS24, Thm. 4.3], we also have

Gy (s, B) = (Bl (e @ pyle-Bl gujw (X%, B) = (ap1(ule’ XD ap.  (2.8)

2.4. Particle processes

We describe the four different versions of the discrete fotally asymmetric simple exclusion process
(TASEP) given in [DWO08]. All of these processes will be considered using a bosonic presentation
following [DWO08], where they are given by particles labeled 1, ..., ¢ that can occupy the same sites
on the lattice Z>(. The position of these particles will remain in order and only move to the right (i.e.,
increase the value of their position), and so we can index states by partitions A, where A; corresponds to
the position of the i-th particle. To obtain a fermionic presentation and justifying calling this TASEP,
simply move the i-th particle from position A; to A; — i, and hence, we can identify the shape 1 = 0 with
the step initial condition:

i ... (bosonic) «— [0)=]0)= ... o o o o . . ... (fermionic).

0 1 2 -4 -3 -2 -1 0 1 2

Unless otherwise noted, we will consider our particle configurations using the bosonic description.

Example 2.6. We identify A = (3, 3, 1, 0) with the (bosonic) particle distribution

with the first and second particles in position 3, the third particle is in position 1, and the fourth particle
is in position 0. In terms of the fermionic presentation, we have

) =Yool al-5) =Uahial—4y = e e e e

-4 -3 -2 -1 0 1 2 3
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Table 2. Summary of the four cases of discrete
TASEP that we consider in this paper.

Pushing Blocking
Geometric A C
Bernoulli D B

[ ] 4 4 [ ] BN 4 [ ] 4 4 4 [ ] 4 4
T 1 1 T T 1 t T 1 1 T y T 1 1
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
t t 1 t t t T t t t t T y T 1 t
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7

Figure 1. Examples of the third particle making a jump of 6 steps with the pushing (left) and blocking
(right) behaviors.

The j-th particle at time 7 will attempt to move w j; (which we take as a random variable) steps to the
right according to either the geometric or Bernoulli distribution

PGe(wji = k) = (1 — 7;x;) (mjx0)*  (k € Zo),

Ppe(wji=1) = P and Pge(wji =0) = (1+px;)7",
1+ PjXi
respectively, where 7;x; € (0,1) and pjx; > 0. We can assemble all of these random variables, ranging
over all particles and time, into a (random) matrix W = [w;]; ;. Since we are working in discrete time,
we need a rule to determine the behavior when two particles decide to move simultaneously that results
in a conflict. There are two natural ways to resolve this.

Pushing The larger particle pushes the smaller particle.
Blocking The smaller particle blocks the larger particle.

For the geometric (resp. Bernoulli) distribution, we will update the particles from largest-to-smallest
(resp. smallest-to-largest). As such, we obtain four different variations of discrete TASEP, which we
organize using the same indexing as [DWO08]:

1. Geometric distribution with pushing behavior.
2. Bernoulli distribution with blocking behavior.
3. Geometric distribution with blocking behavior.
4. Bernoulli distribution with pushing behavior.

Table 2 provides a summary of these cases and Figure 1 gives an example of the blocking versus
pushing behavior. We also give a recursive description of these processes following (1.2). Here we give

the equivalent bosonic version. We introduce Q% := {(z1,22,...,2¢) € Z{,: 21 > 22 > -+ > z¢} for
¢ > 2. We introduce four types of evolution of particles Y2, Y2, ¥ and YP on Ql; .

Definition 2.7. The four particle processes whose positions at time 7 + 1 are given recursively as

YA (O =YA O + 2+ 1), YB (1) =YP()+&B(1,1+1),
YS, () =Y +£5(1L,t+1), YR, (0) =YP () +&EP(L,t+1),
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and
YA, (k) = max (Y (k), Y/ (k + 1) + &8 (k, 1 + 1), (2.9a)
YR, (k) = min(YR (k) + €3 (k,t + 1), Y2 (k- 1)), (2.9b)
YS, (k) = min(YS (k) + S (k, 1+ 1), Y (k = 1)), (2.9¢)
YR, (k) = max(YP (k) + £°(k,t + 1), Y" (k + 1)), (2.9d)

fork =1,...,0—1forCase(A),(D)and k = 2, ..., ¢for Case (B), (C), where £° (k, t+1) and €€ (k, 1+1)
(resp/ €B(k,t + 1) and &P (k, t + 1)) are random variables having distribution Pg, (resp. Pge).

For a sequence of integers A = (A1, 42,...,47)(A] = A3 = -+ = Ap), we write Y = A1if Y € ng
satisfies Y (j) = 4;, j =1,2,..., L.

The bosonic version of Theorem 1.1 is that the transition probabilities of the four particle systems
Y = YA, YB, Y€, ¥P from the initial configuration Yy = yu at time zero to the final configuration ¥,, = 1
at time »n are given by

P(Y2 =AY = ) = Pa (), P(YE = Y8 = u) = Py, (A1),
P(YS = AlY§ = p) = Pen(Alp), P(YP = AYP = p) = Pp  (Ap).

Recall that P4, (|1), Pp.n(A|1), Pc,n(A|1), Pp,n(A|p) are Grothendieck polynomials with overall
factors multiplied, explicitly given in Theorem 1.1. By abuse of notation, we also denote transition
probabilities using these notations. In Section 4, where we give a proof, we regard these notations as
transition probabilities.

Let us give an equivalent two-dimensional description. Let G(j,i) denote the position of the j-th
particle at time 7 in the bosonic formulation. For the pushing behavior, we can further realize it as a
directed last-passage percolation model on W. To see the last-passage percolation, define

G(k,n) = mﬁx(z):nwﬂ, G(n) = (G(1,n),G(2,n),...,G(£,n)),
JHl)€E

where the maximum is taken over a certain set of paths from (¢, 1) to (k,n). The paths are given in
the natural matrix coordinates (r, c) being the r-th row and c¢-th column. For the geometric distribution,
the paths use unit steps to the right or up; that is, starting at position (j,,i,), then either (jg4+1,i4+1) =
(Jariqg + 1), (ja — 1,i4). Translating this into the update rule described in [DW08] (cf. (2.92a)), we have

G(j,i) =max(G(j,i—1),G(j +1,i)) +wj;.

Note G(j, i) corresponds to Y;(j) and w j; corresponds to &(/, f) in the previous bosonic particle process
description.

On the other hand, the Bernoulli distribution uses paths such that for every time w;,_;, = 1, we must
have the next step move right (ja+1,ia+1) = (Ja,iq + 1), and we also allow paths to end at (k’, n) for
some k < k’ < . Then from a simple argument using conditional probability, we see that the position
of the particles at time n is given by G(n) (see, e.g., [DW08, Joh00, MS25]). To obtain the positions
of the particles for the blocking behavior, this becomes a first-passage percolation model as we replace
max by min, but we have to make some other changes. The first is that we shift the indices so that the
w j; correspond to the weights on the horizontal edges (i, j — 1) — (i, j) with the other edges being SE
diagonal (resp. vertical) edges with weight 0O for the geometric (resp. Bernoulli) case. The other is that
we instead start at (0, 0).
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Example 2.8. Consider £ = 3 and n = 4. Then the correspondence between a random matrix and the
motion of particles in Case A, resp. Case C, is given by

[:()i t t t : t i [:Oi t t t :

0 1 2 3 4 5 6 0 1 2 3 4

t=1+ $ + » + + [:136 + ? + +

0 1 2 3 4 5 6 0 1 2 3 4

2100 t=2 + ¢ o + t=2 22 + * +

[le.]jiz 01 30|, 0 1 2 3 4 5 6 0 1 2 3 4
<~

1102 t=3+ + , + + i g tr=3"* + + $ +

0 1 2 3 4 5 6 0 1 2 3 4

t=4 t t t e t ' t=4 t e : :

0 1 2 3 4 5 6 0 1 2 3 4

First note that all of these transition probabilities Py (1|u) := Px(G(1) = 1|G(0) = u) in Case X
are independent of the value of ¢ provided £(1) < ¢. Indeed, the j-th particle for j > £(1) must be fixed
in place, which occurs with probability 1. Note that by taking £ — oo, we can effectively ignore the
value of ¢ if desired and identify states with elements of the fermionic Fock space F (considered with
the shifted positions 4; — ;). Furthermore, the step initial condition becomes |0), and this is sometimes
known as the Dirac sea.

3. Schur operators for canonical Grothendieck polynomials

We begin by briefly reviewing the Fomin—Greene theory of symmetric functions in noncommutative
variables. Let k[P] denote the k-module with basis indexed by P, the set of all partitions.

3.1. Noncommutative blocking operators

We denote by «;: k[P] — K[P] the i-th (row) Schur operator that adds a box to the i-th row of a
partition A if A; < A;_; (that is, we can add the box and obtain a partition) and is 0 otherwise. The Schur
operators satisfy the Knuth relations.

We define the linear operator U f“’ﬂ ) by

- A ifA; < A,
U_(a,ﬁ) =k; +0;, where ©;-A:= @ 1 i i-1
i Bicid it A =2y,

for any 4 € P. We consider 4gp = oo and @ = 0 (although our proofs could have @y be an arbitrary
parameter). When there is no ambiguity in the parameters, we will simply write U; := Ul.(”’ﬂ ). When
a =0 and B = B, the operators {UIKO’B ) }lf'il are the operators introduced in [Iwa20, Sec. 6].

Lemma 3.1. The operators U = {U;}, satisfy the weak Knuth relations.
Proof. Since [0;,0;] =0 for any i, j and

[«;,©®;]=0 fori#j-1,j, (3.1)

the “nonlocal commutativity” U;U; = U;U; for |i — j| > 2 immediately follows from «;«; = k;«; for
|i — j| = 2. This fact implies (2.2a) and (2.2b).
Define a linear operator 7; : K[P] — k[P] by

0 'f/li < /11',
T, -1 := 1 ! forany 4 € P.
Ki -4 if /li+1 = /li
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Note that, for any partition A, 7; - 4 # 0 if and only if 4;41 = 4; < 4;-;. We need the following

commutation relations to prove (2.2c¢):

Tiki = k3, T; =0,
Oiv1kir1 Ti = Bikiv1 T
[«is kiv1] = —kin T;,
0inTi =T;0;,

[ki, ©i1] = BiT; — O T;.

(3.2a)
(3.2b)
(3.2¢)
(3.2d)
(3.2¢)

Equation (3.2a) follows from the facts that (i) u := «; - 4 satisfies u;4+; < y; whenever u # 0 and
that (ii) v := T; - A satisfies v; = v;11 + 1 whenever v # 0 for any A € P. Equation (3.2b) follows from
the fact that { := k;417; - A satisfies {41 = {; whenever { # 0. Equation (3.2c) is proved by noting
that Adis1 < i = é/ = [K,’,KH.I] -A=0and Aiy1 = A = é/ = [K,’,KHI] A = =K ki - A To prove
(3.2d), it suffices to check that ®;17; - 1 = T;0; - A = ay,«; - A whenever T; - 4 # 0. To prove (3.2¢),
we consider the following three cases: (a) If T; - A # 0 (& Ay =4 < iy © T; - A=k - 1 #0), we
have K[@H_] A= ,B[Ki ‘A= ﬁlTl - A (b) If /li+1 < /l[, we have K[®i+1 A= ®i+1K,‘ ‘A= ,BiKi - A (C) If

A; = A;_1, we have k;0;,1 - 1 = ©;;,1«; - A = 0. In each case, (3.2¢) holds.
Thus we have

(1) (3.2¢),(3.2¢)
[Ui, Uis1] = [k + i, ki1 + O] =" [ki, kis1] + [&i, O] =

(3.2a) (3.2d)
(Ui, UinlU; = (Bi —Uin)TU; = (Bi — Ui ))TiO; = (B = Uis1)Oi T;.

and
Ui Ui, Uin1] = Ui (Bi = Uin)Ti = (Bi = Uix)Uin1 Ti = (Bi — Uis1) (Kiv1 + Op1) T
Therefore, we obtain
(Ui + Uis1, Ui Ui] = [Ui, Uisa)U; = Ui [U;, U] = (Bi = Uir) ki T
(329 (Bi = Ou)kinT; 62 0,
which implies (2.2¢).

Theorem 3.2. We have

[@BlA1S, (a1, a2, ...) = [P, (U/B) - A

(ﬁi - Ui+l)Ti,

(3.3)

To prove Theorem 3.2, we need the following computations. For simplicity, let v(1; o) := [B81(q|7.
Let €, be the k-th standard basis vector in Z" for some N > 1. For any subset K = {ky....,k,,} C [N],

leteK=Ek1+~~~+ekm.

Lemma 3.3. For any sequences A and o (not necessarily partitions), we have
VA+e;0) =v(A+ e o +e) — g, v(A;0).
Proof. This follows applying to the definition of v(A + €g; o) the relation
‘/’flk+1—keH*(7) = eH*(Y)leku—k + ylﬁjlk—keH*(y)’

for y = —a,, which follows from the * version of Equation (2.3a).
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Lemma 3.4. Suppose Ay = Ax—1 and o = 01, then
v(d+ € 0) = Bro1v(d;0).

Proof. This follows from the definition of v(4; o) and the rectification lemma [IMS24, Lemma 3.6].
Indeed, similar to the previous lemma, we have

wjlk—(k—l)e *(ﬁk—l)wzkﬂ_k — ﬂk—llp;k_(k_l)eiH*(ﬁk_l)wjlk—k

by the * version of Equation (2.3a) and recalling (w;k_ k)2 =0. O

Lemma 3.5. Let A be a partition. If K = {k; < ky < ... <k}, then

B+ e |1 = Zcff Bl ),
u

where the coefficients Cfl' are given by

Ur, - U, Us, .AZZCS‘./J
u

Proof. This follows by repeatedly applying Lemma 3.3 and Lemma 3.4 and noting that these two cases
precisely encode the action of the operator Uy. O

Proof of Theorem 3.2. Because the operators {U;};2, satisfy the weak Knuth relations (Lemma 3.1),
Fomin-Greene’s theorem [FG98] implies that the noncommutative Schur functions s,(U/B) are a
commutative algebra (under the natural multiplication) as it is generated (as an algebra) by ¢; (U/B) for
i=0,1,2,.... Therefore, to prove the theorem, it suffices to show (3.3) for the case when s, = ¢;:

Bl QIE (a1, az,...) = Ple;(U/B) - 4.

By applying the commutator relation in (2.4), we have

o)

Bl lar = Y 1P A iada = ) B 1AL = Y P A el - pi(B) -1
k=1 k=1 k=1

Next, write E;(p1, p2,...;B) = e;(x U B), and by noting the above equation comes from p;(x LI )
under the identification p;(x) = a;, we have

BN E(ar, az,.. s B) = Y 1PN+ ex|a = 17PN e; (V) - A, (3.4)

KCZ

IK |=i
where the last equality is by Lemma 3.5. By expanding the plethsym for the left-hand side and solving
for [*BI(A|E; (a1, as, . ..), we obtain the desired result. O

3.2. Noncommutative pushing operators
(a.B)
J
that Ax = 4;. Let v := u + €, be the smallest partition that contains u + €; (a box added to row j); that
is, we have added a box to all rows k < i < j. Then

We define an operator u recursively as follows. Consider a partition 4, and let k£ be minimal such

Joi-1 j-1
WP = B By g Y| | @uer + Ba) | | Barr®P) v 3.5)

i=k a=k a=i
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Note that the result is well-defined in the completion (by the degree) k[[P]] since each partition only

has finitely many contributions. As we will always be looking for a specific term in this sum, working

in the completion will not be consequential. We will show the operators u'®-8) = (uf“’ﬁ ), u;a’ﬂ )

correspond to separating out the action of the current operator a; on [ g){u/.

Lemma 3.6. For any sequences p and o (not necessarily a partition), we have

(.80 = [e.p){tlore + Ao jt1[a.p1{H + €jlote;- (3.6)
Proof. We rewrite (2.3b) as

* _ ~H(-ag:41) , * H(-as;+1) ~H(~ao;+1) H(—(la»ﬂ)
w,llj = e J wﬂj— e J + a’o—j+le J lﬁy,+1 _j it
and so the claim follows. O

Lemma 3.7. For any sequences p and o such that uj = pj_ and oj = 01, we have

(.81 + €l = Bj-1 " [ap1{H+ €1 +€jlo- (3.7
Proof. The claim follows from (the star version of) the rectification lemma [IMS24, Lemma 3.6]. O

Lemma 3.8. We have

(@.B)

(tﬂ<#+€j|— aﬂ](u - ul.

Proof. Consider k < j minimal such that y; = g and o; = oy, for all k < m < j. Recall that for
X={i1,....in},wesetex =€, +---+¢,.Letv=pu+ex =p+e and v(u; o) = (¢ g){tlo. By
repeated applications of (3.7), we have

j-1
v(p+ejsp) = l_[ﬁiV(V;u)-
i=k

Then by applying (3.6) to each i € [k, j] and then using (3.7), we compute

j-1
V(ﬂ+6j;#)=l_[ﬁi Z aMHV(Hex,V)

i=k  XCl[k,j]
j-1
X —_—
= l_[ﬁi Z CV,',J.J,] l—l Biv(v +ex;v)
i=k  XClk, j] e[k, j)\X
J-1 J
= Bi - v+l_[,8u a/,,JHZ l_[(a”f” + B )v(v+e;v)
i=k i=k m=k
Jj-1 J
=[]8v+aum ), l—[(a,l,+1+,3m)l_[ﬁaV(V+ez,V)
i=k i=k m=k

(@.B)

However, this is precisely the recursion formula defining u; , and the claim follows. O

For brevity, we will simply write u; := u;a’ﬁ ) until noted otherwise.

Remark 3.9. Another way to see u corresponds to the action of the current operator a; is to first note
that a; = % [ (’)]| .—o- Therefore, in the expansion of (4 gj{(u|a1, we can compute the coefficient of
[e.8]{4| by using (2.6) and computing
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- e pl

s (e O Wiap]| =5

d
ap|d
lep1{tlar| Ve p1 = -
We can give a precise formula by using the combinatorial description given in [HIK*25, Def. 4.1] as a
single marked reverse plane partition. Indeed, in order for there to be a nonzero contribution, we can
only have a single connected component such that the topmost-rightmost box contributes a t. We leave

the details to the interested reader.

The u'®#) operators do not satisfy the (weak) Knuth relations as demonstrated in the arXiv version
of this paper [IMS23, Ex.-3.11]. However, we can see that u®8) do, and in fact, this holds in general.
This is a straightforward direct computation that refines [[wa22, Sec. 6.1].

Lemma 3.10. The operators u'%F) satisfy the Knuth relations.

Theorem 3.11. Recall |g|{A| = |0,1{A|. We have
B1{ASu(ar, a2, ...) = g1 (s, () - 2] mod My,

Proof. Similarly to the proof of Theorem 3.2, it suffices to prove the theorem for the case when s, = e;
@=0,1,2,...)

p1{AE;i (a1, az,...) = 1g1{ei (@ ®P)) . a].

To do so, we first compute
¢
1{Ala; = 11 (AIPi(ar,a2,...) = > v(A+ie;, 1) mod Miy,
=1

from the fact [ (), q;] = 0 for all i > 0. Hence, Lemma 3.8 implies

_ 0.8 . (0.p)
pI{A|Ei(ar, az,...) = Z g1y, ey AL

J1<-<Ji

and the claim follows. ]

4. Operator dynamics

In this section, we describe the dynamics of particle processes of Dieker and Warren [DWO0S8] using the
deformed Schur operators U i(o,ﬂ )
free fermions.

As we will see below, the geometric distribution will correspond to using homogeneous (noncom-
mutative) symmetric functions in terms of these operators, whereas the Bernoulli distribution uses the
elementary symmetric functions.

For this section, our proof of Theorem 1.1 will consist of showing the claim for a single time step.
The general case will follow from the branching rules (Proposition 2.3) and the Markov property, where
both of these say the general case can be described as a product of the single steps summed over all
possible routes from u to A. In more detail, consider Case A as an example, but all other cases are
similar. We assume

and ufo’ﬁ ) defined in Section 3 acting on the corresponding state of

{ n
P(YA = /1|Y6\ =u) = I—[ ]_[(1 — X)) /"g,l/,,(xl, XY, 4.1
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and show n replaced by n + 1 holds. In the next subsection, we show

4
PO =AY, =) = [ [( = ) m g (e a7, 42)
J=1

which corresponds to n = 1 case of (4.1). By the Markov property, the transition probabilities satisfy

PO, =AYt =) = > PR, =AY =P =y = p). 4.3)

pucvea

Inserting (4.1) and (4.2) into the right-hand side of (4.3) and applying the branching rule for the refined
dual Grothendieck polynomials, we have

4
PO =AYt = = > [0 =77 gapy Gonars ™)

pCvC/l Jj=1

Xl_[l_[(l—ﬂ]x,)ﬂ' /Hgv/,u(xlw- s Xns T 1)

]ll

ﬁx
:=

l—njxi)ar’l/“ Z gy s w8y (it s Y

uCveca

.
I
—_
F
—_ =

n

(1 _ﬂin)ﬂ/l/ﬂg/[/#(X1,...,xn,xn+1;7r71), (44)
i=1

—-

—_

~.

which completes the induction.

4.1. Pushing operators

Suppose the particles are at positions given by the partition p. Then it is easy to see that the action
uj - p corresponds to the j-th particle trying to move one step to the right at time i. Indeed, if the j-th
particle is also at a site containing smaller particles, then taking the smallest partition containing u + €;
corresponds to pushing the smaller particles. More specifically, if this pushes s particles, then we obtain
the scalar B;_g - - - 81 (if s = 0, then it just is the resulting partition).

Example 4.1. Consider 4 particles. The action

[ 11 [] [ ]
UsU4 * =BofB3uzr - =283 !

is identified with the particle motion

—4
| § i e Py = e . . 8§ o o..
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

where the arrows denote the particle being pushed.
We rewrite the action of our noncommutative operators to match the form of Theorem 1.1.
-1
Lemma 4.2. Let B = n~! and uj = uﬁ.o’” ), Then for any (J1, ja2,. .., Jx), we have

T T T

Ujlhjp == Uj - = A

71'/1//‘
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Proof. 1t is sufficient to prove this when k = 1 since 7Y/# = g/¥x¥/* for any v. By definition,
Uj-pp=Bj_s---Bj-2fj-1-Afor some s (that is determined by ). Since al/H = Mj g MjaMj M- A,
we have u; - 4 = —J- - A as desired. o

J
xA/u

Proof for Case A. Now let us consider the Case A transition probability for a single time step P4 (A|u)
at time i{. We can write this as

PA(Alw) = 7tj )y - jx ]_[(1 ) (4.5)
j=1

where k is the number of columns in A/y and j; > j,» > --- > ji (which is necessarily unique). To
match the notation in Theorem 1.1, we specialize 8 = a~!. Since we update the particles from largest-
to-smallest, the above discussion yields that we can write our time evolution with & = 1 as

Ta = kZO hy(x;u) = kz_(])xfhk(u),

where we have scaled all the u operators by x; to introduce our time-dependent parameters. Indeed, if
we apply Ay (x;u), then in terms of the particle dynamics, we are moving all particles a total number of
k steps with probability (4.5). To see again the particle-dependent parameters for the time evolution, if
we bring the 74 inside the matrix coefficient, we must factor out the total position change factors 7/#
as this cancels with the 77! ﬂ;k] by applying the various u; to y until we get A (see (3.5)). As an

Ji
example, uj - u =g+ 7; - -11{u; - 4|. Therefore, we can write the transition probability (4.5) as

Palw) = ' [ (1= 755) - () (T - il Vg

1:01 0o 4.6)
= p/m l—[(l _ﬂ'jxi)lek (e (@) - ) g1y
j=1 =0

Alternatively we can see (4.6) by noting in the second line, only the term u uj, - - - u, is nonzero in
the pairing by (2.6) and taking this together with Lemma 4.2. Next, we apply Theorem 3.11, (2.5), and
(2.7) to rewrite Equation (4.6) as

Pa(A|p) = nt/H l_[(l - jx;) Zx[k ol i (ar, az, . )| ) 1

o)

j=1 k=0
=V [ ] =) - ey lpale™ D10 ey = 2 [ [ = mjx)gagu (7).
j=1 J=1
This is precisely the claim of Theorem 1.1 for a single time step. O

Proof for Case D. For Case D, we do the analogous proof using P, (1| u) starting with the time evolution

atp=1
To = ) ex(xiw) = ) xiex(w),
k=0 k=0

where here we specialize B = p~!. Indeed, after adding back in the particle-dependent parameters like
before, we compute
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A/ p
P 1o (To - 1l ‘.
Pp(A|p) = = = § o1 [{MEk (a1, a2, ... )| p
[T52, (1 + i) T 1(1+p,xl)k ~ : e
A/p Alp
_ 4 I (x;) _ P . Lol
=l D)y = e (7).
5, (1+pyxp) 7] T (T p )

Note that the order of the operators from ey (u) is applied smallest-to-largest and matches the update
rule. We can also see the first equality by using Lemma 4.2. O

4.2. Blocking operators

Suppose the particles are at positions given by the partition p. Then it is easy to see that the action
U; - u corresponds to the j-th particle trying to move one step to the right at time i and keeping the other
particles fixed. If the move is blocked by the (j — 1)-th particle (being at the same position), then we
obtain the scalar 8;_;. Otherwise the particle moves and we simply obtain the resulting partition.

Example 4.3. Consider 4 particles. The action

[ [ 1] [ T1
UrUy - =B3U> - =p;-HH

(which also equals UsU; - (4,2, 1, 1)) is identified with the particle motion

. 3 e . e...r >, 3 e . ...+ > & . o ...
o 1 2 3 4 o 1 2 3 4 o 12 3 4

Note that the fourth particle is blocked but the second particle moves.

We rewrite the noncommutative operator action to match Theorem 1.1.

Lemmad4.d. Let ; = pjr1 and U; = U;O’m. Then for any (j1, j2, .- ., jx), we have

PjiPj " Pix

UpUp -+ Up = == =
Proof. Like the proof of Lemma 4.2, we can reduce the proof to the case k = 1. By definition, we either
have G) U; -u=pj_1-pand A = por(ii) U; - u = k; - pand A = u + €;. In each case, it is clear the
claim holds. o

Proof for Case B. Let us consider the transition probability for a single time step Pg(A’|u”) in Case B
starting at time 7. This proof is largely analogous to that for Case A. Here, we use U; := U, %) and
specialize ; = pj.1. Since we update particles from smallest-to-largest, the above description means
one time evolution is given by

Ts = Zek(in) = foek(U)~
=0 =y

From the analogous arguments as in Case A or the above discussion, we need to multiply by p/#
to move the time evolution inside the matrix coefficient and account for the movement of all of the
particles. Additionally, we scale each U; by x; to introduce the time parameters. Therefore, we have

T - plyld S piaf - 101 ey (U) - ] ) 1)
[T52, (1 + pjixi) = [T52, (1 + pjx;)

Ps(X|u) =2 4.7
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We can also see Equation (4.7) by using Lemma 4.4 with the fact that for any £ > £(2), we have

Ps(Alu) = ]—[(1+p,x,>z D, Picpi

J1< <Jk
U “Ujy /=

where * represents any nonzero constant; note that Uy, - - - U, - " = - A’ is simply saying the movement
of the particles from u to A is given by moving (with blocking) the j, ja, . . ., jx particles (in that order).
Next, we use (2.5) and Theorem 3.2 to compute

Ly (@) = 190 ule? Oy le) = Xm0 B, (0, a, - )11

X1, (U ) - ul )]

DD i (@) - N e (U) - pl )]

m=k

xf ]_[(1 +ajx) ™ 1o (U) - playle]
Jj=

1l
e I 101 1

>~
I

0

Therefore, comparing this with Equation (4.7) (recall that @; = p;1), we have Theorem 1.1,

n
Ps(lu) = [ [(1+prx) ™ p Yy (x; @),
i=1

for one time step. O

Alternatively, let us examine Equation (4.7). Necessarily we must have 1/u being a vertical strip
(equivalently A’/u’ being a horizontal strip) as otherwise both sides are 0, so we now assume A/u is
a vertical strip. Suppose m = |1| — |u| particles move, and so each term in the sum is O unless £ > m.
Furthermore, when k > m, we only get a nonzero contribution from the j such that A;_; = u;, where
necessarily j > 1. LetJ = {j € Z> | Aj_1 = p;} be the (infinite) set of all such indices, and so we have

(o8] [oe]

Dk e (U) - 1! Z > ei= D xkexmlpy)
k=0 XCJ jeX k=m
| X |=k-m
=x;" foek(PJ) =x;" 1_[(1 +0jXi)s
k=0 JjeJ

where p; = {p; | j € J} (since e is a symmetric function, we do not need to worry about the order).
Therefore, we have

/l/y m
Pp(dlu) =

n(l+a/]x) !

where J = {j € Zog | 4 j # ij+1} (note that we have also shifted the indices). From the combinatorial
description of Jy;,(X1; @), we have obtained Theorem 1.1 for a single time step.

Proof for Case C. Now let us look at the dynamics for the geometric distribution given by Case C.
The proof is similar to the above except we instead replace ex(U) — hi(U) and Ay (@) — ex(B),
as well as specialize the operators to U := U%-#) with g j = mj41. So our time evolution operator is
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Tc = Yoo hi(x;U). Note that the operators are applied in reverse order for A (U), encoding that we
are now going from largest-to-smallest in the update order. O

For the alternative proof using the combinatorial description of G ,y,(x; 8), some slightly more
detailed analysis about the motion of the particle is needed. This is discussed in Section 5.3. Note that
it only depends on A and u, not on the motion of any other particles.

5. Bijective description

In this section, we provide a bijective proof of Theorem 1.1. For Cases A and D, this is essentially
translating the description of the noncommutative operators u into tableaux through how the particles
evolve. For Cases B and C, a little more care is needed as the number of tableaux is not in bijection with
the number of intermediate states. However, as in Section 4, we reduce the general case to matching the
behavior under one time step evolution.

5.1. Case A: Geometric pushing

This case was discussed in [MS25] by going through the last passage percolation (LPP) model. To make
this combinatorially explicit, we simply note that the resulting matrix [G(k,n)]x , is the analog of a
Gelfand-Tsetlin pattern for the reverse plane partition. More precisely, the n-th column gives the shape
of the entries at most n. From this description, we essentially have a combinatorial proof of Case A of
Theorem 1.1. The only other ingredient needed is to note that in 7V/# g, Ju(X; n~'), we get a contribution
of m;x; for a box with an i in row j; recalling that we align the entries at the bottom of merged cells. In
terms of the more classical description of reverse plane partitions, we are only counting boxes with an
i that is not above another box with label i. The remaining factor of ¢ =1 [T, (1 — 7;x;) comes from
the normalization factor in the geometric distribution.

We can make this very precise with a direct correlation between the movement of particles and entries
in the reverse plane partition. An entry i in row j (that is not a merged box) corresponds to the j-th
particle moving a step at time i. Thus (ignoring the common normalization factor), by conditioning on
the j-th particle at time i moving k steps, then the reverse plane partition has k entries with value i at row
J (with no i directly below it). The general case of multiple particles moving follows fundamental facts
of conditional probability. Hence, we have shown the one step transition probability at time i is given by

l (-1 l
Parlu) = [ [ =mpmai [ [ wi@) = [ (1 = mpm)m ¥ gy (s ),
j=1 j=1 j=1

where T is the unique reverse plane partition of skew shape 1/u with all boxes filled with i. In some
more detail about the expression, recall r; is the number of boxes of T in row j that have been merged
with the box below, and those boxes correspond to the moves of the j-th particle, automatically pushed
from the particle behind it. This means that the number ; corresponds to the distance coming from the
push and has to be subtracted from the actual total distance A; — u; of the j th particle’s move in the

/l._ S /l
' HIT syt THE = gl I—[f ! 7,/ We also have a factor

which is a power of x;, and the power is equal to the total degree of zr"/ K Hf.:l T ; "7 We conclude the
/=352

number, we note |/l Jul - f % rj is equal to the total number of columns of the skew shape A/u, and

‘/l/ﬂl Zjl j

power of 7;. This gives the factor H?;f

precise factor is x; . Since all boxes of the reverse plane partition are filled with the same

is exactly wt(7') for one variable case (recall we have fused boxes for the weight).

Hence we have that the reverse plane partition exactly encodes the movement of all of the particles
attimei =0, 1,...,n by the branching rules (Proposition 2.3) and the Markov property as described at
the beginning of Section 4 (or basic facts of conditional probability).
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Example 5.1. We consider Case A with 4 = 31 and n = 2. Hence, we are considering ¢ particles the
move over two time steps. Since all but the first two particles are fixed, we can ignore them. We have the
following reverse plane partitions and states, where we have drawn the merged boxes in gray. An arrow
denotes that a particle was pushed.

1[i[1]  [1]1]2] 1]2]2] [i]r]r]  [i]r]2]  [1]2]2] [2]2]2]
2] 2] 2] 1] L1 L1 2]

g + + + ; + + + ; + + + g + + + ; + + + ; + + #g
92 & ¢ 4+ & o 4+ 4+ 4—0 4 8 44— 9 4 H] + N

+——e & & | @ @& | @ 4+ ¢ 4 @ 4 @ | @& 4 @& | @ —e 4 ¢

2 2 2 3 2 3 2 2.2 2 3
| TMaXy WX A MK, M MK 1 T\MX] * WXy WXy * A)X; 1 TMaX,

Below each configuration, we have written the conditional probability except for the normalization

constant in the geometric distribution (1 — 7;x;). Note that these are precisely the terms appearing in
2 -1

nigalxim).

5.2. Case D: Bernoulli pushing

Algebraically, this case is simply applying the involution w defined by ws, = sy . As such, we should
expect the movement of the j-th particle to correspond to the entries in the j-th column, as opposed
to the j-th row in Case A. Indeed, this is the case, but we need to reformulate the parameters for
the particle process. Recalling from [PP16, Thm. 5.11] (see also [Yell7, Prop. 3.4]), we can write
Jyu(X;@) = Gau(x;e/(1 + ax)), it becomes natural to instead consider x;x; as a rate at which
the particle moves rather than the success probability, which becomes <. We also see this in the

1+7I'j Xi
normalization factor as

Since we are considering it as a rate, we use a different set of parameters p since we simply require
pjx; > O0foralliandj, as opposed to 7 ;x; € (0, 1). The remainder of the proof is that after we factor out
the denominators, we make the same observation as in Case A that an entry i in column j corresponds
to the j-th particle moving one step at time i and contributes p ;x; to the (unnormalized) probability.

Example 5.2. Let us consider Case D for A = 31 with n = 2. Thus, three particles (all others are fixed)
move over two time steps. The possible terms, states, and valued-set tableaux are

o] [ 2] [af2]2] [0 ao] [0 af2] a1 o] [1]2 2][1 1 1]
2] 2] L) 2] L) 2] L] [
S S DU SN SN SN S S——
8 e, 2 e % e % e, 2 e, 3 e.—2 o, 3 o

T2 T30 M1721031  M11021031 011721731 011721031 M11021731 M11021031 01102173]
T12022032 M2022732  M27227132 7120722032 M2022732 712022032 M2022732 7112022032

[\
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PjXi
I+pjxi

where 7;; = and oj; = 1 —ny; = ﬁ Once we factor out the denominators, we have
: ’ : jXi
ptIH Ju(X; p~1). In the factors considered below each state, taking it as a {0, 1}-matrix by setting

n;j = 1 and 0y; = 0, we obtain the transposed LPP {0, 1}-matrix.

Furthermore, the above description of the weight contributions makes a clear connection with 01-
matrices in [DWO08]. Indeed, we can equate each state with a O1-matrix [M;;]; ; by setting M;; = 1 if
and only if we use 7;; (and necessarily M;; = 0 corresponds to o7;). Since all entries of the matrix
and particle motions are done independently, the aforementioned correspondence means the transition
probabilities are equal.

5.3. Case C: Geometric blocking

Now we consider the TASEP with the more classical blocking behavior, and as before, we will proceed
by conditioning on the motion of particles. As we have the blocking behavior, we expect the first particle
to behave differently than all of the subsequent particles. This justifies why the normalization factor
only involves 7y rather than all rr;. Like in Case A, we will identify entries i in row j corresponding to
the j-th particle moving at time i. As the first particle will never be blocked, it simply moves at times
i1 <ip <<y,

Next, let us consider the movement of the j-th particle for j > 1. Suppose the first (resp. second)
particle at time i — 1 is p;_; (resp. pj). Let p be the position of the second particle at time i. Recall
that we update the position of the j-th particle before the (j — 1)-th particle. Therefore if p; = p;_y,
then the second particle does not move, which can be phrased as the probability the second particle is
at position p = p; attime iis 1 = 3.;° Pg(w;,; = k). Now suppose p; < p;_i, and if p < p;_i, then
this occurs with probability (1 — 7 ;x;) (7 ;x;)P~P7 as there is no blocking behavior. Lastly, if p = p;_q,
then the probability is

00

(1 —7mjxi) Z (njxi)k = (mjx;) PP,

k=pj-1-pj

Therefore, we want to identify the motion of the particles with semistandard tableaux like for
the classical TASEP (with geometric jumping). Yet, whenever the j-th particle does not move the
maximal possible distance it can, there are two terms contributing to the probability. We split this into
two separate terms that we encode into tableaux, and we do so by having the —(m;x;)P/-17PJ *1 term
correspond to adding an extra i to a box in row j — 1 (since we take 8;_1 = &, recalling j > 1). As
such, the motion of the particles is constructed from a set-valued tableau T by using the semistandard
tableau min(7") built from the smallest entries in each box of 7. Indeed, we can only add an i to
a box in the j-th row whenever A;i_)l > Aﬁ.i), where A is the positions of the particles at time i,

which is equivalent to (A?) )i, being the Gelfand-Tselin pattern corresponding to min(7"). Hence, we
still have the normalization factor [];, (1 — myx;), which completes the proof of Theorem 1.1 in this
case.

As another way to see this, consider evolution of the particles from time ¢ = i — 1 with positions
(w1, ..., ue) to time t = i with positions (41, ..., d¢). The preceding discussion means that when the j-
th particle (j = 2, ..., {) is blocked by the (j — 1)-th particle, which corresponds to the case A; = 1,
summing up conditional probabilities gives (rr;x;)% 7. If it is not blocked (1, # u;_1), the conditional
probability is (;x;)%"#/ (1 — m;x;). The unified expression for the factor coming from the move of the
Jj-th particle is (ﬂjx,-)’l-f’”-f(l = (1 = 6a;.;.,)7;xi), where 6;; is the Kronecker delta: 6;; = 1if i # j
and O otherwise. As for the first particle, there is nothing to block its motion and we have the factor
(1 = myx;) (m1x;) M1 Hence we have

https://doi.org/10.1017/fms.2025.10146 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10146

Forum of Mathematics, Sigma 29

¢
Pe,1(Alp) = (1 = myx;) () 1 n(ﬂjxi)ﬂj_“j(l = (1 =064, )7jxi)
j=2

¢
=(1- ﬂlxi)n"l/”xl‘./l/”l 1_[(1 = (1 =64, )7jX0).
j=2

We also have the refinement of [Yell7, Prop. 8.8]:

4
G agp(xism) = x /! ﬂu — (1= 8,y )7 j0). (5.1)
j=2

We can see (5.1) holds by the analogous refinement of the combinatorial description in [Yel 19, Thm. 4.6]
by using ; if a contribution to 8 occurs on the j-th row. Alternatively, we can deduce (5.1) by applying
(2.1) and the combinatorial description of G /,,(x;; ) (where there is a unique semistandard tableau).

Example 5.3. Consider 4 = 631 with n = 5. A minimal tableau for particle motions is

y T T T T T T l:O

i ® l—]
111 ]2]4]s s . . s

1=
min(T)=| 2 | 4 | 4 — s . .

. ! t t ! t t i=3
4

Y 'y 'y i=4

e o 'y e -5

The set-valued tableau T with the largest degree with this minimal tableau min(7) is

1| 1]12(234|45| 5
T=|23|4 |45 ,
45

Every other set-valued tableau 77 with min(7’) = min(7) is formed by removing some of the extra
(bold) entries in T'; in other words, each of these bold entries can be chosen to be added independently to
yield a valid set-valued tableau T’ with min(7") = min(7'). Note that each of the bold entries correspond
to a case where a particle does not move its maximal possible distance. Note that at time i = 4, the third
particle has moved its maximum possible distance since the update order is left-to-right and it becomes
blocked by the second particle. Thus, we do not have an bold 4 appearing in the second row. We can also
consider infinitely other particles, which are all blocked, and so they do not contribute to the probability.

Remark 5.4. This can also be compared with the solvable vertex model from [MS13, MS14] with 8 = 8
to see this choice. We remark that the refined B version can be constructed from a “trivially” colored
lattice model where the colored paths do not cross (which is different than the one used in [BSW20,
Thm. 3.6]) with 3; corresponding to color i.

5.4. Case B: Bernoulli blocking

Essentially this is modifying Case C in the same way as we modified Case A to obtain Case D. While

in this case, things are seemingly very different since J,(X,; @) is always a formal power series, we see

this on the probability side by considering the power series expansion of the rate
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1 S P
1+pjxi = ;)(—ijt) .

Thus, if there are k extra entries of i in column j — 1, then this corresponds to choosing (—p jx,-)k in the
above expansion. Like Case C, the movement of the particles for a multiset-valued tableau T is described
by the semistandard tableaux min(7) formed by taking the smallest entries in each box. In contrast to
Case C, we can always repeat any entry i in min(7’) (within its box) an arbitrary number of times and
the result remains a multiset-valued tableau; this reflects that we multiply every entry by (1 + p jxi)‘l.

Example 5.5. Let us take 4 = 4311 with n = 5. Then an example of the correspondence between a
semistandard tableau min(7’) and the particle motions is

; t t t t t t i=0
! [ ] y y y y y l_l

12214 [
21415 R i=2
min(7T) = Z — e 3 o ‘ ‘ L ila
5 8 e e . . -4
+ 3 * i=5

Any multiset valued tableau with min(7") will have a corresponding set-valued tableau (which does not
change min(7)) whose entries are a subset of each box of

1| 2 |234|45
_ |23(45| 5
T =

4

5

We have written every entry in bold to indicate (and emphasize) that we can repeat every entry as many
times as we desire.

6. Multipoint distributions

In this section, we will compute certain multipoint distributions at a single time associated with the
TASEPs we consider here. We will specifically focus on Case A and Case C as the other cases can
be shown by applying the w involution. We give determinant formulas for the multipoint distributions
for the general cases. When starting from the step initial condition, we show our formulas reduce to
specializations of (dual) Grothendieck polynomials.

6.1. Pushing

We begin by stating a straightforward extension of [MS25, Cor. 3.14], which can be proven using the
lattice model given therein. However, we will sketch a proof using our free fermion presentation. To state
the claim, we need the flagged Schur function, which we denote by s, 4(x) for a flagging ¢. Let 1 be a
partition and ¢ a flagging (a sequence of integers). The flagged Schur function s, 4(x) is defined by
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s1e(x) = Wi(T),
T

where the sum is over all semistandard Young tableaux T of shape A such that the entries in row 7 are at
most ¢;.

Proposition 6.1. Let £ = £(1). We have
ste(B) = Y. B gu(x: B, ©.1)
HCA
where ¢ is the flagging such that the entries in the i-th row are at most (3;.

Proof. From [Iwa23, Ex. 2.6], the flagged Schur function can be written as

sa.6(Xns Be) = (0™ 5[ 1) ), where |4)g) = 1_[ (eH(ﬁ")lJu,-—i)l—f>~
1<i<¢
‘We want to show that
) = e EVY 5 = > B g, 6.2)

et

where E = (B2, B3, . . .) denotes the shifted parameters and the last equality is the branching rule [MS25,
Cor. 3.19] (which we will provide a free fermionic proof). The first equality is immediate from the
definitions. We will prove the last equality in (6.2) by using (2.6), which reduces the claim to showing
(811l gy = BYH for 1 C A and 0 otherwise. Indeed, the claim follows from a similar proof to that in

[[IMS24, Thm. 3.10] except we now have the i-th diagonal entry equal to ,6’?" “H due to the shift. Hence,
Equation (6.2) yields

51,005 B) = (01| g = 3 BUH@I ) |uyp = . B (xnB), (63)
Huca Huca
where we used (2.7) with the fact [g1(0| = (0] for the last equality. o

Remark 6.2. Our proofs of Proposition 6.1 can be trivially generalized to give a formula for the expan-
sion of 54 4 (X, B,) into g, (X,; B) for an arbitrary flag ¢ with the coefficients both as a combinatorial
formula (from [MS25]) or as a determinant (from Wick’s theorem or the LGV lemma).

Next we compute formulas for the multipoint distribution. Using the fact that we must have G (i, n) >
G (i+ 1, n), for ¢ particles, the k-point distribution is equivalent to the £-point distribution. In particular,
we consider 1 =iy > iy > --- > ii, and we have

P(G(ix,n) < Aiy.....G(i1,n) < A;,) =P(G(Lin) < Ag,....G(1,n) < 4y),

where A; = A;, with k maximal such that iy < j. The ordering on {ix } does not lose any generality, but
we do require knowledge about the maximum distance the first particle can move. As such, we will use
the notation

P<n(Av) :=P(G({,n) < A¢,...,G(1,n) < A1|G(0) =v).

Theorem 6.3. For Case A, the multipoint distribution with € particles is given by

{ n
1, -1 \1¢
P<n(dly) = Y ]_[ 1_[(1 — mixj) - det [h/l,-—v_,»+j—i(x U l/ﬂjll)]i,jzl'

i=1 j=1
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Proof. Using (6.2), we compute

Pen(Aly) = ﬂﬂ(l RN I S AMCHE

i=1 j= vCouca
—nﬂ/Vﬂ]—[(l—nx]) w1 vl D)
i=l j=

Next we apply Wick’s theorem to compute [ <v|eH(x") | (1) = det[(~L|P;Q;|- 5)]1 et where

H(#x:l) o« —H (x7! = _ N
Pji=e (ﬂ"_l)‘ﬁw—je ") = Z hrn(®/7rjl1)lﬁvj"j+m’
m=0

-1 _ -1 > _
0; = eH(xl_ln',- )'ﬁ/l,-—ie H(xur;') _ Z By (x U x; I)WA;—i—k'

k=0

Therefore, the entries in the determinant are (cf. [Iwa23, Prop. 2.4])

(=P Qil=0) = > > h O/ Vi (x U ) (=W Wik =C)
m=0 k=0
= > haovyejoick (07 i (x L)
k=0
= hy, —Vj+j- l(X|—|7r 1/71'] 1)
yielding the claim. O

Alternative proof. We give another proof of Theorem 6.3 using the skew Cauchy formula (Theorem
2.4). If we take u = 0 and the specializations @ = 0 and x = 7!, we obtain

> wlg (yim) = ﬂ Ty & pr

A2v

since G (n~';m) = n' by directly examining the bi-alternate formula [HJK*24, HIK*25] (see also
[FINS23] for a description of other ways to verify this identity). The claim follows from the Jacobi—Trudi
formula (see, e.g., [HIK"24, Thm. 6.1] or [[IMS24, Thm. 4.1]). m]

Unless otherwise stated, we will henceforth use the flagging ¢ from Proposition 6.1 for our flagged
Schur functions. As a special case of Theorem 6.3 using Proposition 6.1, we obtain

P<.n(2]0) = 1_[ I—I(l — TiXj) Z g, (X = ]_[ ]_[(1 — TiXj)SA, ¢,(xn,7r[ ).

i=1 j=1 uca i=1 j=1

Furthermore, this recovers [MS25, Thm. 4.26] by taking A to be an ¢ X m rectangle, which allows us to
forget about the flagging ¢.

Remark 6.4. We want to compare Theorem 6.3 to [JR22, Thm. 2]. We begin by following [IMS24,

Thm. 4.18] with the substitution w > z~! to write the entries of the determinant as the integral
Mo -m'eh  omio g

B 27r1 e s, (1= 73 1) [T, (1 =—xkz7h) 27

h/l[—Vj—i+j (Xn U nl_l /ﬂ' )
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where vy is a counterclockwise oriented circle of radius r > |x], |7r1_1‘, |x2], \n2_1|, ...and i = V-1.

Hence, we can express P(G({,n) < A¢,...,G(1,n) < 2|G(0) =v) = det[Fl-j]."

., where
i,j=1

1 D T = 7)) 2 1= xm
= gm @ T Lkl BT [ LN, 6.4)
2ri Yr (7T]'Z) / Hk:](z_ﬂk ) k=1 I—XkZ

This is the transpose of the expression in [JR22, Thm. 2] after noting that their requirement is

G (i,n) < A;+1 (this is an equivalent condition since A; € Zs() and they use weakly increasing sequences
-1
-7

(i.e., the order of the particles is reversed). In particular, we must multiply the integrand by Hi: R

and reindex the particles and matrix by j > £+ 1 — j (so mj > mey1—; as well). A similar transfor-
mation shows that [JR22, Thm. 1] is equivalent to the integral formula from [IMS24, Thm. 4.18] with
Theorem 1.1.

Example 6.5. Let us consider 4 = (2, 1) and v = 0 for Case A. Thus we take £ = 2, and we assume that
n > 2.In this computation, we will essentially ignore the normalization factor C = Hle ]—[;le (1-m;xj),
as that factor clearly cancels. By the definition and Theorem 1.1,
C™Pena(A0) =C™" - P(G(2,n) < 22,G(1,n) < A1)
=C" - (P(G(n) = (2,1)) +P(G(n) = (2)) +P(G = (1, 1))
+P(G(n) = (1)) +P(G(n) = 0))
= 1172821 (X 1) + 1182 (X 1) + mim2g 11 (X, )
+ 181 (X, 7) + g0 (X, )
= 7'(%71’2(5‘21 + 7Tl_]S2) + ﬂ%S2 + (s + ﬂl_]sl) +ms1+1
= ﬂ%ﬂ2S21 + (mymy + ﬂ%)sz + sy + (mp +mo)s + 1,

where we have written s, = 5,(X;,) for brevity. Next, by the branching rule for flagged Schur functions,
we see that

mim2521, ¢ (X, 51 ) = w12 (521 (Xn) 521721, 6 (A5 1) + 52(X) 521 /2,6 (A5 1) + 511 (X)) S21/11, 6 (705 1)
+51(Xn)$21/1,6 (5") + 50(Xn)521/0,6 (75 1))
= mimy(so + (a7 + 7y Yso + a7 sy + (a2 + a ay sy + a5t
= ﬂ%ﬂzszl + (mymy + 71'%).5‘2 + sy + (myp +mo)s; + 1.

Finally, let us compute the determinant from Theorem 6.3:

hy(x, 771 h3(x)

2
T det[ho(x, aih mgh) hi(x,mph)

] = ﬂ%ﬂz(hz +n'1_1h1 + 71'1_2) < (hy + 71'2_1) - n%ﬂ2h3 -1
= ﬂ%ﬂz(hz[ - ]’l3) +mmohy + (7T2 +7T1)/’l1 +7T%h2 +1
= 71'%7T2S2] + (mymp + ﬂ%)SQ + sy + (mp + ) sy + 1.
Theorem 6.6. For Case D, the multipoint distribution with € particles is given by
{ n P
Pen(a) = p [ T ] = pixp)™ - det [enmy,ujixi=p3t /=i D]} -
i=1 j=1
Proof. Analogous to the proof of Theorem 6.3 except we are computing [,,-1] (v]e’ xn) |4)(p-1) and use

(2.8) to obtain j/y (x; p71). i
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Example 6.7. For this example, we consider the Case D TASEP. Consider 2 = (2,1,1) and v = (1),
and so we take £ = 3 and n > 3. Note that 2’ = (3,1) and v’ = (1), We will (again) ignore the
normalization factor C = Hf.;l H;?:I (1—pix j)‘l as it clearly is present in all formulas. By the definition
and Theorem 1.1, we have

C™' P (A1) = p1p2p3jain (%5 p7) + prpajmji (x5 p71) + pap3japn (x; p71)
+p2jat (X p7) + prjnn(xip7) + i (xip7h)
= p10203(53 + $21 + p5 52+ p5 ' s11) + p1p2(s2 + s11)
+p2p3(s2 + P53 s1) + pasi + pisi + 1
= p1P2P353 + P1p2p3521 + (P12 + P1P3 + P203)52
+(p1p2+ p1p3)s11 + (p1 + p2+p3)s1 + 1.

The determinant formula from Theorem 6.6 yields

e1(x/(-p;") e3(x) es(x,—p3")
pipap3det| e (x/=p3")  er(x/(=p3")) e(x)
e (x/-p3") eo(x/(—p5'.—p3") er(x/(-p3")
€1+P1_1 e3 64—95163
=pipapzdet| 0  e;+p;’ e
0 1 el +p3‘1
= p1pap3(er +py ) (er +p3 ) (e +p3') — pipapsea(er +p7t) - 1
= p1p2p3ennn + (p1p2+ p1p3 + paps)enr + (p1 +p2 + p3)er + 1 — p1papserr — papzer
= p1p2p3(s3 + 2521 + 5111) + (P12 + P13 + P2p3) (52 + 511) + (1 + P2 + p3)s1 + 1
= p1p2p3(s21 + 5111) — P23511
= P1P2P353 + p1p2p3521 + (P1p2 + P1P3 + P2P3)52
+(p1p2+p1p3)sit + (p1 + p2 +p3)sp + 1.

Analogously to Equation (6.4), in Case D we have P ,(1|v) = det[Fij]szl with

L g e Moo p) 1ot

i - — (6.5)
T2 S, (po)t Miei (2= o) ot 1= Xwpi

6.2. Blocking

Next, let us consider Case C, and recall that 8; = 7;;.;. We begin with some preparatory formulas.
Note that g (m1; 8) = &' from the combinatorial description. Taking the skew Cauchy formula
(Theorem 2.4) with the specializations @ = 0 and y = &1, we obtain

1
Z Gayu(x; )t = l_[ PR Z Gy yy(x; Bt/ (6.6)

A2v,u i novnu

‘We will use the notation
P>n(vlu) :=P(G(€,n) 2 ve,...,G(1,n) 2 v{|G(0) = u).
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Using Equation (6.6), we obtain an expression for the multipoint distribution for Case C as

n
PonOlw) = [ | =mixy) D a4 Gapu(xu: B (6.7a)
j=1 A2v,u
= Z 711Gy (X B). (6.7b)
ncvnu

Note that if v = u, then we obtain a Cauchy-Littlewood type identity with Grothendieck polynomials
from the first equality (6.7a) since the total probability is 1. That is, we have

n
1
; Gy (Xn; Bt = E[ e (6.8)
which is also the skew Pieri rule [IMS24, Eq. (4.7a)] (which refines [Yel19, Thm. 7.10]) with the skew
Pieri v = 0 and the same specializations @ = 0 and y = 7r; we used for the skew Cauchy formula.
Another special case is when u = (), where we obtain a single 7”G, (x,,; 8) in (6.7b). This can be
expressed as a determinant by the Jacobi—Trudi formula [IMS24, Thm. 4.1]. Moreover, this is just the
specialization @ = 0 and y = 7 of the skew Pieri formula [IMS24, Eq. (4.7b)].
Noting that we have used the skew Cauchy identity in computing (6.7b), we want to evaluate

¢ n
[ﬁ]</1|eH*(”1)gH(X”)|V>['B] = l_l l_l 1 1ﬂ . 18] <”|€H*(ﬂ1/ﬁ[)eH(Xn)eH*(ﬁe)|V>[ﬁ]. (6.9)
~ Bix;

i=1 j=1
By applying Wick’s theorem similar to the proof of Theorem 6.3 (cf. the proof of [IMS24, Thm. 4.1]),
we obtain the following formula for the general case.

Theorem 6.8. For Case C, the multipoint distribution with € particles is given by

{ n
Poa(vli) = [ | [0 = 7)™ det [y, pyyias (31 e/ B -

j=2 i=1

We remark that the left-hand side of (6.9) is using the vector obtained by applying the * anti-involution
to (6.2):

@y = Z 7.

ACy

However, our computation for Theorem 6.8 is not simply the * version of Proposition 6.1 as we need to
take the pairing with |u) 8], not |u) 7).

We also provide another determinant formula for the multipoint distribution by using the standard
probability-theoretic computation to sum over determinants with matrix elements given by integrals.

Theorem 6.9. For Case C, the multipoint distribution with € particles is given by

4

Pon(vl) = [ [ [0 = moxj)m"® det[Cij)¢ 1y,

i=1 j=1

1 d
.75* Nt N (4 —-—1'2v'v yi=1.
7o (1= Biw ) TIIZ (1= Bew™) T2, (1 = xppw) w1 —#s =14 27w
53 (1= Bew™) dw

r chj(l - Biwh) H”m:] (1 = Xpw) Wi~ Hi—i+J 2miw

where C;j =

ifi >2,
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with the contour 7y, being a circle centered at the origin with radius r satisfying 0 < r < |x,_nli Sfor
m=1,...,nandr > |B1],|82],.. .

Proof. Using Theorem 1.1 and the integral formula [IMS24, Thm. 4.19], we write the multipoint
distribution as

4 n (e8] /11 /l[,l
Poarl) = [ [[ [ =mxp) D) D1 D e
i=1 j=1 A1=v) L= Ae=ve
. : _ l
x det f Al T (1= Bew™) dw
7 T (1= Brow™) Tey (1 = xppw)wlimsi=ied 2miw |-
Ae-1
Inserting the sum Z into the £-th row, the matrix element in the j-th column becomes
Ae=ve
S }{ 7 Tl (1= Bew™) dw
S I T2 (= Brow ™) T, (1 = xw) wemsi =0+ 2miw
_ j{ 7 T (= Bew™) dw
7 T2, (1= Brow™) Ty (1 = xpgw)wesi=C+] 2w
j{ M T (1= Bew™) dw 610
7 1523 (1= Brow™) TToy (1 = xpyw) et == (E= D% 2miw” '

The second term in (6.10) can be eliminated using the (£ — 1)-th row; hence, the matrix elements in the
{-th row after performing the first sum can be written as

-2 _
7{ ”;{7 [Ti=i (1= Brw h dw
— i—1 _ — - " .
v Hi:l(l = Bew D) TIh_ (1 = xpw)weHi C+j 2miw
Iterating this process, we obtain our claim. o

For Case B, we again apply the w involution, which replaces ¢! *2) with e/ *») but otherwise
the proof is similar (compare the proofs of Theorem 6.3 and Theorem 6.6). Therefore, we obtain the
following.

Theorem 6.10. For Case B, the multipoint distribution with € particles is given by

¢

Poa(vli) = [ [ [0 = pixy) det [ev,pyiesud (=p ;=P -

i=2 j=1

In both of these cases, we can obtain contour integral formulas for the entries in matrices of the
multipoint distribution determinants by following [IMS24, Thm. 4.19] (see also Remark 6.4).

7. Continuous time limit

In this section, we will examine the continuous time limit of these processes. In order to do this, we
will take the geometric jumping with x|/, | = p as p — 0, which takes the geometric distribution with
rate 7r;x; to an exponential distribution with rate ;. As an example, compare Figure 3 with Figure 2.
We will be able to see from the other integral formulas in [IMS24, Sec. 4.8], that using the geometric
jumping will result in the same limit with Bernoulli rates using Theorem 1.1 by noting the positions of

https://doi.org/10.1017/fms.2025.10146 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10146

Forum of Mathematics, Sigma 37

Figure 2. Samples of the continuous time limit TASEP with € = 500 particles at time t = 500 with rate
7 = 1 under the blocking (left) and pushing (right) behavior.

Figure 3. Samples of TASEP with € = 500 particles with ® = 1 and x = p = 0.01 with n = |500/p]
under the blocking behavior (left) and pushing behavior (right).

the particles (in the bosonic form) are given by the conjugate shapes. Therefore, we only consider the
geometric jumping cases; that is, we only consider Case A and Case C.

7.1. Blocking

We will consider continuous Markov process where particles have independent exponential clocks,
where the j-th particle’s clock has rate 77, and when the clock rings, if the (j — 1)-th particle is not at
the same site, then the j-th particle jumps one step to the right. We take the limit p — 0 in the integral
formula [IMS24, Thm. 4.19], and using the classical formula e* = lim,_,., (1 + x/n)", we obtain the
following.

Corollary 7.1. The continuous time limit of Case C, fort € (0, ), is

4

l i—1 -1\ tw

s T2, (1 = Brw™He dw

Pe(G() = AIG(0) =) = | [ "I”Wdetl?{ e PR
j=1 Ve oy (1= Bew=Hwitmomm) amtw |

where the contour vy, is a circle centered at the origin with radius r satisfying r > |Bi1l, |82l . - -

In Corollary 7.1, if we substitute w™! = z, note the j-th particle in the fermionic positioning is at
v; — j from the bosonic positions v, reindexing the particles j +— £+ 1 — j (as in Remark 6.4), and
taking the transpose of the determinant, we recover [RS06, Thm. 1]. Furthermore, by taking the same
limit of the multipoint distribution from Theorem 6.9, we recover [RS06, Cor.]. On the other hand,
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these satisfy the corresponding TASEP Kolmogorov’s equation [RS06, Eq. (3)] from Theorem 1.1 and
boundary conditions [RS06, Eq. (2)] as expected:

t
LPC(G) = AGO) =) = Y mPc(G(1) = AG(O) = )

s=1

4
= ) mPe(G(1) = 1= &[G (0) = ). (7.1)
s=1
7PC(G() = 1= &]G(0) = 1) = 1P (G(1) = AGO0) =) iy = 2wt (72)

See the arXiv version [IMS23, Thm.-7.2] for more details.

7.2. Pushing

We will consider continuous Markov process where particles have independent exponential clocks,
where the j-th particle’s clock has rate 7;, and when the clock rings, all particles j’ < j at the site of
the j-th particle move one step to the right. We can similarly describe the transition probability as a
determinant of contour integrals for the pushing behavior.

Corollary 7.2. The continuous time limit of Case A, fort € (0, ), is

14
PA(G(t) = /I|G(O) = #) — l—[e*ﬂjln,/l/ﬂ det
Jj=1

7{ Mo (L =m'we™  aw
Y

T (= g wyw D=0 2w |

By the same computations as in the blocking behavior case, we can also show the continuous time
limit of Case A also satisfies the Kolmogorov’s equation [RS06, Eq. (3)], but the boundary conditions
are different due:

ﬂsPA(G(t) =A+ Es+l|G(O) = /J) = 7Ts+1PA(G(t) = /llG(O) = /J) if Ay = Agy1.

8. Canonical particle process

The goal of this section is to describe the particle process whose transition kernel naturally uses the
canonical Grothendieck polynomials. We will start by explicitly defining the stochastic process, and then
we will show how to interpret it using the noncommutative operators U(®-#) (in contrast to Section 4).

Recall that G (, ) denotes the position of the j-th particle at time i. The positions of the particles is
defined recursively by the formula

G(j,i)=min(G(j,i— 1) +w;;,G(j - 1,i— 1)), (8.1)

by convention G (0, i — 1) := co, where the random variable w;; — which now depends on G(j,i — 1) —
is determined by the inhomogeneous geometric distribution defined by

m+m’—1

1—[ (ag +7rj)x,v' 82)

1+ apx;

l—ﬂ'jxi

Po(wji=m’ | G(jii=1) =m) = ————
m+m’ i

In other words, the j-th particle at time i attempts to jump w j; steps, but can be blocked by the (j — 1)-th
particle, which updates its position after the j-th particle moves.

Let us digress slightly on why (8.2) is called an inhomogeneous geometric distribution. We can
realize it as the waiting time for a failure in sequence of Bernoulli variables (i.e., weighted coin flips),
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Figure 4. A sampling using 10000 samples of the modified geometric distribution Pg forx; = 1, m; = .5,
and ay = 1 — ke %1% (blue) under the exact distribution (red), which is under the geometric distribution
(green).

Figure 5. Samples of blocking TASEP with € = 500 particles after n = 50000 time steps with (left)
x=1,x=0.01, and @ = —0.5; (right) ® = 0.5, x = .2, and a; = 0.5 sin(k/50)°.

but the k-th trial is given a probability of success (ax + m;)x; (1 + axx;)~!. Indeed, we note that the
probability of a failure is

apx; +mix; 1 —mx;

l+apx;  l+agpx;

Hence, this gives us a sampling algorithm for the distribution Pg. We illustrate the effectiveness of this
sampling in Figure 4. This perspective also allows us to easily see that we have a probability measure
on Zs,, for any fixed m. The case when r = 0 can also be seen as a projection of the Warren—Windridge
dynamics [WWO09]; see also [Ass23, Sec. 2.2].

We will give some remarks on the meaning of the & parameters. From the behavior of the operators
U@ it would be tempting to consider the @ parameters as viscosity, but for @ > 0, we have
Pg(wji = k) > Pge(wj; = k). Thus, in this case, the & parameters act as a current being applied to the
system, the strength (and direction) of which can vary at each position. On the other hand, when @ < 0,
we have Pg(w;; = k) < Pge(w; = k), and so indeed « then acts as (position-based) viscosity. See
Figure 5 and compare with Figure 3(left). We can also introduce locations where certain particles must
stop by having —a = 7; since this would have Pg(w;; = k") = 0 for all k’ that would move the j-th
particle past position k.
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To see how to obtain this process using the noncommutative operators U®#) we initiate by taking
the skew Cauchy formula (Theorem 2.4) with v = () and with the specializations y = 7y and 8; = 7.1,
yielding

D Gapuxi @, Bga(misa, B) = | (1= mx) " gu(mis . B). (8.3)
A i

In particular, if we let A=A —-1foralll <i<¢ (4), then from the combinatorial description of
[HIK*25, Thm. 4.2], we have

ga(nia. ) =" 1_[ (@i +7j).
(i.j)ea
Hence, Equation (8.3) can be considered a Littlewood-type identity for canonical Grothendieck poly-
nomials. Dividing this by the factor on the right-hand side and taking the term corresponding to A,

we obtain a probability distribution for n step random growth process (since we must have ¢ € A and
currently the interpretation we have described is only on partitions) given by

n

() 11€(p)
Pea(Alp) = [ [A=mxa™ " [T (@i +7)Gapu(xn; . B). (84)
i=1 (i.J)eA/h

Note that Equation (8.3) is equivalent to ', P¢_,(4|¢) = 1 for any fixed u and n.
Rephrasing Equation (8.4) and adding an @9 = O parameter in order to simplify the product in
ga(my; a, B), what we have computed are coefficients

Cou=[ |0 -mx)@+ PV, where @+ = [ (i1 +m))

i=1 (i,j)eA/u

that is defined to be 0 if A 2 y, such that

Pe.n (A1)
Cape - B ()t o0 | ) 1Bl = P (M) = [a,m(me’*(xwzz "A
ADu H

AP, (8.5)

where the equivalence of the two formulas is given by the orthonormality (2.6).

We now restrict ourselves to a single timestep at time i in order to encode the growth process as
a particle process by using the operators U(®A). This incurs no loss of generality as P¢_p (A1) =
> Pe.n(A|v)Pe w (v|p) by the branching rules (Proposition 2.3) and we have a Markov process. Recall
the operator T¢ from Section 4.2, and we define T¢ as T¢ except using the operators U(®-8). Since
Theorem 3.2 holds for U@ we have

@) (e 09 = [ | —— . @B, g
=2 1- TTjXi

by the same argument in Section 4.2. Thus, if we consider the expansion
(Te - ul =) Bay- 1P,
2

and matching coefficients in (8.5) (equivalently, pairing with |1)[%£]), we obtain

B [ee)
Pe(Ap) = m H(l - mx)”
j=
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Like at @ = 0, which is the Case C blocking behavior with geometric jumps, any individual (free)
particle motion is (up to changing n; — m{) equivalent to the first particle’s motion. Thus, let us
consider A with £(1) = 1, and a straightforward computation (say, at time 7) using either the operators
U(@A) or the combinatorial description of G Ju(xis @, B) yields

m+m’—1

P (m'|m) _ l-mx H (ak +mj)x;
¢ Lt @mamxi 1 1+ akx ’

which is precisely the measure specified in (8.4). By (8.4), for any fixed m: this is a probability measure
for all ax + m; > 0 with the natural assumptions 0 < 7;x; < 1 and agx; > —1. This can also be
extended to include generic parameters (ay )xez by shifting the parameters @y +— .. Therefore, we
can perform the same analysis as in Section 4.2 to show the following.

Theorem 8.1. Suppose £(A1) < €, m;x; € (0,1), axx; > =1, and ax+n; > Oforalli, j, k. Set B; = 7 j41.
Let Pc ,(A|p) denote the n-step transition probability for the Case C particle system except using the
distribution (8.2) for the jump probability of the particles, as given by (8.1). Then the n-step transition
probability is given by

Pen(Alp) = [ (1 = m1x) @ + 1)V G oy (03 2, B).

i=1

Remark 8.2. Since the @ parameters used, and hence the probabilities, now depend on the positions of
the particles, we can only work with the bosonic model. Indeed, switching to the fermionic model will
require us to introduce additional parameters ay for k < 0, in which case Theorem 8.1 no longer holds,
or to account for the shifting of positions by replacing ay + a4 ; for the j-th particle distribution Pg.

We could also prove Theorem 8.1 by using the combinatorics of hook-valued tableaux [HIK™24,
HJK*25, Yell17] as in Section 5.3. The key observation is that we have a factor x;(1 — ayx;)~" for
every box in the k-th column that would normally contain an i in the set-valued tableaux (over all k). In
more detail, we take the minimal entries of each hook (the corner entry) in the tableau to describe the
basic motion of the particles. The leg (the column part except for the corner) corresponds to the choice
between 1 and —m;x; in the numerator of the normalization constant as before. The arm (the row part
except for the corner) comes from waiting at that particular position and contributes an —ax;, which
contributes a factor of (1 + ax;)~! as in the Case B combinatorial proof. The associated combinatorics
when 8 = 8 = —a@ = —a, where no particles will move, was studied in [Yell7, Sec. 13.4].

From [IMS24, Thm. 4.1], we obtain determinant formulas for P¢_,,(1|u), where we can write the
entries of the matrix as contour integrals [IMS24, Thm. 4.19]. We can also redo the computation in
Theorem 6.8 at this level of generality to obtain a multipoint distribution for this process.

Theorem 8.3. The multipoint distribution for Case C inhomogeneous process with € particles is given by

l

Pon(vlp) = [ [0 =)™ det [y, puyin (51 (A gy Ui/ B)] 7y

j=2 i=1

We can give another, more simple, proof for the case when @ = «. This will follow from a straight-
forward generalization of the unrefined case [Yell7, Prop. 3.4], noting our sign convention means we
need to substitute —a.

Proposition 8.4. We have
Gix;a,B) =G (x/(1+ax);0,a+B), (8.6)

where we substitute x; — x; /(1 + ax;) and B; — a + f3;.
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Indeed, under this substitution, we have

(@+mj)xi 87

TiXi />
7 1+ ax;

Hence, the geometric distribution P, transforms to the distribution Pg in (8.2) with @ = @. Moreover,
in our formula for Pc, from Theorem 1.1, the total x degree and total m degree in each term of
arG, /u(X; B) are equal, and so we can perform the substitution (8.7). Thus, we obtain Theorem 8.1
in the case @ = a.

Remark 8.5. Let us discuss the relationship between this model and the doubly geometric inhomo-
geneous corner growth model defined in [KPS19]. In their corresponding TASEP model, there is an
additional set of position-dependent parameters v that are only involved after the initial movement of
the particle (akin to static friction). Yet, if we set v = 0, then the model in [KPS19] is the fermionic
realization of our model (c¢f: Remark 8.2) at 8 = 0 with their parameters (a, 8) equaling our parameters
(a,x). Hence, we end up with another TASEP version that is equivalent to Case B. It would be inter-
esting to see if the model in [KPS19] can be recovered from the free fermionic description such as by
using a specialization of the skew Cauchy identity.

We also remark that our model with & = 0 was studied in [Ass23], but using very different techniques
based on Toeplitz matrices and Markov semigroups. Therefore, from the specialization of the canonical
Grothendieck polynomials, it is essentially Case B as before, with a more probabilistic link being made
by [Ass23, Thm. 2.43].

We can similarly define a Bernoulli process extending Case B with the Bernoulli probability depend-
ing on the positions as

P(oi = 11 G i = 1) =m) = L, (88)
JM

Analogously to Theorem 8.1 (including its proof), we have the following.

Theorem 8.6. Suppose A1 < ¢, Brx; € (0,1), pjx; > =1, and pj+ Bx 2 0 foralli, j, k. Set aj = pj41.
Let P ,(A|y) denote the n-step transition probability for the Case B particle system except using the
distribution (8.8) for the jump probability of the particles. Then the n-step transition probability is
given by

B+ p)Yr

Pan(Alp) = =Bl
sl = T o

Grjw(Xpsa, B).

If we set @ = 0 in this position-dependent version of Case B, then we end up with a Bernoulli random
variable version of [KPS19] at v = 0.

Next, we consider the analogous particle processes with pushing behavior, but we will only consider
the geometric distribution case (the analog of Case A) as the Bernoulli case is entirely parallel. In this
case, the transition probabilities are not given by the dual canonical Grothendieck polynomials as one
would expect; this essentially comes from the fact that (ay + 7 j)’l # a,;l + 71;.1 (in general). Despite
this, the combinatorial description of Case A in Section 5.1 defines a g,/,(x; @, x) as the sum over
reverse plane partitions so the n-step transition probability satisfies
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{ n
Pan(lw) = [ [ [(1-mjxe)(@+m)¥¥g,, (xn: @, 7).
j=1 i=1

We note that g,/,,(X; @, ) can be defined as a sum over reverse plane partitions but with the weights
now depending also on the @ parameters similar to [Yell7] (contrast this with [HIK*24, HIK*25]). For
example, the weight (e + 7;) in g,/,/(X; @, ) would be replaced by (ay + ﬂj)" in g/, (Xn; @, 7).
Therefore, we end up with new functions, but studying these functions is outside the scope of this paper.
We also remark that g,/,,(X,; @, ) does not appear in these transition probabilities is likely tied to the
failure of u‘®#) to satisfy the Knuth relations.

The continuous limit version of this has also been studied in [Ass20, Pet20], but as mentioned in the
introduction, it is an open problem to go from our results to theirs.

9. Concluding remarks

Let us consider what would happen if we swapped the update rules. We consider the geometric dis-
tribution with smallest-to-largest updating first. In this case for the blocking behavior, the analysis is
more subtle as the number of steps that the j-th particle can do depends not only on the position of the
(j — 1)-th particle, but also on how many steps the (j — 1)-th particle takes. (Contrast this last part with
the Bernoulli case, where we never have to consider this because each particle can move at most one
step.) The pushing behavior also has the same difficulty added to the computations. As a result, we do
not expect any nice formulas.

On the other hand, for the Bernoulli distribution with largest-to-smallest updating, the analysis is the
same as for the geometric case except the particles can only move one step. If we consider the blocking
behavior case, this agrees with the classical simultaneous update for discrete TASEP (which can be
encoded by the LPP for Case A; see, e.g., [JohOl, MS25]). However, this might cause some slight
complications for the blocking behavior as we have to now consider when particles can freely move, in
contrast to the geometric case where they are always constrained (except for the largest particle). Despite
this, a natural guess for the combinatorics would be to use suitably modified increasing tableaux and
consider their generating functions.

Another construction to consider based on [Iwa23] is replacing |1)g) and |1) [A] by the vectors

W= [ ] (va-ie” ) 1-0), W =[] (va-ie™ )=o),

I<i<t 1<i<t

respectively. Then we use these vectors (and their * versions) to encode such dynamics of a particle
system. It would be interesting to see what properties the resulting functions

kaju(Xns B) = gy ule™ |2y gy, Kaypu (X3 B) = B (ulet ) | 1) B

have compared with (dual) Grothendieck polynomials. Note that at 8 = 0, these reduce to a (skew)
Schur function, so they cannot encode the Bernoulli distribution with largest-to-smallest updating since
the first particle can only move one step from the step initial condition u = 0.

Next, we compute an alternative form of our vector |1) (8] From [MS25, Thm. 5.3], we can write a
Grothendieck polynomial as a multiSchur function of [Las(03]

Ga(xu: B) = (=1) ) sy (k. xa /BT Xn /B, ©.1)
where p, = (n-1,n-2,...,1,0) and A= (A1, A2+ 1,...,4, + n—1). The precise definition of a

multiSchur function is not needed as we will immediately use [Iwa23] to write Equation (9.1) in terms
of free fermions:

https://doi.org/10.1017/fms.2025.10146 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10146

44 S. Iwao, K. Motegi and T. Scrimshaw

Ga(xn; B) = (=) D) Brn(@le™ 0y e M By, e HED Ly e H B | —py
= (_1)('2’)ﬂpn <@|eH(xn) |/T>[0/ﬁ" -

Therefore, the orthonormality (2.6) implies

|yl = (_1)(2)ﬁpn|j>m/ﬁ,1] = (=B gy 9.2)

By applying Wick’s theorem, we recover [MS25, Thm. 5.12], which refines [Kir16, Thm. 1.10]. Using the
expressions in (9.2), it could be possible to derive some new additional formulas involving G 4, (X; B)
and G/, (X,; B). For example, a multipoint distribution formula with the partitions contained with A
(as opposed to containing A in Theorem 6.8) by using a modification of Proposition 6.1.

Acknowledgments. The authors thank Guillaume Barraquand, Dan Betea, A. B. Dieker, Darij Grinberg, Yuchen Liao, Jang
Soo Kim, Leonid Petrov, Mustazee Rahman, Tomohiro Sasamoto, Jon Warren, Damir Yeliussizov, Paul Zinn-Justin, and Nikos
Zygouras for valuable conversations. The authors thank Theo Assiotis for letting us know of his recent preprint and explanations
of his results. The authors thank the referee for their comments.

This work benefited from computations using SageMath [Sag22, SCc08]. This work was partly supported by Osaka City
University Advanced Mathematical Institute (MEXT Joint Usage/Research Center on Mathematics and Theoretical Physics
JPMXP0619217849). This work was supported by the Research Institute for Mathematical Sciences, an International Joint
Usage/Research Center located in Kyoto University.

Competing interests. The authors have no competing interest to declare.

Financial support. S.I. was partially supported by Grant-in-Aid for Scientific Research (C) 19K03605, 22K03239, 23K03056.
K.M. was partially supported by Grant-in-Aid for Scientific Research (C) 21K03176, 20K03793. T.S. was partially supported by
Grant-in-Aid for JSPS Fellows 21F51028 and for Scientific Research for Early-Career Scientists 23K12983.

Data availability statement. This manuscript has no associated datasets.

References

[AGLS23] A. Ayyer, S. Goldstein, J. L. Lebowitz, and E. R. Speer. ‘Stationary states of the one-dimensional facilitated asymmetric
exclusion process’, Ann. Inst. Henri Poincaré Probab. Stat. 59(2) (2023), 726-742.
[AMM23] A. Ayyer, O. Mandelshtam, and J. B. Martin, ‘Modified Macdonald polynomials and the multispecies zero-range
process: I’, Algebr. Comb. 6(1) (2023), 243-284.
[AMM24] A. Ayyer, O. Mandelshtam, and J. B. Martin, ‘Modified Macdonald polynomials and the multispecies zero range
process: II’, Math. Z. 308(2) (2024), Paper No. 31, 45.
[AN22] A. Ayyer and P. Nadeau, ‘Combinatorics of a disordered two-species ASEP on a torus’, European J. Combin. 103
(2022), Paper No. 103511, 20.
[Ass20] T. Assiotis, ‘Determinantal structures in space-inhomogeneous dynamics on interlacing arrays’, Ann. Henri Poincaré.
21(3) (2020), 909-940.
[Ass23] T. Assiotis, ‘On some integrable models in inhomogeneous space’, Preprint, 2023, arXiv:2310.18055.
[AY22] A. Amanov and D. Yeliussizov, ‘Determinantal formulas for dual Grothendieck polynomials’, Proc. Amer. Math. Soc.
150(10) (2022), 4113-4128.
[AZ13] A. Alexandrov and A. Zabrodin, ‘Free fermions and tau-functions’, J. Geom. Phys. 67 (2013), 37-80.
[BB21] A. Borodin and A. Bufetov, ‘Color-position symmetry in interacting particle systems’, Ann. Probab. 49(4) (2021),
1607-1632.
[BF14] A. Borodin and P. L, Ferrari, ‘Anisotropic growth of random surfaces in 2+1 dimensions’, Comm. Math. Phys. 325
(2014), 603-684.
[BFPSO7] A. Borodin, P. L. Ferrari, M. Prihofer, and T. Sasamoto, ‘Fluctuation properties of the TASEP with periodic initial
configuration’, J. Stat. Phys. 129(5-6) (2007), 1055-1080.
[BFSO8] A. Borodin, P. L. Ferrari, and T. Sasamoto, ‘Large time asymptotics of growth models on space-like paths. II. PNG
and parallel TASEP’, Comm. Math. Phys. 283(2) (2008), 417-449.
[BLSZ23] E. Bisi, Y. Liao, A. Saenz, and N. Zygouras, ‘Non-intersecting path constructions for TASEP with inhomogeneous
rates and the KPZ fixed point’, Comm. Math. Phys. 402(1) (2023), 285-333.
[Bor53] A. Borel, ‘Sur la cohomologie des éspaces fibrés principaux et des éspaces homogenes de groupes de Lie compacts’,
Ann. of Math. (2). 57(1) (1953), 115-207.

https://doi.org/10.1017/fms.2025.10146 Published online by Cambridge University Press


https://arxiv.org/abs/2310.18055
https://doi.org/10.1017/fms.2025.10146

Forum of Mathematics, Sigma 45

[BSW20] V. Buciumas, T. Scrimshaw, and K. Weber, ‘Colored five-vertex models and Lascoux polynomials and atoms’,
J. Lond. Math. Soc. 102(3) (2020), 1047-1066.
[Buc02] A. Skovsted Buch, ‘A Littlewood—Richardson rule for the K-theory of Grassmannians’, Acta Math. 189(1) (2002),

37-78.
[CL99] T. Chou and D. Lohse, ‘Entropy-driven pumping in zeolites and biological channels’, Phys. Rev. Lett. 82(17) (1999),
3552-3555.
[CMP21] 1. Corwin, K. Matveev, and L. Petrov, ‘The g-Hahn PushTASEP’, Int. Math. Res. Not. IMRN. 2021(3) (2021), 2210—
2249.

[CMW?22] S. Corteel, O. Mandelshtam, and L. Williams, ‘From multiline queues to Macdonald polynomials via the exclusion
process’, Amer. J. Math. 144(2) (2022), 395-436.
[CP21] M. Chan and N. Pflueger, ‘Combinatorial relations on skew Schur and skew stable Grothendieck polynomials’,
Algebraic Combin. 4(1) (2021), 175-188.
[CSS00] D. Chowdhury, L. Santen, and A. Schadschneider, ‘Statistical physics of vehicular traffic and some related systems’,
Phys. Rep. 329(4-6) (2000), 199-329.
[CZ22] L. Cantini and A. Zahra, ‘Hydrodynamic behavior of the two-TASEP’, J. Phys. A. 55(30) (2022), Paper No. 305201, 20.
[DWO8] A. B. Dieker and J. Warren, ‘Determinantal transition kernels for some interacting particles on the line’, Ann. Inst.
Henri Poincaré Probab. Stat. 44(6) (2008), 1162-1172.
[FG98] S. Fomin and C. Greene, ‘Noncommutative Schur functions and their applications’, Discrete Math. 193(1-3) (1998),
179-200. Selected papers in honor of Adriano Garsia (Taormina, 1994).
[FNS23] T. Fujii, T. Nobukawa, and T. Shimazaki, ‘The number of set-valued tableaux is odd’, Preprint, 2023,
arXiv:2305.06740.
[Fom95] S. Fomin, ‘Schur operators and Knuth correspondences’, J. Combin. Theory Ser. A. 72(2) (1995), 277-292.
[GGL16] P. Galashin, D. Grinberg, and G. Liu, ‘Refined dual stable Grothendieck polynomials and generalized Bender—Knuth
involutions’, Electron. J. Combin. 23(3) (2016), Paper 3.14, 28.
[GK17] V. Gorbounov and C. Korff, ‘Quantum integrability and generalised quantum Schubert calculus’, Adv. Math. 313
(2017), 282-356.
[GP24] S. Gavrilova and L. Petrov, ‘Tilted biorthogonal ensembles, Grothendieck random partitions, and determinantal tests’,
Selecta Math. (N.S.). 30(3) (2024), Paper No. 56, 51.
[HIK*24] B.-H. Hwang, J. Jang, J. Soo Kim, M. Song, and U.-K. Song, ‘Refined canonical stable Grothendieck polynomials
and their duals, Part 1°, Adv. Math. 446 (2024), Paper No. 109670, 42.
[HIK*25] B.-H. Hwang, J. Jang, J. Soo Kim, M. Song, and U.-K. Song, ‘Refined canonical stable Grothendieck polynomials
and their duals, Part 2°, European J. Combin. 127 (2025), Paper No. 104166, 34.
[HS20] G. Hawkes and T. Scrimshaw, ‘Crystal structures for canonical Grothendieck functions’, Algebraic Combin. 3(3)
(2020), 727-755.
[IMS23] S.Iwao, K. Motegi, and T. Scrimshaw, ‘Free fermionic probability theory and K-theoretic Schubert calculus’, Preprint,
2023, arXiv:2311.01116.
[IMS24] S. Iwao, K. Motegi, and T. Scrimshaw, ‘Free fermions and canonical Grothendieck polynomials’, Algebr. Comb. 7(1)
(2024), 245-274.
[Iwa20] S. Iwao, ‘Grothendieck polynomials and the boson-fermion correspondence’, Algebraic Combin. 3(5) (2020),
1023-1040.
[Iwa22] S. Iwao, ‘Free-fermions and skew stable Grothendieck polynomials’, J. Algebraic Combin. 56(2) (2022), 493-526.
[Iwa23] S.Iwao, ‘Free fermions and Schur expansions of multi-Schur functions’, J. Combin. Theory Ser. A. 198 (2023), Paper
No. 105767, 23.
[Joh00] K. Johansson, ‘Shape fluctuations and random matrices’, Comm. Math. Phys. 209(2) (2000), 437-476.
[JohO1] K. Johansson, ‘Discrete orthogonal polynomial ensembles and the Plancherel measure’, Ann. of Math. (2). 153(1)
(2001), 259-296.
[Joh10] K. Johansson, ‘A multi-dimensional Markov chain and the Meixner ensemble’, Ark. Mat. 48(1) (2010), 79-95.
[JR22] K. Johansson and M. Rahman, ‘On inhomogeneous polynuclear growth’, Ann. Probab. 50(2) (2022), 559-590.
[Kac90] V. G. Kac, Infinite-Dimensional Lie Algebras, third edition (Cambridge University Press, Cambridge, 1990).
[Kim21] J. S. Kim, ‘Jacobi—Trudi formula for refined dual stable Grothendieck polynomials’, J. Combin. Theory Ser. A. 180
(2021), Paper No. 105415, 33.
[Kim22] J. S. Kim, ‘Jacobi-Trudi formulas for flagged refined dual stable Grothendieck polynomials’, Algebr. Comb. 5(1)
(2022), 121-148.
[Kirl6] A.N.Kirillov, ‘On some quadratic algebras I % : combinatorics of Dunkl and Gaudin elements, Schubert, Grothendieck,
Fuss-Catalan, universal Tutte and reduced polynomials. SIGMA Symmetry Integr. Geom. Methods Appl. 12 (2016),
Paper No. 002, 172.
[KPS19] A. Knizel, L. Petrov, and A. Saenz, ‘Generalizations of TASEP in discrete and continuous inhomogeneous space’,
Comm. Math. Phys. 372(3) (2019), 797-864.
[KRR13] V. G. Kac, A. K. Raina, and N. Rozhkovskaya, Bombay Lectures on Highest Weight Representations of Infinite
Dimensional Lie Algebras, vol. 29 of Advanced Series in Mathematical Physics, second edition (World Scientific
Publishing Co. Pte. Ltd., Hackensack, NJ, 2013).

https://doi.org/10.1017/fms.2025.10146 Published online by Cambridge University Press


https://arxiv.org/abs/2305.06740
https://arxiv.org/abs/2311.01116
https://doi.org/10.1017/fms.2025.10146

46 S. Iwao, K. Motegi and T. Scrimshaw

[KW23] D. Kim and L. K. Williams, ‘Schubert polynomials, the inhomogeneous TASEP, and evil-avoiding permutations’, Int.
Math. Res. Not. IMRN. 2023(10) (2023), 8143-8211.
[Las03] A. Lascoux, Symmetric Functions and Combinatorial Operators on Polynomials, vol. 99 of CBMS Regional Confer-
ence Series in Mathematics. Published for the Conference Board of the Mathematical Sciences, Washington, DC; by
the American Mathematical Society, Providence, RI, 2003.
[Len00] C. Lenart, ‘Combinatorial aspects of the K-theory of Grassmannians’, Ann. Comb. 4(1) (2000), 67-82.
[LPO7] T. Lam and P. Pylyavskyy, ‘Combinatorial Hopf algebras and K-homology of Grassmannians’, Int. Math. Res. Not.
IMRN. 2007(24) (2007), Art. ID rnm125, 48.
[LR11] N. A. Loehr and J. B. Remmel, ‘A computational and combinatorial exposé of plethystic calculus’, J. Algebraic
Combin. 33(2) (2011), 163-198.
[LS82] A.Lascoux and M.-P. Schiitzenberger, ‘Structure de Hopf de I’anneau de cohomologie et de I’anneau de Grothendieck
d’une variété de drapeaux’, C. R. Acad. Sci. Paris Sér. I Math. 295(11) (1982), 629-633.
[LS83] A. Lascoux and M.-P. Schiitzenberger, ‘Symmetry and flag manifolds’, in Invariant Theory (Montecatini, 1982), vol.
996 of Lecture Notes in Mathematics (Springer, Berlin, 1983), 118—144.
[Macl5] I. G. Macdonald, Symmetric Functions and Hall Polynomials. Oxford Classic Texts in the Physical Sciences, second
edition (The Clarendon Press, Oxford University Press, New York, 2015). With contribution by A.V. Zelevinsky and
a foreword by Richard Stanley, Reprint of the 2008 paperback edition.
[MGP68] C. T. MacDonald, J. H. Gibbs, and A. C. Pipkin, ‘Kinetics of biopolymerization on nuclear acid templates’, Biopoly-
mers. 6 (1968), 1-25.
[MJDO00] T. Miwa, M. Jimbo, and E. Date, Solitons, vol. 135 of Cambridge Tracts in Mathematics (Cambridge University Press,
Cambridge, 2000). Differential equations, symmetries and infinite-dimensional algebras, Translated from the 1993
Japanese original by Miles Reid.
[MR23a] K. Matetski and D. Remenik, ‘Exact solution of TASEP and variants with inhomogeneous speeds and memory
lengths’, Preprint, 2023, arXiv:2301.13739.
[MR23b] K. Matetski and D. Remenik, “TASEP and generalizations: method for exact solution’, Probab. Theory Related Fields.
185(1-2) (2023), 615-698.
[MS13] K. Motegi and K. Sakai, ‘Vertex models, TASEP and Grothendieck polynomials’, J. Phys. A. 46(35) (2013),
355201, 26.
[MS14] K. Motegi and K. Sakai, ‘K -theoretic boson-fermion correspondence and melting crystals’, J. Phys. A. 47(44) (2014),
445202.
[MS25] K. Motegi and T. Scrimshaw, ‘Refined dual Grothendieck polynomials, integrability, and the Schur measure’, Selecta
Math. (N.S.). 31(3) (2025), Paper No. 43, 70.
[OkoO1] A. Okounkov, ‘Infinite wedge and random partitions’, Selecta Math. (N.S.). 7(1) (2001), 57-81.
[OR03] A. Okounkov and N. Reshetikhin, ‘Correlation function of Schur process with application to local geometry of a
random 3-dimensional Young diagram’, J. Amer. Math. Soc. 16(3) (2003), 581-603.
[Pet20] L. Petrov, ‘PushTASEP in inhomogeneous space’, Electron. J. Probab. 25 (2020), Paper No. 114, 25.
[PP16] R. Patrias and P. Pylyavskyy, ‘Combinatorics of K-theory via a K-theoretic Poirier—Reutenauer bialgebra’, Discrete
Math. 339(3) (2016), 1095-1115.
[PPPS22] J. Pan, J. Pappe, W. Poh, and A. Schilling, ‘Uncrowding algorithm for hook-valued tableaux’, Ann. Comb. 26(1)
(2022), 261-301.
[PS22] L. Petrov and A. Saenz, ‘Mapping TASEP back in time’, Probab. Theory Relat. Fields. 182(1-2) (2022),
481-530.
[QS23] J. Quastel and S. Sarkar, ‘Convergence of exclusion processes and the KPZ equation to the KPZ fixed point’, J. Amer.
Math. Soc. 36(1) (2023), 251-289.
[RS06] A. Rdkos and G. M. Schiitz, ‘Bethe ansatz and current distribution for the TASEP with particle-dependent hopping
rates’, Markov Process. Relat. Fields. 12(2) (2006), 323-334.
[Sag22] The Sage Developers. Sage Mathematics Software (Version 9.7), 2022. https://www.sagemath.org.
[SCc08] The Sage-Combinat community. Sage-Combinat: enhancing Sage as a toolbox for computer exploration in algebraic
combinatorics, 2008. https://combinat.sagemath.org.
[Sta99] R.P. Stanley. Enumerative Combinatorics. Vol. 2, vol. 62 of Cambridge Studies in Advanced Mathematics (Cambridge
University Press, Cambridge, 1999). With a foreword by Gian-Carlo Rota and appendix 1 by Sergey Fomin.
[Tak18a] M. Takigiku, ‘Automorphisms on the ring of symmetric functions and stable and dual stable Grothendieck polynomi-
als’, Preprint, 2018, arXiv:1808.02251.
[Tak18b] M. Takigiku, ‘On the Pieri rules of stable and dual stable Grothendieck polynomials’, Preprint, 2018,
arXiv:1806.06369.
[Tak19] M. Takigiku, ‘A Pieri formula and a factorization formula for sums of K-theoretic k-Schur functions’, Algebr. Comb.
2(4) (2019), 447-480.
[WWO09] J. Warren and P. Windridge, ‘Some examples of dynamics for Gelfand-Tsetlin patterns’, Electron. J. Probab. 14(59)
2009, 1745-1769.
[WZJ19] M. Wheeler and P. Zinn-Justin, ‘Littlewood—Richardson coefficients for Grothendieck polynomials from integrability’,
J. Reine Angew. Math. 757 (2019), 159-195.

https://doi.org/10.1017/fms.2025.10146 Published online by Cambridge University Press


https://arxiv.org/abs/2301.13739
https://www.sagemath.org
https://combinat.sagemath.org
https://arxiv.org/abs/1808.02251
https://arxiv.org/abs/1806.06369
https://doi.org/10.1017/fms.2025.10146

Forum of Mathematics, Sigma 47

[Yell7] D. Yeliussizov, ‘Duality and deformations of stable Grothendieck polynomials’, J. Algebraic Combin. 45(1) (2017),
295-344.

[Yell9] D. Yeliussizov, ‘Symmetric Grothendieck polynomials, skew Cauchy identities, and dual filtered Young graphs’,
J. Combin. Theory Ser. A. 161 (2019), 453—485.

[Yel20] D. Yeliussizov, ‘Dual Grothendieck polynomials via last-passage percolation’, C. R. Math. Acad. Sci. Paris. 358(4)
(2020), 497-503.

https://doi.org/10.1017/fms.2025.10146 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10146

	1 Introduction
	2 Background
	2.1 K-theoretic symmetric functions
	2.2 Supersymmetric functions
	2.3 Free fermions and Schur operators
	2.4 Particle processes

	3 Schur operators for canonical Grothendieck polynomials
	3.1 Noncommutative blocking operators
	3.2 Noncommutative pushing operators

	4 Operator dynamics
	4.1 Pushing operators
	4.2 Blocking operators

	5 Bijective description
	5.1 Case A: Geometric pushing
	5.2 Case D: Bernoulli pushing
	5.3 Case C: Geometric blocking
	5.4 Case B: Bernoulli blocking

	6 Multipoint distributions
	6.1 Pushing
	6.2 Blocking

	7 Continuous time limit
	7.1 Blocking
	7.2 Pushing

	8 Canonical particle process
	9 Concluding remarks
	References

