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This article proposes a simple unified inference approach on moment restrictions in
the presence of nuisance parameters. The proposed test is constructed based on a
new characterization that avoids the estimation of nuisance parameters and can be
broadly applied across diverse settings. Under suitable conditions, the test is shown to
be asymptotically size controlled and consistent for both independent and dependent
samples. Monte Carlo simulations show that the test performs well in finite samples.
Numerical results from the application to conditional moment restriction models
with weak instruments demonstrate that the proposed method may improve upon
existing approaches in the literature.

1. INTRODUCTION

The analysis of moment restriction models plays a central role in econometric
theory and applications. Considerable efforts have been devoted to estimating
unknown key parameters and to testing hypotheses related to these parame-
ters in the moment restrictions (see, e.g., Chamberlain, 1987, Newey, 1993,
Dominguez and Lobato, 2004, Kitamura, Tripathi, and Ahn, 2004, Smith, 2007,
and Lavergne and Patilea, 2013, among many others; see also Kunitomo, McAleer,
and Nishiyama, 2011, for an overview of the moment restriction-based economet-
ric methods).

Valid statistical inference on these parameters relies crucially on the correct
specification of the postulated moment restriction models. Assessing the suitability
of the moment restrictions has therefore generated an extensive literature (see, e.g.,
Bierens, 1982; Newey, 1985; Tauchen, 1985; Donald, Imbens, and Newey, 2003).
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2 XINGYU LI ET AL.

In testing the moment restrictions, the unknown parameters may not be of primary
interest under the null hypothesis and can be regarded as nuisance parameters. Han-
dling nuisance parameters in the considered testing procedures is an important the-
oretical issue. Existing specification tests for moment restrictions typically employ
procedures that first estimate the nuisance parameters and then test the moment
restrictions using the estimators (see, e.g., Tripathi and Kitamura, 2003; Delgado,
Dominguez, and Lavergne, 2006; Muandet, Jitkrittum, and Kiibler, 2020). As a
result, classical approaches are generally model- or estimator-dependent, requiring
different theories and implementation procedures for different cases. In addition,
these approaches may encounter theoretical difficulties due to the estimation
of nuisance parameters. For example, obtaining reliable estimates of nuisance
parameters may be nontrivial in conditional moment restriction models when
instruments are weak.

In this article, we propose a unified testing framework for moment restrictions
with nuisance parameters that is broadly applicable to various settings. The critical
values of our test are constructed using the numerical delta methods developed by
Hong and Li (2018) and Chen and Fang (2019b) who provide novel methodologies
for addressing nonstandard testing issues. The proposed method in the article
effectively circumvents the estimation of nuisance parameters, thus providing a
general and robust inferential tool for different settings where nuisance parameters
are present. A comparison between the proposed test and existing approaches in
conditional moment restriction models with weak instruments demonstrates that
the test can achieve performance improvement.

We summarize the main features of the proposed test as follows: (i) it is
case-independent; (ii) it is free of the estimation of nuisance parameters and
is particularly appealing in cases where desirable estimation is challenging; (iii) it
is asymptotically size controlled and consistent against a broad class of alternatives
to the null; (iv) it works for both independent and dependent samples; and (v) the
bootstrap test procedure is simple.

Now we introduce our testing framework. Let dy € Z, and d, € Z,.
Let ® C R% be a parameter space. Let ¥ = {4 : R%Z — R : x € R,
0 € ©} be a class of functions indexed by (x,6) € R x ©® such that v, is
measurable for all (x,6) € R x ®. Throughout the article, all random elements
are defined on a probability space (£2,.%#,P). Let P be an unknown probability
distribution on (R%, Z(R%)) and Z ~ P be a random vector such that for every
Borel set B C R%, P(B) = P(Z € B). We are interested in the null hypothesis

Hy : For some 6 € ®,Ep[y, ¢(Z)] =0 for all x € R. 1)

IMore discussions on this topic can be found in Diimbgen (1993), Andrews (2000), Hirano and Porter (2012), Hansen
(2017), and Fang and Santos (2019). Other discussions and applications of related bootstrap methods can be found
in Beare and Moon (2015), Beare and Fang (2017), Seo (2018), Beare and Shi (2019), Chen and Fang (2019a), Hong
and Li (2020), Sun and Beare (2021), and Sun (2023).
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This can be viewed as a specification test on a set of moment restrictions. The
parameter 6 in (1) is the nuisance parameter we need to take into account. Let
¢p : R x ® — R be a function depending on P such that ¢p(x,0) = P(Y9) =
Ep[¢,9(Z)] for every (x,0) € R x ©. Clearly, the null hypothesis in (1) is
equivalent to

Hj : For some 6 € ®, ¢p(x,0) =0 for all x € R. 2)

The above formulation can easily be extended to cases where x € R* for some
k > 1. To simplify exposition, we present the results for scalar x in the main text.

The testing approach provided in the article can be readily applied in a wide
range of empirical studies. In the following, we present several important examples
where the hypothesis of interest can be formulated into (2).

1.1. Examples

Example 1.1 (Conditional Moment Restrictions). Let Z = (X,Y) be a d,-
dimensional random vector with scalar X and d,-dimensional vector Y, where
d.=d,+1>2.Letg: R% x ® — R be a known function. The null hypothesis of
interest is

Hy : For some 6 € ®,Ep[g(Y,0)|X] = 0 almost surely.
This null hypothesis is equivalent to
Hy : For some 6 € ®,Ep[g(Y,0)1{X <x}] =0 for all x € R.

In this case, ¥, 4(z) = g(,0)1{w < x} for every z = (w,y) € R x R% and every
(x,0) € R x O, and ¢p(x,0) = Ep[g(Y,0)1{X < x}] for every (x,60) € R x ©.
Tripathi and Kitamura (2003) construct a smoothed empirical likelihood-based
test for the conditional moment restrictions, Escanciano and Goh (2014) use a
projected empirical process to eliminate the estimation effect of nuisance param-
eters, Dominguez and Lobato (2015) introduce an omnibus test statistic as the
minimized value of the objective function considered in Dominguez and Lobato
(2004), and Berger (2022) proposes a new empirical likelihood test for parameters
of conditional moment restriction models.

Jun and Pinkse (2009) propose semi-parametric tests of conditional moment
restrictions with weak instruments. The null rejection probabilities of their tests
are shown to be asymptotically no greater than the nominal significance level,
suggesting possible conservativeness. Under suitable conditions, the test proposed
in this article has an exact asymptotic size, which allows for dependent data as
well. The performance improvement of our method over existing approaches is
illustrated through simulation studies in Section 4.1, where the data-generating
processes (DGPs) are tailored to conditional moment restriction models with weak
instruments.
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Example 1.2 (Symmetry). Let G be the cumulative distribution function of the
random variable Z. The null hypothesis of symmetry about center 6 is

Hy : For some 60 € ®,G(x) = 1—G(20 —x) for all x € R.

Inthis case, ¥, 9 (2) = 1{z <x}+1{z <20 —x} — 1 forevery z €« Rand every (x,6) €
R x O, and ¢p(x,0) = G(x) + G(26 — x) — 1 for every (x,6) € R x ©. Psaradakis
and Vévra (2015) use a quantile-based measure of skewness to test symmetry
about an unspecified center, Psaradakis (2016) considers the autoregressive sieve
bootstrap to obtain critical values for tests of symmetry, and Psaradakis and Vévra
(2022) employ a U-statistic involving triples of observations to assess symmetry.
Psaradakis and Vavra (2019) provide an overview of symmetry tests.

Example 1.3 (Goodness of Fit). Let G be the cumulative distribution function
of the random variable Z. Suppose there is a given class of distribution functions
{Go(-,0) : 6 € B} so that x — Gy(x,6) is a distribution function on R for every
0 € ©. We assume the identifiability of 8 in the sense that for all 6;,6, € ® with
01 # 0,, there exists xy € R such that Gy(xp,0;) # Go(xo,6,). The null hypothesis
of correct specification is

Hy : For some 6 € ®, G(x) = Gy(x,0) for all x € R.

In this case, ¥, ¢ (z) = 1{z < x} — Gy(x,0) for every z € R and every (x,0) e R x O,
and ¢p(x,0) = G(x) — Go(x,0). Goodness-of-fit tests based on parametric empiri-
cal processes have been extensively studied since Durbin (1973). For example, the
martingale approach proposed by Khmaladze (1982) is applied to the problem of
testing goodness of fit with estimated parameters, and Genest and Rémillard (2008)
consider goodness-of-fit tests using a parametric bootstrap approach. A more
recent work is Parker (2013), which recommends conducting sup-norm inference
for tests based on Durbin’s (1985) approximations.

Example 1.4 (Location-Scale Transformation). We wish to test the null hypoth-
esis of equal distributions up to some location-scale transformation. This is a
generalization of the classical two-sample problem. Let Z = (X,Y) be a two-
dimensional random vector and H be the joint cumulative distribution function of
Z with marginal distribution functions F’ (for X) and G (for Y). The null hypothesis
is

X—@l

2

Hy : For some 6 = (61,6;) € ©,F(x) = G( ) for all x € R. A3)
In this case, ¥y 0(2) = 1{z1 < x} — I{zp < (x — 61)/6,} for every z = (21,22)
e R? and every (x,0) € R x ©, and ¢p(x,0) = F(x) — G((x—61)/65). A substantial
number of tests exist for comparing two or multiple distributions. See, for example,
Lehmann and Romano (2005) and Chen and Pokojovy (2018) for extensive
reviews. Hall, Lombard, and Potgieter (2013) propose an extension of the Cramér—
von Mises-type test based on empirical characteristic functions to examine whether
the two samples come from the same location-scale family of distributions. Henze,
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Klar, and Zhu (2005) and Jiménez-Gamero et al. (2017) deal with the two-sample
problem using similar test statistics.

An important special case of Example 1.4 is testing for heterogeneous treatment
effects. We follow Ding, Feller, and Miratrix (2016) and Chung and Olivares
(2021) and consider a randomized experiment model. Let Y denote the observable
outcome of interest, and D denote the binary treatment variable. If an individual
is randomly assigned to the treatment group and receives treatment, then D = 1;
otherwise, the individual is randomly assigned to the control group and does not
receive treatment, with D = 0. Suppose that Y (1) is the potential outcome of an
individual if treated, and Y (0) is the potential outcome if not treated. The treatment
effect is constant if Y (1) — Y (0) = 6 almost surely for some fixed constant 6;
otherwise, the treatment effect is said to be heterogeneous. The null hypothesis
of constant treatment effect is

Hj) : For some 6 € ®,Y (1) — Y(0) = 6 almost surely. 4)

Hypothesis (4) is a more restrictive sharp null and is usually not directly testable. A
necessary and weaker condition of this sharp null hypothesis, which is considered
by Ding et al. (2016) and Chung and Olivares (2021), is

Hy : For some 0 € ®,F(x) = G(x—0) for all x € R,

where F and G are the CDFs of Y (1) and Y (0), respectively. Clearly, this condition
can be incorporated into (3).

Organization of the Article: Section 2 introduces the framework and develops
theoretical results for testing general moment restrictions in the presence of
nuisance parameters. Section 3 extends the results to dependent data. Section 4
provides Monte Carlo simulation evidence to show the performance of the test in
finite samples. Section 5 concludes the article. Auxiliary lemmas, analyses and
extensions of examples, all mathematical proofs, and additional simulation results
are collected in the Supplementary Material.

Notation. Notation follows common conventions (e.g., van der Vaart and Well-
ner, 1996; Kosorok, 2008). We use M7 to denote the transpose of a matrix M. For
a,b € R, we define a A b = min{a, b} and a v b = max{a, b}. We use two forms of
indicator functions: 1{S} = 1 if the statement S is true, and 1{S} = 0 otherwise;
1s(x) =1ifx €A, and 14(x) =0 if x ¢ A. For an arbitrary set A, let £°(A) be the
set of bounded real-valued functions on A. Equip £°°(A) with the supremum norm
Il o such that [[fl,, = sup,c4 |f (x)| for every f € £°°(A). For a subset B of a metric
space, let C(B) be the set of continuous real-valued functions on B, and Cy,(B)
be the set of bounded continuous functions on B, that is, Cy(B) = C(B) N £*°(B).
Following the notation of van der Vaart and Wellner (1996), for every normed
space B with a norm |||z, we define

BL (B)={':B—R:|['(@)| < 1and |T(a) =T ()| < lla—bl|g for all a,beB}.
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Let IF be an arbitrary vector space equipped with a norm || - ||r. For every C C F
and every ¢ > 0, define the e-neighborhood of C to be

¢ = F:inf ||f — <ey.
C {ge ;ng ng_S}
For every measure v on (R, Z(R)), let L”(v) be the set of functions such that

L’(v) = {f:]R—) R: / FO)P dv(x) < oo}
R

with p > 1. Equip I (v) with the norm |-|[»(, such that

1/p
|wmw={4vwwma4

for every f € L (v).

Let o be the Lebesgue measure on (R, Z(R)). For an arbitrary space F,
we say that W is a P-Brownian bridge in £°°(F) if and only if W is a tight
Borel measurable Gaussian process with Ep[W(f;)] = 0 and Ep[W (1) W(f>)] =
P(fif2) — P(f1)P(f>) for all fi,f> € F. Let ~ denote the weak convergence defined

in van der Vaart and Wellner (1996, p. 4). Let L and ~5 denote the weak
convergence in probability conditional on the sample and almost sure weak

convergence conditional on the sample, respectively, as defined in Kosorok (2008,
pp- 19-20).

2. TEST FORMULATION
2.1. Setup

Let v be a probability measure on (R, Z(R)). We first introduce the following
assumptions.

Assumption 2.1. For every 6 € ®, the function x > ¢p(x,0) is continuous.

Assumption 2.2. The probability measure v on (R, Z(R)) satisfies u < v, that
is, if v(B) = 0 for some B € Z(R), then w(B) = 0.

Assumption 2.3. The set © is compact in R%.

Assumption 2.4. For every 6, € ® and every ¢ > 0, there exists 6 > 0 such that
Sup P[(Yrs.0 — Yisy)’] < &
xeR

for all @ € ® with |8 — 6|, < 8.

Assumption 2.1 shows that we focus on moment restrictions that are continuous
in x for every 8 € ®. Assumption 2.2 requires the absolute continuity of the
Lebesgue measure p with respect to the probability measure v. For example, v
could be set as the probability measure corresponding to a normal distribution
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with a large variance.” Assumption 2.3 is a common condition on the compactness
of ®. Assumption 2.4 can be understood as the continuity of v, y with respect to
0 under a certain metric.

Define a function space

Do ={¢ € LR x ©) : 0 > ¢(-,0), as a map from © to L*(v), is continuous}.

In the definition of D+, the continuity of the map 0 +— ¢(-,0) is understood in the
sense that for every 6y € ® and every ¢ > 0, there exists § > 0 such that

A; [9(x,0) — ¢ (x,00)] dv(x) < &

for all & € ® with ||0 — 6|, < 5. Note that for every x € R and all 6,6, € ©, by
Jensen’s inequality,

[pp(x,0) — dp(x,00))* < P[ (Yo — V0]

Since v is a probability measure, Assumption 2.4 implies that ¢pp € D .

The proposition below provides an equivalent characterization of the null
hypothesis in (2). We construct the test based on this equivalent characterization
to avoid estimating the nuisance parameter 6 under the null.

PROPOSITION 2.1. If Assumptions 2.1-2.4 hold, then the null hypothesis in (2) is
equivalent to

Hy : inf / [pp(x,0)]* dv(x) =0. 5)
R

6e®

It is worth noting that different measures v may deliver different power prop-
erties of the test. However, searching for the optimal v to maximize power is
challenging, as it may depend in a complicated manner on the DGP.

The measure v(R) is assumed to be finite (Assumption 2.2) to obtain the
theoretical results in the article. In practice, we suggest setting v to a normal
probability measure with a large variance so that it does not heavily concentrate
on some region of the real line, given no prior information about the DGP.
Other probability measures satisfying Assumption 2.2 also work asymptotically
for the proposed method. For finite samples, the simulation results in Section 4
show that normal probability measures with different variances (N (0, 1), N'(0, 5%),
N(0,10%)) perform well.

2.2. Test Statistic

We first restrict our attention to independent and identically distributg\d (i.i.d.)
samples and will extend the results to dependent data in Section 3. Let P, be the
empirical probability measure of the sample Z,,, which assigns weight 1/n to each

2See the discussion and simulation results in Section 4.
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observation Z; with i € {1, ...,n}. Then the sample analog of ¢p is defined as

- - 1 <
Gu(5,0) = Palro) =~ V()

i=1
forevery (x,0) € R x ©. We present the exact function form of (//;n in every example.

Example 1.1 (Cont). With the known function g, it follows by definition that
N R 1 n 1 n

n 79 =Pn X - - X Zi:_ Y,-,OILXig
$n(x,6) = P (V) n;w,ex ) n;g( YL{X; < x)

for every (x,0) e R x ©.

Example 1.2 (Cont). The cumulative distribution function G can be estimated
by the empirical distribution function G, such that for every x € R,

~ - 1 <
Ga) =Pa(lse) = — 3 Tioan) (2
i=1

Then
6n(x,0) = Py (V.0) = Pa(L (o) + Pa(L(Co0.20-7) — 1 = G (X) + G,(20 —x) — 1
for every (x,60) e R x ©.

Example 1.3 (Cont). The cumulati\//g distribution function G can be estimated
by the empirical distribution function G, such that for every x € R,

. . 1 n
Gr(@) = Pa(L(oo.) = ~ ) Lol (Z0).

i=1
Then $,(x,0) = Po(¥0) = Pa(1(_oo.r)) — Go(x,0) = G,(x) — Go(x,0) for every
(x,0) e R x O.

__ Example 1.4 (Cont). Forevery i € {1,...,n}, tb\e observation Z; = (X;,Y;). Let
P, be the empirical distribution of {Z;}?_,, and H, be its empirical distribution
function so that

l n
H,(x,y) = . Z L (—o0,x1x(—00,y1 (Xi, ¥2)
i=1

for all (x,y) € R2. Let ﬁX,n and ﬁy,n be the marginal distributions of ﬁn, that is, the
(marginal) empirical distributions of {X;}7_, and {Y;}]_,, respectively. It follows
that

Bu(x,0) = ﬁn(Wx,e) = ﬁx,n(ﬂ(—oo,x]) _’IEY,n(]]-(—oo, x—61)/621)

for every (x,6) € R x ©. The marginal distribution functions F and G can be
estimated by the empirical distribution functions F,, and G,, respectively, where
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for every x € R,

- - 1<
Fy() =Pya(lioon) =~ le 1 (oo (X;) and

R R 1 n
Ga() = Py (L (-0.0) = ~ ; 1 oo (Y3).

This implies that ¢, (x,0) = Fy(x) — Gul(x — 6,)/65] for every (x,0) € R x ©.

We may also test this null hypothesis with two independent samples of different
sizes. This case will be discussed in Section C of the Supplementary Material,
where we present the results for comparing multiple samples.

To obtain the asymptotic law of the stochastic process an, we need the following
assumption on the function class W.

Assumption 2.5. The function class ¥ = {{, ¢ : (x,0) € R x O} satisfies that

sup |P(f)| < 0o and supf(z) — P(f)| < oo (6)
fev few

for all z € R% and is P-Donsker in the sense that
(P, —P) ~» W in £ (W) (7
as n — 0o, where W is a P-Brownian bridge in £*° (V).

Lemma 2.1 establishes the consistency of #, and the weak convergence of

V1(Pn — ¢p) in £°(R x ©) as n — oo.

LeEmMMA 2.1. If Assumptions 2.4 and 2.5 hold, then (an —¢p) € LR x O) for
alln € Z.. In addition,

SUp  [$u(x,0) — $p(x,0)| > 0 and /n(@, — ) ~ Gy in €*(R x ©)
(,0)eRx®

as n — 0o, where G is some tight random element which almost surely takes
values in D .

Define a function space
Dy = {(p EL®(Rx0): / [@(x,0)]* dv(x) < oo forall 6 € @}.
R

Define a map £ on D, such that £L(¢) = infyce fR [o(x,0)]* dv(x) for every
¢ € D,. Then under Assumptions 2.1-2.5, the null and the alternative hypotheses
can be expressed as

H() . £(¢P) =0and H] . [:((/J)p) > 0. (8)

To test the null hypothesis in (8), we set the test statistic to nﬁ(;ﬁ,,).
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Next, we show that the map £ is Hadamard directionally differentiable, but its
Hadamard directional derivative is degenerate under Hy.? Define

Dy ={p € Do : L(p) =0}.

The following lemma provides the Hadamard directional derivative of £ and its
first-order degeneracy under Hy.

LEMMA 2.2. If Assumptions 2.3 and 2.4 hold, then L is Hadamard directionally
differentiable at ¢p € D, tangentially to Do with the Hadamard directional
derivative

E;P (h) =2 inf / ¢p(x,0)h(x,0) dv(x) for all h € Dy,
0e00(p) JR

where O (¢p) = argmin, g f]R [pp(x,0)1* dv(x). Moreover, if ¢pp € Dy, then the
derivative L, is well defined on the whole of £>°(R x ©) with L, ,(h) = 0 for
every h € L (R x ©).

The first-order degeneracy of £ under Hy implies that we may need to find the
second-order Hadamard directional derivative of £.* We assume the following
conditions to guarantee the existence of the second-order Hadamard directional
derivative of L.

Assumption 2.6. The function ¢p is twice differentiable with respect to 6, and
the second partial derivative satisfies

/ sup
RO

where ||-||, denotes the 22 operator norm of a matrix.

Assumption 2.7. Theset @y ={0 € O : fR [¢p(x,0)]* dv(x) =0} C int(®), and
there exist ¥ € (0,1], € > 0, and C > 0 such that for all ¢ € (0,¢),

9 p(z,9)

59007 dv(x) < oo, )

2

(2 9)=(x.0)

1/2
inf { / [pp(x,0)]? dv(x)} > Ce". (10)
NG W

We provide Assumptions 2.6 and 2.7 following the basic idea of Chen and
Fang (2019b). Assumption 2.6 requires the boundedness of the second partial
derivative of ¢p in the sense of (9). Assumption 2.7 requires that the set @ is
in the interior of ® and it is well separated. The condition in (10) is similar to
the partial identification assumption used in Chernozhukov et al. (2007, p. 1265).
It is worth noting that these conditions are sufficient but not necessary for our
results, as also mentioned by Chen and Fang (2019b). We impose such high-level

3See Definition D.1 in the Supplementary Material for Hadamard directional differentiability.

4See Definition D.2 in the Supplementary Material for second-order Hadamard directional differentiability.
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conditions for theoretical completeness. In Section 4, we verify these assumptions
for a conditional moment restriction model.

LeEMMA 2.3. If Assumptions 2.3, 2.4, 2.6, and 2.7 hold, and ¢p € Dy, then the
function L is second-order Hadamard directionally differentiable at ¢p tangen-
tially to Dz with the second-order Hadamard directional derivative

4p(W) = inf inf

0€00(Pp) yeR%

[@/©)] v+ #6) H2 for all h € Dz,
L2(v)

where ®'(0) : R — R% with

d¢p(z.0)

P'O)(x) = 20

for every (x,0) e R x ©,

(z,9)=(x,0)
and 77 : © — £*°(R) with JZ(0)(x) = h(x,0) for every (x,0) € R x ©.

Remark 2.1. Lemma 2.3 provides the explicit expression of the complicated
second-order Hadamard directional derivative of £. We employ a numerical
method that does not require exploring this function form.

With Lemma 2.3, the asymptotic null distribution of the test statistic nﬁ(a,,) is
obtained by applying the second-order delta method.

PROPOSITION 2.2. If Assumptions 2.1-2.7 hold and Hy is true (¢pp € D), then

nL () ~ Ly, (Go) asn— oo.

2.3. Bootstrap Procedure

The distribution of E;;P (Gyp) in Proposition 2.2 is unknown because both the
function £;§P and the stochastic process Gy depend on the unknown underlying
distribution P. Motivated by Hong and Li (2018) and Chen and Fang (2019b),
we propose to approximate Egp by a consistent estimator and approximate the
distribution of Gy by Rootstrap.s We use the numerical second-order Hadamard
directional derivative £, to approximate £y, which is defined as

E(an + Tnh) - ‘C(an)

2
n

L/(h) =

for all h € £*°(R x ®), where {t,,} is a sequence of tuning parameters satisfying
the assumption below.°

5 Bootstrap may not be the only method to approximate the distribution of Go in our framework. Other consistent
estimators of G( might also suffice for the proposed approach.

6As discussed in Chen and Fang (2019b), the modified bootstrap in Babu (1984) (Babu correction) is inappropriate
when L is only second-order Hadamard directionally differentiable but £/ » is not “continuous” in ¢p. To ensure that
our method can accommodate more general cases, we employ the bootstrap method of Hong and Li (2018) and Chen
and Fang (2019b).
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Assumption 2.8. {r,} C R, is a sequence of scalars such that 7, | O and
Tua/N —> 00 as n — 0.

Assumption 2.8 provides the rate at which 7, |, 0. Under this condition, we show

that ZZ approximates LgP well in the following lemma.

LEMMA 2.4. If Assumptions 2.1-2.8 hold and Hy is true (¢pp € D), then for every
sequence {h,} C L*(R x ©) and every h € Dy such that h, — h in £*(R x ©)
as n — oo, we have

Ll (hy 5 £ (h) asn — oo

We next approximate the distribution of Gy via bootstrap. The bootstrap sample
Z, = {Z}]_, is i.i.d. drawn from the empirical distribution P, of the original
sample Z,. Equivalently, Z; is a random sample of size n, drawn from the set Z,

with replacement. Let P} be the empirical distribution of Z}. Then the bootstrap
version of ¢, is ¢, such that

Tk Dk 1 . *
P (60) =P, (Yep) =~ 3 Yo (Z)
i=1
for every (x,0) € R x ©.
Example 1.1 (Cont). It follows by definition that

~ ~ 1 1 &
G (60) =Pi(e) =~ 3 Weo(Z) =~ g(.OLX] <)
i=1 i=1

for every (x,0) € R x ©, where Z} = (X}, Y}).

Example 1.2 (Cont). Define
. ~ 1<
G0 =P (L) =~ ; L—cox (Z7)
for every x € R. Then
B (6,0) =Py (¥1.0) = Pr(1(—o0.x) + P (1(—c020-x) — 1 = G (x) + G} (20 —x) — |
for every (x,0) € R x ©.

Example 1.3 (Cont). Define

1 n
G =P o) =D Lo (%)
i=1

for every x € R. Then
G (x,0) =P (Vre.9) = P(L(o0.) — Go(x.0) = G (x) — Go(x.0)
for every (x,60) e R x ©.
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Example 14 (Cont) Deﬁne P* as the empirical distribution of {Zr}._, with
= (X!, Y7). Let P;‘( and P* be the marginal distributions of P* that is, the

(margma]) empmcal dlstrlbutlons of {X¢}"_, and {¥;}"_,, respectively. It follows
that

¢ (x,0) —P*(%e) = Xn(]l( oox]) Yn(]l( 00, (x— 91)/92])

for every (x,0) € R x ®. Define F: and G: to be the (marginal) empirical
distribution functions of {Xl*}:':1 and {Yl*}:':1 respectively, such that for every
x€R,

- ~ Iy
F::(X) = P;,n(ﬂ-(—oo,x]) = ;l Z I]'(—OO’X] (XI*) and
i=1

~ ~ 1 &
G =Py, (Loo) = ~ 21 Lieoen (1)

This implies that ¢ (x,0) = F*(x) — G* ((x — ;) /6,) for every (x,6) € R x ©.
The following lemma establishes the conditional weak convergence of
(¢} — ¢,) in probability as n — oo.

LEMMA 2.5. If Assumption 2.5 holds, then as n — oo,

sup B[ (V7 (6 —én))| 2] - EIT Go)l| = 0,

T'€BL; (¢ (RxO))
and ﬁ($: — an) is asymptotically measurable, where Gq is defined as in

Lemma 2.1.

With the numerical estimator E’ " for E;; and a suitable bootstrap approximation

N (gb qb,l) for Gy at hand, we can naturally approximate the distribution of
Ly, (Go) by the conditional distribution of the bootstrap test statistic D’{f (¢>*

¢,,)} given the original sample. This is justified by the following proposition.

PROPOSITION 2.3. If Assumptions 2.1-2.8 hold and Hy is true (¢p € Dy), then

sup (B[ ([ (@; - $)])| 2] ~E[r (25, €0)]| 5 0

I'eBL; (R)

as n — Q.

2.4. Asymptotic Properties

Now we construct the test for the null hypothesis Hy. For a given level of
significance « € (0, 1), define the bootstrap critical value

Cl—an :inf{ceR:P(EZ[«/ﬁ(&\:—@)] §C|Zn) > 1—a}.
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In practice, ¢;_, , may be approximated by the 1 — « empirical quantile of the
np independently generated bootstrap test statistics, with ng set to be as large
as computationally feasible. We reject Hy if and only if nﬁ(an) > Cl—q.n- The
following theorem shows that the proposed test is asymptotically size controlled
and consistent.

THEOREM 2.1. Suppose that Assumptions 2.1-2.8 hold.

(1) IfHy is true and the CDF of E(’;P (Gy) is strictly increasing and continuous at
its 1 —a quantile, then

lim P (nL(¢y) > Ci—an) = .
n— o0
(i) IfHy is false, then

lim P (nL(¢y) > Cian) = 1.
n— 00

2.5. Local Power

In this section, we consider the local power of the test following the discussion in
Chen and Fang (2019b). For each n € Z_,, let the sample Z,, = {Z;}}_, be distributed
according to the joint law P? = []'_, P,, where P, is a probability distribution on
(R%, B(R%)) with P,(B) = P(Z; € B) for every Borel set B. That is, for each
n € Z,, the observations Zi, ..., Z, are i.i.d. with distribution P,.. We suppose that
the null hypothesis Hy is false for each P, that is, for all 6 € ®, P, (¥, ¢) # 0 for
some x € R. Suppose that P,, converges (in a way as described in the following
assumption) to the probability measure P, and that P satisfies Hy, that is, for some
0 €®, Py =0forallx eR.

Assumption 2.9. The probability distributions P, and P satisfy that

1 2
lim [ﬁ (dPY? —dP'?) — v, dPl/z} =0 1)
n—o0 2

for some measurable function vy : R% — R, where dP,ll/ 2 and dP'/? denote the
square roots of the densities of P, and P, respectively.

Our local power results rely on Assumption 2.9, which is similar to (3.10.10) of
van der Vaart and Wellner (1996). The following proposition states formally the
local power property of the test.

PROPOSITION 2.4. Suppose that Assumptions 2.1-2.9 hold and supjcy |Py )]
= 0(1). Then ﬁ(an — ¢p) ~ Gy + ¢p, where Gy is some tight random element,
and ¢p(x,0) = P(Yygvo) for every (x,60) € R x ©. Furthermore, if the CDF of
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L::;P (Gy) is strictly increasing and continuous at its 1 — o quantile c|_,, then it
follows that
iminf P (nL($,) > C1-an) = P(L}, (Go+p) > c1-a).

Proposition 2.4 follows from Lemma C.1 of Chen and Fang (2019b) and

provides lower bounds for the power of the test under local perturbations to the
null.

3. DEPENDENT DATA

This section considers cases where the observations {Z;}?_; may be dependent.
For results established in Section 2, it is worth noting that Lemmas 2.2-2.4,
Propositions 2.1-2.3, and Theorem 2.1 do not directly rely on the i.i.d. nature
of the data observations, possibly given the consistency and weak convergence
of a,, (Lemma 2.1) and the conditional weak convergence of a: in probability
(Lemma 2.5). Thus, to obtain the asymptotic properties of the proposed test
in dependent samples, it suffices to establish the consistency and weak conver-
gence of #, and the conditional weak convergence of 3;‘ in probability under

dependency.
A sequence of d,-dimensional random vectors, {Z; : i € Z}, is said to be strictly
stationary, if for all {ij,...,i,} C Z and all n € Z,, the joint distribution of

(Ziy ks - - -+ Zi+1) does not depend on k. For —oo < s <t < oo, let 7! be the
o-field generated by {Z,,...,Z;}. Following Equation (II) of Volkonskii and
Rozanov (1959) and (1.1) of Arcones and Yu (1994), the B-mixing coefficient
B of the sequence {Z; : i € Z} is defined as

1€L | AeS T

Br =supE |: sup |P(A|S) —]P’(A)|:| ,

and {Z; : i € Z} is said to be B-mixing if and only if By — 0 as k — oo.
Throughout our discussion of cases with dependent data, we assume that the

sample Z, = {Z;:i=1, ...,n} is a finite segment of the strictly stationary sequence

{Z; : i € Z} in which the common marginal distribution of Z; is P. We impose the

following assumptions.

Assumption 3.1. The class W =_{1ﬁx,9 (x,0) eRx®}isa VC-subgra@ class
of functions satisfying (6) with P(l/fp) < oo for some p € (2,00), where V¥ (z) =
supycy [f (2)| for every z € R%, and W is totally bounded under || - || L2(P)'7

With p specified as in Assumption 3.1, we introduce the following condition
for B.

7See the definition of VC-subgraph class of functions in Section 2.6 of van der Vaart and Wellner (1996, p. 141).
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Assumption 3.2. The sequence {Z; : i € Z} is B-mixing with coefficient 8; =
O(k—7) as k — oo for some g > p/(p —2).

Assumption 3.1 emerges as one of the conditions in Theorem 2.1 of Arcones
and Yu (1994) and Theorem 1 of Radulovi¢ (1996). Assumption 3.2 corresponds
to one of the conditions in Theorem 1 of Radulovi¢ (1996).

Let an and ¢p be defined as in Section 2. The lemma below establishes the
consistency and weak convergence of P as n — o0o.

LeEmMA 3.1. If Assumptions 2.3, 2.4, 3.1, and 3.2 hold, then (5,, — ¢p) € £
(R x ®) forall n € Z. In addition,

SUp | n(x,0) — pp(x,0)| = 0 and \/n(G, — ¢p) ~ Go in LX(R x ©)
(x,0)eRxO

as n — oo, where Gy is tight and almost surely takes values in D py.

To construct the bootstrap sample Z; = {Z}}?_,, we follow Radulovi¢ (1996) and
use the moving blocks bootstrap (MBB) procedure. Recall that the original sample
is {Z;}7_,. Let b € Z be the block size satisfying b — oo and b/n — 0,and k € Z,
be the number of blocks. Without loss of generality, we may assume that k£ and b
satisfy kb = n8Forie{l,...,b—1}, we set Zn+i = Z;. Let the random variables
Iy, ..., I be i.i.d. from Unif{1,...,n} and independent of the original sample. For
allfe{l,...,k}andj e {1,...,b}, set the bootstrap observation Z;}_l)bﬂ. =Zp,4j-1-
That is, the bootstrap sample is

*
2, ={Z1,, 21,41, Zty4v—1, 21 Ziy s - o s Liygb—1s - s Ly Lt -+ o b1

Let ﬁ: be the empirical distribution of Z;. The bootstrap version of ¢ is defined
as

B (x.0) =P () = 12%.9(2,-*)
g
for every (x,0) € R x ©.
We impose the assumption below on the block size b, which treats b as a function
of n, that is, b = b(n). This assumption corresponds to one of the conditions in
Theorem 1 of Radulovi¢ (1996).

Assumption 3.3. The block size b is a function of the sample size n such that
b=b(n)=0m")asn— ocoforsome<r<((p—2)/2p—2).

The following lemma establishes the conditional weak convergence of /i (a’l‘ —
¢,) in probability.

8In practice, n/b may not always be an integer. In this case, we set k = [n/b] and generate kb > n bootstrap
observations according to the algorithm described in the main text, and then keep the first n observations as the
bootstrap sample.
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LEMMA 3.2. If Assumptions 3.1-3.3 hold, then as n — oo,

sup  [E[I (v (6 — )| Z,] —EIT Go)]| = O,

[eBL| ((® (Rx©®))

where Gy is defined as in Lemma 3.1.

Given the modification to the construction of the bootstrap sample, the remain-
ing steps of the test follow the procedure in Section 2. For dependent data, the test
is also asymptotically size controlled and consistent, as shown in Theorem 3.1.

THEOREM 3.1. Suppose that Assumptions 2.1-2.4, 2.6-2.8, and 3.1-3.3 hold,
and that \/n(¢p} — ¢y) is asymptotically measurable.

(i) IfHy is true and the CDF of E;;P (Gy) is strictly increasing and continuous at
its 1 — o quantile, then

lim P (nL(¢y) > Cioan) = 0.
n— 00

(ii) IfHy is false, then
lim P (nL(¢y) > Cioan) = 1.
n—0o0

4. MONTE CARLO EXPERIMENTS

In this section, we construct the Monte Carlo experiments based on the conditional
moment restriction models with weak instrumental variables (IVs) in Jun and
Pinkse (2009, Example II). Let y; be a scalar outcome variable, ¥; be a scalar
endogenous variable, and z; be a scalar IV. The model of interest is

Eplyi = Yifolzi] = 0 almost surely 12)
for a true structural parameter 6y € ©® C R. We consider the null hypothesis

Hy : For some 6 € O, Ep[y; — Y;0|z;] = 0 almost surely,

which is equivalent to

Hp : For some 6 € ®, Ep[(y; — Y:0)1{z; <x}] =0 for all x € R.

As noted by Jun and Pinkse (2009), there are several specification tests
for (12) under strong point identification and the assumption that 6, can be
J/n-consistently estimated under the null (e.g., Bierens, 1990; Fan and Li, 1996,
2000; Zheng, 1996). Since Ep[y; — Yi60|z;] = 0 almost surely for some 6y under
the null, typical estimators of 6, include two-stage least squares (2SLS) and semi-
parametric methods. However, when instruments are weak, these estimators of 6,
may be undesirable (e.g., Staiger and Stock, 1997; Stock and Wright, 2000; Jun
and Pinkse, 2012), and thus two-step tests plugging in preliminary estimators of
6o may not perform well.
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Jun and Pinkse (2009) propose semi-parametric specification tests of con-
ditional moment restrictions with weak instruments, which do not require a
consistent first-step estimator. As shown in Theorems 1 and 2 of Jun and Pinkse
(2009), their tests yield limiting rejection probabilities no greater than the nominal
significance level under the null. Based on their Example II, Jun and Pinkse (2009)
study the finite sample performance of their tests with weak instruments via Monte
Carlo experiments. We first follow Jun and Pinkse (2009) and consider two cases
under the null. In the first case (Case 1), Ep[z;Y;] = O, that is, the rank condition
fails and z; is not a valid instrument for ¥; when estimating 8y by 2SLS in two-step
tests, which may be seen as an extreme case of weak instruments. Thus, the 2SLS
estimator of 6 that uses z; as the instrument for Y; is unreliable. In the second case
(Case 2), Ep[Y;|z;] — 0 almost surely as n — oo, that is, all measurable functions
f of z; with Ep[|f(z;)Yi]] < co may be weak instruments for ¥; when estimating
6o by 2SLS in two-step tests because Ep[f(z;) Y;] may converge to 0. As discussed
in Jun and Pinkse (2012), semi-parametric estimators of 8y may also break down
when Ep[Y;|z;] decays too fast in n. In addition, we consider a third case (Case 3),
which is an extreme case of Case 2: Ep[Y;|z;] = 0 almost surely.

As demonstrated in Tables 1 and 2 of Jun and Pinkse (2009), their tests improve
greatly upon two-step plug-in methods in the presence of weak instruments, while
they are often conservative, which is in line with their theoretical results. The
proposed test in this article is asymptotically exactly size controlled and consistent
under certain conditions, regardless of the strength of instruments. We numerically
present these properties through Monte Carlo experiments, where the DGPs are
designed for conditional moment restriction models with weak instruments as in
the above cases.

Now we introduce the designs of our simulations. For i.i.d. samples, we follow
the design of Jun and Pinkse (2009):

yi=Yi+8In (Y} +1)+u,

Y =Ag(z) +vi,

where {(u;,v;,z;) :i=1,...,n} areii.d. with
U; 0 1 p O
Vi | ™~ N 0 , | P 1 0
Zi 0 0 0 1

The aforementioned three cases are realized in the following manner:

e Case l: p=0.5,A =1, and g(z) = z> — 1. The moment Ep[z;Y;] =0.

e Case 2: p = —0.99, A = 0.07./200/n, and g(z) = z. The conditional moment
Ep[Yilz;] = 0 almost surely as n — oo.

e Case 3: p = —0.5 and A = 0. The conditional moment Ep[Y;|z;] = 0 almost
surely.
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For each case, we consider four DGPs characterized by the values of §:

DGP (0): § =0. The null is true.
DGP (1): § =0.2. The null is false.
DGP (2): § = 0.6. The null is false.
DGP (3): 5 = 1. The null is false.

We also consider dependent data. For every DGP introduced above, we construct
the dependent-data counterpart by generating {z; : i =1, ...,n} as

20 =0,z; =0.5z;_1 +¢;,
where {¢;:i=1,...,n} areii.d. N'(0,1) and independent of {(u;,v;) :i=1,...,n}.

Remark 4.1. For illustration of the high-level assumptions in Section 2.2, we
consider Case 1 with § = 0. With 6y = 1, Hj is true and thus

Ep[(yi —Yifo) L{z; <x}] =0

for all x. We have that for all 9,

¢p (x,0) =Ep[(y; — Yi0) 1{z; < x}]
=Eplyil{zi <x}1—Ep[Yi1{z; < x}]0.

It follows that for all 6,

f ép (x,0)*dv (x)
R
_ / (Ep il {2 < 4}1)2dv (1) — 2 / Ep [yl (2 < )1 Ep [/1 {2 < x)1dv (1) 6
R R

4 / (Ep[¥1{z < x}])2dv (1)6° = 0.
R

The value 6y = 1 satisfies fR op (x,00)*dv (x) = 0, so we have

_ JeBrlil{z < Ep[Yil{z < xHdv(x)

©o = {fo}. o T Ep Vi1 {z; < 0J)2dv (x)

For every ¢ > 0,

/ ép (x,00 — &)* dv (x)
R
= / (Ep[yil{z < x}D*dv (x)
R
2 / Ep [yl {z < 1B (Y1 {z < x)]dv () (B — )
R

+ / (Ep[Yi1{z < x}])7dv (x) (8o — &)
R
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_ 2/Epm{zi < IEp[¥Y/1 (< x)ldv (e
R
2 / (Ep 111 {21 < x}1)%dv () 6o
R
+ / Epl¥il {z < x})2dv (x)
R

_ / Er(¥1 {2 < x}])%dv (1)
R

This implies that
1/2

1/2
{ f ép (x,00 —)* dv (x)} = { f (Ep[Yil{z <x}])*dv (x)} 6.
R R

In this case, Assumptions 2.6 and 2.7 hold. The asymptotic limit of the test statistic
is

L3, (Go) = inf / (Go (x,60) —Ep[Yi1 {zi < x}]v)*dv (). (13)
ve R

Theorem 2.1(i) requires that the CDF of E;;P (Gy) in (13) is strictly increasing and
continuous at its 1 —« quantile.

The sample size is set to n € {100,200,400,800}. We set the tuning parameter
T, as 1, = «/In(m)/n, n=23, n=13, n=1/4 n=1/5 and n~'/%, which all satisfy
Assumption 2.8. For dependent data, the MBB involves an additional tuning
parameter b(n). We set b(n) = n'/, n'/3 n'/4, and n'/3. Recall that the test
statistic involves an integration with respect to a measure v and an infimum.
The integration is approximated by an equally weighted average on the grid
{—3, —2.998, —2.996,...,3} of x, and the infimum is achieved by a search on
the grid {0.7,0.702,0.704, ...,1.3} of 6. Furthermore, we apply the warp-speed
method (Giacomini, Politis, and White, 2013) to implement all the Monte Carlo
experiments. Specifically, for each DGP and sample size, we generate 1,000
samples and compute one original statistic nL(Zb\,,) and one bootstrap statistic
EZ [ﬁ(az — a,)] for each sample. The critical value ¢|_,, , is approximated by
the (1 — «)-empirical quantile of the 1,000 bootstrap statistics, and the rejection
rate is computed by comparing the 1,000 original statistics with the critical
value Ci_q 5.

We present some main simulation results in the following and leave the remain-
ing results to Section E of the Supplementary Material. Tables 1-6 and Tables
E.12-E.22 in the Supplementary Material show the rejection rates for different
DGPs, tuning parameters, and nominal significance levels with measure v being
the probability measure of A/(0,10%). Tables E.1-E.10 in the Supplementary
Material display the rejection rates for Case 1 with the measure v being the
probability measure of N'(0,1) or A'(0,5%). The results are stable for different
choices of t,,, b(n), and v. Most of the rejection rates under the null are close to the
nominal significance levels. The rejection rates under the alternatives increase to
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TaBLE 1. Size for Case 1 with i.i.d. data

a n Tn
W n—2/5 n—l/3 n—l/4 n—l/S n—l/ﬁ
0.01 100 0.011 0.007 0.011 0.011 0.011 0.011
200 0.004 0.003 0.004 0.006 0.010 0.011
400 0.003 0.003 0.003 0.005 0.006 0.006
800 0.008 0.008 0.008 0.014 0.014 0.014
0.025 100 0.026 0.017 0.026 0.027 0.026 0.027
200 0.020 0.015 0.020 0.022 0.025 0.026
400 0.022 0.021 0.022 0.022 0.023 0.023
800 0.019 0.016 0.023 0.026 0.026 0.026
0.05 100 0.043 0.038 0.043 0.051 0.054 0.054
200 0.040 0.035 0.041 0.046 0.050 0.051
400 0.058 0.044 0.067 0.069 0.062 0.067
800 0.052 0.046 0.052 0.069 0.074 0.076
0.1 100 0.101 0.090 0.101 0.111 0.111 0.111
200 0.098 0.091 0.103 0.110 0.110 0.111
400 0.109 0.101 0.114 0.124 0.130 0.131
800 0.128 0.112 0.136 0.127 0.133 0.137
0.2 100 0.219 0.209 0.219 0.241 0.244 0.244
200 0.213 0.198 0.213 0.228 0.238 0.247
400 0.219 0.206 0.229 0.235 0.238 0.241
800 0.238 0.215 0.240 0.248 0.255 0.255

one as the sample size n increases. For dependent samples, the rejection rates under
the null may exceed the significance level « for some t,, b(n), and v as shown, for
example, in Table 3. As we increase the sample sizes, the results become closer
to «, as shown in Table E.11 in the Supplementary Material.

4.1. Performance Improvement in Conditional Moment Restriction
Models with Weak Instruments

Note that Cases 1 and 2 (n = 200) with § = 0 (under the null hypothesis) are
identical to the DGPs in Tables 1 and 2 of Jun and Pinkse (2009), respectively.
Thus, the results in Table 1 with n = 100 and Table E.12 in the Supplementary
Material with n = 200 can be compared with those in Tables 1 and 2 of Jun
and Pinkse (2009), respectively. We present the comparisons in Tables 7 and 8,
where T2(9 ) and Tk(Q ) with 9 € {QQSLS,GSP} are two-step plug-in test statistics
computed by using either a 2SLS or a semi-parametric estimator of 6 as described
in Jun and Pinkse (2009), and ?1 (@\CUEI), /fz(é\cugz), and Tk(@EUEk) are the test
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TABLE 2. Power for Case 1 with i.i.d. data (@ = 0.05)

DGP n Tn
JInm)/n n—2/5 RYE 174 RVE n—1/6
DGP (1) 100 0.245 0.184 0.246 0.313 0.345 0.373
200 0.440 0.362 0.460 0.573 0.623 0.638
400 0.679 0.583 0.709 0.820 0.850 0.860
800 0.888 0.822 0.924 0.976 0.990 0.992
DGP (2) 100 0.865 0.797 0.866 0.926 0.949 0.956
200 0.997 0.986 0.997 1.000 1.000 1.000
400 1.000 1.000 1.000 1.000 1.000 1.000
800 1.000 1.000 1.000 1.000 1.000 1.000
DGP (3) 100 0.992 0.983 0.992 0.999 0.999 0.999
200 1.000 1.000 1.000 1.000 1.000 1.000
400 1.000 1.000 1.000 1.000 1.000 1.000
800 1.000 1.000 1.000 1.000 1.000 1.000

TABLE 3. Size for Case 1 with dependent data (o = 0.05)

b(n) n Ty
W n—2/5 n—1/3 n—1/4 n—l/S n—]/6
n'/® 100 0.037 0.028 0.037 0.046 0.050 0.052
200 0.050 0.037 0.054 0.058 0.067 0.069
400 0.071 0.065 0.072 0.075 0.080 0.079
800 0.060 0.050 0.068 0.077 0.082 0.083
nl/3 100 0.037 0.029 0.037 0.045 0.046 0.047
200 0.035 0.029 0.037 0.040 0.045 0.049
400 0.071 0.065 0.072 0.075 0.080 0.079
800 0.047 0.045 0.064 0.078 0.081 0.085
nl/4 100 0.037 0.029 0.037 0.045 0.046 0.047
200 0.039 0.035 0.044 0.054 0.058 0.061
400 0.067 0.058 0.068 0.072 0.072 0.072
800 0.083 0.072 0.088 0.097 0.097 0.100
n'/3 100 0.056 0.046 0.057 0.065 0.070 0.072
200 0.047 0.037 0.049 0.055 0.059 0.064
400 0.067 0.058 0.067 0.069 0.074 0.075
800 0.057 0.036 0.071 0.078 0.085 0.084
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TABLE 4. Power for DGP (1) of Case 1 with dependent data (o« = 0.05)

b(n) n T
W n—2/5 n—1/3 n—1/4 n—1/5 n—]/6
n'/® 100 0.317 0.249 0.318 0.387 0.410 0.433
200 0.520 0.393 0.547 0.655 0.683 0.697
400 0.759 0.671 0.804 0.895 0.915 0.924
800 0.988 0.964 0.992 1.000 1.000 1.000
n'/3 100 0.257 0.206 0.258 0.333 0.356 0.380
200 0.482 0.368 0.509 0.617 0.673 0.686
400 0.759 0.671 0.804 0.895 0.915 0.924
800 0.990 0.969 0.992 1.000 1.000 1.000
nl/4 100 0.257 0.206 0.258 0.333 0.356 0.380
200 0.547 0.421 0.569 0.680 0.688 0.703
400 0.757 0.651 0.797 0.892 0.919 0.927
800 0.987 0.963 0.992 1.000 1.000 1.000
n'/3 100 0.263 0.176 0.264 0.331 0.364 0.370
200 0.486 0.381 0.507 0.632 0.672 0.688
400 0.749 0.645 0.775 0.883 0.916 0.922
800 0.978 0.950 0.988 1.000 1.000 1.000

TABLE 5. Power for DGP (2) of Case 1 with dependent data (o = 0.05)

b(n) n T
\/W n—2/5 n—1/3 n—1/4 n—l/S n—l/é
n'/® 100 0.976 0.923 0.976 0.989 0.992 0.993
200 1.000 0.998 1.000 1.000 1.000 1.000
400 1.000 1.000 1.000 1.000 1.000 1.000
800 1.000 1.000 1.000 1.000 1.000 1.000
n'/3 100 0.966 0.920 0.966 0.989 0.992 0.993
200 1.000 0.999 1.000 1.000 1.000 1.000
400 1.000 1.000 1.000 1.000 1.000 1.000
800 1.000 1.000 1.000 1.000 1.000 1.000
nl/4 100 0.966 0.920 0.966 0.989 0.992 0.993
200 1.000 0.999 1.000 1.000 1.000 1.000
400 1.000 1.000 1.000 1.000 1.000 1.000
800 1.000 1.000 1.000 1.000 1.000 1.000
n'/3 100 0.961 0.913 0.961 0.986 0.991 0.992
200 1.000 0.999 1.000 1.000 1.000 1.000
400 1.000 1.000 1.000 1.000 1.000 1.000
800 1.000 1.000 1.000 1.000 1.000 1.000
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TABLE 6. Power for DGP (3) of Case 1 with dependent data (o = 0.05)

b(n) n T
\/W n—2/5 n—1/3 n—1/4 n—1/5 n—]/6
n'/® 100 0.999 0.995 0.999 1.000 1.000 1.000
200 1.000 1.000 1.000 1.000 1.000 1.000
400 1.000 1.000 1.000 1.000 1.000 1.000
800 1.000 1.000 1.000 1.000 1.000 1.000
n'/3 100 0.999 0.994 0.999 1.000 1.000 1.000
200 1.000 1.000 1.000 1.000 1.000 1.000
400 1.000 1.000 1.000 1.000 1.000 1.000
800 1.000 1.000 1.000 1.000 1.000 1.000
nl/4 100 0.999 0.994 0.999 1.000 1.000 1.000
200 1.000 1.000 1.000 1.000 1.000 1.000
400 1.000 1.000 1.000 1.000 1.000 1.000
800 1.000 1.000 1.000 1.000 1.000 1.000
n'/3 100 0.999 0.995 0.999 1.000 1.000 1.000
200 1.000 1.000 1.000 1.000 1.000 1.000
400 1.000 1.000 1.000 1.000 1.000 1.000
800 1.000 1.000 1.000 1.000 1.000 1.000

TABLE 7. Comparison with Table 1 of Jun and Pinkse (2009)

o Plug-in Jun and Pinkse (2009) Proposed test
Tr(Osis)  Tilasis)  Ti@cue) Ta@cue)  Ti@cue) — to=n"'/*
0.01 0.511 0.480 0.004 0.012 0.012 0.011
0.025 0.533 0.509 0.007 0.016 0.022 0.027
0.05 0.551 0.531 0.015 0.025 0.030 0.051
0.1 0.584 0.559 0.027 0.049 0.045 0.111
0.2 0.626 0.602 0.053 0.078 0.075 0.241
statistics proposed by Jun and Pinkse (2009).” Our test uses 7, = n~'/* for

illustration. The plug-in method suffers from substantial size distortion. The tests
of Jun and Pinkse (2009) improve upon the plug-in approach, but could be
conservative as shown in their theoretical results. The proposed method achieves
rejection rates closer to the nominal significance levels compared to the results of
Jun and Pinkse (2009). These numerical observations provide supporting evidence
for the theoretical results in the article.

9The function ?k(-) is proposed by Zheng (1996), and the test statistic ?k (@\CUEk) based on minimization of fk ()
follows the idea of Jun and Pinkse (2009).
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TABLE 8. Comparison with Table 2 of Jun and Pinkse (2009)

o Plug-in Jun and Pinkse (2009) Proposed test
Ty@sp) Tx@sp) Ti@cuer) Tr@cue2)  Tx@cuex) T =n"1/4

0.01 0.341 0.362 0.018 0.018 0.024 0.009

0.025 0.360 0.395 0.027 0.027 0.030 0.023

0.05 0.382 0.419 0.036 0.036 0.046 0.049

0.1 0.422 0.455 0.052 0.056 0.067 0.109

0.2 0.487 0.519 0.077 0.093 0.106 0.233

5. CONCLUSION

This article provides a unified framework for inference on moment restriction
models with nuisance parameters. We employ a new characterization that does not
require the estimation of nuisance parameters, along with a numerical delta method
to construct the test. The test is asymptotically size controlled and consistent. We
conduct extensive Monte Carlo simulations to illustrate the finite sample properties
of the proposed test. The numerical results show that the proposed method may
achieve improvement in testing conditional moment restriction models with weak
instruments. While the present article focuses primarily on models with finite-
dimensional nuisance parameters, the proposed approach might be extended to
moment restrictions involving infinite-dimensional nuisance parameters that have
been widely investigated in the literature. This framework may also be applied to
other inference problems in the presence of nuisance parameters.
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