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Abstract A modification of the method of geometric models is proposed and applied to
the study of multiplicity functions of group extensions.

It is proved that, for some generic set of the automorphigned the Lebesgue space
with respect to the standard topology, for ally € N U {oo} (1 € M) there exists a
generic set of weakly mixing group extensidisof transformatior?” with M(T’) = M,
where M(T) denotes the set of essential spectral multiplicities of the unitary operator
corresponding to the transformati@n

1. Introduction

By a dynamical system we mean a 3-tuplg u, T) consisting of an invertible measure-
preserving transformation (automorphist)defined on a non-atomic Lebesgue space
(X, w), u(X) = 1. The spectral properties @f are those of the induced unitary operator
defined by

Tfx)=f(Tx), feL*X,p).

Furthermore, for unitary operatdt, we shall omit the symbol~". Denote by Autu)
the group of all automorphisms dfX, «) and by M(U) the set of essential spectral
multiplicities of a unitary operatay .

Some publications (seel[Z]) consider the following problem, which is one of
the general classical problems of the spectral theory of ergodic measure-preserving
transformations: determine the precise conditions on the spectrum of a unitary operator
under which it can be realized by an ergodic dynamical system. In order to see one
reason why this problem is difficult, let us mention two particular unsolved problems:
the existence of a transformation having a simple Lebesgue spectrum (Banach’s problem)
and the existence of a transformation having absolutely continuous spectrum of finite
multiplicity in an orthogonal complement to the space of constant funcfigns f =
constant’ (see P)).
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Itis clear thatM (U) € N U {oo}. Note thatM (T") can be any subset &f U {co} if we
do not require ergodicity df . For ergodic transformatior’we have 1€ M (T), where 1
arises from the spade¢f € Lo(u) : Tf = f}. Papers3-6 and some others were devoted
to realizations of some subsetsMfU {oo} different from{1} and{1, oo} and in the form
of M (T) for ergodic transformation®. In [3] examples of ergodic transformations with
M(T) = {1, 2} were constructed. Ir4] for the each positive integer transformations
T with M(T) = {1, n} were constructed. In5} 6] the class of subsets of realized as
a setM(T) is extended. Note that these constructions essentially used the existence of
skew products with continuous group automorphismin its centralizer, giving the following
restriction toM (T) : m1,m2» € M(T) = lcm(m1, m2) € M(T).

The new proposed construction does not have this restriction and it shows that for
the typical transformatior’ € Aut(n), for eachM € N U {oo} (1 € M) thatT
admits an ergodic group extensidhwith M(T) = M. The proof does not use the
group automorphisms but is a modification of a method of geometric models used for
the study of the spectral properties of the classical von Neumann transformatj&s [
This construction gives an opportunity to add any subsét tuf a set of essential spectral
multiplicities. Constructed transformations, as a rule, have a continuous spectrum (in the
subspacé f : f = constant-). We remark here that irf] (using another idea) for each
M € NU {oo} (1 € M) the existence of the ergodic automorphigrwith M(T) = M is
proved. These examples were constructed as natural factors of transformationg]from [

Note that we usually consider the spectrum of the transformatiopfin: f =
constant:. Special interest in this case appears due to the Rokhlin problem: does there
exist an ergodic transformation witf (T) = {n}, wheren ¢ {1, oo} (see f,10). Note
that the author in]1] (and V. Ryzhikov [L2] independently and differently) has solved this
problem using the method o8],

2. Definition of class A

We consider the piecewise affine maps senflilhd) onto[0, 1), where Lebesgue measure
w is invariant for these maps. The transformatiois obtained as a limit of the following
process: at stage we have disjoint half-open intervalg, Jz, ..., J,,, J; partitioning
[0, 1), whereJ] is on the right-hand side. The half-open intervlg1 < i < gx) have
the same length arild mapsJ; linearly onJ; 11 (1 <i < gx). The transformatio maps
Jg U J; ontoJ] U Jp but it is not defined here at this stage. To describe the transformation
at staget + 1, fix positive integelp; and the sequence of non-negative intedecs, p) :

1 < p < pi}. Divide eachJ; into equal length half-open intervalg , (1 < p < pi)
numbered from left to right. It is clear th@&t mapsJ; , linearly ontoJ; 11 , (1 <i < gy).
Divide J; into half-open intervalsl,g’p’a (pelp:atk,p) >0,1<a <a(,p)of
the same length a& , and a remaining half-open interva] , on the right-hand side. At
stagek + 1 we have the intervals

i Ulip:1<i<q.1<p=<p
U{J,i’p’a cpe{p:atk,p) >0}, 1<a<alk,p)),
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partitioning[0, 1) and

Qi1 =aqipe + y_alk, p).
p

Extend the transformatiofi by piecewise affine transformations such that it carries
intervals onto intervals according to the scheme

Joo.p = J1p+1 it p < pranda(k, p) =0,
Jor = Jip1= Hp2 = = Hopawp = Jup+1 if p < pranda(k, p) > 0,

Jaeoe = Siper = = Tpeatepp 1 ak, p) > 0.

Clearly, Jy,,, isequaltos; , .« . if alk, pr) > 0 and is equal td,. ,, otherwise. The
transformatior?” mapsJ,,,, U J; , ontoJ1 U J; 4, butitis not defined at stage+ 1.

The considered construction gives the realization of any transformation of rank 1
conveniently for us. We say that an automorphiBrdescribed above belongs to class A,
if there exists a sequence of positive integgrsuch that

kn — 00, pr, —> o0, alk,,p)=0 (1=p=pi,),
/’L(quk,,,pk,, N Jl,l)
n(J1,1)

Note that class A is the subset of rigid transformatiGi® — E asr, — oo, where
E is the identity operator) of rank 1.

— 1 asn— oo. (1)

3. Construction of skew products
We fix M = {1,n1,n2, ...} € NandT from class A. We denote

N = an, (N <o00), [ =#n1,no...} (<00,
J
N—1=Y -1, @=T xc@m",
J
whereT is the circle{c € C : |c| = 1} identified with [0, 1) in a standard way, and
C(T)={S € Aut(n) : TS = ST}. Denote

-1, 0<
w,)=1 " =TV xeT=101)).
1, y<x<l1

Henceforth, it is convenient to use the numbering of the coordinaggsaR2 according
to the structure oM. We define a vector function

wg(x) = (wpy (x), 01 (81,1X), . . ., Wy (S1ny—1%), gy (X), W, (S2,1%), .. .)

and the transformatioﬁwﬁ, acting on the grouff’ x 212\7 =[0,1) x {-1, 1}’(’ with Haar
measuren = u x I x I x ---, (l{i} = 0.5,i € {—1, 1}) by the formula

Twﬁ(x’ y) = (Tx,(,()ﬁ(x) *y)a
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wherex is the coordinate-wise multiplication. Thmﬁ corresponds t@ € 2, where

B=@B1,B2....51,852, ..., 8 0,-1,521,822,...) (S €CT),B €T

Let us remark tha€(T') as a closed subset of Aut) relative to the weak topology is
a Polish (complete, separable and metric) space. Ther@f@se Polish space relative to
the product topology.

We say that a property holds for a generic element from topological dpéfcine set
of elements fromD with this property contains a denég subset ofD.

THEOREM1. For each automorphisn¥ from class A for a generig €  the
transformationsTw/; are ergodic, M(Twﬁ) = M and any eigenfunction oTwﬁ is
independent of.

4. Geometrical representations
The new variant, approximation of automorphisms of Lebesgue gpaqge) by periodic
transformations (see other variants 8})[ is more convenient for us.

We say that an automorphisth admits an approximation with flat stacks in pairs
(a.f.s.p.), if there exists a sequer{ég} of partitions ofX such that

& = {B'(k), Bo(k), T Bo(k), ..., T% 1Bo(k)}, & — e,

2k+1
b < s (k=0,1,...), &+
q2k

w(Bo(2k)|T"9% Bo(2k + 1)) =1, (0<n < py),
w(Bo(2k)| TPk By(2k + 1)) — 1 ask — oo,
w(Bo(2k)) = pri(Bo(2k + 1)), px — oo ask — oo.

=pr €N,

It follows that
w(Bo(2k + 1)|TPx9% Bo(2k + 1)) — 1 ask — oo.

LEMMA 1. For a genericT € Aut(u) with respect to weak topology, the transformation
T admits an a.f.s.p.

LEMMA 2. If T admits an a.f.s.p., thefi is isomorphic to som& from class A.

It is clear that from Lemmas 1 and 2 using Theorem 1 we have immediately the
following general result.

THEOREM2. For a genericT € Aut(u) with respect to weak topology and for a generic
f e Q=T x ClprTe; "), any eigenfunction of is independent of and

M(T)=M,

whereT (x, y) = (Tx, a)g(goT(x))*y) acts onXxZQN’, or(x) : X — Tisthe isomorphism
from Lemma 2.
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Remark 1.t is easily shown that for each transformatibrthere exists a transformation
S of the formT x S1 such that any eigenfunction 6fis dependent only om andy and

M(S) = M(T) U {o0}.

Remark 2.For a generic vector functiom(x) with respect to weak topology and for
a generic transformatiofi we haveM (T) = {1} (consequentlyl’ is ergodic), where
Tx,y)=(Tx,w(x)*Yy).

It is clear that there exists an automorphism admitting an a.f.s.p. such that this
automorphism does not have a continuous spectrunifiin f = constant'), but the
set of the transformations having continuous spectrum is generic ifuAuEinally, we
have the following.

COROLLARY. ForagenericT € Aut(u) and foreach € NU{oo} (1 € M) there exists
a group extensiod’ of T such that

M(T)=M

and7 has a continuous spectrum{if : f = constang*.

5. Generalized geometric models and metpgs
We fix T from class A and a collection of half-open intervdls . . ., JqL’ J,g at stagexk.

We define the injective magpy : [0, 1) — R? as follows. For any € [0, 1) there exists a
numbert € Z, such thatl ~’x € J;.

Let
—t(x), _
o) = (LT 1) o, 1),
[J1] qk

whereJy = [ay, by) and
tx)=minf{t € Z, : T 'x € J1}.

Obviously, for anyx and for sufficiently large, we havep (x) € [0, 1)2. The Euclidean
metric onR? defines a metrig; on[0, 1) by the formula

ok (x, y) = p (@ (x), 9 (¥)).

6. The equivalence classes of the characters ) i
We consider the grou@’z" of all characters of the grou@’ = {—1, 1}". Every character
x (v) depends on the finite coordinates. Therefore, foramy (y11, y12,...) € {—1, 1}N
we have o

X)) =iz
whereiy; e {0,1} andiy = O for sufficiently largek. Henceforth we shall identify
the charactey and the corresponding collectidiyy, i12, ...) from {0, 1}V with finite
support.

We define an equivalence relation ﬁﬁ’ by the following conditions.
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(1) Vy EZJZV,X ~ X.
(2) If x1# x2.thenyx1 ~ x2 < (i11,i12,...) ~ (j11. j12,...) < Fk Im1, m2 <
ni (my # mz andigm, = 3 irt = 3, jrt = jkmp = 1.
The Hilbert spacd.»(T x {—1, 1}, u x 1) can be represented as the direct sum of
subspacedl, invariant with respect t(TwB, where

Hy ={f() - x() : f € La(T, ), x € Z3).
The operatoffwg on the subspacH, is spectrally isomorphic to the operator
Wy (X)T 1 f(x) = wy(x) f(Tx),
acting onL2(T, w), where
wy (x) = wgll(x)wfglf(Sllx) = 'w:glfl (Slnlfl)C)wf;;zzl(x) e

We denoteV, = w, (x)T, o, is the measure of maximal spectral type of the operejor

7. Theorem 1 as a corollary of Theorem 3

THEOREM 3. For each transformatior” from classA and for a generigd €  we have:
(1) foreachy e Z’z" the operatorV, has a simple spectrum;

(2) foreachys, x2 € ZIZV X1 ™ X2 == 0y, ~ Oyy;

(3) foreachyi, x2 € ZY, x1 # x2 = oy, Loy,

(4) foreachy (x # xo=1), 0, is acontinuous measure.

Proof of Theorem 1Let

(1) Lam) =; C(hy),

(2) ki =#j:on ~on},

(3) foreach, j eitheroy, ~ op; Oroy, Loy,

whereC(h) = CTm/; (h) is the closed linear span of the vectd’g%h, n € Z (cyclic space

with respect tdrwg for vectorh), oy, is the spectral measure corresponding;tthat is the
unique Borel measure dh= [0, 1) for which

l .
&n(n) = / e#T" doy (1) = (T h. h),
0
then
M(Tw;) = {ka, k2, ... }-
We write down all the cardinalities of the equivalence classes of tf@’ééet
1,1,1,...,n1,no,....
Now, by Theorem 3(1),
La(m) = @ C(x).
i
Combining this with Theorem 3(2) and 3(3), we obtain
M(Tw,g) ={1,n1,no ...} =M.

The ergodicity ofTwB and the independence of all eigenfunctioni@/; from y follows
immediately from Theorem 3(4), sin@eis ergodic. |
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8. Topological lemma
Fixe > 0, N < oo, < N and the sequencegk) € N (I <i < N) andB(k) € Q, where
Bk) = (Ba(k). ... pik), T1® 720 @),
We denote

Uity ={B e T: pr(B, Bi(k)) <e} (1<i<I)
Ui(k) = {T5®OF 2 jl <)) (I <i<N)

N
Ue(k) = Q) Ui (k) € Q.
i=1

LEMMA 3. Lete > Oandk, — oo asn — oo. Suppose that
(1) Vi g, (Bi(ka)) € [0, D

(2) Viritk,) > +ooasn — oo

(3) Vi T%%*)  Easn — oo.

Then the set

(U Uetkn)

m n>m

is an everywhere dense subsefimwith respect to the product topology.

Proof of Lemma 3Every neighborhood of2 contains a set of the following form:

N
® 0i,
i=1

whereO; = (a;,b;) (1 <i <), O;isaopensubsetia@(T) (I <i < N). It suffices to
prove that for any and for sufficiently large:,

Ui(kn) 0 O; # 9. @
We use the following fact.

LEMMA 4. [7] If a sequence of functioris, is bounded in norm{/ is a unitary operator
on separable Hilbert space arg — U h,, converges weakly to 0, thép — Py h,, converges
weakly to 0, wheréy is the operator of orthogonal projection ontfy,,, = {h : h = Uh}.

We consider the sets, (U; (k,)) € R? (1 <i <1). Itis not hard to see that
liminf 11 ((U; (kn))) > ¢ > 0, ®)
ITf: — fullL, > 0 asn — oo,

where y
1, x e Uik,
0, x & Ukn).

Using the ergodicity property df, for operatorT from Lemma 4 we have

Sax) =

VA  w(ANUiky) — w(Ui(kn))(A) — 0 asn — cc.
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Therefore, by (3), we get QL <i <1).
For anyS € C(T) there exists a sequence of integgré: € N) such thatl'’'* — § as
n — oo [13]. Therefore for any sequeneg, — oo and for anyi we have

rsika)tim S asn — oo. (4)
We choosen,, so that
tm, | < ri (kn).
Therefore, by (3), we get (3] <i < N). a

9. Principal points of the proof of Theorem 3
Theorem 3(2) follows from the definition of a unitary operatowith UV,;, = V,,U,
whereyx1 ~ x2. )

For each character € Z’z" we choose open set& (k) < 2, whereU, (k) < U/ (k) and
U, (k) come from the topological lemma, such that the proof of Theorem 3(1) fand
B € Ny Upom UL(ky) essentially follows the proof o8] Theorem 4]. Here the sets on
which the functionsy, (x) have constant sign are determined by the analogous sets for the
functionswg (S;; x).

As before, for each paix1, x2 (x1 # x2) we also choose its open géf(k). The proof
of Theorem 3(3) is based on the following assertions.

LEMMA 5. Suppose thaf is ergodic andpy € La(X, 1), where|p(x)| = 1 for almost all
x. If T% converges weakly tf, then the operaton,f" — (Uf,f" 1, 1)E converges weakly to
0, where

Up: f(x) = @x)f(Tx)

denotes a unitary operator aba(X, 1).

LEMMA 6. [6] LetU; (i = 1, 2) be a unitary operator on a separable Hilbert space. Let
o; denote the measure of maximal spectral typ&,0fAssume that,, — co asm — oo
andci # ca. If the sequencé’l.k’" converges weakly i E (i = 1, 2) then

o1 L oo
Henceforth for € N, U,,-
(V"L 1) — (Vi 1. )| > 8.

U/ (ky) there exist$ > 0 such that for any

Combining this withT'%: — E asn — oo we prove the Theorem 3(3).
Henceforth we choos®, (k,) so that for sufficiently large

(V"1 1) < 1—e.

Theorem 3(4) foB € N, U
assertion, which is very simple.

U/(ky) follows from Lemma 5 and from the next

n>m

PrRoOPOSITIONL. Letc € Cand| ¢ |< 1. Ifa sequence of unitary operatai8” converges
weakly tocE asn — oo, then the operatot/ has a continuous spectrum.

Finally, the generic set in Theorem 3 is obviously the intersection of the generic sets
considered above.
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General notationWe shall use the following notation:

0y (x) - @y (Tx) -+ 0, (T%1x) =0V (x) (v €T),

Wy () - 0y (Tx) -+~ (TP~ 1) = 0P () (x € 2)

Mom, (x. f) = |(V{ 1, 1)] = ‘/Tw;")(x)du‘.
Note that
O (x) = (@) (D) (0f) (S110)2 -+,
wherex (y) = yiyi% .
Proof of Lemma5Llet f, g € Lo(x, 1) and
@i (x) = p()@(Tx) -+ (T4 x).

Using
ITi — @illL, >0 asi — oo

and an equalityd;,, = C1, we have, by Lemma 4,

(wi-f,8)—(pi-L,1)-(f,g) >0 asi — oo.

Using
IT% f — fllL, = 0 asi — oo

and an equalityy; - 1, 1) = (U, 1, 1) we consequently obtain,

WUy f.8) — (pif.g) >0 asi— oo,
Uy f.8) — (UL, 1) (f.g) > 0 asi — oo. o

10. The sets on which the functiomé")(x) have constant sign
We consider generalized geometric model& dfom class A.

PROPOSITIONZ2. If z1(n, B) < 1—1/p,, then

0™ (x) = w,g")(ﬁ) if z1(n, B) < z1(n,x) < 1—1/py,,
b ~0" () if 2100, x) < 2101, ) — 1/ pi,.
wherez; (n, x) (i = 1, 2) are the coordinates of the poigj, (x) € R2.

The proof of Proposition 2 follows immediately from the following:
(1) ifza(n, x) = z2(n, x) # z2(n, B), thenwg (x1) = wg(x2);
(2) if zo(n, x) = z2(n, B), then
wg(B)  if za(n, B) < za(n, x),

wpx) = :—a)ﬁ(ﬁ) otherwise;

(3) ifzo(n,x) <1—1/qx,, then(zi(n, Tx), z2(n, Tx)) = (z1(n, x), z2(n, x) + 1/qx,);
(4) ifzi(n,x) <1—1/py,, then

(z1(n, TP x), zo(n, T x)) = (z1(n, x) + 1/ px,. 22(n, x)).
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11. Four technical lemmas

LEMMA 7. There exist a number > 0 and an indexg such that for any index greater
thatng there existy;(n) € {x € T : z1(n,x) < 1 —1/py,}, si(n) € Z (1 < i < 3) such
that the following inequalitys hold:

| [owan
T

_ ‘/ (n)(x)a)(")(Tslx)d,u,
T

> g, (5)

> g, (6)

) () () (n) (n)
H/;Fw,,’; () (T2x)wy, (TS?’x)du‘ —‘/T 2(x)du|| > e, (7

75" — E asn — oo (i = 1,2,3).

Proof of Lemma 7We consider generalized geometric model% oPart 1 (inequality (5))
follows directly from Proposition 2.

We prove part 2 (inequality (6)). Ley = si(n) = —[pk,/4] - qr,- We choose
y2 = y2(n) so thatzi(n, y) = 0.25. For any interval c [0, 1) we denotel (n) =
{x € T : z1(n, x) € I}. Using the definition of class A we have

sup (T %I 1(n)A(I(n) +i/pr,)) = 0 asn — oo, (8)
0<i<py,
ijqun
wherel(n) +c={xe€T:3y e I(n) : z2(n, x) = z1(n, y) + ¢ mod 1.
Using Proposition 2 we have
w({x : wyz(n)(x)a))(/';)(n)(Tsl(”)x) = —1}JA{x : z1(n,x) < 0.5})) - 0 asn — oo.
Using
ulx :z1(n,x) <c}—c asn—- o0 (0<c<1, (9)
for sufficiently largen we have (6).

We prove part 3 (inequality (7)). Let(n) = —[px, - ( — 1)/5lgk, (i = 2,3). We

chooseys = y3(n) so thatz1(n, y3) = 0.2. Using Proposition 2 and (9), we have

/ o\ (x)dp
T

Using (8) and Proposition 2, we have for some {—1, 1},

— 0.6 asn — oo.

nw({x: a)(”)(x)a)(")(TSZ(")x)w(")(T‘3(")x) =c}A{x:z1(n,x) < 0.6}) > 0
asn — oo. Therefore,
‘/Ta))(,'s’)(x)a))(,;’)(TSZ(”)x)w)(,’;)(TS?’(”)x) d,u,‘ — 0.2 asn — oo.
From (1), we have

w(T5 W) I(n)) = 0 asn — oo,

wherel(n) = {x € T : z2(n, x) = 0}. Thereforel ™ — E asn — oo, and part 4 is
proved. m|
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LEMMA 8. If x1 % x2, then there exist a number> 0 and an indexg such that for any
n > ng there exist$ = (B1, B2, ..., T't, T'2,...) € Q such that

Vi Ti — Easn— oo, zi(n, i) <1—1/py,,
Mom, = [Mom, (x1, B) — Mom, (x2, B)| > e.

Proof of Lemma 8We use the notatiof = (A1, B2, .. ., S1.1, 812, ...).
I. We consider the special case= j,; =02 <r, 1<t < n,), wherey; = y;_l]:_Lyilzz -
X2 =y{1yiy oo
Zilt = Zjlr (mod 2 (10)
t t
is false, then we denof® = y1, S1.1 = S1.2 = --- = E andy; from Lemma 7 (we choose

Bi (2 <i)sothatzy(n, Bi) <1—1/pk,). Using (5), for sufficiently large we have

Mom,,:l—‘/a)/(sn)(x)d,u > g.
T 1

If (10) is true, then fromy1 »# x2 itis not hard to see that substitutindor j andj for
i (if necessary) at least one of the following alternatives holds:
(1) 3Im1 (A <my,ina=iwm =1, j11=jin, =0,), i1, = 0(mod 2);
(2) 3my,mz (L <my <mp, iy, =1, jim, =0,p=1,2,3 i1, = 0(mod 2);
Q) 3Imi,mz (L <my <mp, iy, =1, jim, =0,p=1,2,3 i1, = 1(mod 2);
(4) TAma,mz (L < mp, p =2,3,i11 = itmy, = itmg = Jimg = 1, j11 = jim, = 0,
> i1 = 1(mod 2);
(5) 3Fma,m2 (i11= j11="i1m; = jim, = 1, jimy = itm, = 0,)_, i1 = 0(mod 2);
(6) 3IAma, m3 (11 = itms = Jimy = jims = 1, j11 = i1m, = 0,)_, i1 = 0 (mod 2);

(7) 3mi,mo,mz (1 < mp, p = 1,2,3, ivy, = jimy = iimg = Jjimg = 1,
Jimy =i, =0,), i1, = 0(mod 2);

(8) 3Imi,mo,m3z (m1 # m3, i11 = jimy, = ilmg = Jjimg = ilmy = Jjimy = 1,
Jj11=i1m, =0,) i1 =1 (mod 2);

(9) Imy,mp,mz (m3 # 1,011 = ju1 = iy = Jjimy, = ilmg = Jimg = 1,
Jimy =i, =0,) i1, = 1(mod 2);

(10) Imy,mo,m3 (1 < mp, p = 12,3, ivuy = jim, = fimg = Jjimg = 1,

Jimy =i, =0, i1, = 1 (mod 2).
(If 3mq, mo (itm, = 1, jim, = 0, p = 1,2, (m1 # my)) then we have at least one of the
alternatives (1)—(4). Otherwise, at least one of the alternatives (5)—(10) is valid.)
We determinggy andSy ; (1 < j < n1 — 1) in any variant respectively.

(D)—2) Br=y2, S1m-1=T*,81; =E (j #m1—1).

B) Br=v3 S1m-1=T2S1mpy-1=T%3,81; =E (j &{m1—1 mz—1}).

(4) BL=v3 S1mp-1=T°2,81; =T%3(j #mz—1).

(B) Br=v2 Sim-1=T" 81, =E (j #m1—1).
6)—~(7) Br=1y2 Simp-1=T*,81; =E (j #mz2—1).
(8)-(10)B1 = ¥3, Stmi—1 = T2, Simg—1 = Simp-1 = T3, 81 = E(j &

{m1—21,mz—1 ,m3—1}),
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wherey;, s; (1 < i < 3) from Lemma 7. In every case we get that Mpis a left-hand
side of (6) or (7). Lemma 8 in case | is proved.

Il. The general case is a simple consequence of I. Indeed, for any chagacter

yillyi2 ... we consider the charactgKr) = yii®yi2” ... where

.(1) i[r |f l =t
1 =
Ir 0 otherwise

If for somergx1(to) # x2(to) (x1 # x2), then we determingy,, Siy.1, Sp,2, ... asin
casel. Le, =0, S, ; = E (¢t # t0). Then we have what is required.

From the definition of class A it follows that(rz, 0) = 0 < 1 — 1/ py, for sufficiently
largen.

If for eacht x1(t) ~ x2(¢), then there existy, t2, m1, mo, m3, mag (m1 # mo, t1 # t2,
my, m2 < n;, m3, ma < ng,) such that

inr=1r=mi1, ip,=1r=ms3,
Jur=1=r=my, j,,=1&r=ma.

(It is possible thainz = m4.) To be definite, assume that # 1. We choose;, = B,
Br =0 &{t1, 1)), S, = E (t # 1) and, ifmp # 1thenS,, ,,,—1 = E. We have

)
Mom, = 1 — ‘fngjl (S,l,,nl_lx)w/g’t’;(x)du > &.

The last inequality is true fg8;, = y2 andS;, ,—1 = T°1, whereyz(n) andsy(n) are from
Lemma?. O

LEMMA 9. If x # xo, then there exist > 0andng € N such that for any: > ng there
exists = (B1, B2, ..., T'*, T2, .. .) € Q such that

Vi zi(n, Bi) <1— px,, Tl — E asn — oo,
Mom,,(x,B) <1l-—s

Proof of Lemma 9Fix n, x = yiiyf2--- andro, jo With i, j; = 1. Determine

B=(B1,B2,...,511,812,...). LetB, =0,8, ; = E (p # ro).
If

> irj=1 (mod 2 (11)

J

then we choosg,, = y1, Si,; = E, whereyi(n) is from Lemma 7.

If (11) is false, then there exisys (j1 # jo) such thai,,;; = 1. In this case we choose
Bro = V2, Sro.jip—1 = T, 8. = E (j # ji, — 1), where forrg € {0, 1} the condition
Jio # lis true, andn(n), s1(n) are from Lemma 7.

Using (5) and (6) respectively, for any> ng we have

Mom,(x, B(n)) <1—e. O
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Fix a charactey = yi}yi¥---. We choosg and j, so that

Ji
maxj:3rijy=1<ji<oo, ja=Y (n —1.
r=1

LEMMA 10. For anye > 0O there exist6 > 0 andng such that for any: > no and any
BO = BB, SDSP ) e if zan, B < 1= 1Y piy pr, B BP) < 8
A<j<jni=12,5" =155 |j] <8q,(1<j < jo), then

IMom, (x, B — Mom, (x, BP)] < e.

Proof of Lemma 10This follows directly from the next proposition. |

PrROPOSITION3. For anye > O there exists > 0 andng such that for any: > ng we

have:

(1) (ox, (Br. B2) < 8 andzi(n, B;) < 1—1/px,) = 3j such thapufx € T : ) (x) #
(—DVog) () <é;

@) (Il < 8qx, andza(n, p1) < 1—1/pi,) = 3j such thatufx € T : oy (x) #
(D wg) (T'x)} < e.

Proof of Proposition 3.From the conditiono, (1, B2) < § and Proposition 2 we have
consequently
|Zl(n7 ﬁl) - Zl(ns ,32)| < 87

u{x eT: a)g;) (x)a)/(s';) (x) # a)/(s'? (,31)0)/(3';) (B2)}A

{x :z1(n, x) € [z1(n, Bi), z1(n, B3-i))}) — 0 asn — oo.

Taking into account (9), we obtain the proof of Proposition 3(1). Proposition 3(2) follows
immediately from (8) and Proposition 2. |

Proof of Theorem 3We fix the charactergi, x2, wherex1 ~ x2. We can assume, without
loss of generality, that1(y) = y11, x2(y) = y12, n1 > 1. Theorem 3(2) follows from the
equality

VioS1,1 = 811V,

Fix a charactee = y{iiy{2---. We shall construct some denég subsetk of &,
whereV, has a simple spectrumff € K. Lete = 0.01,/4 = max(;j : 3r : i, = 1},

Ultkn) ={B €T : pi,(B. B(n)) <€} (1<i<ly),

Ultk) =T (I1<i<D),

U/'(kp) ={S € C(T) : 3j : n(SA, AT/ Ay) < 8(n) and|j| < eqr,} (1 <i<la),
U/'(kn) = C(T) (I2 <),

i N—I
U} (kn) = Q) U} kn) x Q) U}’ (k).
i=1 i=1
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wherel, = Zflzl(n, — 1), B(n) is defined byyy, (8(n)) = (0.15,0), and

Ay ={xeT:z2(n,x)=1-1/q, and 03 < z1(n, x) < 0.99},
0.2
S(n) = — (12)
l2qk,
It follows from U/’ (k,) 2 U;(kn) = {T7 : |j| < eqx,} (1 < i < I») and the topological
lemma that the s¢t),, | ,,-,, U/ (kn) is a dens& s subset of2.
Letg € ﬂm U”>m Ug/(kn). Fix n, j11, j12, ..., whereg = (B1, ..., S11, S12,...) €
U/ (kn) andu(T/m Ay ASprAp) < 8(n) (m < l1). We denote

An = A, N ﬂ Tﬁjmr SmrAns
m<Ily
1<r<n;—1

Gk —1
Ay=J T4, hn(x) = x .
j=0
where
1, fxeA,

X) =
x4(x) {0, otherwise

From (12) and (9), for sufficiently largewe have

~ S(n)l
n(Ay) = g, (M(An) - (nz) 2) — 0.59. (13)

Sincellx; — Tx; | — 0asn — oo andT is ergodic, by Lemma 4, we have

~fdu—/fdp,-p,(A;l)—>O asn — oo, (14)
A T
wheref € Lo(T, u).

We use the following fact which is a consequence of a propositiobdngh. 3].

PrROPOSITIONA. If there exist a numbe® > 0 and a sequence of vectoks from
Lo(T, n) with the following property

Vi (k] =1) limsupd®(Cy(hy), h) < 1 —©, (15)

then the unitary operatot/ has a simple spectrum, whet&; (1) is the cyclic space for
vectorh relative toU and

d(Cy(h),g) = min — .
(Cyh), g (e lg — fliL,

Itis sufficient to prove property (15) for an everywhere dense set of vectdiiserefore
we consider only a functioh constant on all half-open intervals in generalized geometric
models ofT’, beginning with somé. It is clear that:(x) is constant on setB/A, (0 <
J < gx,). It follows from definition ofe, §(n), B(n) and A, that for sufficiently large,
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w, (x) is constanton sefE/ A, (0 < j < gx,). Thisimplies thaV;{x/;n =d() Xr-ij,
(0 < j < qx,), whered(j) is independent af. Therefore,
Xr-ii, € Cv, (hn).

Hence,
hC)xz = D hxr-iz, € Cv, (ha).
J

Combining this with (13) and (14), we get

d*(Cy, (hy), h) < |lh - x5 —h||2=/ |hPdp
n T\A/

n

— (- p(A) + (u(%) [ i - | Ihlzdu> <042

n

for sufficiently largen. Using Proposition 4, we have that the proof of part 1 is complete.
.(m) .(m)
We prove part 3. We fixg, = yii yi2 ---0m = 1,2, x1 # x2), takee > 0, n

sufficiently large angd = (81, B2..., T, T'2,...) €  from Lemma 8. Let
J1
jr=maxj:3rm il =1, =) (1.
r=1

We shall construct the sét/ (k,). Using the continuity of Mom(y, B) with respect to the
coordinatesS; € C(T) it is not hard to determine the neighborhodgisc C(T) of T'i
(i < j2) such that

IMOMM, (o, ) — MOm, (. B)] < 0.1 - e, (16)

wheref = (B1, B2, ..., S1, S2,...), Si € Ui (i < j2).
We chooseé > 0 (see Lemma 10) such that

IMom,, (ms BY) — Momy, (tm, B@) <016 (m=1,2) 17)

it og, (85", B7) < 8, zan, BY") < 1=1/py, (j < jpy andsi? = 7982, I1j] < 8- qy,
(j < j2), where™ = (g™, g™ ... 8T, s3W ).
Let
Uj(kn) = {B € T : pi, (B, Bj) < §andza(n, B) < 1—1/py,} (1 <j < jo),
Ujlk) =T (1< j <D,
Uitk = |J TU; A<j<jo,

Ir1<dqk,
U} (kn) = C(T) (j2 < J).
ULtkn) = Q) U (kn) x Q) U (kn).
J J

Using the same arguments, as above, we have that tfi@, sk
subset of2.

U (k) is a dens&5s

n>m
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Suppose thaf’ € U, (k,) (B’ from (N, U,-,, UL(ky)). By (16) and (17) the choice of

B, we have
IMom, (x1, ) — Mom, (x2, )| > 0.6e. (18)

From (18) and Lemma 5 it follows that there exists a subsequsgiesuch that
V;(I.ks(”) —E asp— oco(i=1,2),

i

lc1 —c2| > 0.6-¢.
Using Lemma 6, we have that

Oy, L oy,
The proof of part 4 is completely similar to part 3, where we replace Lemma 8 by
Lemma 9 and Lemma 6 by Proposition 1. |

Proof of Lemma 1We fix the sequences of integers, — oo, p, — oo. Leté&y, and
Coq,4+1 be a partition ofX = [0, 1) into g2, andgy, - p, half-open interval of the same
length, respectively. We define a €&t of automorphismg, by the following conditions:
(1) Thén = &n; )
(2) Vj(O<j<quT,Bj(n)=B;jn) <= i=0modg,,
whereg, = {B1(n), B2(n), ..., By, (n)}.

Let

c=NN._U {TeAut(;L):

=1 n>k T,€02,N02,4+1

> (T B;(2n + AT, B;(2n + 1)) < }
F ngan+1

We fix T € C, n andT,,, where

> w(TBi(2n+ DAT,B;(2n + 1)) <

”(I2n+1’
Let
Bi2n+ 1) ={xeBi2n+1):T'xeT'Bi(2n+1) (0<i<qams+1))}
Nont1 = {Bhyq, BL(2n + 1), TBi(2n + 1), ..., T?+171 By (2n + 1)},

Ap=B12n+ ) UT?>B12n+ 1) U---UT2P=D B (2n + 1),
Non = (AL, Ap, TA,, ..., T2 1A,).

Itis clear that
N2n < Nons1, W(B1(2n 4+ D\B1(2n + 1)) <

and thereforey,, — ¢. Finally, we obtain tha?” admits an a.f.s.p.
To conclude the proof, it remains to note tliats a denséss subset. But the latter is
obvious, since

p(B1(2n + 1))
—

¢ > (U020 0210,

k=1n>k
(02,1 02041) = | 020 = Aut(). O

n>k n>k
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Proof of Lemma 2This lemma can be easily proved according to the following sketch and
we omit the small details. L&t admit an a.f.s.p. for a sequence of partitigns

Step 1.Changeg, to&, such that? admits an (a.f.s.p.) fof, andg, < &, (n =
1,2,...).
The proof is the same as ihg).

Step 2.We construct isomorphism between(X, 1) and([0, 1), 1), wherel is Lebesgue
measure such that = ¢T¢ 1 mapsJ; linearly ontoJiz1 (i < gn), wheregg, =
{J1,..., Jq,, J,} consists of half-open intervals.

It is sufficient to construcy as an isomorphism betweenalgebras and, moreover,
only to define it on an everywhere dense set of all elements of partifjoms= 1, 2, . ..).

Step 3.Changepé, to &, such thatl” admits an a.f.s.p. f ", mapsJ; (n) onto J;1(n)

(i < gqn), whereg) = {Ji(n),..., Jg,(n),J)} consists of half-open intervals and
Jin+1) CJin)( (n=1,2,...).
The proof is left to the reader. |
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