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Abstract. We define the action of a locally compact group G on a topological graph E.
This action induces a natural action of G on the C*-correspondence H(E) and on the
graph C*-algebra C*(E). If the action is free and proper, we prove that C*(E) X, G is
strongly Morita equivalent to C*(E/G). We define the skew product of a locally compact
group G by a topological graph E via a cocycle ¢ : E! — G. The group acts freely and
properly on this new topological graph E x. G. If G is abelian, there is a dual action on
C*(E) such that C*(E) x G C*(E x. G). We also define the fundamental group and
the universal covering of a topological graph.

1. Introduction

Topological graphs generalize discrete directed graphs. They have a richer structure, since
the vertex and edge spaces may be arbitrary locally compact spaces, and it is natural to
study their symmetries. The corresponding C*-algebras provide a wealth of intriguing
examples. Katsura proved in [Kat08] that all Kirchberg algebras can be obtained from
topological graphs.

In [KP99], the authors consider free actions of discrete groups G on directed graphs
E and on their associated C*-algebras C*(E). They prove that the crossed product
C*(E) x G is strongly Morita equivalent to C*(E/G), where E /G is the quotient graph.
They also consider the notion of skew product graph associated to a cocycle ¢ : E! — G
and the universal covering tree of a graph.

In this paper, we prove an analogous result for the reduced crossed product for G, a
locally compact group acting freely and properly on a topological graph E. Unlike [KP99],
where groupoids were used extensively, the C*-algebra C*(E) is defined here using a
C*-correspondence H(E) and the Cuntz—Pimsner construction (see [Kat04]). The main
ingredients of the proof are a structure theorem of Palais about principal G-bundles, the
generalized fixed point algebras of Rieffel, and the use of multiplier bimodules introduced
by Echterhoff, Raeburn, and others. We need multiplier bimodules because we must
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construct a homomorphism of C*(E/G) into the multiplier algebra M (C*(E)), and as
an intermediate step we map the correspondence H(E/G) into the multipliers of the
correspondence H(E).

We also define the notion of the fundamental group of a topological graph and the
universal covering, using a space R(E), called the geometric realization, which is a kind
of double mapping torus. In the discrete case, the geometric realization is the usual
one-dimensional CW-complex that we associate with a graph, and the fundamental group
is free. For a topological graph E, the space R(E) could be a higher dimensional
CW-complex, and 1 (E) is not necessarily free, as we will see in our examples.

Our paper is organized as follows. In §2, we recall the notion of topological graph and
the construction of its C*-algebra as a Cuntz—Pimsner algebra, giving several examples.
In §3, we define group actions on topological graphs, and prove a structure theorem
about topological graphs on which a locally compact group acts freely and properly. The
fundamental group of a topological graph and the corresponding universal covering are
defined in §4; we also consider a number of examples. In §5, we discuss group actions
on C*-correspondences, recall the notion of generalized fixed-point algebra, and prove the
main theorem stating that C*(E) x, G and C*(E/G) are strongly Morita equivalent for
a free and proper action. The appendix contains basic results concerning multipliers of
correspondences which are needed in §5.

2. Topological graphs and their C*-algebras

Let E = (E°, E!, 5, r) be a topological graph. Recall that E® and E! are locally compact
(Hausdorff) spaces, and that s, r : E! — E are continuous maps such that s is a local
homeomorphism. We think of points in E” as vertices, and of points e € E! as edges
from s(e) to r(e). A path of length n in E = (E°, E!, s, r)isa sequence ejey - - - e, of
edges such that s(e;) = r(ej4+1) for all i. We denote by E” the set of paths of length n.
The space of infinite paths is denoted E°°. The maps s and r extend naturally to E",
and (E°, E", 5, r) becomes a topological graph. A vertex v € E? is viewed as a path of
length 0.

We define two open subsets E? Eg 0 L Of E O by
E. = {v € E®: v has a neighborhood V' such that r ' (V) = @},

Eﬁn ={ve E%:vhasa neighborhood V such that r 1(V) is compact},

sce?

and the set of regular vertices by Ey, 0= Eg 0 \E
that v € EPg if and only if v has a neighborhood such that r~'(V) is compact and

It is proved in [Kat04, Proposition 2.8]

sce*

r(r~1(V)) = V. In particular, if r is proper and surjective, we have Efg = E".

The C*-algebra C*(E) of a topological graph is defined as the Cuntz—Pimsner algebra
Oy of the C*-correspondence H = H(E) over the C*-algebra A = Co(EY), which is
obtained as a completion of C.(E") using the inner product

E m@)= Y Eemle), & neC(E

s(e)=v

and the multiplications

& -Nle)y=E&@)f(s(e), (f-8)e)=f(r(e)é(e).
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The Hilbert Co(E®)-module H can be identified with {& € Co(E") | (£, &) € Co(E®)}.
There exists an injective *-homomorphism 77z : C»(E') — L(H) given by (mg(f)&)(e) =
f(e)&(e) such that g (f) € K(H) if and only if f € Co(E").

For more details, see [Kat04].

Recall that a Toeplitz representation of a C*-correspondence H over A in a C*-algebra
C is a pair (t, w) with t : H — C a linear map and 7 : A — C a x-homomorphism, such
that

tGa)=t@m@), tE T =n(&n), (@@ =r@ré),

where ¢ : A — L(H) is the left multiplication. The corresponding universal C*-algebra
is called the Toeplitz algebra 73,. A representation (t, ) is covariant if mw(a) =
7 (p(a)) for all a in the ideal ' (K(H)) N (ker )+, where tV : K(H) — C is such
that r<1>(9§,,7) =1(&)Tt(n)*. The Cuntz—Pimsner algebra Oy, is universal with respect to
covariant representations, and it is a quotient of 73;. Let (k7, k4) denote the canonical
Toeplitz representation of the A-correspondence H in 0. A covariant representation
(r, ) of H in a C*-algebra C gives rise to a *-homomorphism t x 7 : Oy — C such
thatt =(t xm) ok andw = (r X ) o kga.

Remark 2.1. In the case of a C*-correspondence H(E) associated with a topological
graph as above, it is proved in [Kat04, Proposition 1.24] that ker ¢ = Co(Egce) and

that ¢~ (K(H)) = Co(Egn), therefore the ideal ¢! (JC(H)) N (ker )+ coincides with
Co(ED).

Example 2.2. If the vertex space E is discrete, then the edge space E! is also discrete,
and E = (E°, E', 5, r) is a usual (discrete) graph. For a discrete graph E, its C*-algebra
C*(E) was initially defined as the universal C*-algebra generated by mutually orthogonal
projections p, for v € E° and partial isometries 7, for e € E! with orthogonal ranges such
that t:te = Ds(e)» tet: = Pr(e) and

Py = Z ret¥ if 0 < |r~l(w)] < o0. (1)
r(e)=v
If H =H(E) is the associated C*-correspondence described above, then

o MK H)) = Cofv € E*: r 1 (w)| < 00}),  ker(p) = Co{v € E*: [r ()| = 0)),

since Egn ={ve E%:r~!(v) is finite} and Egce ={ve E%:r~1(v) =@} is the set of
sources. The maps

()= f@pu. f€CUEY), €)= &), § € Ce(E)
veEo ecE!

give a Toeplitz representation of H into C*(E) if and only if ¢, = py(e) and 1.1 < py(e),
which is covariant if and only if (1) is satisfied. Hence, the C*-algebra of a discrete graph
E, defined using generators and relations, is isomorphic to the Cuntz—Pimsner algebra Oy
(see [FLROO, Proposition 12] and [Kat04, Example 1]).

Example 2.3. Let EC=E'=T, s(z) =z, and r(z) =¥z for 6 € [0, 1] irrational.
Then C*(E) = Ay, the irrational rotation algebra. More generally, let E'=FE'=% R
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where X is a locally compact metric space, let s =id and let r =h for h: X - X a
homeomorphism. Then C*(E) = Co(X) x Z, since C*(E) is the universal C*-algebra
generated by a copy of Co(X) and a unitary u satisfying ﬁ(f) =u*fu for f € Co(X),
where A(f) = f o h.

Example 2.4. Letn € N\{0} and letm € Z\{0}. Take E® = E! =T, s(z) = 2", r(z) = z™.
We get a topological graph with both s and r local homeomorphisms. When m ¢ nZ,
C*(E) is simple and purely infinite, see [Kat08, Example A.6].

Example 2.5. (The Cayley graph of a finitely generated locally compact group) A locally
compact group G is called finitely generated if there is a finite subset S of G such that
the closure of the subgroup generated by S is all G. Given a set of generators S =
{hi, hy, ..., h,)}, define the associated Cayley graph E = E(G, S) with E° =G, E' =
S x G, s(h,g)=g, and r(h, g) = gh. Note that E(G, §) becomes a topological graph
and that both s and r are local homeomorphisms. For G discrete and finitely generated, we
recover the usual notion of a Cayley graph. The Cayley graph may change if we change
the set of generators.

For G = (R, +) and S = {1, 6}, where 6 is irrational, the corresponding Cayley graph
Ehas EY=R,E! = {1,0} xR, s(1,x)=x,r(1,x)=x+1,50,x)=x,and r (0, x) =
x + 6. Its C*-algebra is simple and, if § <0, it is purely infinite; moreover, C*(E) =
O x4 R, where a;(S1) = €Sy, a,(S2) = €/1%S, for t € R and for the standard generators
S1, S of the Cuntz algebra O; (see [KK97, Theorem 2, §3] and [Kat02, Proposition 4.3]).

The above example should be regarded as a special case of the following.

Example 2.6. (Skew products of topological graphs) Let E = (E?, E!,s,r) be a
topological graph, let G be a locally compact group, and let ¢ : E! — G be a continuous
function. We call ¢ a cocycle, and define the skew product graph E x.G = (E® x
G, E' x G, 5, 7) (see [KP99, Rae05]), where

5(e, &) =(s(e), 8), TF(e, g)=(r(e), gc(e)).

Notice that E x. G becomes a topological graph using the product topology, since § is
a local homeomorphism and 7 is continuous. The situation of a graph with one vertex
and n loops {ey, ..., e} and a set of generators S = {h1, ..., h,} of a group G such that
clej) =h;,i=1,...,n gives the Cayley graph E(G, S) as a skew product.

In particular, if E is the graph with one vertex and two edges {e, f} and G = (R, +), the
map c:{e, f} = R, c(e) =1, c(f) =0 for 6 irrational determines the topological graph
described in the above example.

If E is an arbitrary discrete graph and G = Z with c(¢) = 1 forall ¢ € E!, then E x. G
is the product graph E x Z, where 70 = 7' =7, withs(k) =k, r(k) = k + 1. There is an
isomorphism C*(E x. G) = C*(E) x T (see [KP99, Proposition 2.6]).

3. Group actions on topological graphs
Definition 3.1. Let E, F be two topological graphs. A graph morphism ¢ : E— F is a pair
of continuous maps o=(¢°, o1, where ¢’ : El — F' i=0, 1, such that ¢° o r=r o ¢!
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and ¢° o s =5 0 ¢!, i.e. the diagram

E0<S;E1$E0

K

FO <5 Fl _r FO
is commutative.

A graph morphism has the unique path-lifting property for s if ¢°, ¢! are surjective and
for every v € EY and every f € F1 with s(f)= (po(v) there is a unique e € E! such that
¢'(e) = f and s(e) = v. A graph morphism ¢ is a graph covering if both ¢°, ¢! are cover-
ing maps. In that case, ¢ has the unique path-lifting property with respect to both s and r.

An isomorphism of topological graphs is a graph morphism ¢ = (¢°, ¢!) such that ¢
is a homeomorphism for i =0, 1. It follows that ¢~ = ((¢*)~!, (¢!)~1) is also a graph
morphism. We denote by Aut(E) the group of automorphisms of a topological graph E.

A locally compact group G acts on E if there are continuous maps A' : G x E! — E!,
and we write A (g, x) = A; (x) for i =0, 1, such that g — A, is a group homomorphism
from G into Aut(E). The action A is called free if kg (v) = v for some v € EY implies
g = 1. Note that in this case the action of G is also free on the edges of E. The action
is called proper if the maps G x EY > EY x EO, (g, v) —~ (Ag(v), v) and G x E! —
E'x E!', (g, )~ ()\;,(e), e) are proper. In fact, by [ADRO0O0, Proposition 2.1.14], it is
sufficient to require properness of the first map. We will frequently write g - e for Aé (e),
and similarly for the action on vertices.

Definition 3.2. Let P, X be locally compact Hausdorff spaces, and let G be a locally

compact group. A map P 2, Xiscalleda principal G-bundle if there is a free and proper
action of G on P, and ¢ induces an identification of P/G with X.

Note that we make no assumption regarding local triviality. Principal bundles
are thoroughly discussed in [Hus94, Pal61], using various definitions. By [RW9S,
Remark 4.64], the notion of a principal G-bundle in [Hus94] is equivalent to our notion
determined by a free and proper action.

Given a principal G-bundle P 2, X and a continuous function f:Y — X, we may
view the pull-back f*(P)={(y,p) €Y x P: f(y) =q(p)} as a principal G-bundle
f*(P) LN Y, where the action of G is givenby g - (y, p) = (v, g - p).-

The following result may be found in [Hus94, Theorem 4.4.2] (see also the discussion
preceding [Pal61, Proposition 1.3.4]).

LEMMA 3.3. Suppose we are glvenprlnapal G-bundles P; N Xifori=1,2 andapalr
of continuous maps f : X1 — Xo, f : P — P» such that f is equivariant and qu fq1.
Then 6f : P — f*(P) given by 0¢(p) = (q1(p), f(p)) is an isomorphism of G-bundles.

The following is a structure theorem for topological graphs equipped with a free
and proper action of a locally compact group: the quotient is a topological graph, and,
moreover, the original graph can be reconstructed from the quotient graph and certain
additional data.
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THEOREM 3.4. Let (F°, F', s, r) be a topological graph and G be a locally compact
group. Given a principal G-bundle P 5 FO and an isomorphism of pull-backs 9 :
s*(P) = r*(P), we may construct a topological graph (E°, E', 5, F) with a free and
proper action of G by setting E? := P and E' := s*(P) (with structure maps defined in the
obvious way). Conversely, every topological graph (E°, E', §, F) on which G acts freely
and properly is isomorphic to one arising in this way.

Proof. First, suppose we are given P, g and 6. Define §:s*(P) — P by § =, i.e.
s(e,v)=v,and 7 : s*(P) = P by r =m 0o 0. To see that § is a local homeomorphism,
fix a point in ¢ = (e, v) € s*(P). Since s is a local homeomorphism, there is an open set
U C F' containing e such that the restriction s |y is injective. It follows that the restriction
s l”f' ) is also injective, and hence that § is a local homeomorphism.

The following commutative diagram illustrates the above construction.

0
r*(P) <——— E' =5*(P)
/
E'=p i ™ E'=P
FO . F! S FO

Since m o 8 = 1y, 6 has the following form:
O(e, v) = (e, F(e, v)) for (e, v) € s*(P).

The converse essentially follows from Lemma 3.3 above; the only non-obvious bit is
showing that the quotient is a topological graph. So, suppose G acts freely and properly
on a topological graph E = (E°, E', §, 7). Let F' = E'/G be the quotient spaces, with
quotient maps ¢’ : E' — F', fori =0, 1. Since the G-action on E is compatible with the
range and source maps, we have the following diagram of principal G-bundles,

E°<F7E1$>EO

N

FO<7—F!——F"°

wherer, s : F! — F9 are continuous and s is open. We must show that F = (FO, Fl, S, 1)
is a topological graph, and that there is an isomorphism of pull-backs 6 : s*(E") — r*(E?)
such that E is isomorphic to the topological graph with the same vertex space E°, but
with edge space s*(E?), source map ,, and range map m> o #. By Lemma 3.3, there
are G-bundle isomorphisms 6,, §; making the following diagram commute (without the
top arrow 6).

https://doi.org/10.1017/5014338571100040X Published online by Cambridge University Press


https://doi.org/10.1017/S014338571100040X

Group actions on topological graphs 1533

r*(E0)< -z - *S*(EO)
7 \ ) / X
0 F - 1 s 0
E \ E Y, E
qol TN q]i ,//711 iqo
\ /

FO . F!

Of course, we define the G-bundle isomorphism 6 so that the top triangle (and hence the
entire diagram) commutes.

It only remains to show that s : F! — FO is locally injective. Let e € F!, and put
v=s(e). Fix u € E with ¢°(u) = v, so that (e, u) € s*(E?). Since E is a topological
graph, we can find open neighborhoods U of e in F!' and V of u in E? such that
7 1 s*(E%) — E¥ is injective on

(U x V)N s*(EY.

Since ¢° : E® — FO is open, we can shrink U if necessary so that s(U) C ¢°(V).
Let ey, e € U, and assume that

s(e)) =s(ex) =v'.

Choose u’ € V such that ¢°(u’) = v'. Then (e, u’), (e, u’) € (U x V) Ns*(EY), so we
must have e| = e. O

Example 3.5. If we are given a finitely generated locally compact group G with generating
set S, then G acts freely and properly on its Cayley graph E = E(G, S) by Ag (g)=gg
and )\}’, (h, g) = (h, gg’). The quotient graph E /G has |S| loops and one vertex.

Example 3.6. If E = (E°, E', 5, r) is a topological graph, G is a locally compact group,
and ¢ : E!' = G is a continuous function, then ¢:Ex.G— E, p(x, g) = xisaprincipal
G-bundle map. Indeed, G acts freely and properly on E x. G by Ag (v, h) = (v, gh) and
Ai, (e, h) = (e, gh). The source and range maps are equivariant, and the quotient graph is
isomorphic to E.

The following result characterizes skew products.

COROLLARY 3.7. The topological graph constructed in Theorem 3.4 from an
isomorphism 6 : s*(P) = r*(P) is G-equivariantly isomorphic to a skew product F x. G
if and only if the G-bundle P over FY is trivial.

Proof. The forward direction is trivial, so assume that the G-bundle g : P — F 0 is trivial,
and let E be the topological graph constructed from an isomorphism 6 : s*(P) — r*(P).
The pull-back of a trivial bundle is trivial, so most of what we have to do is quite
straightforward; the only slightly non-obvious bit is that the isomorphism s*(P) = F! x G
of G-bundles can be promoted to a topological-graph isomorphism E = F x. G for a
suitable cocycle c.
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Let 9°: P — FO x G be a G-bundle isomorphism. We must show that there are:
° a G-bundle isomorphism ¢! : E' - F! x G; and

. acocyclec: F! - G
such that ¢ = (¢°, ¢!): E - F x. G is an isomorphism of topological graphs.
The diagram
P ’ £l tic P
¢ ¢’ ¢! ¢’
N ! N - sxid N
a G<—F'xG & xG—=F'xG a
FO p F1 B FO
2
where

Fi(Fx.G)'=F'xG— F*xG=(F x.G)°
is the range map for the skew product, given by

r'(e, 8) = (r(e), gc(e)),

illustrates the hypothe51s and conclusion. Keep in mind that E® = P and E! = s*(P). We
are given the map ¢°, and since it is a G-bundle isomorphism, the extreme left and right
triangles commute.

It is an elementary fact about pull-backs that there is a G-bundle isomorphism ¢! :
s*(P) — F! x G making the right half of the diagram (2) commute. We can now define
r': F! x G = FO x G so that the left half of (2) commutes. It remains to show that there
is a continuous map ¢ : F! — G such that r" has the form

r'(e. g) = (r(e), gc(e)).
Since
mior =rom :F!' xG — FY,
we have 71 (r'(e, 1)) =r(e). Define c: F! — G by

c(e) =m(r (e, 1)).

Then c is continuous, and we have

r'e,g) =71'(g- (e, 1))
=g-r'(e. 1)
=g - (r(e), c(e))
= (r(e), gc(e)). 0
LEMMA 3.8. If we are given prmczpal G-bundles P; N X; for i =1, 2 and a pair of
continuous maps f : X1 — Xo, f P1 — P> such that f is eqmvartant and qu faqi,

and compact sets K C X1 and L C P>, then (q1)” HK)N f L) isa compact subset
of Py.
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Proof. Observe that f*(P;) is a closed subset of X; x P, and hence (K x L) N f*(Py) is
compact. Therefore,

g (K)N FIL) =07 (K x LYyN £ (P)

is also compact. O

COROLLARY 3.9. Let a locally compact group G act freely and properly on a topological
graph E = (E°, E', s, r), let q1 : E' — E'/G be the quotient map, and let K C E'/G
be compact. Then:

(1) for every compact subset L C E°, both intersections

g, " (K)Nr L) and q;'(K)NsTHL)

are compact; and
(2)  there exists d > 0 such that

|q_1(K) N s_l(v)| <d forallve E°.

Proof. (1) follows immediately from Lemma 3.8. For (2), note first of all that the
conclusion is unaffected by replacing E with an isomorphic topological graph, so, by
Theorem 3.4, we may assume that E is constructed from a topological graph F, a principal
G-bundle ¢ : P — FO, and an isomorphism 6 : s*(P) — r*(P). Thus E' = s*(P), with
quotient maps 7 : s*(P) — F' on edges and g : P — F° on vertices, and source map
7 1 s*(P) — P. Note that forv € P, if we putu =q(v) € FO, then we have

7 (K) N5 W) = {(e, v) es¥(P) e e K} = (K Ns™ () x {v).

Thus
Iz "EK)Y NS W) = 1K NsT @)l

Since s : F! — FO is a local homeomorphism and K is compact, the cardinalities of the
intersections K N s~ (u) for u € FO are bounded above by some fixed real number. O

Remark 3.10. If G is discrete and G acts freely and properly on E, then the morphism
q: E— E/G is a graph covering, since G acts properly discontinuously (see [RW98,
Hooptedoodle 4.69]).

Remark 3.11. If E and G are discrete and G acts freely on E, then, by [GTO1,
Theorem 2.2.2], there is a cocycle ¢ : (E/G)! — G such that (E/G) x. G = E in an
equivariant way. This result can be obtained from Corollary 3.7, since any principal G-
bundle over E° is trivial. In general, not every free and proper action on a topological
graph is associated to a skew product.

Recall that by [Kat06, Proposition 8.9] a topological graph E is minimal if and only if
every orbit space Orb(v, e) (see [Kat06, Definition 4.9]) is dense in EY, where v € EY
and e is a negative orbit of v. If E0 = Egg, a negative orbit of v is an infinite path
e=c¢ejey -+ - € E* ending at v and

Orb(v, e) ={r(¢') | ¢’ € E", s(e’) = s(e,) for some n}.
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THEOREM 3.12. Let E be a minimal topological graph and let q : E — F be a graph
covering. Suppose that EO is not discrete and E® = Erog. Then F is also minimal, F° is not
discrete and F® = Fr%. In particular, both C*(E) and C*(F) are simple.

Proof. Indeed, the unique path-lifting property ensures that every orbit space in F is dense.
The second part follows from [Kat06, Corollary 8.13]. O

COROLLARY 3.13. Let E be a minimal topological graph and suppose that E° is not
discrete and E° = El(,)g. If the discrete group G acts freely and properly on E, then
C*(E/G) is simple.

Example 3.14. Now let E = E(G, S) be as in Example 2.5, where G =R and S = {1, 6},
with @ irrational. Then E® =R, E! = {1, #} x R. Translation by Z gives a free and proper
action on both EY and E!, which intertwines the structure maps r, s. Hence, translation
induces a free and proper action of Z on E. Since E is a minimal topological graph, E° is
not discrete and E® = EPg, we have, by the above corollary, that C*(E /Z) is simple.

4. The fundamental group of a topological graph

In this section, we define the fundamental group of a topological graph E = (E°, E', s, r)
and the notion of a universal covering of E, using a single topological space R(E)
called the geometric realization. We need to assume that the geometric realization has
a universal covering. In this section, we need not assume that the source map is a local
homeomorphism, even though in all of our examples this is the case.

For each e € E!, we formally denote the reversed edge by e, where s(e) =r(e) and
r(e) =s(e). The set of reversed edges is denoted Fl. A walk in E is a sequence
w=ej---e, where ¢; € E! UFI such that s(e;) =r(ej41) fori=1,...,n—1. We
define s(w) :=s(e,) and r(w) :=r(ey). A vertex will be considered as a trivial walk. A
walk w is reduced if it does not contain the subword ee for any e € E' U E'. Denote by
E"" the space of reduced walks, with product topology. Note that E° is viewed as a subset
of E"" . Forw=ej---e, € E", thereverse walk w is e, - - - e].

The following definition is modeled on [BH99, Definition I11.G.3.1].

Definition 4.1. An E-path ¢ = (wyp, c1, wy, ..., Ck, W) over a partition 0 =1#) <--- <
tr = 1 of the interval [0, 1] consists of continuous maps ¢; : [ti_1, ;] = EY and reduced
walks w; € E"™ such that r(w;) = cj41(;) fori =0, 1, ...,k — 1 and s(w;) = ¢;(#;) for
i=1,2,..., k. The initial point of ¢ is x = s(wy); its terminal point is y = r(wy). We
say that ¢ joins x to y. If wo and wy are trivial walks (vertices), they can be dropped in the
notation for ¢. In particular, a map ¢ : [0, 1] — E° can be considered as an E-path.

Definition 4.2. A topological graph E is said to be connected if, given any two vertices
x, y € EY, there is an E-path ¢ joining x and y.

Definition 4.3. The geometric realization of a topological graph E is the topological space
R(E) obtained from the disjoint union E L0, 1]u E° by identifying (e, 0) with s(e)
and (e, 1) with r(e) (a kind of double mapping torus). We will identify E? with a subspace
of R(E) in the obvious way. Also, we embed Elin R(E) by e € Els (e, %).
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Remark 4.4. Notice that if E is connected, then R(E) is path connected. Let ¢ : E — F
be a graph morphism. Then ¢ yields a natural map

E' x[0, TUuE®— F' x [0, 1]u F°,

which then induces a map R(¢) : R(E) — R(F). Moreover, for i =0, 1, the following
diagram commutes:
El — R(E)

¢! J{ R(p) i

F' — R(F)

where the horizontal maps are the canonical embeddings given in Definition 4.3. Observe
that R(¢) is continuous; moreover, R(¢) is a covering if ¢ is.

Remark 4.5. 1If the group G acts on the topological graph E, then G acts on R(E) by
g-(e,1)=(ry(e), 1) for e € E', 1 €0, 1], and by g-v=29(v) for ve E°. Since A}
commute with s and r for i =0, 1, the action is well defined.

Definition 4.6. Let E = (E°, E', s, r) be a a connected topological graph. We define the
fundamental group of E by m1(E) :=m(R(E)). We say that E is simply connected if
71 (E) is trivial (i.e. R(E) is simply connected). We say that a graph morphism p : E — E
is a universal covering if p is a covering and E is connected and simply connected (or
briefly that E is a universal cover).

Remark 4.7. The fundamental group m1(E) acts freely on E, and the orbit space is
isomorphic to E. Any subgroup H of m;(E) will determine an intermediate covering
of E, by taking the graph E/H. Recall that the fundamental group of a finite graph E is
the free group with |E'| — [E0 4+ 1 generators (see [KP99, Lemma 4.10]).

PROPOSITION 4.8. Let E be a connected topological graph and suppose that R = R(E)
is locally path-connected and semi-locally simply connected. Then R has a universal
covering space R. Moreover, R = R(E), where E is a universal cover of E.

Proof. By [Mas91, Theorem 10.2], R has a universal covering space R. Let 7 : R — R be
the canonical map, let EV =71 (E®), and let El=x"1 (E! x {1/2}). In order to define
the range and the source maps, we use the unique path-lifting property of the map w. Let
¢ e E'; then (&) = (e, 1/2) for some e € E!. Join (e, 1/2) with the image of (e, 0) in R
by the path ¢ — (e, %(1 — 1)), t € [0, 1]. Lift this path to a path in R, and define s (e) tobe
the endpoint of the lifted path, which belongs to E°. The range map is obtained similarly
by joining (e, 1/2) with the image of (e, 1). O

COROLLARY 4.9. Consider a connected topological graph E. If both r, s : E' — E° are
finite-to-one covering maps and E° is locally contractible (each point has a local base of
contractible neighborhoods), then R(E) is also locally contractible. In particular, E has
a universal cover.

Proof. Tt suffices to show that R(E) is locally contractible since the hypotheses of the
above proposition will be satisfied. A point (e, #) in the image of E! x (0, 1) has a
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local base of contractible neighborhoods of the form V x W, where V is a contractible
neighborhood of e in E', and W is a contractible neighborhood of ¢ in (0, 1). For the
image of v € E? in R(E), take V C E°, a contractible neighborhood of v which is evenly
covered by the maps s and r. Then we claim that the image N of s~!(V) x [0, &) U
r~1(V) x (1 — ¢, 1] in R(E) is a contractible neighborhood of the image of v in R(E)
for any 0 < & < 1/2. Indeed, s~'(V) is a disjoint union V{ U - - - U Vp , and r~i(V)isa
disjoint union Uy U - - - U U, of homeomorphic copies of V. Let S be the star with p + ¢
branches obtained by gluing p + g copies of [0, ¢) at 0. Then N is homeomorphic to
S x V, which is contractible. (]

It would be nice to have a weaker condition on E that would ensure the existence of the
universal cover.

Remark 4.10. In order to obtain other coverings of a graph E, we may consider a subgroup
H of the fundamental group m;(E) which will act on R, and take the corresponding
topological graph of the quotient space R/ H, constructed as in the proof of Proposition 4.8.

Remark 4.11. The fundamental group of (EO, EL s, r) is isomorphic to the fundamental
group of the opposite graph (E, E', r, 5), obtained by interchanging the maps s and .
The natural embeddings described in Definition 4.3 induce maps 71 (E 0 v) > m(E) and
71 (EY, €) > 71 (E) for fixedve EC and e € E'.

Example 4.12. Consider the topological graph E with E® = E! = T, and source and range
maps s(z) =z, r(z) = 27197 for 6 irrational. The geometric realization is homeomorphic
to the 2-torus T2, hence the fundamental group m{(E) is isomorphic to Z>. The
universal covering graph is E= (EO, El, s, r), where EO=—E'=R x Z, with s(y, k) =
(y, k), r(y, k)= +6,k+1). The action of 72 on E is given by (j, m) - (y, k) =
(j +y+mb, k+m), and E/Z*> = E. Any other connected covering of E is of the form
E/H, where H is a subgroup of Z2.

More generally, let X be a compact space which admits a universal covering space X,
and let 7 : X — X be a homeomorphism. The geometric realization of the corresponding
topological graph E with E® = E! = X, s = id and r = h is homeomorphic to the mapping
torus of &, obtained from X x [0, 1] by identifying (x, 1) with (h(x), 0). The universal
covering graph E has EO=FE'=X x Z. The source and range maps are given by
s(y, k) = (y, k), r(y, k) = (h(y), k + 1), where h: X — X is a lifting of h, y € X and
k € Z. The map h induces an automorphism /%, of 71(X), and the fundamental group of
E is isomorphic to the semi-direct product 71 (X) x Z defined using h,. The action of
71 (X) x Zon X x Zis given by (g, m) - (y, k) = (g - k" (y), k + m).

Example 4.13. Again let E® = E' = T with source and range maps s(z) =z, r(z) = 2"
for n, m positive integers. The geometric realization R(E) is obtained from the cylinder
E' x [0, 1], where the two boundary circles are identified using the source and range maps.
Alternatively, we may start with a rectangle, such that the left and right edges are labeled
by a. The top edge E' x {0} is divided into n segments called b, and the bottom edge
E' x {1} is divided into m segments, also called b. By making the identifications, we
get the geometric realization R(E). Note that in Figure 1 the arrows are for identification
purposes.
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FIGURE 1. The case n =2, m = 3.

a ab ab? = b3a
ba X bab bab? = b*a
b2a b2ab b2ab? = b5a

b2a~! p2a-1b b2a-'b2 b2a-1b3
ba! ba'b ba'b? pg-1p3

ab ab? a? ab a’b?
a
—
e b b2 b3 a ab ab?  ab?
ab ab? ba bab bab?
b
—
e b PO b b2 b b

FIGURE 2. Cayley complex for B(2, 3).

The segments a, b become generators in the fundamental group 71 (R(E)), which is
isomorphic to the Baumslag—Solitar group

B(n,m)=(a,b|ab"a”' =b™).

For n =1 or m = 1, this group is a semi-direct product and it is amenable. For n # 1, m #
1 and n, m relatively prime, it is not amenable (see [BO08, Example E.11]).

The universal covering space of R(E) is the Cayley complex R of B(n, m), obtained
from the Cayley graph by filling out the rectangles (for example see [LS77, p. 122]). It
is the cartesian product 7' x R, where T is the Bass—Serre tree of B(n, m), viewed as an
HNN-extension. Recall that, given a group G, a subgroup H C G and a monomorphism
T : H — G, then the HNN extension G *g 7 is generated by G and a letter a such that
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aha=' =t(h) for h € H (for example see [Bau93]). In our case, G = (b) =Z, H =
(b"y = nZ, and t(b") = b™.

The free action of the group B(n, m) on R is the extension to the 2-cells of the usual
left action on the Cayley graph. A piece of the Cayley complex of B(2, 3) together with
the action of the generators is illustrated in Figure 2.

The 1-skeleton is the directed Cayley graph of B(2, 3), where the generators a, b
multiply on the right. The group action is given by left multiplication. In the corresponding
tree T, each vertex has 5 edges. The vertex set TO is identified with the left cosets
g(b) € B(2,3)/(b), and the edge set T' with the left cosets g(h?) € B(2, 3)/(b*). The
source and range maps are given by s(g (b)) = g(b), r(g(b*) = ga=1(b) for g € B(2, 3).

Using Proposition 4.8, we can describe the universal covering graph E of E. We have
EO=TOx R, E' =T x Rwith§(z, y) = (s(t), ny), (¢, y) = (r(t), my) fort € T' and
y €R. The group B(n, m) acts freely and properly on E, and the quotient graph
E/B(n, m) is isomorphic to E. In particular, note that the topological graph E is not a
skew product. In the next section, we show that C*(E) x, B(n, m) is strongly Morita
equivalent to C*(E).

5. Group actions on C*-correspondences
Definition 5.1. Let G be a locally compact group, and let H be a C*-correspondence over
A. We say that G acts on H if there is a map

GxH—->H, (@&rg-&

such that g — g - £ is continuous and &€ > g - £ is linear, and a continuous action of G on
A by x-automorphisms such that

(g-6&.¢-m=g-&.n), g Ea)=(g -5 -a), g (9 =9 -a)g-§),
where ¢ : A — L(H) defines the left multiplication.

Remark 5.2. There is an action of G on L(H), given by

(g TE) =g (T(g " &),

such that g +— g - T is continuous with respect to the strict topology on L(H). We have
g - (Be,y) = 0O4.£ 4.5, Which gives an action on /C(H). Indeed,

g e )@) =g -EMm g - ) =(g-6)g 0 &) = (Ogs,00) ().

An action of G on the C*-correspondence H defines an action on the Toeplitz algebra
Tr by g - Tz =T,.¢, and on the Cuntz—Pimsner algebra O3, since all defining relations
are equivariant.

The full crossed product H x G can be defined by H x G =H ®, (A x G), where
¢ A— L(A x G) is the embedding of A in the multiplier algebra of the crossed product
A % G, regarded as a Hilbert module over itself.

Note that G acts on H x G by g-(&@f):g-&@(ugfugl), where £ € H, f €
AxG,and g-a= ugaugl. Here u : G — UM(A x G) is the canonical map into the
unitary multipliers. The crossed product H x G becomes a C*-correspondence over
A x G in a natural way.
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Similarly, the reduced crossed product H <, G can be defined as a C*-correspondence
over A X, G; moreover, there is a natural action of G on H X, G defined as above.

Remark 5.3. This crossed product H x G is isomorphic to the one defined using a
completion of C.(G, H), as in [HNO8, Kas88]. The isomorphism is induced by the
function

HQCe(G, A) — Ce(G, H),

which sends £ ® f to the map g — £f(g). Itis proved in [HNO8, Theorem 2.10] that if G
is amenable, then
Onxe EO0x xG.

Note that we also consider actions and crossed products by non-amenable groups.

PROPOSITION 5.4. If G acts on the topological graph E = (E°, E', s, r), then G acts on
the C*-correspondence H = H(E) and hence on C*(E).

Proof. Define g-&(e) =&(g 'e) for £ € C.(E'), and g- f(v)= f(g"'v) for fe
Co(EY). Then this action is compatible with the bimodule structure, since s and r are
equivariant. O

Definition 5.5. Recall from [Rie90] that the action « of a locally compact group G on a
C*-algebra A is proper if there is a dense «-invariant x-subalgebra Ag of A such that for
every a, b € Ay the functions

x> aay(b) and x> A(x)fl/zaax(b)

are integrable and there exists a (right) inner product (-, -), with values in the subalgebra
of M(A), which Rieffel denotes by M(Agp), comprising those elements that multiply Ag
into itself, such that

cla, b), = / cay(a*b) dx forall c € Ap.
G
For such an action,
A% :=span{{a, b), :a, b € Ap} C M(A)

is called the generalized fixed-point algebra. Define a (left) inner product on Ag with
values in A Xg G by
ela, b)(x) = A~ Pac, (b%).

The set
I :=5span{¢{a, b) : a, b € Ay}

is an ideal in A Xq , G, and the closure Z of Ag in the norm lall? := |[{a, a),|| is an
I — A% imprimitivity bimodule. The action is called saturated if = A x4, G.

We now review the averaging process of [KQRO08, §2], which was built upon work
in [OP78, OP80, Qui92, QR95]. Let a locally compact group G act freely and properly
on a locally compact Hausdorff space T', and let y be the associated action of G on Cy(T):

(e (SN =f(g™" 1) forgeG, feCo(T) 1eT.
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Also let @ be an action of G on a C*-algebra A, and suppose that we have an equivariant
non-degeneratet homomorphism ¢ : Co(T) — M(A). For g € G, let @, denote the canon-
ical extension of o, to M(A), and write M(A)* ={a € M(A) :az(a) =a for all g € G}
(not to be confused with Rieffel’s generalized fixed-point algebras discussed above). It
was shown in [KQRO08] that

Ag = span ¢(Cc(T)) Ap(Cc(T))

is a dense *-subalgebra of A, and that there is a linear map ® : Ag — M (A)® such that
w(®(a)) = / w(ag(a))dg foralla € Ag, w € A™.
G

We write ®* when confusion is possible. Kaliszewski et al [KQRO8] also show that
®(Ag) is a x-subalgebra of M(A), and so its norm closure, denoted by Fix(A, «, ¢), is a
C*-subalgebra.

Rieffel [Rie04, Theorem 5.7] implies that the action o« is proper and saturated
with respect to Ap, and so, by [Rie90], the reduced crossed product A x,, G is
Morita equivalent to a generalized fixed-point algebra A%. It was shown in [KQROS,
Proposition 3.1] that Fix(A, «, ¢) coincides with the algebra A* of [Rie90].

We record a few properties of this averaging process, which can be found in
[KQROS, §2].

° Ifae Agand b € M(A)*, then ab € Ay and ®(ab) = ®(a)b.
° If feCq(T) and a € Ay, then the function g — ¢(f)ag(a) belongs to C.(G, A)
and

/G o(Nag(a)dg = p(f)P(a).

° Suppose (B, B) is another action, v : Co(T) - M(B) and o : A — M(B) are
non-degenerate and G-equivariant, and the canonical extension ¢ : M(A) — M (B)
satisfies o o ¢ = . Then o restricts to a non-degenerate homomorphism

o|:Fix(A, o, ¢) > M (Fix(B, B, ¥)).

Moreover,
P oo =50 d°.

° For fixed f, h € C.(T), the map
a > P(p(flaph)): Ao > M(A)

is norm continuous.
For the proof of Theorem 5.6 below, we will need to make extensive use of the multiplier
bimodules of [EKQRO06]; the relevant facts are collected in Appendix A.

THEOREM 5.6. If a locally compact group G acts freely and properly on a topological
graph E, then C*(E) %, G and C*(E /G) are strongly Morita equivalent.

F Recall that this means that ¢(Co(T))A = A.
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Proof. Since G acts freely and properly on E°, and there is a non-degenerate
equivariant homomorphism Co(E?) — M (C*(E)), it follows from [Rie04] and [HRWO05,
Lemma 4.1] that the corresponding action @ of G on C*(E) is proper and saturated
with respect to the x-subalgebra Ag = C.(E?)C*(E)C.(E®) of C*(E). Therefore, the
reduced crossed product C*(E) x, G is strongly Morita equivalent to the generalized
fixed-point algebra C*(E)®. Thus it suffices to show C*(E)* = C*(E/G), and for this
we will construct an injective homomorphism from C*(E/G) to M(C*(E)) whose image
is C*(E)“.

As before, denote the quotient topological graph by F = E/G, so that F' = E%/G
and F! = E'/G. Tt will also be convenient to denote both quotient maps E® — F? and
E!' — F! by g (and no confusion will occur since the particular g that is intended will be
clear from the context), and to use the following abbreviations:

o A=Co(EY;

o B=Co(F:;

° X ="H(E); and

° Y ="H(F).

Of course, our homomorphism C*(F) — M(C*(E)) will be of the form 7 x 7 for a
Cuntz—Pimsner covariant Toeplitz representation (z, 7) of Y in M (C*(E)).

We will construct (z, 7): Y — M(C*(E)) by, roughly speaking, first mapping the
B-correspondence Y into the multiplier bimodule M (X), then composing with the
canonical Toeplitz representation (kx, k) of the A-correspondence X in C*(E). Actually,
this needs a little tweaking; our strategy is more accurately indicated by the following
diagram.

(z.7)

Y- === M(C*(E))

w,u)l / 3)
(kx.ka)

Ma(X)

Note the appearance in the above diagram of the ‘A-multiplier’ bimodule M4 (X)
(see Definition A.8 and Remark A.10); this is necessary because the canonical Toeplitz
representation (ky, k4) can be degenerate—see Example A.1.

Our proof is rather long, and to improve readability we break it into the following steps.
(1)  Construct a correspondence homomorphism (i, v) as in diagram (3).

(2) Define (tr, ) to make diagram (3) commute, and show that it is a Toeplitz
representation.

(3) Show that the Toeplitz representation (t, &) is Cuntz—Pimsner covariant.

(4) Show that the associated homomorphism t x 7 : C*(F) — M(C*(E)) is injective.

(5) Show that the image of t x 7 is C*(E)“.

We take each step in order.

Step 1. Clearly, we should define (u, v) by composing with the quotient map g. On B,
this obviously does the right thing:

v:B— M(A), v(f):=fogq.
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On Y, things are a little more delicate: for & € C.(F') and fe C.(EY), define

wE) - f:E'— Cby
(&) - f)e) =E&(q(e)) f(s(e)).

Then w(§) - f € C.(EY, by Corollary 3.9.

We must show that we can extend p to get a correspondence homomorphism (i, v) :
Y — M4(X), and we will accomplish this by:
. extending to a correspondence homomorphism into M (X); and then
° showing that it actually takes values in M 4 (X).

We first need to know that for & € C..(F!) the map

fr>n@) - f:C(E®) — Ce(EY)

extends to an adjointable map A — X, i.e. an element of M (X). For technical purposes,
we need the following.
Claim. If €, n € C.(F') and v € EO, then

& M) =Y &@qe)Nng(e).

s(e)=v

To see this, just observe that for every v’ € F°, no matter which element v € ¢~ (v') we
choose, the set of values

{&(g(e)n(g(e) :s(e) =v}
coincides with the set of values
{EHm(e) :s(e) ="}
because G acts freely and the source map s : E! — EY is G-equivariant, and we have

proved the claim.
We use this to show that the linear map

[ @) - f:C(E”) — X
is bounded, and hence extends uniquely to a bounded linear map
nE): A— X.

For v € EY, we have

(@) - f m@E) - )= Y @) gEe)PIf )

s(e)=v
= (£, £)(q()] fW)?
< IEIPIFI2,
SO

(&) - FIT<NENNLI, “4)

verifying the boundedness.
We need to show that the linear map u(£) : A — X is adjointable. For n € C.(E"),
define u(&)* - n: EY - Cby

(W@&* M) = Y E@glennle),

s(e)=v
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where the sum is finite by Corollary 3.9. An argument similar to the proof of [Kat04,
Lemma 1.5] shows that u(§)* - n € C.(EY). We have

(w@&* Mm@ < Y [E@Eenl Y Il

s(e)=v s(e)=v

= (&, &)(q())(n, M) (v)
< IEI* 1m0,

SO

)™ - nll < NENImIl-

Thus the map

N> w0 Ce(E") — C(E)
extends uniquely to a bounded linear map

n@E*: X - A
For f € C.(E%), ne C.(EY and v € E°, we have
(n@) - fimw) = Z §(q(e)) f(v)n(e)
s(e)=v
= F@@E* - M),

o)

(@) - fim)=(f, p@&* - n),
and it follows by continuity that «(§)* : X — A is an adjoint of p(&). Therefore, u(§) €
M(X).

We now have a linear map p : C.(F') — M(X), and then the estimate (4) shows  is
bounded, hence extends uniquely to a bounded linear map @ : ¥ — M (X). We can now
show that the pair (i, v) is a Toeplitz representation. First, we show that for £, n € Y, we
have

(1 (&), n(m) =v(&, n),

and by continuity the following computation is sufficient: for &, n € C.(F') and f €
CC(EO) and v € E°, we have

(@), pm) H) = (w@E* - pnm - )
> E@qEe) (O - fHle)

s(e)=v

> Eqlenn(g(e)) f(s(e))

s(e)=v

= (&, 1 (@) f(v)
= W&, ) Hw).

We next show that for f € B and £ € Y we have

u(f - &) =v(f) - u@),
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and, again by continuity, the following computation suffices: for f € C.(F?), £ € C.(F"),
he CC(EO) and e € E' we have

(n(f - &) -h)e) = (f -5)(g(e)h(s(e)
= [(r(q(e))&(q(e)h(s(e))
= flg(r(e))(u@) - h)(e)
=v(NHre)(ui) - h)(e)
= (f) - (u@)-m)(e)
= (w(f) - u®) - h)(e).

We thus have a homomorphism (i, v) from the B-correspondence Y to the M(A)-
correspondence M (X), and it remains to show that for £ € Y we actually have p(§)
M4 (X),ie. for f € A, we have

fu@E)eX

(because w(&) - f € X automatically since (&) is a module multiplier). By continuity, it
suffices to show that if £ € C.(F') and f € C.(E®), then

£ m®) e CAED.
For h € CC(EO) and e € E', we have
((f - (&) -h)(e) = (f - (&) - h))(e)

= f(r(e)(u(&) - h)(e)
= f(r(e)é(g(e))h(s(e)),

so the multiplier f - (&) of X coincides with the element of C.(E") given by
et> f(r(e)é(q(e))

(which has compact support by Corollary 3.9).
Step 2. By Corollary A.14, the Toeplitz representation

(kx, ka): X — C*(E)
extends to a Toeplitz representation
(kx, ka) : Ma(X) = Ma(C*(E))

because k4 is non-degenerate.
Now define (7, 7) : Y — M4 (C*(E)) to make diagram (3) commute, i.e.

T:=kyopu and 7w:=kpov.

Then (7, ) is a Toeplitz representation, being the composition of the correspondence
homomorphism (x, v) and the Toeplitz representation (kx, ka).

Step 3. The Cuntz—Pimsner covariance of (t, =) will follow from an analogous property
of the correspondence homomorphism (w, v). Our strategy is illustrated by the
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following diagram.

’

Byg Ma(Arg)
Ny B
OB.1g MA(C*(E)) VA 4)
N
K(Y) M4 (K(X))

u®

This requires explanation. We define By, = Co(Fr%), and we let ¢p; denote the
restriction to the ideal By of the natural homomorphism ¢p : B — £(Y) implementing
the left module multiplication, and similarly for A;; and @A, and also similarly
for the restrictions 7y, of 7w : B — Ma(C*(E)) and kp e of kgt A— C*(E). The
bars in the right-hand triangle of (5) denote the unique A-strictly continuous
extensions guaranteed by Lemma A.5 and Corollary A.7. For the bottom arrow,
note that the correspondence homomorphism p:Y — M4(X) naturally induces a
homomorphism ) : IC(Y) — (M4 (X)), and, by Remark A.10, we have (M4 (X)) C
M4 (K(X)).

The part of (5) requiring the most explanation is vr’g. We have defined a homomorphism
v: B — M(A), and we denote the restriction to Bz by

Vig @ Brg = M(A).

For the purposes of the rest of (5), what we need is to have a homomorphism into M4 (Ayg).

The problem is that M4(Ag) does not embed naturally in M(A). However, we will
show that vy actually maps into the C*-subalgebra

My Ay (A):={f e M(A): fAC A}

of M(A). Since every f € My a,(A) vanishes on EO\E?g, the restriction map f +—
f |E2, gives an embedding of this subalgebra into M4 (A), and we define v/, so that

rg
the diagram

Vrg

Brg MA,Arg (4)

Ma(Arg)

commutes.

The desired Cuntz—Pimsner covariance of (t, 7) follows from commutativity of the left
triangle of (5) (see Remark 2.1), which we will deduce from that of the outer square and
the other three triangles.
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The top triangle. The top triangle of (5) coincides with the lower left triangle of the
diagram,

Vrg

M, (A)

(6)

M4 (C*(E))

in which k4| denotes the restriction of k4 : M(A) — M4(C*(E)) to the subalgebra
My, Arg(A). Once we have verified that v, maps Byg into My, Arg(A), it will suffice to
observe that all the other triangles in (6) commute: the top triangle of (6) commutes by
definition of vr/g, the outer triangle commutes by definition of g, and the lower-right
triangle commutes by a routine check of the definitions.

We must show that if f € Co(Fr%) and g € Co(EO), then

v(f)g = (f0q)g € Co(Ey).

We have v(f)g € Co(E?), since v(f) is bounded and g € Co(E®). We must show that

v(f)g=0on EO\E?g; equivalently, if v(f)g is non-zero at an element v € E°, then we
must have v € Efy. So, we must show that v is in the image of the range map 7 : E' — E°,
and that there is a neighborhood U of v such that 7~!(U) is compact, i.e. v € Egn.

By Lemma 3.3, we may assume that E! = 7*(E?), i.e. that the diagram
EO L El
"l lq
FO<——F!

coincides with a pull-back.

E() # El _ I’*(EO)
T
FO - F!

Since v(f)(v) #0 and f € Co(Fr%), we have g(v) € Fr%. Thus we can choose e € F!
such that r(e) = g(v). Then (e, v) € E' =r*(E®) and v = my (e, v), showing that v is in
the image of the range map on E!.

To see that v e Egn, start with a compact neighborhood U of v in E°, and put
V = q(U), which is a compact neighborhood of ¢(v) in FO. Shrink U if necessary so
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that W :=r~1(V) is compact in F'. We will show that 7'[2_1(U) is compact. Suppose
ma(e,u) e U,i.e.u € U andr(e) = g(u). Then e € W. Thus

(e, u) € (W x U) Nr*(EY),

which is compact. We have verified the inclusion
1)rg(Brg) - MA,Arg (A).

The right triangle. Cuntz—Pimsner covariance of the canonical homomorphism (kyx, k4)
is expressed by the commutative diagram,

Arg

y

C*(E) $A.rg

kg(\

K(X)

and it follows from A-strict continuity that the right triangle of (5) commutes.
The bottom triangle. For &, n € Y, we have

KD ) = kP @)
= kx (u(&)kx (u(n))* (by Corollary A.14)
= r(E)T(ﬂ)*
=t ).

The outer square. 'We need to show that if f € Co(Fr%), then

Pargovg(f)=n ogp(f).

As in the commutative diagram (6), we can show

Parg 0 Vi (f) =Pl 0 vig(f) = @a(w(f)).

Also, ¢ 15(f) = ¢p(f). Thus we must show
Pa () =u(@p(f).

Since f or € Co(F'), we can approximate f o r uniformly by a function & € C.(F),

and, by [Kat04, Lemmas 1.15 and 1.16], there are &;, n; € CC(FI) fori=1,...,nsuch
that:
o  h=)1&75

° JTF(h) = er '951',771'; and
. for each i we have &;(e)n;(¢/) =0 for all e # ¢’ in F! with s(e) = s(¢’).

https://doi.org/10.1017/5014338571100040X Published online by Cambridge University Press


https://doi.org/10.1017/S014338571100040X

1550 V. Deaconu et al

For¢ € C.(E'Yand e € E', we have
1V g )0 @) = (LEIRM)*E) ()
= & (q()(n(m)*T)(s(e))

=&(qe) Y milg))¢e)
s(e)=s(e)

=&qe) Y. migE)Nie)
s(q(e'))=s(q(e))

= &i(q(e)ni(g(e))¢(e).
Thus

D rr)e)e) =) &(qe)ni(g@)i(e)
1
= h(g(e))¢(e).

By our choice of &, we have
W(f)-e) = v(f)Hr(e)i(e)
= foq(r(e)i(e)
= for(g(e)i(e)
~ h(q(e))¢(e).
Let K := supp ¢. The above approximation is uniform over ¢ in the subspace
Ck(E") := (5 € Cco(EY) supp§ C K},
s0, by the elementary Lemma 5.7, below we have
v(f)- ¢~ pV@ph)e inX.
Now, by definition, we have
v(f) - ¢ =oaw(f)E,
So we get
a0 (N~ u V().
Since f or ~ h, we have ¢pp(f) ~ np(h), so
wPep(MNe > uD@rin)s
~pa((f))g.
Thus || (@r () —@a(w(f))¢| is arbitrarily small, so we must have
nVes (N =pa0 ()L

Since ¢ was an arbitrary element of C.(E 1), which is dense in X, we have shown that the
outer square commutes.
In the above argument, we used the following lemma.

LEMMA 5.7. Forany compact subset K C E', on the subspace Cg (E') of X, the Hilbert-
module norm from X is equivalent to the uniform norm.

Proof. The uniform norm on Cg (E 1Y is of course smaller than the Hilbert-module norm
from X. On the other hand, by Corollary 3.9(2), we can let d be an upper bound for the
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cardinalities of the intersections K N s~ (v) for v € E°. Then, for anyv e E 0 we have

> g <dl£l

s(e)=v
where || - ||, denotes the uniform norm. O

It now follows that the left triangle of (5) commutes, and hence that the Toeplitz
representation (z, ) : ¥ — M(C*(E)) is Cuntz—Pimsner covariant.

Step 4. Toseethatt x w : C*(F) — M(C*(E)) is injective, we apply the gauge-invariant
uniqueness theorem [Kat04, Theorem 4.5]. For this we need to show that:
(1) =m:B— M(C*(E)) is injective; and
(2) forall z € T there is an automorphism o, of (t x 7)(C*(F)) such that o,(t(£)) =
zz(§) for § € Co(F') and o (7 (f)) = 7 (f) for f € Co(F).

For (1), just note that both v: B — M(A) and ks : M(A) — M(C*(E)) are injective
(the latter because k4 : A — C*(E) is), and hence so is k4 o v.

For (2), we extend the gauge automorphism y, of C*(E) to an automorphism 3, of the
multiplier algebra M (C*(E)), and note that by strict and A-strict continuity we have:
° EoE:zHonMA(X);and
o V.oks=kyonM(A).

Step 5. Finally, we need to show that the image (t x 7)(C*(F)) coincides with the
generalized fixed-point algebra of C*(E) under the action & of G. We have an action 8 of
G on Co(E"), corresponding to the free and proper action on E, and a G-equivariant non-
degenerate homomorphism k4 : A = Co(E®) — C*(E) C M(C*(E)), so we can form the
generalized fixed-point algebra

C*(E)* =Fix(C*(E), a, ka),
and we will show that it coincides with (t x 7)(C*(F)). We begin with the inclusion
Fix(C*(E), &, ka) C (v x m)(C*(F)),

which will occupy us for some time.

Forn e N={0, 1,2, ...}, let E" denote the space of paths in E of length n (with the
relative product topology). Then, by [Kat04], E" is naturally a topological graph with
vertex space E°, and the associated A-correspondence H(E™) is isomorphic to the n-fold
balanced tensor product

X®a---QaX,

which we denote simply by X". We let k% : X" — C*(E) be the representation
corresponding to the n-fold tensor power of kx. Then

C*(E) =spanf{k’y (C.(E")k'y (Cc(E™))* :n, m € N}.

Our hypotheses on E, namely that G acts freely and properly, carry over to E". We
use the same notational conventions as for the quotient graph F = E/G, and we write
"= @ o M.

Now let f, h € C.(E®) and a € C*(E). We must show that

(ka(flaka(h)) € (r x m)(C*(F)).
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We may assume that
a = ky(&)ky ()7,
where £ € C.(E™) and n € C.(E™). By the elementary Lemma 5.8 below (applied to the
topological graph E™), we can find compact subsets M C F™ and L C E? such that
ka(fla = ky(f - &)kym*
€ span Ky (W(CL(F™) - Cu(E")KY ()*
= span K (W(CL(F™)))ka(Cy (E°)KY (n)*
= Span Ky ((CL(F™)K¥ (n - Cu(E”)*.
Again by Lemma 5.8, we can find compact subsets N € F™ and M’ C E° such that
span Ky (W(CL(F™)))Ky (n - Cu(E%))*
C span K (u(CL(F™)Ky (Carr (E®) - u(Cy (F™)))*
C span K (u(CL(F™)))Ky (W(Cy (F™))*ka(Car (E?)).

Thus there exists

b € span Ky (u(CL(F™)k (u(Cn (F™)))*ka (Cur(E%)
such that k4 (f)a =~ b.
Claim. There exists i’ € C.(E) such that ks (k)b = b. For, applying Lemma 5.8 again,
we can find compact subsets N’ C F™ and M” c E° such that
b € span k'y (u(Cr(F™)k' (u(Cn(F™))) ka (Cur(E%)
C 5pan Ky (W(CL(FO))KE (1t (Cnr(F™)) - Cyr (E%))*
C 5pan Ky (W(CL(F))ka(Cprr (E?)KY (w(C i (F™)))*
C 5pan Ky (W(CL(F®)) - Capr (EX)KR (u(Crr (F™))*,

so the claim follows by applying Lemma 5.8(2)(b).
We can modify /' if necessary so that also ' f = f, and then we have

D (ka(faka(h)) = Dka(hka(faka(h))
~ @ (ka(h')bka(h))
= ®(bka(h))
€ span Ky (W(Ce(F™))Kg (W(Ce(F™)))*® (ka (h))
([KQRO8, Lemma 2.1])
= " (Cc(F™)T™ (Ce(F™)* @ (ka(C(E®)))
C (r x m)(C*(F))
because T (C.(F™)t™ (C.(F™))* € (t x w)(C*(F)) and
® 0 ka(Cc(E®) = ky 0 ®P(C(EY))
C ka0 v(Cc(F%)
= n(Ce(F%)
C (t x 7)(C*(F)).
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The above argument used the following elementary lemma, which we state in slightly
greater generality than we need, since the lemma might be useful elsewhere. The lemma
generalizes [KQR11, Lemma 4.14], and the basic idea comes from discussions with Astrid
an Huef and Iain Raeburn.

LEMMA 5.8.
(1) For every compact subset K C E', there exist compact subsets L C F' and M C E°
such that, in the norm of X,

Cx (E")y cspan(u(Cr(F") - Cyu(E®)) Nspan(Cy (E®) - u(CrL(FY)).

(2)  For all compact subsets L C Fland M c E°,
(a)  there exists a compact subset K C E' such that

span(u(Cr(F1)) - Cpu(E®) U pan(Cy (E®) - n(CL(FY)) € Cx (EY);

and
(b) there exists h € C.(E®) such that
hoE=g-h=¢
forall

£ espan(u(CL(F")) - Cp(E%)) Uspan(Cy (E®) - n(CL(F"))).

Proof. (1) By Theorem 3.4, we may assume that E! = s*(E?). Let 6 : s*(E?) — r*(E?)
be the isomorphism of Theorem 3.4. Choose compact subsets L C F' and M c E°
containing open subsets U C F! and V C EY, respectively, such that

KUOK)CUx V.
Let £ € Cx(EY). Then there is &’ € C.(F! x E°) such that
5 =$/|s*(EO)

because s*(E®) is a closed subset of F! x EY and & has compact support. Then there are
finitely many n; € Cr(F"), f; € Cy(E®) such that

s’~Z<m ® f1),

where (7; ® fi)(e, v) = n;(e) fi (v) for (e, v) € F! x E°, and where the approximation is
in the uniform norm. Thus

E~ ) 01 ® flyeny = D 1(n) - fi

where now the approximation is in the norm of X, which is justified by Lemma 5.7. This
shows the inclusion in the first set.

For the inclusion in the second set, the argument is similar, but requires the interference
of 0: since & 0 07! € Cy(x)(r*(E)), there is &’ € C.(F' x E®) such that

£007 = &), p),

and then, as above, we can approximate

s’~Z<ni ® fi)
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with n; € CL(FY), fi € Cp(E®), so that
Eo0™' ~ Y (i ® fi)l(0)s
i

and hence

EXY i@ f)ol=) fi-um).
i i
(2) For (a), it follows from the constructions that we can take
K=Lx MU @O *xM))),

where L x M = (L x M) N s*(E®). Then (b) follows from (a) by taking 7 with 2 =1 on
the compact set r(K) U s(K). O

We have shown that Fix(C*(E), a, k4) C (t x 7)(C*(F)), and we turn to the opposite
inclusion. We need the following easy lemma.

LEMMA 5.9. Forall f € C.(F°), there exists h € C.(E®) such that v(f) = ®” (h).

Proof. Put M = supp f, a compact subset of FC. Since the quotient map ¢ : E® — F%isa
continuous open surjection, it is a standard fact that there exists a compact set K C E° such
that ¢(K) = M. Choose h; € C.(E®) such that i1 (v) # 0 forall v € K. Then ®#(h1) #0
on q‘l (M), and there is a unique hj € C.(F%) such that ®? (h;) = v(hy). Then h» # 0 on
M., so there exists k3 € C.(FY) such that

h3=i on M.
hy

Then f = hshs, so

v(f) = v(h2)v(h3)
= ®F (h1)v(h3)
= o (hyv(h3)),

so we can take h = hiv(h3). O

To finish the proof of Theorem 5.6, it suffices to show that t(§) and m(f) are in
Fix(C*(E), a, ka) for all £ € C.(F') and fe CC(FO). For &, choose h € CC(FO) such
that £ =& - h. By Lemma 5.9, we can choose h; € CC(EO) such that v(h) = ®F (h).
We have

T(€) =1 h)
=& (h)
= 1(E)ka(w(h))
= 7(E)ka(®F (hy))
= 1(&)P(ka(h1))
= ®(r(§)ka(h1))
= ® (kx (1(€)ka(h1))
= ®(kx (n(€) - h1)).
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Now, by Corollary 3.9, we have w(§) - h; € C.(E"), so we can choose hy € C.(E) such
that

w&) -hy=hy-ué)-hy,

and then we can factor hy = h3hg with hs, hy € CC(EO). Then

(&) = ®(kx(h3hg - (§) - hy))
= ®(ka(h3)kx (ha - n(€)ka(hy)).

Since hq - n(§) € C.(EH (again by Corollary 3.9), we have

kx (hs - n(§)) € C*(E),

and therefore 7(§) € Fix(C*(E), «, k).

Our strategy for f € C.(FY) is similar, but things are somewhat easier this time: factor
f = fhy with hy € C.(F°), then choose hy € C.(E®) such that v(h) = ®#(h,), then
factor hy = h3hahs with h; € C.(E®). We have

n(f) =n(fh1)
= (f)m(hy)
= 7 (f)ka(v(hy))
= 7 (f)ka(®’ (h2))
= (f)®(ka(h3hahs))
= O (n(f)ka(hzhahs))
= ®(ka(v(f)ka(h3hshs))
= O (ka(h3)ka(fha)ka(hs)),

which is in Fix(C*(E), «, k4) because ks (fhy4) € C*(E). O

Let E be a topological graph and let ¢ : E! — G be a continuous map. Recall that G
acts freely and properly on G x. E. Since (G x. E)/G = E, we have the following result
by Theorem 5.6.

COROLLARY 5.10. The C*-algebras C*(E x. G) X, G and C*(E) are strongly Morita
equivalent. In particular, for a finitely generated locally compact group G with generators
S=1{hy, hy, ..., hy} and Cayley graph E(G, S), we get that C*(E(G, S)) X, G is
strongly Morita equivalent to the Cuntz algebra O,,.

Remark 5.11. If G is abelian, there is an action «¢ of GonC *(E) such that
(@} §)(e) = (x, c(e))é(e)
foré e C.(E') and x € G. Then
C*(E) e G = C*(E %, G).

For G non-abelian, we need to use the notion of coaction. This will be investigated
in [KQR11].
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A. Appendix. Multipliers of correspondences

In §5, we make extensive use of the multiplier bimodules of [EKQRO06, Ch. 1]. The
bimodules in [EKQRO06] were called right-Hilbert A — B bimodules, which are also
commonly referred to as A — B correspondences, where A and B are C*-algebras. In
most of this paper, we are interested in correspondences over a single C*-algebra, but
occasionally we need the added generality of allowing A and B to be possibly different.
Warning: there is a non-degeneracy issue; in the literature, A — B correspondences are
often (usually?) allowed to be degenerate, in the sense that the closed span of A - X
might be smaller than X, but in [EKQRO6], the right-Hilbert bimodules are required to
be non-degenerate. This will cause no problem here, though, because the correspondences
associated to topological graphs are all non-degenerate, so the results of [EKQRO06] may
be applied freely.

To emphasize, throughout this appendix we will assume that all our correspondences
are non-degenerate.

A and B are the coefficient algebras of the correspondence X, and we will sometimes
denote the correspondence by 4 X p to indicate what the coefficient algebras are. Note that
a Hilbert B-module is also a C — B correspondence.

We recall briefly the theory of multiplier bimodules; see [EKQRO06, Ch. 1] for more
details. A multiplier of 4 X p is, by definition, an adjointable map from B to X, and M (X)
denotes the set of all multipliers of X. Thus, by definition, we have M (X) = L(B, X).
Note that the definition of M (X) does not involve the left A-module structure at all;
it is, in essence, a Hilbert B-module concept. However, M(X) is an L£(X) — M(B)
correspondence, hence an M (A) — M (B) correspondence because of our assumption that
X is non-degenerate as a left A-module. The restriction of the right M (B)-module action
to B is just the evaluation of adjointable maps; i.e. if m € M(X) and b € B, then we write
m - b to mean the value of the adjointable map m : B — X at the element b of its domain.
There is an embedding of X in M (X) such that the adjointable map associated to & € X is

b—&-b forbeB.
M (X) has both an £(X)-valued inner product
cx)(m, n) =mn* form,ne M(X)
and an M (B)-valued inner product
(m, n)pp) = (m, n) =m*n.
If either m or n lies in X, then
cooim,n)y e K(X) and (m,n)eB

because, more generally, composing an adjointable operator on either side with a compact
operator gives a compact operator. The restriction of the left inner product £x)(-, -) to X
gives the rank-one operators

coo &) =o€ n) =0,

and the restriction of the right inner product to X is the given one. The left and right
module actions of multipliers of the coefficient algebras A and B, respectively, on an
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element m € M (X) are as follows: if n € M (A), then n - m is the element of M (X) defined
by
n-m)-b=n-(m-b) forbeB,

and if n € M(B), then m - n is defined by
(m-n)-b=m-(b) forbe B.
Of course, if n € B, thenm -n € X.
The strict topology on M (X) is generated by the seminorms
m— ||T-m|| and m ||m-b|| forT € K(X),b e B.

The operations on the M(A) — M(B) correspondence M (X) are separately strictly
continuous, and M (X) is the strict completion of X.

Given another correspondence cYp and homomorphisms 7 : A — M(C) and 6 :
B — M(D), a linear map ¢ : X — M(Y) is a w — 68 compatible correspondence
homomorphism if the two conditions

W @&, vymmwo) =0(&, n)B):
Via-§) =m(a)- ¥(&)
hold. Note that y» will automatically satisfy

Y -b) =y (E)0D).

m and 6 are the coefficient homomorphisms of i, and sometimes we write 1y for the
correspondence homomorphism to indicate what the coefficient homomorphisms are.
A correspondence homomorphism 5 g is non-degenerate if = and 6 are non-degenerate
and
span{y (X) - D} =Y,

in which case ;¥ extends uniquely to a strictly continuous homomorphism

ﬁ%@ A MX) iy = moyMY ).

(In fact, as for C*-algebras, the extension is unique as just a correspondence
homomorphism, and is automatically strictly continuous, although we will not need this
fact) If A= B, C = D and w = 6, we will write

W, 1) =2V,

and if, in addition, ¥ = C is a correspondence over itself in the canonical way, and if both
Y and 7 map into C (and not just M (C)), then (¢, ) reduces to the familiar concept of a
Toeplitz representation of the A-correspondence X into C.

If

Vo :aXp— M(cYp)
is a non-degenerate homomorphism, then there is a unique non-degenerate homomorphism
v - M) = LX)

such that
vV @) = @v* forg, neX,
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and then, as usual, by non-degeneracy, ¥ 1) extends uniquely to a homomorphism
Yy LX) — LY).

Note that even if (v, ) is degenerate, there is still a homomorphism v (X)) -
K(M(Y)) C M(K(Y)), but then there may not be an extension ¥(D to £(X) (although
we will define a partial extension, under additional hypotheses, in Corollary A.14).

C-multipliers. Unfortunately, we must deal with possibly degenerate homomorphisms of
correspondences, and for this reason we have been led to develop a generalization of the
‘C-multipliers’ of [EKQRO06, §1.4].

Example A.1. We can see why degeneracy is an issue for us already in the case of (discrete)
directed graphs: let E be the directed graph with a single non-loop edge, i.e.

e
ue <—— ev.

We have:

° C*(E) = M>;

° X=HE)=C- X
o kx(Xie)=(§g):and
. kX(X)C*(E)z(S 6)

So, the canonical Toeplitz representation (kx, k4) is degenerate (where A = C?).

Remark A.2. Of course, there are situations in which degeneracy is not an issue; for
example, if the correspondence X is actually an imprimitivity bimodule (so that 94 : A —
K(X) is an isomorphism), then every Cuntz—Pimsner covariant Toeplitz representation
(Y, ) of X to a C*-algebra B for which 7 is non-degenerate is automatically
non-degenerate as a correspondence homomorphism, i.e. ¥ (X)B = B, by [KQR97,
Lemma 5.1]. Note also that whenever E is a topological graph with s and r both surjective
and r proper, then ky : X — C*(E) will be non-degenerate, hence will extend uniquely to
the multiplier bimodule M (X).

The following is similar to that in [EKQRO06]. To prepare for the general framework
introduced below, we begin with some prefatory comments. First, to establish context, we
recall that the ‘C-multipliers’ in [EKQRO06] involved tensor products: if A and C are C*-
algebras, then [EKQRO6] defined M¢ (A ® C) to be all multipliers of A ® C that multiply
1 ® C into A ® C. Here we need a generalization to situations where there are no tensor
products.

Definition A.3. Letk : C — M (A) be a non-degenerate homomorphism.
(1) A C-multiplier of A is a multiplier m € M (A) such that

k(CymUmk(C) C A,

and M (A) denotes the set of all C-multipliers of A.
(2) The C-strict topology on M¢(A) is generated by the seminorms

m ||k(c)m| and m+— ||mk(c)| forceC.
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Often C will be a non-degenerate C*-subalgebra of M(A) and « will be the inclusion
map.
The following lemma generalizes [EKQRO6, Proposition A.5].

LEMMA A 4.
(1)  The C-strict topology on Mc(A) is stronger than the relative strict topology from
M(A).

2) Mc(A) is a C*-subalgebra of M(A), and multiplication and involution are
separately C-strictly continuous on M¢ (A).

(3) Mc(A) is the C-strict completion of A.

@) Mc(A)is an M(C)-subbimodule of M (A).

Proof. (1) Let m; — 0 C-strictly in Mc(A). We must show that if a € A, then |lam; ||
and ||m;a| both tend to 0. By the Hewitt—Cohen factorization theorem (for example, see
[RW98, Proposition 2.33]), we can factor a = a’« (c¢) for some a’ € A and ¢ € C, and then

llam; || = lla'k (c)m;|l < lla' |l (c)m;]| — O,

and similarly for m;a.

(2) It follows straight from the definitions that M¢(A) is a C*-subalgebra. Let m; — 0
C-strictly in Mc(A), and letn € M (A). We must show that m;n — 0 C-strictly in M¢c(A),
and it will follow similarly that nm; — 0 C-strictly. For ¢ € C, we have

Ik (c)min|| < [k (c)m;|/l|ln]| — O

because m; — 0 C-strictly, and
lmink ()| — 0

because nk (c) € A and m; — 0 strictly by (1).

It is even easier to verify that m} — 0 C-strictly.

(3) We first show that A is C-strictly dense in Mc(A). Letm € Mc(A), and let {e;} be
an approximate identity for C. We will show that « (e;)m — m C-strictly. For c € C, we
have

ll« () (k(ei)m —m)|| = ||k (ce; —¢) -m| < |lce; — c|lm] — O,

and
|« (ei)m — m)k (o) || = ||k (ei)mi(c) —mK(c)|| — 0

because « (¢;) — O strictly in M (A).

Now we verify the C-strict completeness. Let {m;} be a C-strictly Cauchy net in
Mc (A). Then it is also strictly Cauchy, so converges strictly to some m € M (A) by strict
completeness. We will show thatm € M¢(A) and m; — m C-strictly. Lete > Oandc € C.
Choose ig such that

lx(c)(m; —mj)|| <e foralli, j>ip.

Then, for all a € A with ||a|| < 1, we have ||(m; — m)a|| — 0, so, for all i > i, we have

Ik (c)(m; —m)all =1i]r_n ik (c)(mi —m j)all <limsup ||k (c)(m; —m )| <e,
J
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and hence ||k (c)(m; — m)|| < e. It follows that ||k (c)(m; — m)| — 0. Since «(c)m; € A
for all i, we have «(c)m € A. Similarly, ||(m; — m)x(c)|| — 0 and mk(c) € A. Thus
m € Mc(A), and the above arguments then show that m; — m C-strictly.

(4) We have
KM(CY)YMc(A)k(C)Ck(M(C)AC A
and
K (CYe(M(C))Mc(A) Ck(C)Mc(A) C A,
sok(M(C))Mc(A) C Mc(A), and similarly for Mc (A)x (M (C)). O

The whole point of C-multipliers is to extend degenerate homomorphisms. The
following generalizes [EKQRO06, Proposition A.6].

LEMMA A.5. Let «k:C—> M(A), o0:D—> M(B), m:A—> Mp(B), and \:C —
M (o (D)) be homomorphisms, with k, o, and A non-degenerate, such that

w(k(c)a) =A(c)m(a) forceC,acA.

Then m extends uniquely to a C-strict to D-strictly continuous homomorphism T :
Mc(A) - Mp(B).
Moreover, forn € M(C) and m € Mc(A), we have

T(K()m) = A(m)T(m) and T(mk@n)) =7T(M)A(n).

Note that, in the above lemma, M (o (D)) is identified with the idealizer of o (D) in
M(B) (and this is valid since o is non-degenerate), and 2 and & denote the canonical
extensions to the multiplier algebras (which exist by non-degeneracy).

Proof. We first show that 7 is C-strict to D-strictly continuous. Let m; — 0 C-strictly
in A, and let d € D. By the Hewitt—Cohen factorization theorem, we can factor o (d) =
o (d")A(c) for some d’ € D and ¢ € C, and then

lo (@ m)ll = llo@)r(e)m(m)
= llo (@) (m)]
< lld"lllix (cym; |l

— 0,

and similarly for 7 (m;)o (d).

Thus, by completeness, there is a unique C-strict to D-strictly continuous linear
extension 7 : Mc(A) — Mp(B). Since the algebraic operations on M¢c(A) and Mp(B)
are separately continuous for the C-strict and D-strict topologies, respectively, 7 is a *-
homomorphism.

The other part follows from continuity and density. a

Remark A.6. (1) In fact, the above extension 7 is unique as a homomorphism, but we will
not need this.

(2) The above lemma could be the starting point for an investigation of what one might
call ‘decorated C*-algebras’ (where A is ‘decorated’ by C and B is ‘decorated’ by D).
However, we will not pursue this any further here.

https://doi.org/10.1017/5014338571100040X Published online by Cambridge University Press


https://doi.org/10.1017/S014338571100040X

Group actions on topological graphs 1561

One of our applications of the above result is described by the following special case,
in which we will actually need  to take values in B itself.

COROLLARY A.7. Let I be an ideal of A, and let m : A — B be a non-degenerate
homomorphism. Then the restriction w; of w to I extends uniquely to an A-strictly
continuous homomorphism 7wy : Ms(I) — M4 (B).

Proof. Apply Lemma A.5, with A, I playing the role of C, A, with the canonical
homomorphism p : A — M(I) playing the role of x, with D =A and 0 =X =, and
with 77 playing the role of 7. Since

mi(I) C B C My(B),

the hypotheses of the lemma are satisfied. O

C-multiplier bimodules. The preceding subsection was really only a prelude to the
current one, where we generalize the C-multiplier bimodules of [EKQRO06, §1.4] for
tensor products.

In addition to the preceding non-degenerate homomorphism « : C — M(A), suppose
that we also have a non-degenerate A-correspondence X, and let ¢4 : A — L(X) be the
associated homomorphism. Then we can compose to get a non-degenerate homomorphism

paok:C— L(X),

where @4 denotes the canonical extension of ¢4 : A — L(X) to M(A), so X becomes
a non-degenerate C — A correspondence. Similarly on the right, so X becomes a non-
degenerate C-bimodule (but not a correspondence because the A-valued inner product
cannot be turned into a C-valued one). Since M(X) is an M (A)-correspondence, by
composing with ¥, we get an M (C)-bimodule structure on M (X) (but again, not a
correspondence).

Definition A.8. Let X be a non-degenerate A-correspondence, and let k : C — M (A) be a
non-degenerate homomorphism.
(1) A C-multiplier of X is a multiplier m € M (X) such that

k(C)-mUm-k(C)C X,
and M¢(X) denotes the set of all C-multipliers of X.
(2) The C-strict topology on M (X) is generated by the seminorms
m|k(c)-m| and mr |m-k(c)|] forceC.

The C-multiplier algebra M¢(A) from the preceding subsection is the special case of
Mc(X), where X = A is regarded as an A-correspondence in the usual way.
The following lemma generalizes [EKQRO06, Lemma 1.40].

LEMMA A.9.

(1)  The C-strict topology is stronger than the relative strict topology on Mc(X).

2) Mc(X) is an Mc(A)-correspondence with respect to the restrictions of the
operations of the M (A)-correspondence M (X), and the operations are separately
C-strictly continuous.
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(3) KMc(X)) C Mc(K(X)).
4) Mc(X) is the C-strict completion of X.
6) Mc(X)isan M(C)-subbimodule of M (X).
Proof. Many of the arguments are quite similar to those in the proof of Lemma A.4.

(1) If m; — 0 C-strictly in M¢(X), we must show that if T € IC(X) and a € A, then
both ||Tm;|| and ||m; - al| tend to 0, and the argument is similar to Lemma A.4.

2)Ifne Mc(A) and m € Mc(X), then n - m is in M (X) because M (X) is an M(A)-
correspondence; we must show that it is in M¢(X). For ¢ € C, note that «(c)n € A, so,
because k : C — M (A) is non-degenerate, we can factor « (c)n = ax(c’) with a € A and
¢’ € C, and then we have

k() -(m-m)=k)n) -m= (k) - m=a- k() -m)eX

because «(c’) -m € X.
On the other hand, we have

n-m)-k(c)y=n-m-k()eX

because m - k(c) € X and n € M(A).
The M (A)-valued inner product on M (X) restricts to one on M¢(X); we must show
that for m, n € M¢(X) the inner product (m, n) is in Mc(A). For ¢ € C, we have

(m,n)k(c)=(m,n-k(c)) € A

because n - k(c) € X and (M(X), X) C A, and similarly «(c){m, n) € A.
The separate continuity is similar to Lemma A.4. For example, if m; — 0 C-strictly in
Mc(X),n e Mc(X), and ¢ € C, then

[{mi, n)ic ()| = [l{mi, n - k(c))I| =0

because n - k(c) € X, m; — 0 strictly, by (1), and the operations in M (X) are separately
strictly continuous, and

(mi -k (c™), n)|| -0

e (c)(mi, n)|| = |

because ||m; - k(c*)|| = O.
(3) Here the only issue is keeping straight where everything is: we have

Mc(X) C M(X) = L(A, X),

and, for m, n € Mc(X), the rank-one operator 6, , = mn™* is therefore an element of
L(X)=M(K(X)). We need to know that mn™ is a C-multiplier of IC(X). Recall that
Aok :C— L(X)=M((X)) is a non-degenerate homomorphism, and so

Mc(K(X)) ={m € M(K(X)) = LX) : m(@a 0 k)(C) U (@a o k)(C)m C K(X)}.
So, take ¢ € C. Since m € M¢(X), we have
(@aok)c)me X =K(A, X),

SO
(@4 o k) (c)mn™ € K(X).
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Similarly, (¢4 o k)(c*)n € K(X, A), so n*(ga o k)(c) € K(A, X), and hence
mn* (@4 o k)(c) € K(X).

Thus we have shown that mn™ € M (K(X)).
(4) and (5) are similar to Lemma A.4. For example,

(KM(C)) - Mc (X)) -k(C) Ck(M(C))- X CX
because C acts non-degenerately on X, and
k(C) - (kK(M(C)) - Mc(X)) Ck(C)-Mc(X) CX. O
Remark A.10. It will be useful to explicitly note the following special case of (3) above:
taking C = A and k =id4, we get
K(Ma (X)) C Ma(K(X)).

Note that
May(X)={me M(X):pa(a)ym € X foralla € A},

so that, unlike M (X), the set M 4(X) depends upon the left module map ¢ 4.
The following generalizes [EKQRO06, Proposition 1.42].

PROPOSITION A.11. Let X and Y be non-degenerate correspondences over A and B,
respectively, let k : C — M(A) and o : D — M (B) be non-degenerate homomorphisms,
let (Y, w) : X — Mp(Y) be a correspondence homomorphism, and let ). : C — M (o (D))
be a non-degenerate homomorphism such that

w(k(c)a) =Mc)mw(a) forceC,aeA.

Then (Y, ) extends uniquely to a C-strict to D-strictly continuous correspondence
homomorphism (E, 7) from the Mc(A)-correspondence Mc(X) to the Mp(B)-
correspondence Mp(Y).

Proof. We take 7 : Mc(A) — Mp(B) as in Lemma A.5. The unique existence of v is
proved similarly to Lemma A.5: one shows first that i is C-strict to D-strictly continuous,
so that, by completeness, there is a unique continuous linear extension, which must be a
correspondence homomorphism by separate continuity of the operations. O

Remark A.12. Again, the above proposition could be the start of an investigation of what
one might call ‘decorated correspondences’, where C decorates the A-correspondence X,
etc.

The following result is the Toeplitz version of Proposition A.11.

COROLLARY A.13. Let X be a non-degenerate A-correspondence, let k : C — M(A)
and o : D — M (B) be non-degenerate homomorphisms, let ({, w) : X — B be a Toeplitz
representation, and let ). : C — M (o (D)) be a non-degenerate homomorphism such that

w(k(c)a) =A(c)m(a) forceC,acA.

Then (¥, ) extends uniquely to a C-strict to D-strictly continuous Toeplitz representation
(J, ) from the M (A)-correspondence Mc(X) to Mp(B).
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Proof. Apply Proposition A.11 with ¥ = B, regarded as a B-correspondence in the usual
way. ]

COROLLARY A.14. Let X be a non-degenerate A-correspondence, and let (Y, w) : X —
B be a Toeplitz representation with w non-degenerate. Then:
(1) (¥, ) extends uniquely to an A-strictly continuous Toeplitz representation (\, 77)
from the M (A)-correspondence M a(X) to Ma(B), and L
) vV K(X)— B extends uniquely to an A-strictly continuous homomorphism @ :
MA(K(X)) — Ma(B).
Moreover, we have: L L L
@ YvO@-m)=7@)yvDim)and yOm -n) =D m)T(n) foralln € M(A)
and m € M (K(X)); and
b)) YD mn*) =Y m)y(n)* forallm, n € My (X).

Proof. (1) Apply Corollary A. 13 withC =D =A,k =A=idg ando =.

(2) First, we need to justify the meaning of (b): for m, n € M4 (X), we need to know
that mn™ € M4 (C(X)). But this follows easily from work we have already done: since X
is a K(X) — A correspondence, arguments similar to those in the proof of Lemma A.9(2)
show that the left-hand inner product on M4 (X) takes values in M4 (KC(X)).

To prove (2), we apply Corollary A.5 with C, A, B, D replaced by A, K(X), B, A,
respectively; recall that fora € A and T € C(X) we have

v D(p@)T) =@y (T).

Now everything in (2) except for (b) follows from Lemma A.5. Then (b) follows from
separate continuity of the operations, density of A, X, and KC(X) in M(A), M4(X), and
M4 (K(X)), respectively, and the corresponding property of (1. a

Example A.15. We should justify our need for (2) in above corollary: if (kx, k4) is
the canonical Toeplitz representation of the correspondence X = H(E) associated to a
topological graph E, then kg) : KK(X) = C*(E) can be degenerate. For example, let E be
the directed graph in Example A.1. Then

KD e (x)) = (3 g)

SO

KD (K (X)) CH(E) = <§ 8) M, = ((’; 3)

and so kgfl) is degenerate.

Remark A.16. Although we will have no use for it in the main body of this paper, we point
out that all of the above can be done with an ‘asymmetric’ version of the C-multiplier
bimodules, namely allowing correspondences with different left and right coefficient
algebras. It takes no extra effort to establish the more general concepts and results. Since
we feel that they may be useful elsewhere, we record here the asymmetric versions.
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Definition A.17. Let X be a non-degenerate A — B correspondence, and let k¢ : C —
M(A) and «kp : D — M(B) be non-degenerate homomorphisms.
(1) A C, D-multiplier of X is a multiplier m € M (X) such that

kc(C) - mUm-kp(D)C X,

and Mc, p(X) denotes the set of all C, D-multipliers of X.
(2) The C, D-strict topology on Mc p(X) is generated by the seminorms

m |lkc(c)-m| and m+ ||m-kp(d)| forceC,de D.

The proofs of the following two results are quite similar to those of Lemma A.9 and
Proposition A.11.

LEMMA A.18.

(1) The C, D-strict topology is stronger than the relative strict topology on Mc p(X).

(2) Mc.p(X)isan Mc(A) — Mp(B) correspondence with respect to the restrictions of
the operations of the M(A) — M (B) correspondence M (X), and the operations are
separately continuous for the C, D-strict, C-strict, and D-strict topologies.

(3) KMc,p(X)) C Mc(K(X)).

4) Mc,p(X)isthe C, D-strict completion of X.

(5) Mc.p(X)isan M(C) — M (D) subbimodule of M (X).

PROPOSITION A.19. Let X and Y be non-degenerate A — B and P — Q correspon-
dences, respectively, let kc :C — M(A), kp:D — M(B), kg : R—> M(P), and ks :
S — M(Q) be non-degenerate homomorphisms, let ;g : aAXp —> mprPyMR,s(Y)Ms(0)
be a correspondence homomorphism, and let hc :C — M(kr(R)) and Ap:D —
M (ks(S)) be non-degenerate homomorphisms such that for c€ C, a€ A, b€ B, and
d € D we have

n(kc(c)a) =rc(c)m(a) and 0(kp(d)b) =Arp(d)f (D).

Then g extends uniquely to a C, D-strict to R, S-strictly continuous correspondence
homomorphism ﬁwg from the Mc(A) — Mp(B) correspondence Mc.p(X) to the
Mpg(P) — Ms(Q) correspondence Mg s(Y).
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