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Abstract. A modification of the method of geometric models is proposed and applied to
the study of multiplicity functions of group extensions.

It is proved that, for some generic set of the automorphismsT of the Lebesgue space
with respect to the standard topology, for anyM ⊆ N ∪ {∞} (1 ∈ M) there exists a
generic set of weakly mixing group extensionsT ′ of transformationT with M(T ′) = M,
whereM(T ) denotes the set of essential spectral multiplicities of the unitary operator
corresponding to the transformationT .

1. Introduction
By a dynamical system we mean a 3-tuple(X,µ, T ) consisting of an invertible measure-
preserving transformation (automorphism)T defined on a non-atomic Lebesgue space
(X,µ), µ(X) = 1. The spectral properties ofT are those of the induced unitary operator
defined by

T̃ f (x) = f (T x), f ∈ L2(X,µ).

Furthermore, for unitary operator̃T , we shall omit the symbol ‘∼’. Denote by Aut(µ)

the group of all automorphisms of(X,µ) and by M(U) the set of essential spectral
multiplicities of a unitary operatorU .

Some publications (see [1, 2]) consider the following problem, which is one of
the general classical problems of the spectral theory of ergodic measure-preserving
transformations: determine the precise conditions on the spectrum of a unitary operator
under which it can be realized by an ergodic dynamical system. In order to see one
reason why this problem is difficult, let us mention two particular unsolved problems:
the existence of a transformation having a simple Lebesgue spectrum (Banach’s problem)
and the existence of a transformation having absolutely continuous spectrum of finite
multiplicity in an orthogonal complement to the space of constant functions{f : f ≡
constant}⊥ (see [2]).
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It is clear thatM(U) ⊆ N ∪ {∞}. Note thatM(T ) can be any subset ofN ∪ {∞} if we
do not require ergodicity ofT . For ergodic transformationsT we have 1∈ M(T ), where 1
arises from the space{f ∈ L2(µ) : Tf = f }. Papers [3–6] and some others were devoted
to realizations of some subsets ofN ∪ {∞} different from{1} and{1,∞} and in the form
of M(T ) for ergodic transformationsT . In [3] examples of ergodic transformations with
M(T ) = {1, 2} were constructed. In [4] for the each positive integern transformations
T with M(T ) = {1, n} were constructed. In [5, 6] the class of subsets ofN realized as
a setM(T ) is extended. Note that these constructions essentially used the existence of
skew products with continuous group automorphism in its centralizer, giving the following
restriction toM(T ) : m1,m2 ∈ M(T ) H⇒ lcm(m1,m2) ∈ M(T ).

The new proposed construction does not have this restriction and it shows that for
the typical transformationT ∈ Aut(µ), for eachM ⊆ N ∪ {∞} (1 ∈ M) that T

admits an ergodic group extensioñT with M(T̃ ) = M. The proof does not use the
group automorphisms but is a modification of a method of geometric models used for
the study of the spectral properties of the classical von Neumann transformations [7, 8].
This construction gives an opportunity to add any subset ofN to a set of essential spectral
multiplicities. Constructed transformations, as a rule, have a continuous spectrum (in the
subspace{f : f ≡ constant}⊥). We remark here that in [9] (using another idea) for each
M ⊆ N ∪ {∞} (1 ∈ M) the existence of the ergodic automorphismT with M(T ) = M is
proved. These examples were constructed as natural factors of transformations from [6] .

Note that we usually consider the spectrum of the transformation in{f : f ≡
constant}⊥. Special interest in this case appears due to the Rokhlin problem: does there
exist an ergodic transformation withM(T ) = {n}, wheren 6∈ {1,∞} (see [4, 10]). Note
that the author in [11] (and V. Ryzhikov [12] independently and differently) has solved this
problem using the method of [8].

2. Definition of class A

We consider the piecewise affine maps sending[0, 1) onto[0, 1), where Lebesgue measure
µ is invariant for these maps. The transformationT is obtained as a limit of the following
process: at stagek we have disjoint half-open intervalsJ1, J2, . . . , Jqk , J

′
k partitioning

[0, 1), whereJ ′
k is on the right-hand side. The half-open intervalsJi (1 ≤ i ≤ qk) have

the same length andT mapsJi linearly onJi+1 (1 ≤ i < qk). The transformationT maps
Jqk ∪ J ′

k ontoJ ′
k ∪ J1 but it is not defined here at this stage. To describe the transformation

at stagek + 1, fix positive integerpk and the sequence of non-negative integers{a(k, p) :
1 ≤ p ≤ pk}. Divide eachJi into equal length half-open intervalsJi,p (1 ≤ p ≤ pk)

numbered from left to right. It is clear thatT mapsJi,p linearly ontoJi+1,p (1 ≤ i < qk).
Divide J ′

k into half-open intervalsJ ′
k,p,a (p ∈ {p : a(k, p) > 0}, 1 ≤ a ≤ a(k, p)) of

the same length asJi,p and a remaining half-open intervalJ ′
k+1 on the right-hand side. At

stagek + 1 we have the intervals

{J ′
k+1} ∪ {Ji,p : 1 ≤ i ≤ qk, 1 ≤ p ≤ pk}

∪ {J ′
k,p,a : p ∈ {p : a(k, p) > 0}, 1 ≤ a ≤ a(k, p)},
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partitioning[0, 1) and
qk+1 = qkpk +

∑
p

a(k, p).

Extend the transformationT by piecewise affine transformations such that it carries
intervals onto intervals according to the scheme

Jqk,p → J1,p+1 if p < pk anda(k, p) = 0,

Jqk,p → J ′
k,p,1 → J ′

k,p,2 → · · · → J ′
k,p,a(k,p) → J1,p+1 if p < pk anda(k, p) > 0,

Jqk,pk → J ′
k,pk,1 → · · · → J ′

k,pk,a(k,pk)
if a(k, pk) > 0.

Clearly,Jqk+1 is equal toJ ′
k,pk,a(k,pk)

if a(k, pk) > 0 and is equal toJqk,pk otherwise. The
transformationT mapsJqk+1 ∪ J ′

k+1 ontoJ1 ∪ J ′
k+1, but it is not defined at stagek + 1.

The considered construction gives the realization of any transformation of rank 1
conveniently for us. We say that an automorphismT described above belongs to class A,
if there exists a sequence of positive integerskn such that

kn → ∞, pkn → ∞, a(kn, p) = 0 (1 ≤ p ≤ pkn),

µ(T Jqkn ,pkn
∩ J1,1)

µ(J1,1)
→ 1 asn → ∞. (1)

Note that class A is the subset of rigid transformations(T rn → E asrn → ∞, where
E is the identity operator) of rank 1.

3. Construction of skew products
We fix M = {1, n1, n2, . . . } ⊆ N andT from class A. We denote

Ñ =
∑
j

nj , (Ñ ≤ ∞), l = #{n1, n2, . . . } (l ≤ ∞),

Ñ − l =
∑

j

(nj − 1), � = T
l × C(T )Ñ−l ,

whereT is the circle{c ∈ C : |c| = 1} identified with [0, 1) in a standard way, and
C(T ) = {S ∈ Aut(µ) : T S = ST }. Denote

ωγ (x) =
{

−1, 0 ≤ x < γ

1, γ ≤ x < 1
(γ, x ∈ T ≡ [0, 1)).

Henceforth, it is convenient to use the numbering of the coordinates ofβ̃ ∈ � according
to the structure ofM. We define a vector function

ωβ̃(x) = (ωβ1(x), ωβ1(S1,1x), . . . , ωβ1(S1,n1−1x), ωβ2(x), ωβ2(S2,1x), . . . )

and the transformationTω
β̃
, acting on the groupT × Z

Ñ
2 ≡ [0, 1) × {−1, 1}Ñ with Haar

measurem = µ × l × l × · · · , (l{i} = 0.5, i ∈ {−1, 1}) by the formula

Tω
β̃
(x, y) = (T x, ωβ̃(x) ∗ y),
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where∗ is the coordinate-wise multiplication. ThenTω
β̃

corresponds tõβ ∈ �, where

β̃ = (β1, β2, . . . , S1,1, S1,2, . . . , S1,n1−1, S2,1, S2,2, . . . ) (Si,j ∈ C(T ), βi ∈ T)

Let us remark thatC(T ) as a closed subset of Aut(µ) relative to the weak topology is
a Polish (complete, separable and metric) space. Therefore� is a Polish space relative to
the product topology.

We say that a property holds for a generic element from topological spaceD if the set
of elements fromD with this property contains a denseGδ subset ofD.

THEOREM 1. For each automorphismT from class A for a genericβ̃ ∈ � the
transformationsTω

β̃
are ergodic, M(Tω

β̃
) = M and any eigenfunction ofTω

β̃
is

independent ofy.

4. Geometrical representations
The new variant, approximation of automorphisms of Lebesgue space(X,µ) by periodic
transformations (see other variants in [9]), is more convenient for us.

We say that an automorphismT admits an approximation with flat stacks in pairs
(a.f.s.p.), if there exists a sequence{ξn} of partitions ofX such that

ξk = {B ′(k), B0(k), T B0(k), . . . , T qk−1B0(k)}, ξk → ε,

ξ2k ≤ ξ2k+1 (k = 0, 1, . . . ),
q2k+1

q2k
= pk ∈ N,

µ(B0(2k)|T nq2kB0(2k + 1)) = 1, (0 ≤ n < pk),

µ(B0(2k)|T pkq2kB0(2k + 1)) → 1 ask → ∞,

µ(B0(2k)) = pkµ(B0(2k + 1)), pk → ∞ ask → ∞.

It follows that

µ(B0(2k + 1)|T pkq2kB0(2k + 1)) → 1 ask → ∞.

LEMMA 1. For a genericT ∈ Aut(µ) with respect to weak topology, the transformation
T admits an a.f.s.p.

LEMMA 2. If T admits an a.f.s.p., thenT is isomorphic to somẽT from class A.

It is clear that from Lemmas 1 and 2 using Theorem 1 we have immediately the
following general result.

THEOREM 2. For a genericT ∈ Aut(µ) with respect to weak topology and for a generic
β̃ ∈ � = Tl × C(ϕT T ϕ−1

T ), any eigenfunction of̃T is independent ofy and

M(T̃ ) = M,

whereT̃ (x, y) = (T x, ωβ̃(ϕT (x))∗y) acts onX×Z
Ñ
2 , ϕT (x) : X → T is the isomorphism

from Lemma 2.
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Remark 1.It is easily shown that for each transformationT̃ there exists a transformation
S of the formT̃ × S1 such that any eigenfunction ofS is dependent only onx andy and

M(S) = M(T̃ ) ∪ {∞}.
Remark 2.For a generic vector functionω(x) with respect to weak topology and for
a generic transformationT we haveM(T̃ ) = {1} (consequentlyT̃ is ergodic), where
T̃ (x, y) = (T x, ω(x) ∗ y).

It is clear that there exists an automorphism admitting an a.f.s.p. such that this
automorphism does not have a continuous spectrum (in{f : f ≡ constant}⊥), but the
set of the transformations having continuous spectrum is generic in Aut(µ). Finally, we
have the following.

COROLLARY. For a genericT ∈ Aut(µ) and for eachM ⊆ N∪{∞} (1 ∈ M) there exists
a group extensioñT of T such that

M(T̃ ) = M

andT̃ has a continuous spectrum in{f : f ≡ constant}⊥.

5. Generalized geometric models and metricsρk

We fix T from class A and a collection of half-open intervalsJ1, . . . , Jq ′
k
, J ′

k at stagek.

We define the injective mapϕk : [0, 1) → R2 as follows. For anyx ∈ [0, 1) there exists a
numbert ∈ Z+ such thatT −t x ∈ J1.

Let

ϕk(x) =
(

T −t (x)x − ak

|J1| ,
t (x)

qk

)
(x ∈ [0, 1)),

whereJ1 = [ak, bk) and

t (x) = min{t ∈ Z+ : T −t x ∈ J1}.
Obviously, for anyx and for sufficiently largek, we haveϕk(x) ∈ [0, 1)2. The Euclidean
metric onR2 defines a metricρk on [0, 1) by the formula

ρk(x, y) = ρ(ϕk(x), ϕk(y)).

6. The equivalence classes of the characters
We consider the group̂ZÑ

2 of all characters of the groupZÑ
2 ≡ {−1, 1}Ñ . Every character

χ(y) depends on the finite coordinates. Therefore, for anyy = (y11, y12, . . . ) ∈ {−1, 1}Ñ
we have

χ(y) = y
i11
11 y

i12
12 · · · ,

where ikl ∈ {0, 1} and ikl = 0 for sufficiently largek. Henceforth we shall identify
the characterχ and the corresponding collection(i11, i12, . . . ) from {0, 1}Ñ with finite
support.

We define an equivalence relation onẐ
Ñ
2 by the following conditions.
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(1) ∀χ ∈ Ẑ
Ñ
2 , χ ∼ χ .

(2) If χ1 6= χ2, thenχ1 ∼ χ2 ⇐⇒ (i11, i12, . . . ) ∼ (j11, j12, . . . ) ⇐⇒ ∃k ∃m1,m2 ≤
nk (m1 6= m2 andikm1 = ∑

rl irl = ∑
rl jrl = jkm2 = 1).

The Hilbert spaceL2(T × {−1, 1}Ñ , µ × lÑ ) can be represented as the direct sum of
subspacesHχ invariant with respect toTω

β̃
, where

Hχ = {f (x) · χ(y) : f ∈ L2(T, µ), χ ∈ Ẑ
Ñ
2 }.

The operatorTω
β̃

on the subspaceHχ is spectrally isomorphic to the operator

ωχ(x)T : f (x) → ωχ(x)f (T x),

acting onL2(T, µ), where

ωχ(x) ≡ ω
i11
β1

(x)ω
i12
β1

(S11x) · · ·ωi1n1
β1

(S1n1−1x)ω
i21
β2

(x) · · · .

We denoteVχ = ωχ(x)T , σχ is the measure of maximal spectral type of the operatorVχ .

7. Theorem 1 as a corollary of Theorem 3
THEOREM 3. For each transformationT from classA and for a genericβ̃ ∈ � we have:
(1) for eachχ ∈ Ẑ

Ñ
2 the operatorVχ has a simple spectrum;

(2) for eachχ1, χ2 ∈ Ẑ
Ñ
2 , χ1 ∼ χ2 H⇒ σχ1 ∼ σχ2;

(3) for eachχ1, χ2 ∈ Ẑ
Ñ
2 , χ1 6∼ χ2 H⇒ σχ1⊥σχ2;

(4) for eachχ (χ 6≡ χ0 ≡ 1), σχ is a continuous measure.

Proof of Theorem 1.Let
(1) L2(m) = ⊕

i C(hi),
(2) ki = #{j : σhi ∼ σhj },
(3) for eachi, j eitherσhi ∼ σhj or σhi ⊥σhj ,
whereC(h) = CTω

β̃
(h) is the closed linear span of the vectorsT n

ω
β̃
h, n ∈ Z (cyclic space

with respect toTω
β̃

for vectorh), σh is the spectral measure corresponding toh; that is the
unique Borel measure onT ≡ [0, 1) for which

σ̂h(n) =
∫ 1

0
e2πinλ dσh(λ) = (T n

ω
β̃
h, h),

then
M(Tω

β̃
) = {k1, k2, . . . }.

We write down all the cardinalities of the equivalence classes of the setẐ
Ñ
2 :

1, 1, 1, . . . , n1, n2, . . . .

Now, by Theorem 3(1),
L2(m) =

⊕
i

C(χi).

Combining this with Theorem 3(2) and 3(3), we obtain

M(Tω
β̃
) = {1, n1, n2, . . . } = M.

The ergodicity ofTω
β̃

and the independence of all eigenfunctions ofTω
β̃

from y follows
immediately from Theorem 3(4), sinceT is ergodic. 2
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8. Topological lemma
Fix ε > 0, Ñ < ∞, l ≤ Ñ and the sequencesri (k) ∈ N (l < i ≤ Ñ) andβ̃(k) ∈ �, where

β̃(k) = (β1(k), . . . , βl(k), T s1(k), T s2(k), . . . , T s
Ñ−l

(k)).

We denote

Ũi(k) = {β ∈ T : ρk(β, βi(k)) < ε} (1 ≤ i ≤ l)

Ũi(k) = {T si (k)+j : |j | < ri(k)} (l < i ≤ Ñ)

Uε(k) =
Ñ⊗

i=1

Ũi (k) ⊆ �.

LEMMA 3. Letε > 0 andkn → ∞ asn → ∞. Suppose that
(1) ∀i ϕkn(βi(kn)) ∈ [0, 1)2;
(2) ∀i ri (kn) → +∞ asn → ∞;
(3) ∀i T si(kn) → E asn → ∞.
Then the set ⋂

m

⋃
n>m

Uε(kn)

is an everywhere dense subset in� with respect to the product topology.

Proof of Lemma 3.Every neighborhood of� contains a set of the following form:

Ñ⊗
i=1

Oi,

whereOi = (ai, bi) (1 ≤ i ≤ l), Oi is a open subset inC(T ) (l < i ≤ Ñ). It suffices to
prove that for anyi and for sufficiently largen,

Ũi(kn) ∩ Oi 6= ∅. (2)

We use the following fact.

LEMMA 4. [7] If a sequence of functionshn is bounded in norm,U is a unitary operator
on separable Hilbert space andhn−Uhn converges weakly to 0, thenhn−PUhn converges
weakly to 0, wherePU is the operator of orthogonal projection ontoHinv = {h : h = Uh}.

We consider the setsϕkn(Ũi(kn)) ⊆ R2 (1 ≤ i ≤ l). It is not hard to see that

lim inf
n

µ((Ũi(kn))) > c > 0, (3)

‖Tfn − fn‖L2 → 0 asn → ∞,

where

fn(x) =
{

1, x ∈ Ũi(kn),

0, x 6∈ Ũi(kn).

Using the ergodicity property ofT , for operatorT from Lemma 4 we have

∀A µ(A ∩ Ũi (kn)) − µ(Ũi(kn))µ(A) → 0 asn → ∞.
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Therefore, by (3), we get (2)(1 ≤ i ≤ l).
For anyS ∈ C(T ) there exists a sequence of integerstn (n ∈ N) such thatT tn → S as

n → ∞ [13]. Therefore for any sequencemn → ∞ and for anyi we have

T si (kn)+tmn → S asn → ∞. (4)

We choosemn so that
|tmn | < ri(kn).

Therefore, by (3), we get (2)(l < i ≤ Ñ). 2

9. Principal points of the proof of Theorem 3
Theorem 3(2) follows from the definition of a unitary operatorU with UVχ1 = Vχ2U ,
whereχ1 ∼ χ2.

For each characterχ ∈ Ẑ
Ñ
2 we choose open setsU ′

ε(k) ⊆ �, whereUε(k) ⊆ U ′
ε(k) and

Uε(k) come from the topological lemma, such that the proof of Theorem 3(1) forVχ and
β̃ ∈ ⋂

m

⋃
n>m U ′

ε(kn) essentially follows the proof of [8, Theorem 4]. Here the sets on
which the functionsωχ(x) have constant sign are determined by the analogous sets for the
functionsωβ(Sij χ).

As before, for each pairχ1, χ2 (χ1 6∼ χ2) we also choose its open setU ′
ε(k). The proof

of Theorem 3(3) is based on the following assertions.

LEMMA 5. Suppose thatT is ergodic andϕ ∈ L2(X,µ), where|ϕ(x)| = 1 for almost all
x. If T ki converges weakly toE, then the operatorUki

ϕ − (U
ki
ϕ 11, 11)E converges weakly to

0, where
Uϕ : f (x) → ϕ(x)f (T x)

denotes a unitary operator onL2(X,µ).

LEMMA 6. [6] LetUi (i = 1, 2) be a unitary operator on a separable Hilbert space. Let
σi denote the measure of maximal spectral type ofUi . Assume thatkm → ∞ asm → ∞
andc1 6= c2. If the sequenceUkm

i converges weakly tociE (i = 1, 2) then

σ1 ⊥ σ2.

Henceforth forβ̃ ∈ ⋂m

⋃
n>m U ′

ε(kn) there existsδ > 0 such that for anyn

|(V qkn
χ1 11, 11) − (V

qkn
χ2 11, 11)| > δ.

Combining this withT qkn → E asn → ∞ we prove the Theorem 3(3).
Henceforth we chooseU ′

ε(kn) so that for sufficiently largen

|(V qkn
χ1 11, 11)| < 1 − ε.

Theorem 3(4) forβ̃ ∈ ⋂
m

⋃
n>m U ′

ε(kn) follows from Lemma 5 and from the next
assertion, which is very simple.

PROPOSITION1. Letc ∈ C and| c |< 1. If a sequence of unitary operatorsUrn converges
weakly tocE asn → ∞, then the operatorU has a continuous spectrum.

Finally, the generic set in Theorem 3 is obviously the intersection of the generic sets
considered above.
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General notation.We shall use the following notation:

ωγ (x) · ωγ (T x) · · ·ωγ (T qkn−1x) = ω(n)
γ (x) (γ ∈ T),

ωχ (x) · ωχ(T x) · · ·ωχ(T qkn−1x) = ω(n)
χ (x) (χ ∈ Ẑ

Ñ
2 ),

Momn(χ, β̃) = |(V qkn
χ 11, 11)| =

∣∣∣∣
∫
T

ω(n)
χ (x) dµ

∣∣∣∣.
Note that

ω(n)
χ (x) = (ω

(n)
β1

(x))i11 · (ω(n)
β1

(S1,1x))i12 · · · ,

whereχ(y) = y
i11
11 y

i12
12 · · · .

Proof of Lemma 5.Let f, g ∈ L2(χ,µ) and

ϕi(x) = ϕ(x)ϕ(T x) · · ·ϕ(T ki−1x).

Using
‖T ϕi − ϕi‖L2 → 0 asi → ∞

and an equalityHinv = C11, we have, by Lemma 4,

(ϕi · f, g) − (ϕi · 11, 11) · (f, g) → 0 asi → ∞.

Using
‖T ki f − f ‖L2 → 0 asi → ∞

and an equality(ϕi · 11, 11) = (U
ki
ϕ 11, 11) we consequently obtain,

(Uki
ϕ f, g) − (ϕif, g) → 0 asi → ∞,

(Uki
ϕ f, g) − (Uϕ11, 11) · (f, g) → 0 asi → ∞. 2

10. The sets on which the functionsω
(n)
β (x) have constant sign

We consider generalized geometric models ofT from class A.

PROPOSITION2. If z1(n, β) < 1 − 1/pkn , then

ω
(n)
β (x) =

{
ω

(n)
β (β) if z1(n, β) ≤ z1(n, x) < 1 − 1/pkn,

−ω
(n)
β (β) if z1(n, x) < z1(n, β) − 1/pkn,

wherezi(n, x) (i = 1, 2) are the coordinates of the pointϕkn(x) ∈ R
2.

The proof of Proposition 2 follows immediately from the following:
(1) if z2(n, x) = z2(n, x) 6= z2(n, β), thenωβ(x1) = ωβ(x2);
(2) if z2(n, x) = z2(n, β), then

ωβ(x) =
{

ωβ(β) if z1(n, β) ≤ z1(n, x),

−ωβ(β) otherwise;

(3) if z2(n, x) < 1− 1/qkn , then(z1(n, T x), z2(n, T x)) = (z1(n, x), z2(n, x) + 1/qkn);
(4) if z1(n, x) < 1 − 1/pkn , then

(z1(n, T qkn x), z2(n, T qkn x)) = (z1(n, x) + 1/pkn, z2(n, x)).
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11. Four technical lemmas
LEMMA 7. There exist a numberε > 0 and an indexn0 such that for any indexn greater
that n0 there existγi(n) ∈ {x ∈ T : z1(n, x) < 1 − 1/pkn}, si (n) ∈ Z (1 ≤ i ≤ 3) such
that the following inequalitys hold:

1 −
∣∣∣∣
∫
T

ω(n)
γ1

(x) dµ

∣∣∣∣ > ε, (5)

1 −
∣∣∣∣
∫
T

ω(n)
γ2

(x)ω(n)
γ2

(T s1x) dµ

∣∣∣∣ > ε, (6)∣∣∣∣
∣∣∣∣
∫
T

ω(n)
γ3

(x)ω(n)
γ3

(T s2x)ω(n)
γ3

(T s3x) dµ

∣∣∣∣−
∣∣∣∣
∫
T

ω(n)
γ3

(x) dµ

∣∣∣∣
∣∣∣∣ > ε, (7)

T si(n) → E asn → ∞ (i = 1, 2, 3).

Proof of Lemma 7.We consider generalized geometric models ofT . Part 1 (inequality (5))
follows directly from Proposition 2.

We prove part 2 (inequality (6)). Lets1 = s1(n) = −[pkn/4] · qkn . We choose
γ2 = γ2(n) so thatz1(n, γ ) = 0.25. For any intervalI ⊂ [0, 1) we denoteI (n) =
{x ∈ T : z1(n, x) ∈ I }. Using the definition of class A we have

sup
0≤i≤pkn
0≤j≤qkn

µ(T iqkn+j I (n)4(I (n) + i/pkn)) → 0 asn → ∞, (8)

whereI (n) + c = {x ∈ T : ∃y ∈ I (n) : z1(n, x) = z1(n, y) + c mod 1}.
Using Proposition 2 we have

µ({x : ω
(n)
γ2(n)(x)ω

(n)
γ2(n)(T

s1(n)x) = −1}4{x : z1(n, x) < 0.5}) → 0 asn → ∞.

Using

µ{x : z1(n, x) < c} → c asn → ∞ (0 ≤ c ≤ 1), (9)

for sufficiently largen we have (6).
We prove part 3 (inequality (7)). Letsi (n) = −[pkn · (i − 1)/5]gkn (i = 2, 3). We

chooseγ3 = γ3(n) so thatz1(n, γ3) = 0.2. Using Proposition 2 and (9), we have∣∣∣∣
∫
T

ω(n)
γ3

(x) dµ

∣∣∣∣ → 0.6 asn → ∞.

Using (8) and Proposition 2, we have for somec ∈ {−1, 1},
µ({x : ω(n)

γ3
(x)ω(n)

γ3
(T s2(n)x)ω(n)

γ3
(T s3(n)x) = c}4{x : z1(n, x) < 0.6}) → 0

asn → ∞. Therefore,∣∣∣∣
∫
T

ω(n)
γ3

(x)ω(n)
γ3

(T s2(n)x)ω(n)
γ3

(T s3(n)x) dµ

∣∣∣∣ → 0.2 asn → ∞.

From (1), we have

µ(T −si (n)Ĩ (n)|Ĩ (n)) → 0 asn → ∞,

whereĨ (n) = {x ∈ T : z2(n, x) = 0}. ThereforeT −si (n) → E asn → ∞, and part 4 is
proved. 2
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LEMMA 8. If χ1 6∼ χ2, then there exist a numberε > 0 and an indexn0 such that for any
n > n0 there existsβ̃ = (β1, β2, . . . , T

l1, T l2, . . . ) ∈ � such that

∀i T li → E asn → ∞, z1(n, βi) < 1 − 1/pkn,

Momn = |Momn(χ1, β̃) − Momn(χ2, β̃)| > ε.

Proof of Lemma 8.We use the notatioñβ = (β1, β2, . . . , S1,1, S1,2, . . . ).

I. We consider the special caseirt = jrt = 0 (2 ≤ r, 1 ≤ t ≤ nr), whereχ1 = y
i11
11 y

i12
12 · · · ,

χ2 = y
j11
11 y

j12
12 · · · . If ∑

t

i1t =
∑

t

j1t (mod 2) (10)

is false, then we denoteβ1 = γ1, S1,1 = S1,2 = · · · = E andγ1 from Lemma 7 (we choose
βi (2 ≤ i) so thatz1(n, βi) < 1 − 1/pkn). Using (5), for sufficiently largen we have

Momn = 1 −
∣∣∣∣
∫
T

ω
(n)
β1

(x) dµ

∣∣∣∣ > ε.

If (10) is true, then fromχ1 6∼ χ2 it is not hard to see that substitutingi for j andj for
i (if necessary) at least one of the following alternatives holds:
(1) ∃m1 (1 < m1, i11 = i1m1 = 1, j11 = j1m1 = 0,

∑
r i1r = 0 (mod 2));

(2) ∃m1,m2 (1 < m1 < m2, i1mp = 1, j1mp = 0, p = 1, 2,
∑

r i1r = 0 (mod 2));
(3) ∃m1,m2 (1 < m1 < m2, i1mp = 1, j1mp = 0, p = 1, 2,

∑
r i1r = 1 (mod 2));

(4) ∃m2,m3 (1 < mp, p = 2, 3, i11 = i1m2 = i1m3 = j1m3 = 1, j11 = j1m2 = 0,∑
r i1r = 1 (mod 2));

(5) ∃m1,m2 (i11 = j11 = i1m1 = j1m2 = 1, j1m1 = i1m2 = 0,
∑

r i1r = 0 (mod 2));
(6) ∃m2,m3 (i11 = i1m3 = j1m2 = j1m3 = 1, j11 = i1m2 = 0,

∑
r i1r = 0 (mod 2));

(7) ∃m1,m2,m3 (1 < mp, p = 1, 2, 3, i1m1 = j1m2 = i1m3 = j1m3 = 1,
j1m1 = i1m2 = 0,

∑
r i1r = 0 (mod 2));

(8) ∃m1,m2,m3 (m1 6= m3, i11 = j1m2 = i1m3 = j1m3 = i1m1 = j1m1 = 1,
j11 = i1m2 = 0,

∑
r i1r = 1 (mod 2));

(9) ∃m1,m2,m3 (m3 6= 1, i11 = j11 = i1m1 = j1m2 = i1m3 = j1m3 = 1,
j1m1 = i1m2 = 0,

∑
r i1r = 1 (mod 2));

(10) ∃m1,m2,m3 (1 < mp, p = 1, 2, 3, i1m1 = j1m2 = i1m3 = j1m3 = 1,
j1m1 = i1m2 = 0,

∑
r i1r = 1 (mod 2)).

(If ∃m1,m2 (i1mp = 1, j1mp = 0, p = 1, 2, (m1 6= m2)) then we have at least one of the
alternatives (1)–(4). Otherwise, at least one of the alternatives (5)–(10) is valid.)

We determineβ1 andS1,j (1 ≤ j ≤ n1 − 1) in any variant respectively.
(1)–(2) β1 = γ2, S1,m1−1 = T s1, S1,j = E (j 6= m1 − 1).

(3) β1 = γ3, S1,m1−1 = T s2, S1,m2−1 = T s3, S1,j = E (j 6∈ {m1 − 1,m2 − 1}).
(4) β1 = γ3, S1,m2−1 = T s2, S1,j = T s3 (j 6= m2 − 1).
(5) β1 = γ2, S1,m1−1 = T s1, S1,j = E (j 6= m1 − 1).

(6)–(7) β1 = γ2, S1,m2−1 = T s1, S1,j = E (j 6= m2 − 1).
(8)–(10) β1 = γ3, S1,m1−1 = T s2, S1,m3−1 = S1,m2−1 = T s3, S1,j = E (j 6∈

{m1 − 1,m2 − 1,m3 − 1}),

https://doi.org/10.1017/S0143385701001171 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001171


332 O. N. Ageev

whereγi, si (1 ≤ i ≤ 3) from Lemma 7. In every case we get that Momn is a left-hand
side of (6) or (7). Lemma 8 in case I is proved.

II. The general case is a simple consequence of I. Indeed, for any characterχ =
y

i11
11 y

i12
12 · · · we consider the characterχ(t) = y

i11(t)
11 y

i12(t)
12 · · · , where

i
(t)
lr =

{
ilr if l = t

0 otherwise.

If for somet0χ1(t0) 6∼ χ2(t0) (χ1 6∼ χ2), then we determineβt0, St0,1, St0,2, . . . as in
case I. Letβt = 0, St,j = E (t 6= t0). Then we have what is required.

From the definition of class A it follows thatz1(n, 0) = 0 < 1 − 1/pkn for sufficiently
largen.

If for eacht χ1(t) ∼ χ2(t), then there existt1, t2,m1,m2,m3,m4 (m1 6= m2, t1 6= t2,
m1,m2 ≤ nt1, m3,m4 ≤ nt2) such that

it1,r = 1 ⇐⇒ r = m1, it2,r = 1 ⇐⇒ r = m3,

jt1,r = 1 ⇐⇒ r = m2, jt2,r = 1 ⇐⇒ r = m4.

(It is possible thatm3 = m4.) To be definite, assume thatm1 6= 1. We chooseβt1 = βt2,
βt = 0 (t 6∈ {t1, t2}), St,j = E (t 6= t1) and, ifm2 6= 1 thenSt1,m2−1 = E. We have

Momn = 1 −
∣∣∣∣
∫
T

ω
(n)
βt1

(St1,m1−1x)ω
(n)
βt1

(x) dµ

∣∣∣∣ > ε.

The last inequality is true forβt1 = γ2 andSt1,m1−1 = T s1, whereγ2(n) ands1(n) are from
Lemma 7. 2

LEMMA 9. If χ 6= χ0, then there existε > 0 andn0 ∈ N such that for anyn > n0 there
existsβ̃ = (β1, β2, . . . , T

l1, T l2, . . . ) ∈ � such that

∀i z1(n, βi) < 1 − pkn, T li → E asn → ∞,

Momn(χ, β̃) < 1 − ε.

Proof of Lemma 9.Fix n, χ = y
i11
11 y

i12
12 · · · and r0, j0 with ir0,j0 = 1. Determine

β̃ = (β1, β2, . . . , S1,1, S1,2, . . . ). Let βp = 0, Sp,j = E (p 6= r0).
If ∑

j

ir0j = 1 (mod 2) (11)

then we chooseβr0 = γ1, Sr0j = E, whereγ1(n) is from Lemma 7.
If (11) is false, then there existsj1 (j1 6= j0) such thatir0j1 = 1. In this case we choose

βr0 = γ2, Sr0,jt0−1 = T s1, Sr0,j = E (j 6= jt0 − 1), where fort0 ∈ {0, 1} the condition
jt0 6= 1 is true, andγ2(n), s1(n) are from Lemma 7.

Using (5) and (6) respectively, for anyn > n0 we have

Momn(χ, β(n)) < 1 − ε. 2
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Fix a characterχ = y
i11
11 y

i12
12 · · · . We choosej1 andj2, so that

max{j : ∃r ijr = 1} ≤ j1 < ∞, j2 =
j1∑

r=1

(nr − 1).

LEMMA 10. For anyε > 0 there existδ > 0 andn0 such that for anyn > n0 and any
β̃(i) = (β

(i)
1 , β

(i)
2 , . . . , S

(i)
1 , S

(i)
2 , . . . ) ∈ �, if z1(n, β

(i)
j ) < 1 − 1/pkn , ρkn(β

(1)
j , β

(2)
j ) < δ

(1 ≤ j ≤ j1, i = 1, 2), S
(1)
j = T tj S

(2)
j , |tj | < δqkn(1 ≤ j ≤ j2), then

|Momn(χ, β̃(1)) − Momn(χ, β̃(2))| < ε.

Proof of Lemma 10.This follows directly from the next proposition. 2

PROPOSITION3. For anyε > 0 there existδ > 0 andn0 such that for anyn > n0 we
have:
(1) (ρkn(β1, β2) < δ andz1(n, βi) < 1−1/pkn) H⇒ ∃j such thatµ{x ∈ T : ω

(n)
β1

(x) 6=
(−1)jω

(n)
β2

(x)} < ε;

(2) (|t| < δqkn and z1(n, β1) < 1 − 1/pkn) H⇒ ∃j such thatµ{x ∈ T : ω
(n)
β1

(x) 6=
(−1)jω

(n)
β1

(T tx)} < ε.

Proof of Proposition 3.From the conditionρkn(β1, β2) < δ and Proposition 2 we have
consequently

|z1(n, β1) − z1(n, β2)| < δ,

µ({x ∈ T : ω
(n)
β1

(x)ω
(n)
β2

(x) 6= ω
(n)
β1

(β1)ω
(n)
β2

(β2)}4
{x : z1(n, x) ∈ [z1(n, βi), z1(n, β3−i ))}) → 0 asn → ∞.

Taking into account (9), we obtain the proof of Proposition 3(1). Proposition 3(2) follows
immediately from (8) and Proposition 2. 2

Proof of Theorem 3.We fix the charactersχ1, χ2, whereχ1 ∼ χ2. We can assume, without
loss of generality, thatχ1(y) = y11, χ2(y) = y12, n1 > 1. Theorem 3(2) follows from the
equality

Vχ2S1,1 = S1,1Vχ1.

Fix a characterχ = y
i11
11 y

i12
12 · · · . We shall construct some denseGδ subsetK of �,

whereVχ has a simple spectrum if̃β ∈ K. Let ε = 0.01, l1 = max{j : ∃r : ij,r = 1},
Ũ ′

i (kn) = {β ∈ T : ρkn(β, β(n)) < ε} (1 ≤ i ≤ l1),

Ũ ′
i (kn) = T (l1 < i ≤ l),

Ũ ′′
i (kn) = {S ∈ C(T ) : ∃j : µ(SAn4T jAn) < δ(n) and|j | < εqkn} (1 ≤ i ≤ l2),

Ũ ′′
i (kn) = C(T ) (l2 < i),

Ũ ′
i (kn) =

l⊗
i=1

Ũ ′
i (kn) ×

Ñ−l⊗
i=1

Ũ ′′
i (kn),
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wherel2 = ∑l1
i=1(nr − 1), β(n) is defined byϕkn(β(n)) = (0.15, 0), and

An = {x ∈ T : z2(n, x) = 1 − 1/qkn and 0.3 ≤ z1(n, x) < 0.99},
δ(n) = 0.2

l2qkn

(12)

It follows from Ũ ′′
i (kn) ⊇ Ũi(kn) = {T j : |j | < εqkn} (1 < i ≤ l2) and the topological

lemma that the set
⋂

m

⋃
n>m U ′

ε(kn) is a denseGδ subset of�.
Let β̃ ∈ ⋂

m

⋃
n>m U ′

ε(kn). Fix n, j11, j12, . . . , whereβ = (β1, . . . , S11, S12, . . . ) ∈
U ′

ε(kn) andµ(T jmr An4SmrAn) < δ(n) (m ≤ l1). We denote

Ãn = An ∩
⋂
m≤l1

1≤r≤nm−1

T −jmr SmrAn,

Ã′
n =

qkn−1⋃
j=0

T −j Ãn, hn(x) = χÃn
,

where

χA(x) =
{

1, if x ∈ A,

0, otherwise.

From (12) and (9), for sufficiently largen we have

µ(Ã′
n) ≥ qkn

(
µ(An) − δ(n)l2

2

)
→ 0.59. (13)

Since‖χÃ′
n
− T χÃ′

n
‖ → 0 asn → ∞ andT is ergodic, by Lemma 4, we have

∫
Ã′

n

f dµ −
∫
T

f dµ · µ(Ã′
n) → 0 asn → ∞, (14)

wheref ∈ L2(T, µ).
We use the following fact which is a consequence of a proposition in [14, Ch. 3].

PROPOSITION4. If there exist a number2 > 0 and a sequence of vectorshn from
L2(T, µ) with the following property

∀h (‖h‖ = 1) lim sup
n

d2(CU(hn), h) ≤ 1
2 − 2, (15)

then the unitary operatorU has a simple spectrum, whereCU(h) is the cyclic space for
vectorh relative toU and

d(CU(h), g) = min
f ∈CU(h)

‖g − f ‖L2.

It is sufficient to prove property (15) for an everywhere dense set of vectorsh. Therefore
we consider only a functionh constant on all half-open intervals in generalized geometric
models ofT , beginning with somek. It is clear thath(x) is constant on setsT −j Ãn (0 ≤
j < qkn). It follows from definition ofε, δ(n), β(n) andAn that for sufficiently largen,
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ωχ(x) is constant on setsT −j Ãn (0 ≤ j < qkn). This implies thatV j
χ χÃn

= d(j) ·χ
T −j Ãn

(0 ≤ j < qkn), whered(j) is independent ofx. Therefore,

χT −j Ãn
∈ CVχ (hn).

Hence,
h(x)χÃ′

n
=
∑
j

h(x)χT −j Ãn
∈ CVχ (hn).

Combining this with (13) and (14), we get

d2(CVχ (hn), h) ≤ ‖h · χÃ′
n
− h‖2 =

∫
T\Ã′

n

|h|2 dµ

= (1 − µ(Ã′
n)) +

(
µ(Ã′

n) ·
∫
T

|h|2dµ −
∫

Ã′
n

|h|2 dµ

)
< 0.42

for sufficiently largen. Using Proposition 4, we have that the proof of part 1 is complete.

We prove part 3. We fixχm = y
i
(m)
11

11 y
i
(m)
12

12 · · · (m = 1, 2, χ1 6∼ χ2), takeε > 0, n

sufficiently large and̃β = (β1, β2 . . . , T l1, T l2, . . . ) ∈ � from Lemma 8. Let

j1 = max{j : ∃r,m : i
(m)
jr = 1}, j2 =

j1∑
r=1

(nr − 1).

We shall construct the setU ′
ε(kn). Using the continuity of Momn(χ, β̃) with respect to the

coordinatesSi ∈ C(T ) it is not hard to determine the neighborhoodsUi ⊆ C(T ) of T li

(i ≤ j2) such that

|Momn(χm, β̃) − Momn(χm,
˜̃
β)| < 0.1 · ε, (16)

where ˜̃
β = (β1, β2, . . . , S1, S2, . . . ), Si ∈ Ui (i ≤ j2).

We chooseδ > 0 (see Lemma 10) such that

|Momn(χm, β̃(1)) − Momn(χm, β̃(2))| < 0.1 · ε (m = 1, 2) (17)

if ρkn(β
(1)
j , β

(2)
j ) < δ, z1(n, β

(m)
j ) < 1− 1/pkn (j ≤ j1) andS

(1)
j = T tj S

(2)
j , |tj | < δ · qkn

(j ≤ j2), whereβ̃(m) = (β
(m)
1 , β

(m)
2 , . . . , S

(m)
1 , S

(m)
2 , . . . ).

Let

Ũ ′
j (kn) = {β ∈ T : ρkn(β, βj ) < δ andz1(n, β) < 1 − 1/pkn} (1 ≤ j ≤ j1),

Ũ ′
j (kn) = T (j1 < j ≤ l),

Ũ ′′
j (kn) =

⋃
|r |<δqkn

T rUj (1 ≤ j ≤ j2),

Ũ ′′
j (kn) = C(T ) (j2 < j),

U ′
ε(kn) =

⊗
j

Ũ ′
j (kn) ×

⊗
j

Ũ ′′
j (kn).

Using the same arguments, as above, we have that the set
⋂

m

⋃
n>m U ′

ε(kn) is a denseGδ

subset of�.
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Suppose that̃β ′ ∈ Uε(kn) (β̃ ′ from
⋂

m

⋃
n>m U ′

ε(kn)). By (16) and (17) the choice of
β̃, we have

|Momn(χ1, β̃
′) − Momn(χ2, β̃

′)| > 0.6ε. (18)

From (18) and Lemma 5 it follows that there exists a subsequences(p) such that

V
qks(p)
χi → ciE asp → ∞ (i = 1, 2),

|c1 − c2| ≥ 0.6 · ε.
Using Lemma 6, we have that

σχ1 ⊥ σχ2.

The proof of part 4 is completely similar to part 3, where we replace Lemma 8 by
Lemma 9 and Lemma 6 by Proposition 1. 2

Proof of Lemma 1.We fix the sequences of integersq2n → ∞, pn → ∞. Let ξ2n and
ζ2n+1 be a partition ofX = [0, 1) into q2n andq2n · pn half-open interval of the same
length, respectively. We define a setOn of automorphismsTn by the following conditions:
(1) Tnξn = ξn;
(2) ∀j (0 < j ≤ qn) T i

nBj (n) = Bj (n) ⇐⇒ i = 0 modqn,
whereξn = {B1(n), B2(n), . . . , Bqn(n)}.

Let

C =
⋂
k=1

⋂
n>k

⋃
Tn∈O2n∩O2n+1

{
T ∈ Aut(µ) :

∑
i

µ(T Bi(2n + 1)4TnBi(2n + 1)) <
1

nq2n+1

}
.

We fix T ∈ C, n andTn, where∑
i

µ(T Bi(2n + 1)4TnBi(2n + 1)) <
1

nq2n+1
.

Let

B̃1(2n + 1) = {x ∈ B1(2n + 1) : T ix ∈ T i
nB1(2n + 1) (0 ≤ i ≤ q2n+1)},

η2n+1 = {B ′
2n+1, B̃1(2n + 1), T B̃1(2n + 1), . . . , T q2n+1−1B̃1(2n + 1)},

An = B̃1(2n + 1) ∪ T q2nB̃1(2n + 1) ∪ · · · ∪ T q2n(pn−1)B̃1(2n + 1),

η2n = {A′
n,An, T An, . . . , T

q2n−1An}.
It is clear that

η2n ≤ η2n+1, µ(B1(2n + 1)\B̃1(2n + 1)) <
µ(B1(2n + 1))

n
,

and therefore,η2n → ε. Finally, we obtain thatT admits an a.f.s.p.
To conclude the proof, it remains to note thatC is a denseGδ subset. But the latter is

obvious, since

C ⊃
⋂
k=1

⋃
n>k

(O2n ∩ O2n+1),

⋃
n>k

(O2n ∩ O2n+1) =
⋃
n>k

O2n = Aut(µ). 2
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Proof of Lemma 2.This lemma can be easily proved according to the following sketch and
we omit the small details. LetT admit an a.f.s.p. for a sequence of partitionsξn.

Step 1.Changeξn to ξ ′
n such thatT admits an (a.f.s.p.) forξ ′

n andξ ′
n ≤ ξ ′

n+1 (n =
1, 2, . . . ).

The proof is the same as in [15].

Step 2.We construct isomorphismϕ between(X,µ) and([0, 1), l), wherel is Lebesgue
measure such that̃T = ϕT ϕ−1 mapsJi linearly ontoJi+1 (i < qn), whereϕξ ′

n =
{J1, . . . , Jqn , J

′
n} consists of half-open intervals.

It is sufficient to constructϕ as an isomorphism betweenσ -algebras and, moreover,
only to define it on an everywhere dense set of all elements of partitionsξ ′

n (n = 1, 2, . . . ).

Step 3.Changeϕξ ′
n to ξ ′′

n such thatT̃ admits an a.f.s.p. forξ ′′
n , mapsJi(n) ontoJi+1(n)

(i < qn), where ξ ′′
n = {J1(n), . . . , Jqn(n), J ′′

n } consists of half-open intervals and
J1(n + 1) ⊆ J1(n) (n = 1, 2, . . . ).

The proof is left to the reader. 2
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