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Abstract. We study the dynamics of iterated function systems generated by a pair of circle
diffeomorphisms close to rotations in the C!*®V-topology. We characterize the obstruction
to minimality and describe the limit set. In particular, there are no invariant minimal
Cantor sets, which can be seen as a Denjoy/Duminy type theorem for iterated systems on
the circle.

1. Introduction

The rotation number is a classical tool in the study of dynamics of a single
diffeomorphism of the circle. When the rotation number is rational, the map has periodic
points, and if it is irrational, then either each orbit is dense on the circle or there
is an invariant (minimal) Cantor set. Consider now a group of orientation-preserving
homeomorphisms of the circle. The above classification can be extended to the group
case where the orbit of a point is the group action on this point. Then, there can occur only
one of the following three options [7, 15]: existence of a finite orbit, every orbit is dense
on the circle, or there exists a unique minimal Cantor set invariant by the group action.
Minimal here means that all the points in the invariant set have dense orbits.

For iteration of single diffeomorphisms, the well-known theorem by Denjoy [4] implies
that in the C2-topology there cannot exist minimal invariant Cantor sets, while there are
counter-examples in the C! class. Motivated by the study of co-dimension one foliations,
Duminy proved a Denjoy-like theorem for group actions [6]. Under the extra assumptions
that the group generators are close to rotations in the C'+®-topology (i.e. the C!-class with
bounded variation derivatives) and finiteness of periodic points for one of the generators,
the minimal invariant Cantor set does not exist. See [14, 15] for details of the proof.
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In this paper, motivated by the dynamics of partially hyperbolic skew-products [2, 3, 8,
13], we study actions of finitely generated semigroups of diffeomorphisms on the circle,
which can be viewed as iterated function systems. We extend the theorems of Denjoy and
Duminy to the semigroup case and describe the limit set of possible orbits.

In order to state the main results, we first make a couple of definitions.

An iterated function system (IFS), generated by a finite family of diffeomorphisms

® = {1, ..., P} of the circle S', is the set IFS(®) of all non-empty possible finite
compositions of diffeomorphisms ¢; € ®, that is, the semigroup generated by the
compositions of ¢y, . . ., ¢k.

The orbit of x for IFS(®P) is the action of IFS over the point x, i.e.

Orbf(x) & {h(x) : h € IFS(®)} C S'.
Denote by Per(IFS(®)) the set of periodic points of IFS(®), which is the set of x € S!
such that 4 (x) = x for some h € IFS(®). We say the circle S' is minimal for IFS(®) if the
orbit of every point is dense.

Let f be a C!*PV-diffeomorphism of the circle. From the Denjoy theorem the following
statements are equivalent: S! is minimal for IFS(f) and f does not have periodic points.
When the number of generators of the IFS is at least 2, the periodic points are no longer
the unique obstruction to minimality. Indeed, this role is now played by the ss-intervals,
which are compact intervals whose endpoints are consecutive attracting fixed points of
different generators of IFS(®). See Definition 2.1 for a formal definition.

THEOREM A. (Obstruction to minimality) There exists € > 0.38 such that if fo and f| are
diffeomorphisms of the circle with periodic points of period ng and ny respectively, e-close
to the rotations in the C'*t%-topology and with no periodic points in common, then the
following conditions are equivalent:

o Slisminimal for IFS(£,°, f{'");

o Slisminimal for IFS(fy ", f;"™);

e there are no ss-intervals for IFS(f,°, fi').

When this occurs, both the hyperbolic attracting and the hyperbolic repelling periodic

points of IFS(fy°, f{'!) are dense in S'.

Under the assumptions of Theorem A, the first theorem of Duminy [14, 15] can be
restated as follows: S! is minimal for the group action and the hyperbolic periodic points
are dense. See Theorem 5.4 in this article.

If we assume the generators have only hyperbolic periodic points, then Theorem A is
robust in the following sense. There exists an open set If C Diff'tbv(S!) x Diff!+bV(S!)
with (fo, f1) €U such that for every pair (go, g1) € it holds that S! is minimal for
IFS(g,", g}") if and only if there are no ss-intervals for IFS(f;°, f;'""). Note that examples
of robustly minimal IFS on the circle were given in [8, 9, 11].

Actually, the above robustness of Theorem A is valid for perturbations of (fp, f1) in
the C'-topology, i.e. in Diff! (S') x Diff! (S!). This follows from the work of [1] using the
fact that the semigroup action is expanding (see Remark 3.11). The action of a semigroup
I of orientation-preserving diffeomorphisms of the circle is said to be expanding if for
any point x € S! there exists g € I" with Dg~!'(x) > 1. Note that in the same paper [1]
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is shown the robust ergodicity of expanding semigroup actions (in the C'*¢ topology),
where the proof is based on a similar result for group actions of the circle [14].

The existence of ss-intervals and the non-minimality of the circle leads us to attempt
understanding the indecomposable pieces of global dynamics. Thus, we introduce the
notion of a limit set for the orbits of an IFS.

The forward or w-limit of x € S' for IFS(®) is the set

0o () E {y : 3(hn)n C IFS(®) such that lim Jiy 00 hi(x) =y},
n

while the w-limit of IFS(®) is

w(IFS(®)) ¥ cl({y : 3x € M such that y € we(x)}),

where ‘cl’ denotes the closure of a set. Similarly, the backward or «-limit of IFS(®)

is defined as a(IFS(®)) & wAES(®~ ")), where @~ ={¢;', ..., ¢;'). From the

backward and forward limit, we define the limit set of IFS(®) as

LAFS(®)) ¥ & (IFS(®)) U a (IFS(®)).

The following result, in particular, shows the spectral decomposition of the limit set of
IFS generated by Morse—Smale diffeomorphisms of the circle. That is, the limit set can be
written as a finite union of disjoint (closed) maximal transitive sets. A (not necessarily IFS
invariant) set A C S! is transitive for IFS(®) if

AC Orbg(x) for some x € A.
The transitive set is maximal if there is no other transitive set Q with A C €.

THEOREM B. (Spectral decomposition) There exists &€ > 0.30 such that, under the
assumptions of Theorem A and if S' is not minimal for IFS(f°, fln Y, then

LAFS(fy°, ") =|JKi and K; C Per(@FS(f}°. f{")).

n n
%, fi'"). Moreover, each

where each K; is a compact, maximal transitive set for IFS(f;
compact set K; is either:

e asingle fixed point of fy° or fi'"'; or

° a sx-interval for IFS(f.°, 1"1) with xx € {ss, su, uu}t.
In particular, if fo and f| are Morse—Smale diffeomorphisms then the above union is finite

and the sets K; are pairwise disjoint.

Observe that the spectral decomposition of Theorem B is given for the IFS generated
by f,* and f]''. It remains a question to describe the possible limit set of IFS(fo, f1), and
if there is a spectral decomposition, what the pieces are. An extension of the problem is
to prove a spectral decomposition type result when the generators are far from rotations.
Observe that in this case Cantor sets may appear in the decomposition.

With respect to dynamical decomposition of IFS from the ergodic perspective, let
us mention the works of [12, 18], where the existence of finitely many stationary or

+ For the precise definition see Definition 2.1.
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Sinai—Ruelle-Bowen (SRB) measures for step skew-products over the interval or the circle
is shown. On the contrary, for non-Abelian group actions of the circle in [5] the uniqueness
of stationary measures is proven.

A set A is (forward-)invariant for IFS(®) if ¢;(A) C A foralli =1, ..., k. We say
that a closed invariant set A is minimal for IFS(®) if every point of A has dense orbit in
A or equivalently if

A=¢1(A)U-- - Ugp(A) =Orbs(x) forallx e A.

Similarly to the case of group actions, a closed minimal invariant set A for IFS has to
satisfy one of the following: A is a finite orbit, has non-empty interior, or is a Cantor set,
see Theorem 5.2. Observe that a priori minimal invariant Cantor sets could exist in the
pieces of the spectral decomposition of Theorem B. The next result shows that this cannot
occur and can be thought of as a Denjoy-type result for the semigroup action.

THEOREM C. (Denjoy for IFS) There exists ¢ > 0.30 such that under the assumptions of
Theorem A and if S' is not minimal for IFS( fo, f1), the only minimal invariant closed sets
for IFS(f,°, f'') are the ss-intervals.

Moreover, there are no minimal invariant Cantor sets for IFS(fo, f1).

In the case of iterations of a single diffeomorphism on the circle, the Denjoy
examples [10, Ch. X] show the existence of minimal invariant Cantor sets in the C'-
topology. Thus one can expect that Theorem C above fails in the C'-topology. The
recent works of Shinohara [16, 17] give examples of IFS(fy, f1) with fy and f close
to the identity in the C'-topology and forming an ss-interval, such that the minimal set is
a Cantor set.

The paper is organized as follows. Firstly, in §2 we state and give a proof of a relevant
result of Duminy. This is necessary in order to understand the next section, which is a
generalization of Duminy’s theorem using a new notion of cycles for IFS and concludes
with the proof of Theorem A. In §4 we show a spectral decomposition theorem on the real
line, and afterwards prove Theorem B. The trichotomy on the shape of minimal invariant
sets is taken up in the next section and finally Theorem C and Duminy’s theorem under the
assumptions of Theorem A are shown.

Notation. In what follows we will use the following notation, where fy and f; are
diffeomorphisms of the circle with periodic points of period ng and n; respectively:

@ = (fo, f1), d>_1 = (foilv flil)’ Q" = (fnoa 1’11)7 " = (foino’ f1_n1)-

For a map f defined on an interval I, we write f > idin I if f(x) > x forall x € I. Also
we denote by || the length of this interval.

2. A result of Duminy

In this section we will show an important result of Duminy which can be easily deduced
from [14, 15]. For the sake of a self-contained paper and to indicate the techniques used
to derive the stronger result in §3, the complete proof is given. Before that, the formal
definition of sx-intervals is introduced.
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FIGURE 1. Examples of xx-intervals.

Definition 2.1. (x*-intervals) Consider fy, f1 orientation-preserving homeomorphims on
the real line. Let [a, b] be a compact interval such that

Fix(fi)N(a,b)y=0¥ and [a, b] C fo(la, b)) U fi(la, b]).

We say that [a, b] is a sx-interval for IFS(®) with *x € {ss, su} when a and b satisfy the

following additional properties (see Figure 1):

. ss-interval: a and b are, respectively, attracting fixed points of the restriction of fy
and fi to [a, bl and fo(b) # b, fi(a) #a;

. su-interval: a and b are either an attractor—repeller or a repeller-attractor pair for the
same map restricted to [a, b], say an attractor—repeller pair for fy. In this case, we
ask that f; > id in [a, b] and fi([a, b]) N (a, b) # .

A uu-interval for IFS(®) is an ss-interval for IFS(®~!). An unbounded interval [a, oo]

is:

° s-interval for IFS(®): if a is an attracting fixed point of the restriction of a map to
[a, 00), say fo, satisfying fy < idin (a, 0o) and f] > id in [a, 00).

A u-interval for IFS(®) is an s-interval for IFS(®~!). Analogously, the unbounded case

[—o0, b] is defined in the same manner.

Let I be an interval on the real line or on S'. Consider an orientation-preserving
C'-map f of I such that Df (x) # O for all x € I. The non-negative number

D
Dist(f, I) = sup log
x,yel Df(y)
is called distortion constant of f in I or maximal variation of log Df in I. We say that f
belongs to the C'*¥ class on [ if it has a bounded distortion constant in /. Observe that an

application of the mean value theorem shows that C2-maps with non-zero first derivative
1+bv
are C .
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It is not difficult to see that every orientation-preserving C!*®-map f on the circle
satisfies

e VF<Df(x)<e’" and |f(x)— (x4+px)|<1—e"V forallxeS',

where p(f) is the rotation number of f and Vy = Dist(f, Sy (see [14] for details).
Therefore, if the distortion constant of f is small enough, then f is close to a rotation.
We will say that f is e-close to rotation in the C'T® -topology if Vi <e.

Let fo and f; be orientation-preserving C'*PV-diffeomorphisms on the real line. In
what follows, we will study IFS(®) with fj and fj restricted to a xx-interval K** = [a, b]
for *x € {ss, s, su}. In the case of uu-intervals and u-intervals for IFS(®) the same results
hold for IFS(®~!). Observe that

K** = fo(K™)U f1(K*™) for xx € {ss, s}

and then, it is an invariant set by the action of IFS(®). However the above equality does
not hold for an su-interval.

We will be interested in stating conditions under which every point in a xx-interval has
a dense orbit for IFS(®). In the case of an su-interval and an s-interval notice that one of
the endpoints of K** and K* can never have a dense orbit.

To unify the notation, we will define a *x-interval to be minimal for IFS(®) if

K** C Orbj(x) forall x € K**.

The details of the following result of Duminy were worked out by Navas [14], who
reinterpreted the main arguments of the work of Duminy in more dynamical terms,
introducing certain return maps and showing they are expanding.

THEOREM 2.2. (Duminy’s lemma) Assume fy < id in (a, b) and suppose that there exists
& > 0 such that

|IDfo(x) — 1| <& forallx € (a, foflfl(a)) and (1 — 8)8_le_v > 1,
where V.= (Vo + Vy)|a — fo_lfl (a)| with Vi and V| constants satisfying
Dist(fo, I) < VolI| and Dist(f1, J) < Vi|J]
for all fundamental domains I of fy and J of f in (a, fo_1 fi(a)]. Then
K** C Per(IFS(®)) and K** Cm forall x € K™,

Notice that from the definition of *x*-intervals for IFS(®) with x* € {ss, su, s}, the
overlap condition is verified, that is, fo(K**) N f1(K**) # @. This condition implies that

A= (fi), f;' fil@)] Cla, bl.

Next, we will define a first return map R over the fundamental domain A.
For each x € A let m(x) > 1 be the smallest positive number such that fl_m(x)(x) ZgA

and let n(x) be the first time for which ffm(x) (x) returns to A by iterations of fofl. Then
we can define the first return map R in the following way

R:A—> A, R(x)= fo—n(x)fl—m(x)(x)_
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Note that this map can be written as R (x) = F"®)+"m) (x) for x € A, where F : [a, b] —
[a, blisdefined by F = f; 'in[a, fi(a)]and F = f;""in (fi(a), b]. Therefore, for every
X € [a, b] there is a smallest non-negative number k(x) > 0 such that F' k) (x)e Aand R
can be extended to the whole interval by taking

R:(a,b) —> A, R(x)=F""He(y),

where k = k(x), m = m(F¥(x)) and n = n(F¥(x)).

A point d € A is said to be a discontinuity of R if R(d) = fo_l f1(a) or equivalently,
if d= fl'"(d) fo @=1 £ (a). These points define a partition on A. In order to describe
this partition we have to consider two cases: fl2 (a) € A and flz(a) € A. In the first case,
m(x) =1 for all x € A and we write I} = A. In the second case, consider £ € N such that

f“(a) € A, but f]“'z(a) ¢ A. Then f]’”fl (a)form=1,2, ..., ¢ defines a partition on
A given by

Ir=(f""@. fy ' fit@)] and
Iy = (f"@), £ @] forl<m<t.

Hence, m(x) =m for each x € I, and ffm(x)(lm) C (a, fi(a)]. Observe that the

sequence of points f' f1(a), n > 0, creates a partition on the interval (a, fi(a)]. This

partition induces a partition in right-closed intervals I, in each I,,,. Namely, I, C
" fo(A)forl <m <{andn > 1.

PROPOSITION 2.3. For every J =[x, y] C Ly, it holds that

IR(J)| > (1 —e)eleV D(R(y))7
/] D(y)

where D : A — (0, o0) is given by D(y) = | fo(y) — yI.

Proof. Notice that R(J) = f," f; ™ (J) and hence

IR(OI_ A DE LA DI
/] " (DI i

In order to estimate the first factor, observe that ;™" (J) C [fof; ™ (y), f; " (y)] and so

Dist(fo ", Lfofy " ). fi "M =Dist(fg. fo " Lfofy " . f;7"(ID)

D

n—1
<Y Dist(fo. i WSSO ST OD) < Vola — £ i@l
i=0
Thus,
) L e lemf o WML
Ifo " fofi ") = fo T OO T Lo fi ") = f7 "W

Let us denote t = fl_m (y). Using the mean value theorem, there is some & € (a, t) such
that fo(1) —a = fo(r) — fo(a) = Dfo(§)(t — a). Hence
Dfo(§) — 1

&
Jfot) —t = W(fo(l) —a) < :(fo(f) —a.
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Substituting in (2) one has that

fo "D > (1 — ) leVola— £ i@ LORWD) — RO
LD Lfofi™(y) —al

Now we will estimate the second factor in (1). Observe that f~ ™(J) and [a, ffm (y)] are
contained in the fundamental domain [a, fj(a)] of fi. Thus,

3)

m—1
Dist(f{", [a, fi(a)]) < Z Dist(f1, f{(la, fi@D) < Vila — fy ' fi(a)]
i=0
and so
I AT v g A )]
" @ =yl 1 a, f7" DI L") —al

Asa < fof; " (y) < fi ™ (y) and since y € I,,, by the construction of the partition ,,,
of I,, one has that fo(y) < fi(a) < fl'” (a) < y. Then the above inequality implies

|f1 (J)| eV la—fy " f1(@)] |f()f1_m (y) —a (4)

A [fo(y) — '
Putting together (3) and (4) in equation (1), one deduces the desired inequality and
concludes the proof of the lemma. O

The following lemma shows that some iterate of the first return map R is expanding.
LEMMA 2.4. There exists N € N such that DRN (x) > 1 for all x € A.

Proof. Let us denote C(fy) =inf{D(x):x € A}/sup{D(x):x € A} > 0. Fix « > 1 and
let N = N (fp) be a natural number such that
(A= te™"HNC(fo) > k.

Suppose x € I,,;, and consider § > 0 small enough such that J = [x — 8, x] C I,,,,. Hence,
by Proposition 2.3 it follows that

RN _ RN IRV
I RN /]
_ —1,-V ND(R (x))
2 (1 —e)e™le™ N —F =

> ((1—e)e e YNC(fo) > k.

Since this inequality holds for every § > 0 small enough, this allows to conclude that
DRN(x) >k > 1. O

The first simplification to prove the minimality and the density of periodic points in
a sx-interval is to note that it suffices to show that the orbit of the global attractor a for
fol x*, with respect to IFS(®) is dense in the interval K** = [a, b].

LEMMA 2.5. If K** C Orb (a) then

K** C Per(IFS(®)) and K** C Orbg(x) forall x € K**.
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Proof. Consider x € K** and let U be any open set in K**. From the density of the orbit
of a for IFS(®) in K**, there is h € IFS(®) such that 4(a) € U. Since h is a continuous
map and a is a global attractor of fj in K**, there exists £ € N such that f(f (x) is close
enough to 0, so that & o f(f (x) € U. Therefore, the orbit of x for IFS(®) is dense in K™**.
Now, given x € K** we will show that x € Per(IFS(®)). Let I be any open interval
such that x € I. From the density of the orbit of a, there is 4 € IFS(®) such that h(a) € I.
Since 4 is a continuous map there is § > 0 such that 4((a — 6, a + 8)) C I. Using that a is
a global attractor of fj, there is £ > 0 such that foz (I) C (a — 6, a + 8). Then the closure
of ho f(f (I) is strictly contained in /. By the intermediate value theorem, 4 o foZ has a
fixed point in / and thus I N Per(IFS(®)) # @. This implies that x belongs to the closure
of the periodic points of IFS(®) and we conclude the proof of the lemma. O

Now, we are ready to prove Theorem 2.2.

Proof of Theorem 2.2. Recall that the return map R : A — A can be extended to the
interval (a, b). In particular, this implies that for any open interval I C K**, there exists
h € IFS(®) such that h’l(l) NA#@. From Lemma 2.4, the return map RN is an
expanding map in A. Thus, there is £ € N such that RN (h=1(I) N A) contains some
discontinuity of R .

Recall that the discontinuities d € A are points in the orbit of a for IFS(®), i.e., applying
the appropriate inverse branch, d = RN fofl fi(a)) = L o fi(a) for some L € IFS(P).
Then, one has i o L o fj(a) € I. Therefore, the orbit of a is dense in K** with respect to
IFS(®). Finally, from Lemma 2.5 we conclude the proof of the theorem. O

3. Cycles for IFS and proof of Theorem A
Now we will give a proof of Theorem A. Observe that an ss-interval is a forward-invariant
set with respect to IFS(f, "o fln ). Thus, the existence of an ss-interval immediately
implies that IFS( /", fln 1Y is not minimal. From now on assume that there are no ss-
intervals for IFS( f, no. fln 1), and so we have to show minimality of st

We will first show the result when the rotation numbers of fy and f; are zero, that
is, both of the diffeomorphisms have fixed points. The proof will require the following
notion of a cycle for an IFS of two diffeomorphisms on the circle. Similarly to Duminy’s
result (Theorem 2.2), using the cycle we will then construct a return map and afterwards
estimate the derivative. Here the expanding return map is of a global character, while
Duminy’s lemma can be thought of as a local version.

3.1. Cycles. Since fo and f; do not have fixed points in common, we can (without
ambiguity) denote by {s;} the set of fixed points of fy and f; with a non-empty basin of
attraction. This set includes the fixed points which may attract only from one side (semi-
attracting). Let B(s;) represent the basin of attraction of s; with respect to the relevant map
fo or f1, which does not include the point s; (it is an open set).

Definition 3.1. (Cycle for IFS) Define a partial order on the (semi)attracting fixed points
by s; < s; if and only if s; belongs to B(s;). A sequence of (semi)attractors is said to be a
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cycle of length n for IFS(®) if
Siy <S,‘2<-'-<Sin<sin+l and SiIZSin+1'

Notice that:
. since the (semi)attracting points s; of the cycle alternate with respect to the maps fj
and f1, the length of a cycle is always even;
° an ss-interval is a cycle of length 2.
The following result shows the existence of a cycle under the assumption of no periodic
points in common.

PROPOSITION 3.2. Let fo, f1 be circle diffeomorphisms with zero rotation number and no
fixed points in common. Then there exists at least one cycle for IFS(®).

Proof. Since fy and f; have no fixed points in common, given x € S!, then x € B(s;) for
some s;. By compactness we can take a finite sub-covering and re-ordering the indices, we
may suppose that S! = B(s;) U- - - U B(sp).

For any s;, there exists s;, € {s1, ..., s,} with 5; <s;,. Proceeding inductively we
obtain the sequence (s; = s;,), 8;; <58, <+ <Sj, <sj,,,. Then necessarily s;, , = Si;
with j € {1, ..., n}, and so we have the cycle, Sij < Sip <+ < Sj, < Si; O

By the above proposition we may assume that there exists a cycle for IFS(®). Let
n be the length of the cycle; after re-numbering the indices i; of the (semi)attractors if
necessary, the cycle can be written as

Sp < Sp_1 <---=<85 <851 <59 withsg=s,,

where s¢ is a (semi)attracting fixed point of fy. Note that s; is a (semi)attracting fixed
point for fr mod2: if k is an even number then sy is a fixed point of fj and if k is an odd
number then of f].

Notation. For the rest of the section f; will stand for fi mod 2.

We consider S parameterized by [so, so + 1] mod 1, and so sg < sy < s9 + 1 =5, for
k=1, ...,n— 1 with respect to the real order on the interval [sg, so + 1]. We denote by
s, and s,j (when they exist) the fixed points of the lift of f; on [so, so + 1] closest to s
from the left and right, respectively. If f; has more than one fixed point and since sy is a
(semi)attractor, necessarily one of the points, s, or s,j , exists and is a (semi)repeller. With
respect to the order on the interval [so, so + 1], two (not mutually excluding) cases are
possible: s1 € (s, sar) or s1 € (s, , s,). We will assume the former case, the latter being
analogous. The next lemma on the order of the points is crucial for the creation of the
return map.

LEMMA 3.3. If there are no ss-intervals for IFS(®) then on the interval [so, so + 1] the
cycle has the order

S0 <S] <+ <Sp_1 <8+ 1=s,,
where Si4+1 < Sk fork =0, ..., n — 1. Moreover,
Sk <fkjrll(sk)<sk+1 <sk+ fork=0,...,n—1.
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Proof. We will show that sx11 € (s, s,j) C B(sg) for every k=0, ...,n— 1, which
proves the first part of the lemma. The second part will follow as the fixed point of fi11
closest to sx from the right has to be a repeller from the left (otherwise an ss-interval is
created) and so s; < fk;]l (k) < Sk+1 < s,:r.

First, we will assume that fy or f1 has a unique fixed point. In this case, the cycle
has length 2 and since there are no ss-intervals then so =59 + 1. Thus sg < s1 < SJ <
so + 1 =52, where sp <51 <sg. In particular, s; € (sp, SJ) C B(sp) and we have s; €
(s1,57) C B(s1).

Now, we will assume that fo and f; have more than one fixed point. By the initial
hypothesis we have s1 € (sg, sg') C B(so). Let us show that s, € (51, sl+) C B(sy). Since
52 <51, 52 € B(s1) C (s, s1) U (51, s1+) and so either 57 € (s, , s1) or 52 € (51, s;L). Itis
enough to prove that the first case cannot occur.

Suppose that 52 € (s, s1). If so < s, thensg <52 <51 < sar , which is a contradiction
since sar is the closest fixed point of fp to so from the right. If s > s, a similar argument
concludes that s = 5. Since there are no ss-intervals and s> < s then B(s1) = (s1, s1+)
and so +1=s+1< s]+. Thus s, <so <so+1< s1+, which implies that f; has a
unique fixed point, a contradiction. Therefore, s> does not belong to (s, , s1) and so it
is contained in (s, s1+).

Suppose by the inductive hypothesis that s; € (s;—1, sitl) C B(s;—1) foralli <k. To
prove that sx41 € (s, s,j) C B(sy) the idea is basically the same as above. If sx41 €
(g » Sk), then either s, € (sg—1, s¢) or 5, < sk—1. The first case cannot occur because
sk+1 and s;_p are fixed points of the same map fiy1 = fr—1 and sg11 € (s, 5k). Thus
5, <sk—1 and so sg1 < sg—1. This fact together with s;1 | < s implies that (s, , sx) C
B(sy) and hence [six—_1, sx] is an ss-interval, and thus we get a contradiction. Therefore,
Sk < Sk41 < s,j' and so (s, s,j') C B(sx), which completes the induction and concludes the
proof of the lemma. O

3.2. Creating a return map. In the previous section the existence of a cycle was shown
that can be ordered in the following manner:

Sp < Sp—1 <+ <82 <S5 <50.
Let us now use this cycle to create a return map. Recall that f; stands for fi mod 2.

LEMMA 3.4. There exist families of right-closed pairwise disjoint intervals I, ;, C st

and maps h;;._;, € IFS(®) withi; >0 for j =1, ..., n such that:

@D A=Go. fi 601 =U Ty

Gi) hi', (Iy.a) CAifin=0andhi ', (I i) =Aifi,>0;

(i) ifce A\{fl_1 (s0)} is an endpoint of 1;, i, then there exist a map h € IFS(®) and
a point s € Orbg (spuU---u Orb$ (sp) such that h(s) = c. That is, the point c is in
the orbit of the cycle for IFS(P).

Proof. We can define a non-empty fundamental domain of fi1,

Ar= (s, £ 601 fork=0, ..., n.
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Since on the circle so =s,, we identify on S! the intervals in the real line Ag=
(s0, ff] (so)] and A,, = (sy, ffl (sn)], denoting this interval by A. In order to create the
expanding return map we will divide this fundamental domain inductively.

By Lemma 3.3, 59 < fl_1 (so) < s1 and since s1 < sg, there exists j € N such that sg <

FlGs1) < 7 s0) < £ (s1) < 51 Then

A= (o, 7 o)1= Iy

i1=0
with
Io=(f{ G0, f7 601 and L = (0, £ 01 it > 0.

Let h;, = fJ ™. We have that k' (I;;) = (s1. ¢;, ], where

co= [y f o) € 1. Sy D] and e = f (1) if iy > 0.

Therefore, i, (Ip) C Aj and hi_ll (I) = A, ifi; > 0.

Let c € A\{ffl(so)} be an endpoint of I;;. Then either ¢ = foj (s1)ifi; =0, or c €
{fonril (s1), fjJrll Yspyifip > 0. In any case, ¢ belongs to the orbit of the cycle. This
completes the first step of the induction and now we proceed with the inductive hypothesis.

Suppose that we have families of right-closed pairwise disjoint intervals 1;, ;, C S! and
maps h;, ., € IFS(®) withi; >0for j =1, ..., k such that:

O A=UL i

Gi) At (i) = (si ciy.i,], where

-1 -1 o
Ciy.ip10 € (ks [ ()] and  ciy iy = fi () if ik > 0.

In particular, hl1 e 10(1,] ir_10) C A and hll lk( Li..i,) = Ag if iy > 05
(i) ifce A\{f| (so)} is an endpoint of /;,. ; then there exist a map s € IFS(®) and a
point s € Orb o) U---U Orb&; (s,) such that h(s) = c.
By Lemma 3.3, s < f;| +1(sk) < Sk+1 < s,j. Hence, from the inductive hypothesis we
obtain
Sk < Ciyip < fkjrll(Sk) < Skl < S

Now, since sy41 < sk, for each multi-index iy . . . i there exists j;, . ;, € N such that

’lk

sk < fk T (k1) < Cipip < (Sk+1) < Sk41-

Then
o0
h,»_l‘]“,-k(lil...ik) = (Sk, Ciy.ip ] = U Jiyire
£=0
with
le tkO—(fkll (Sk—i-l) Ciy.. zk] and
Jiyip T Jit i T€=1) .
1| lké—(fl , (Sk+1), fl ¢ (Sk+1)] if £>0.

https://doi.org/10.1017/etds.2013.112 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2013.112

IF'S on the circle close to rotations 1357

Notice that the intervals J;, ;. ¢, £ > 0 are pairwise disjoint. Define I;, ;¢ C I;;. ;, by
Ly e = hiy i (i i)
By definition, for a fixed multi-index iy . . . ix, the intervals I;; ; ¢, £ > 0, are also pairwise
disjoint. Hence, by means of the induction hypothesis on the intervals I;, ; and since
Ii, ..ixe C Ii.j, it follows that {/; ., :i; > 0for j =1, ..., k+ 1} is a family of right-
closed pairwise disjoint intervals. Note that each right-closed interval I;, ;, is the union
of the intervals /;, _;¢, £ > 0. Then, by the induction hypothesis it also follows that A =
U liy ciggr-
Jiy ooy k1 .
Set iy iigy = hiyig o fi " . By construction

~1 o p e o
hil-»-ik+1 (Ill,..‘l]\qr]) = fk (Jll‘..lklk+1) = (sk—i-ls Cll..‘l]\qr]]’

—1 [
where ¢\ igi .y = fi (Sk+1) if i1 > 0 and

-1 —Jiy..i -1
Cirig0 = i o0 iy (i) = fr 7 (i) € (ks fr (k)]

Therefore, ;' . o(5iy..i,0) C Ak and by ' o (B i) = Agsr if igs1 > 0.

In order to prove the third item, we fix an interval I;, ;¢. For every £ > 0 the left
. .. . iy iy, T . .
endpoint of this interval is h;, _;, o kj 1% " (sx41) and so it belongs to the orbit of the
cycle. The right endpoint is

. iy ..ip €1 .
hil...ik (Cil...ik) if£=0 and hil...ik o fkjl k (Sk+1) if £ > 0.

Note that h;, . ;, (c;,..;,) is an endpoint of I;, ;. Therefore, by the inductive hypothesis,
either h;, i (ci\..i,) = ffl(so) or hj, i (ci..i,) =h(s) for some h € IFS(P) and s €
U7, Orbg (s0).

Going through the n steps of the cycle we conclude the lemma. O

From the above lemma we define the return map over A = (sp, ffl (s0)] as

R:A— A, Rl

i].in

_ 3,1
- hil...in'

The endpoints of the intervals I;, ; are called discontinuities of R and if s is a
discontinuity then s € Orbg (so)U---uU Orbg (sn). We summarize some of the points from
the inductive process in the construction of the return map in Lemma 3.4. This notation
will be required for the next section.

ADDENDUM 3.5. Foreachk =1, ..., n, there exists a family
{(Liyips By gy miy i) 2120, j=1, ..., k}

with I, i, pairwise disjoint right-closed intervals of St hiy..i, € IFS(®) and m;,

natural numbers such that A = (sg, fl_l(so)] =U 1 i, andfork=1,...,n—1:

®  Liy gz C iy and 1y, hiy g Ly i) are  respectively contained in a
fundamental domain of fy and f;

.o . . . . — —m;

(i) my = j+i1, mi i, = Jiy..ix + ik+1, and h,»ll =fo

—1 My —1 Mgy M —Mijjiy —Mip
hil...ikikH =Ji oh; i =K Je-1 o h Jo s
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Gii) ;' Uiy i y0) = (st ciy i dand by o (T i) = Ax if ik > O with

0.0k
-1 —1 .
Sk < Ciy..iy = fk+1(sk) and  Ap = (sk, fk_;,_l(sk)]s
G(v) mj, i1 =m;, i, +1andm;, ;0> 1 satisfies that

Mi| ix_10 miy ix_10—1
fk (Sk+l) < Ci]'“cik S fk (Sk-‘rl)'

3.3. Estimation of the derivative for the return map. We will prove the following
proposition which can be compared to Proposition 2.3.

PROPOSITION 3.6. Forevery J =[x, y] C 1;,..;, it holds that
IR _ (e W\ DR(y))
] Vi —1 D(y)

where D : A — (0, 00) is given by D(y) = | fo(y) — y|, n is the length of the cycle (always
even), and Vy, V1 are the distortion constants of fo, f1 respectively.

)

Define by R; =hifl'l_ij, 1 <j<n, and then R, =R. We adopt the convention

Ro = id. To obtain Proposition 3.6 we need the following two-by-two term estimate.
LEMMA 3.7. Forany 0 < j <n — 2 even,

IR ja (D) - e~ (VotVD) DRj+2(y)
IRj(HI — e1—1  DMR;(y)

This lemma concludes immediately Proposition 3.6. Indeed, we have that
R _ IRa(D [Raa(D] [R2(I))
/] "Rn—2(D)| IRp-a(J)] /]

and applying Lemma 3.7 to each of the terms one gets the estimate required in
Proposition 3.6.

Proof of Lemma 3.7. Since

IR j2(J)] _ IRj+2(Nl IRj+1(J)]
IR;(J)] IRj(Dl IR;(D|

the lemma will be proved by estimating each term.

Observe that since the cycle begins with the map fj, necessarily j + 2 (mod 2) = 0 and
Jj +1(mod2)=1. Since s; is a fixed point of fp and R ;(J) is contained in a fundamental
domain of fp (see Addendum 3.5) then

s;i < fo(Rj(y) <Rj(x) <R;(y).

Applying foimi' “I*1 {0 the fundamental domain [fo(R;(»)), R;(»)], the usual distortion
estimate gives

|f0(R] (y)) — RJ (y)| - e_vo |fO—Wli1“,ij+1 (fO(R] (y))) _ fo_milmifrl (RJ (y))|
Ry =RiWE = ™ Ry om = £y R0
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Observe that

—Mmiy i —miy i

Tl Ty _
fo (Rj() <sj+1 < fy (Rj(y)) and Rji1 = f,
Using this information and rearranging the terms one obtains,
IR j+1(DI ) Isj+1 — Rj+1(»)]
IR (DI~ D(R;(y))
To estimate the other term, since s is again a fixed point of fy and R j12(J) is contained
in a fundamental domain of fj, it follows that

i+l
It oR;.

Sjt2 < foRj2(3) < Rjt2(x) < Rjt2(y).

By construction of the return map (see Addendum 3.5), [s;42, Rj1+2(y)] C Aj42, which

is a fundamental domain of fi.
j+2

This time let us apply flmil'“i' to [fo(Rj32(»), Rj42(»)], contained in a
fundamental domain of f;. Then the distortion estimate becomes

Rj2(x) — Rjp2(y) " f i1 jn Rjs2) — f, i (Rjs2(0))]
(R j+2()) = Rj2 ()] 1A IR R ) = £ (R (0)))
Since Ay is a fundamental domain of f7,

JIRj12(3) < fo(Rj+2(3) < Rj+2().

Therefore,
Miy.ijin Miy.ijin
Ifi (fo(Rj+2(3)) — fi (Rj+2(»)]
Miy .o Miy.ijin
<If ([1(Rj+2() — fi (Rj+2(n)I.
As flm RAACIN ) i+2 = R j+1, using the above inequality and rearranging the terms,

IR j2 (D] - D(Rj+2(y))
Rjr1 (D]~ | fIRj+1(3)) = Rjr1 I

Thus,
IR j2 ()] o o= Vo) D(Rj+2(y)) Isj+1 — Rj+1(»)l _
IR;j(DI — DR;(»)  [/i(Rj+1(3) = Rjt1(yl
Finally let us estimate the last term. Applying the mean value theorem to the function
f1 —id and using that 541 is a fixed point of fi,

Isj+1 — Rj+1(y)] _ 1 - 1
IR 1)) —RjmiM|  |IDfix) =1~ eV =1’
which proves the lemma. O

Assume the maps fy, f] are close enough to rotations in the C'*®"-topology so that
e~ Vo+VD)
eV1 —1
Notice that, if the distortion constants satisfy Vy <e, V| <e, the above condition is
fulfilled for every positive £ < 0.38. Then also ((e"! — 1)e("0tV1))=/2 5 | By the same
proof as Lemma 2.4, we conclude the following analogous result.

> 1.

LEMMA 3.8. Forany A > 1, there exists N € N such that DRY (x) > X for all x € A.
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3.4. Proof of Theorem A. Let us continue assuming that the maps f; both have fixed
points. We will need the next two lemmas.

LEMMA 3.9. There is an ss-interval for IFS(®) if and only if there is a uu-interval.

Proof. By contradiction, suppose there exists a uu-interval but no ss-intervals (the other
case is similar). Then, Lemma 3.3 implies that there is a cycle of length n with the order
S0 <81 <---<s9+ 1=s, on the interval [sg, so + 1] identified with the circle.

Consider the maps f; as maps of the real line (in particular, of the interval [so, so +
1]), and the uu-interval as the interval [a, b] C [so, so + 1]. By the definition of the uu-
interval, if x < a, then f;(x) <a and if x > b, then f;(x) > b. And so if x > b, then any
finite composition of the maps fy and f, denoted by &, will satisfy that 2 (x) > b.

Take x > s,—1 and x > b. Using the cycle we can inductively attract x to s,_7, then to
Sp—3, until sg, such that in the end we will obtain a map 4, a finite composition of fy and
Jf1, with hi(x) < a. This contradicts the previous observation. O

LEMMA 3.10. Suppose that there are no ss-intervals for IFS(®) and for some interval
I, il)yNI#®, i=0,1. Then for every x € S!, there exist hy, hy € IES(®) such that
hi(x) €I and hy'(x) € I.

Proof. Since there are no ss-intervals, Lemma 3.3 implies that there is a cycle with the
order so <1 < --- <S8, + | in the interval [sg, so + 1]. We identify the interval / on the
circle S with an interval in [sq, so + 1] that has the endpoints a < b.

Assume first that on the interval [sg, so 4+ 1], the point x satisfies b < x <so + 1.
Considering f; as maps of the interval and arguing as in the proof of the above lemma,
by using the attractors of the cycle we can inductively start attracting x to so = s,. Then,
there exists £ a finite composition of f and f; of the form & = f; o h1 (i =0 or 1), such
that 4(x) > a and h(x) < a. Since f;(I) NI # (, necessarily h(x) € I, as required.

For the case when x < a, suppose I C [s;_1, s;]. By means of the cycle but now looking
on the circle S!, we can attract x so s; so that on the interval [so, so + 1], x > s;. Then this
is similar to the situation above, applied not to x but to /i (x), with h(x) > s; > b.

Since by Lemma 3.9 having no ss-intervals is equivalent to having no uu-intervals,
the same argument can be repeated with IFS(®~!) to prove the existence of hy ! with
hy'(x) el. O

3.4.1. Proof of minimality. Let us show that IFS(®) is minimal. The minimality of
IFS(®~!) follows analogously since by Lemma 3.9, IFS(® ') has no ss-intervals.

Consider a point x € S! and an open interval J. Since there are no ss-intervals, by
Lemma 3.8, there exists an expanding return map R” defined in the domain A and
associated with a cycle. Since A = (sg, f ~I(s0)], which is a fundamental domain of
/1 and is in the basin of attraction of sg, then f;(A) N A #@. By Lemma 3.10, there
exists iy € IFS(®) with hl_l(J) NA#@. We can assume J is small enough so that
hl_l(J ) is contained in one of the domains of the map RY. Since DRY > A > 1, then
RN ()| > A1 J]. Iterating sufficiently many times RN (J) eventually must contain a
discontinuity s of R".
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By Lemma 3.4, s € Orb;g (sp)U---U Orb&ﬁ (sn). Without loss of generality, we assume
that s is in the orbit of sg. Then there exists iy € IFS(®) with h(s¢g) = s and so

ha(so) € R*N o 1 ().

Writing R¥Y as h3! with h3 € IFS(®), we get i1y o h3 0 ha(so) € J.

Having the order s < s; < - - - < sp + 1 = s,,, given a point x we may attract x arbitrary
close to sp by inductively attracting to each s; of the cycle. Then there exists h4 with h4(x)
close enough to sg. It can be concluded that i4 o hy o h3 o hy(x) € J, and since x and J
were arbitrary, this proves minimality of IFS(®).

Remark 3.11. The action of the semigroup IFS(®) is expanding: for any x in the circle,
there exists g € IFS(®) such that Dg_l(x) > 1.

To prove this, let us use the fact that R is an expanding return map on some interval
A. The branches of this expanding return map are maps in IFS(®~'). Since IFS(®~!) is
minimal, there is & € IFS(®) such that h’l(x) € A. Then, for n sufficiently large, R" o
h~!(x) will have derivative larger than 1.

3.4.2. Density of hyperbolic periodic points. With respect to the return map R,
defined on the interval A = (sg, fl_l(so)], consider one of the branches I;, _;,, such that
hl_1 '1“14” ({i...i,) = A. Since hi_l.l“in is expanding, there exists exactly one repelling fixed
point, say s, of hfllln Then s is an attracting fixed point of h;, ;,, whose basin of
attraction includes A.

Now given an interval J, by minimality of IFS(®) and assuming that J is small enough,
there exists h1 € IFS(®) such that 411 (J) C A. Again by minimality of IFS(®), there exists
ho € IFS(®) such that hy(s) € J.

Since h1(J) is contained in the basin of attraction of s, we may assume that s (J) is
attracted sufficiently close to s, so that iy o hy(J) C J and D(hp o hy)|y < B < 1. This
implies that there is a hyperbolic attractor in J. The density of hyperbolic repellers for
IFS(®) follows from the density of hyperbolic attractors for IFS(®~1).

3.4.3. The case of generators with periodic points. ~When the generators f; have non-
zero rotation number, consider the next lemma, whose proof is left to the reader.

LEMMA 3.12. Let f be an orientation-preserving C't-diffeomorphism of the circle with
periodic points of period n, and consider B the immediate basin of attraction of some
periodic point. Then

n
e_vf < M < ev.f
Df"(y)
where V' is the distortion of f on S'. That is, Dist(f*, B) < V.
Since in the immediate basin there is always a point with derivative 1,

forallx,y € B,

e VI <Df"(x)<e"’ forallx € B.
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The lemma states that the the distortion of fl."i is the same as that of f; in the relevant
regions and the derivative of fi”i is bounded by the distortion and thus will still be close
to 1 if f; is close to rotations. Namely, | Df" (x) — 1] < e — 1, where V; is the distortion
constant of f;. Therefore, the same proof as in the case of fixed points applies. Observe
that also in Proposition 3.6 we have to ask again that e~(Yo+V1) /(1 — 1) > 1. Since
Vo < e, Vi < ¢, the above condition is fulfilled for all £ < 0.38.

This completes the proof of Theorem A.

4. Spectral decomposition

4.1. Spectral decomposition on the real line. The next theorem gives a complete
description of the global topological dynamics of an IFS generated by a pair of
diffeomorphisms on the real line.

THEOREM 4.1. (Spectral decomposition on the real line) There is ¢ > 0.38 such that if fo
and f are diffeomorphisms on the real line, one of them having at least one fixed point,
with no fixed points in common and e-close to the identity in the C't"-topology, then

LAFS(®)\{£oo} =| JKi and K; C Per(IFS(®)),

where each K; is a compact, maximal transitive set for IFS(®). Moreover, each compact
set K; is either:

° a single fixed point of fo or f1,; or

° a sx-interval for IFS(®) with xx € {ss, su, uu, s, u}.

In particular, if fy and f1 have only hyperbolic fixed points, then the above union of the
sets K; is countable and they are pairwise disjoint.

Proof. Consider z € LUFS(®))\{£oo}. We can assume that z € w (IFS(®)) since the
situation for the «-limit of IFS(®) is settled by a similar argument. Then, by definition
of w-limit of IFS(®), the point z is approximated by points of the form y; € we (xx). For
each k, there is a sequence (hxy,), C IFS(®) such that each point y; is again approximated
by points of the form Ay, o - - - o hgq(xg).

CLAM 4.1.1. If y € we(x), then either y belongs to some xx-interval for IFS(®) with
*x € {85, su, uu, s, u} or it is a fixed point of fy or f1.

This claim concludes that the limit set of IFS(®) is contained in the union of sx-
intervals and the set of fixed points of fo and fi. Indeed, from Claim 4.1.1, either z is
a fixed point of fy or fi, or, for kg large enough, y; belongs in the same #x-interval for all
k > kg and thus z is also in this *x*-interval.

Proof of Claim 4.1.1. Since y € wg(x), there is (hy), C IFS(®) such that y =
lim, o0 hp o---0hi(x). If y is an accumulation point of fixed points then, obviously,
y is a fixed point of fp or f1. Thus, we can assume that y is not of this type. Also, without
loss of generality, we may suppose that y > 0.

Since at least one of the generators has a fixed point, we can assume by the following
argument that y € [p, g], where p, g € Fix(fp) UFix(f1) and (p, g) NFix(f;) =@ for
i =0, 1. Otherwise, there is a fixed point P such that any other fixed point is less then
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Pandy e [P, 00). If y # P, then it is not hard to check via the geometry of the functions,
that it is not possible that fp, f1 > id in (P, 00), since then y = co. In the other case,
[P, 00) is an s- or u-interval or y = P.

Suppose p and g are both attractors or repellers but for different maps restricted to
[p, q]. Since fy and f7 are close to the identity, this closed interval is an ss- or uu-interval.
So, we can consider the final case when p and g are an attractor—repeller pair for the same
map, say fo (the repeller-atractor case is analogous). Note that then fy < id in (p, g). We
have two options: either f| <id or f] > id in [p, ¢]. In the first case, both maps are below
the identity and hence this geometry implies that the unique possible w-limit points for
IFS(®) in [p, g] are p and q. For the second case, we have again two options:

fillp, gD Nlp,ql #9 or  fillp,qD) Nlp,ql=0.

In the first case [p, q] is an su-interval for IFS(®), and for the other one it follows as
before that y is either p or g.

Therefore, we have shown that in every possible case, the point y € we (x) belongs to a
sx-interval for IFS(®) with #x € {ss, su, uu, s, u} or it is a fixed point of fy or fi. O

To conclude the proof of the theorem we need to show that every set K; is contained in
the limit set of IFS(®). Recall that K; denotes both, a xx-interval or a fixed point of fy
or fi. Itis clear that every fixed point is contained in the limit set and so we only need to
prove that every *x-interval for IFS(®) is recurrent.

We will show that there exists ¢ > 0 such that if fy and f; are e-close to the identity
in the C!™V-topology, then any sx-interval for IFS(®) with %% € {ss, su, s} satisfies the
hypothesis of Theorem 2.2. This proximity implies that | f; (x) — x| < ¢, |[Dfi(x) — 1| < ¢
and Dist(f;, R) < ¢ fori =0, 1, and we only need to show that (1 — e le™V > 1.

Notice that V <2¢l|a — ff] fi(a)|, where i # j and the a is the endpoint of the
sx-interval. Suppose a is the left endpoint and fy <id in (a, f(;1 fi(a)]. From the
proximity to the identity, f1(a) <a + €. Since

fo)= (1 —e)x—a)+a forallx € (@, fy' fi(a)l,
it follows that f0_1f1 (@) —a <e( —e¢)~ L. Thus,

A—ge eV >(1- 8)87167282“78)_1 >1

for all € <0.38.

Finally by Theorem 2.2, ss-, su- and s-intervals are minimal with a dense set of periodic
points. In particular, these kinds of intervals are transitive sets for IFS(®). The same
properties are obtained for uu-intervals and u-intervals for IFS(®~1).

LEMMA 4.2. If A is minimal for IFS(®~1) then A is transitive for IFS(®).

This lemma follows from the facts that minimality implies transitivity and that if A is
transitive for IFS(®~!) then A is transitive for IFS(®).

Applying the above lemma we obtain that uu- and u-intervals are also transitive sets for
the IFS(®). This basically concludes the proof of the theorem. The last part is immediately
obtained since if all the fixed points are hyperbolic, then they are isolated and so there
exists only a countable number of the fixed points and the sx-intervals. O
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Remark 4.3. Theorem 4.1 holds also for IFS generated by a pair of diffeomorphisms of
the compact interval / under the same assumptions.

To see this, we view the compact interval / like the compactified real line [—o00, o0]
and the K* or K" intervals in I are identified with the relevant intervals on the real line.

4.2. Spectral decomposition on the circle: Proof of Theorem B.  The following result is
a version of Theorem 2.2 for diffeomorphisms of the circle with periodic points.

PROPOSITION 4.4. There is ¢ > 0.30 such that if fo and f1 are circle diffeomorphisms
with periodic points of period no and ny respectively, e-close to the rotation in the C' V-
topology then for every sxx-interval K**, xx € {ss, su}, with respect to IFS(®") it holds
that

K** C Per(IFS(®")) and K** C Orbg.(x) forall x € K**.

Proof. We will apply Theorem 2.2 for IFS(®") for the #*-interval K** = [a, b]. Without
loss of generality, we assume that f(;’ % <idin (a, b). According to Lemma 3.12,

e <DfP(x) <e" forallx eS',

where Vj is the distortion constant of fy. This implies that | D fg O(x) — 1| < e — 1 for
all x € S'. Similarly we denote by V; the maximal variation of f; and then it also follows

Dist(f]°, I) < Vo and Dist(f]", J) < Vi

for all fundamental domains 7 of fy® and J of f{'" in (a, f, " f{" (@)].
Since (a, fo_"0 ln "a)] c S, its length is less than 1. Let us remember the necessary
condition in Theorem 2.2,

(1= ("0 — 1)) ("o — 1)t~ VotVla—fy @l

As Vp, V1 < e, it suffices to take ¢ < 0.30 to guarantee that the above condition is fulfilled,
which concludes the proof of the proposition. O

Proof of Theorem B. This result is immediately deduced from Theorem 4.1, Proposition 4.4
and Theorem A. Indeed, consider f('; % and fln I as the lifts on the real line of fg 0 and fln '
Note that f(;’ 0 and fln ! are periodic functions. Arguing as in Theorem 4.1, there is a
decomposition into compacts sets on the real line of L(IFS( f "o, ~1" "M\ {z£o0}. From the
periodicity of fi"" , it follows that each of these compact sets projects on the circle as either
a periodic point of f;, or as a xx-interval for xx € {ss, su, uu}. By Proposition 4.4 these
intervals are transitive sets for IFS(®").

What is left is to study the limit set of a point whose w-limit (or a-limit) contains +0c0
on the real line. This can only happen if there is a cycle for IFS(®") different from an
ss-interval. Then Theorem A implies that S is minimal for IFS(®") and IFS(®™"), a
contradiction. Therefore, we obtain a decomposition of the limit set, as required. O
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5. A Denjoy type theorem for IFS

5.1. A trichotomy for IFS. The next lemma shows some relations between the w-limit
sets and the orbits of an IFS. These properties will be necessary afterwards for the proof
of the trichotomy result. We will use the following notation: given a set A on a manifold
M, we denote by A’ the set of accumulation points of A, i.e. the set of points y such that
there exists a sequence (x,), C A converging to y with x,, # y foralln € N.

LEMMA 5.1. Consider ® = (¢1, . .., ¢x) € Hom(M)X, a non-empty closed subset K of a
manifold M. Then it holds that:

@) a)q>(h(x)) C we(x) C Orb o (x) forall x € M and for h € IFS(®);

(i) ifK = OrbE (x) o) forall x € K then

K=¢p1(K)U---U@(K)=wep(x) forallx € K;
(iii) Orbg(x)' = @1 (Orbg(x)") U+ - U ¢ (Orby (x)') for all x € M.

Proof. By definition of the w-limit set of a point x € M, we(h(x)) C we(x) for all h €
IFS(®). On the other hand, since

Orbg (x) = {y : there exists (g,), C IFS(®) such that y = lim g, (x)}
n— o0

then we (x) is a subset of the closure of the orbit of x. Therefore, we conclude (i).
According to the first item, to obtain (ii) it suffices to prove that
k
Kc|J¢i(kK) and K Cawo(x) forallxekK.
i=1
The first inclusion follows from the minimality of K. Indeed, for any y € K there
is (gn)n C IFS(®) such that x =1lim,_, o g,(y). Since we are working with a finitely
generated semigroup, taking a subsequence if necessary, we can assume that g, = ¢; o g,

for some i € {1, ..., k} and g, C IFS(®). Thus, d)l._l(x) € K as it is the limit of g,(y)
and K is an invariant closed set. Therefore, x = ¢; (¢;” 1(x)) € ¢;(K), showing the first
inclusion.

In order to prove the second inclusion, we fix x, y € K and consider a sequence of
positive real numbers ¢, = 1/n — 0. Let us construct by induction a sequence (h,), C
IFS(®), such that the distance between y and A, o---ohy(x) is less than g,. Since
the orbit of x is dense in K, there is i1 € IFS(®) such that d(y, h1(x)) < 1. Similarly,
since h(x) € Orb$ (x) C K then the orbit of 2 (x) is dense in K and there exists &, such
that d(y, hy o h1(x)) < &>. Inductively we obtain the desired sequence (hy), C IFS(®).
Hence, y =lim; . iy 0 - - - 0 h1(x) and thus y € we (x) for all x, y € K, concluding (ii).

Now we will show that Orbg (x)’ is a self-similar set, that is, we prove the last item.
Note that ¢; (Orb (x)") Cc Orb (x)’ foralli =1, , k. Indeed, if y is an accumulation
point of the orbit of x, then ¢;(y) is appr0x1mated by points of the form ¢; o g,(x) €
Orb(I> (x), where y = lim,,_, o g,(x) and g, (x) # y for all n € N. This implies that ¢; (y)
is also an accumulation point of Orb} o (x) and so we conclude one of the inclusions.

To obtain the other inclusion

Orb, (x)' C ¢1(Orbg(x)) U+ - - U ¢ (Orb (x)),
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we fix any y € Orbg (x)’. Then there exists (g,) C IFS(®) such that y = lim,_, o0 g, (x)
and g,(x) # y for all n € N. Since the semigroup IFS(®) is finitely generated, taking
a subsequence if necessary, we can assume that for some fixed i € {1, ..., k} we have
8n = ; 0 gu with g, € IFS(®). Hence, ¢; ' (y) = limy— oo &n(x) and g, (y) # ¢, (7).
Since the accumulation set is a closed set, it holds that ¢, ! (y) € Orb;g(x)’ . This implies
that y € ¢; (Orbg (x)) proving the desired inclusion and therefore (iii). O

The next trichotomy theorem is the IFS counterpart of the similar result for group
actions in [7]. An interval [ is forward-invariant for IFS(®) if f; (1) C I for all I.

THEOREM 5.2. (Trichotomy for IFS) Consider IFS(®) generated by ® = (f1, ..., fi) €
Hom(I)*, where I is S' or a forward-invariant compact interval. Then there exists a
non-empty closed subset K of M such that

k S —
K=|Jfi(K) and K=O0rb}(x)=we(x) forallxeK.

i=1

Moreover, one (and only one) of the following possibilities occurs:
(1) K is a finite orbit for IFS(®);

(1) K has non-empty interior;

(iii)) K is a Cantor set.

Proof. A family of non-empty closed subsets of M such that each member A satisfies
A= fi(A)U---U fy(A) can be ordered by inclusion. Since the intersection of nested
compact sets is compact and non-empty, Zorn’s lemma allows to conclude the existence of
a minimal (regarding the inclusion) non-empty closed set K such that K = J f;(K). We
will show that K is an invariant minimal set for [FS(®),

K =Orby(x) forallx € K. 5)

Then, according to item (ii) in Lemma 5.1, we have K = Orb$ (x) = we(x) forall x € K.

In order to prove (5), since K is a closed invariant set, Orb$ x)' C Orb$ (x) C K for
all x € K. On the other hand, according to (iii) in Lemma 5.1, for each x € K the set of
accumulation points Orb&; (x)" is a closed self-similar set. Since K is minimal (regarding
the inclusion) then either Orb:g(x)’ is an empty set or K = Orb&';(x)’ . We have two
possibilities:

(i) thereis x € K such that Orb&g(x)’ is empty;

(i) forall x € K, it holds that K = Orb (x)'.

In the first case, it follows that Orbg (x) is a finite set, and therefore it is a non-empty closed
self-similar set contained in K. This implies, via Zorn’s Lemma, that K = Orb$ x) =
we(x).

In the second case, we obtain that K is an invariant minimal set for IFS(®) and so
K’ = K. Moreover, we have two options: K has non-empty interior or the interior of K is
empty and thus, since M is a one-dimensional manifold, K is a Cantor set. This concludes
the proof of the theorem. O
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As an attractor for IFS is generated by a forward-invariant set, the theorem above
describes the shape of possible attractors of an IFS.

Remark 5.3. In the case when [ is an ss-interval, which is forward-invariant, the endpoints
are global (with respect to I) attractors and are necessarily part of any minimal set in /.
Thus the minimal set is unique. See also [16].

5.2. Proof of Theorem C. From Theorem B it follows that any minimal invariant closed
set, A, for IFS(®") is contained in some piece of the spectral decomposition of the limit
set. By the hypothesis of the theorem this piece cannot be a single point because the
generators do not have fixed points in common. It also cannot be neither an su- nor a
uu-interval because they are not forward-invariant and any point can be made to leave
the interval. Thus necessarily the piece has to be an ss-interval K*%, in which case by
Remark 5.3, the only minimal invariant set is K** and so A = K*°.

It is left to show that there cannot exist invariant Cantor sets for IFS(®). Let us suppose
that A is an minimal invariant Cantor set for IFS(®) and take any point p € A. Since fo
and f] have no periodic points in common, the basins of all attracting periodic points of fj
and f; cover S'. By hypothesis S! is not minimal and so from Theorem A there is at least
one ss-interval for IFS(®") whose endpoints are attractors. The cover of S! by the basins
of attractors allows p to be attracted inside some ss-interval K*5 for IFS(®"). Since A is
a minimal invariant set for IFS(®), then K* C A, contradicting that it has empty interior.

5.3. A theorem of Duminy on group actions of the circle. Finally, we will reprove
Duminy’s theorem [15] under the assumption of Theorem A. We denote by G(®") the
group generated by ®" = (f;°, fI'").

THEOREM 5.4. (Duminy) There exists ¢ > 0.30 such that if fo and f1 are
diffeomorphisms on the circle with periodic points of period ny and ny respectively, ¢-
close to the rotations in the C'T® -topology and with no periodic points in common then.:
° St is minimal for G(®"); and

. the hyperbolic periodic points of G(®") are dense in S'.

Proof. Since there are no periodic points in common and we are working with a group,
then considering the inverses if necessary, there always exists an ss-interval and a cycle
different from the ss-interval for the group G(®"). Moreover, this cycle has the same order
as in Lemma 3.3. By Proposition 4.4 every point in the ss-interval has a dense orbit for
the action of G(®"). Now similarly to the proof of minimality in Theorem B, the cycle
allows to bring any point and interval to the ss-interval and this implies minimality of S!

for G(d").
The density of hyperbolic periodic points follows from the argument described in
Lemma 2.5 (see also §3.4.2). This concludes the proof of the result. O

Acknowledgements.  Both authors thank Enrique R. Pujals for useful conversations and
P. G. Barrientos is especially grateful to José A. Rodriguez for the orientation and the
helpful comments.

https://doi.org/10.1017/etds.2013.112 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2013.112

1368 P. G. Barrientos and A. Raibekas

During the preparation of this article the authors were partially supported by the
following fellowships: P. G. Barrientos by FPU-grant AP2007- 031035, MTM2011-
22956 project (Spain) and CNPq post-doctoral fellowship (Brazil); A. Raibekas by CNPq
doctoral fellowship (Brazil) and CAPES-PNPD post-doctoral fellowship (Brazil). We
thank Instituto Nacional de Matematica Pura e Aplicada (IMPA) for its hospitality.

REFERENCES

1] P. G. Barrientos, A. Fakhari and A. Sarizadeh. Ergodicity of expanding minimal actions. Preprint
arXiv:1307.6054, 2013.

[2] P. G. Barrientos, Y. Ki and A. Raibekas. Symbolic blender-horseshoes and applications. Preprint
arXiv:1211.7088, 2012.

[3] C. Bonatti, L. J. Diaz and M. Viana. Dynamics Beyond Uniform Hyperbolicity (Encyclopedia of
Mathematical Sciences, 102). Springer, Berlin, 2005.

[4] A. Denjoy. Sur les courbes définies par les équations différentielles a la surface du tore. J. Math. Pures
Appl. 11 (1932), 333-375.
[5] B. Deroin, V. Kleptsyn and A. Navas. Sur la dynamique unidimensionnelle en régularité intermédiaire.

Acta Math. 199(2) (2007), 199-262.
[6] G. Duminy. Unpublished manuscript, Université de Lille, 1977.
[7] E. Ghys. Groups acting on the circle. Enseign. Math. (2) 47(3—4) (2001), 329-407.

[8] A. S. Gorodetskif and Yu. S. II’yashenko. Some new robust properties of invariant sets and attractors of
dynamical systems. Funktsional. Anal. i Prilozhen. 33(2) (1999), 16-30 95.

[9] A. S. Gorodetskii and Yu. S. II'yashenko. Some properties of skew products over a horseshoe and a
solenoid. Tr: Mat. Inst. Steklova 231 (Din. Sist., Avtom. i Beskon. Gruppy) 96-118, 2000.

[10] M.-R. Herman. Sur la conjugaison différentiable des difféomorphismes du cercle a des rotations. Inst.
Hautes Etudes Sci. Publ. Math. 49(49) (1979), 5-233.

[11] V. A. Kleptsyn and M. B. Nal’skii. Convergence of orbits in random dynamical systems on a circle.

Funktsional. Anal. i Prilozhen. 38(4) (2004), 36-54 95-96.

[12] V. A. Kleptsyn and D. Volk. Skew products and random walks on intervals. Preprint arXiv:1110.2117,
2013.

[13] M. Nassiri and E. R. Pujals. Robust transitivity in Hamiltonian dynamics. Ann. Sci. Ec. Norm. Supér.
45(2) (2012).

[14] A. Navas. Sur les groupes de difféomorphismes du cercle engendrés par des éléments proches des
rotations. Enseign. Math. (2) 50(1-2) (2004), 29-68.

[15] A. Navas. Groups of Circle Diffeomorphisms (Chicago Lectures in Mathematics). Spanish edn.
University of Chicago Press, Chicago, IL, 2011.

[16] K. Shinohara. On the minimality of semigroup actions on the interval which are C!-close to the identity.
Preprint arXiv:1210.0112, 2012.

[17] K. Shinohara. Some examples of minimal cantor set for IFSs with overlap. Preprint arXiv:1304.5831,
2013.

[18] V. Viana and J. Yang. Physical measures and absolute continuity for one-dimensional center direction.
Ann. Inst. H. Poincaré (C) Anal. Non Linéaire 30(5) (2013), 845-877.

https://doi.org/10.1017/etds.2013.112 Published online by Cambridge University Press


http://www.arxiv.org/abs/1307.6054
http://www.arxiv.org/abs/1307.6054
http://www.arxiv.org/abs/1307.6054
http://www.arxiv.org/abs/1307.6054
http://www.arxiv.org/abs/1307.6054
http://www.arxiv.org/abs/1307.6054
http://www.arxiv.org/abs/1307.6054
http://www.arxiv.org/abs/1307.6054
http://www.arxiv.org/abs/1307.6054
http://www.arxiv.org/abs/1307.6054
http://www.arxiv.org/abs/1307.6054
http://www.arxiv.org/abs/1307.6054
http://www.arxiv.org/abs/1307.6054
http://www.arxiv.org/abs/1307.6054
http://www.arxiv.org/abs/1307.6054
http://www.arxiv.org/abs/1211.7088
http://www.arxiv.org/abs/1211.7088
http://www.arxiv.org/abs/1211.7088
http://www.arxiv.org/abs/1211.7088
http://www.arxiv.org/abs/1211.7088
http://www.arxiv.org/abs/1211.7088
http://www.arxiv.org/abs/1211.7088
http://www.arxiv.org/abs/1211.7088
http://www.arxiv.org/abs/1211.7088
http://www.arxiv.org/abs/1211.7088
http://www.arxiv.org/abs/1211.7088
http://www.arxiv.org/abs/1211.7088
http://www.arxiv.org/abs/1211.7088
http://www.arxiv.org/abs/1211.7088
http://www.arxiv.org/abs/1211.7088
http://www.arxiv.org/abs/1110.2117
http://www.arxiv.org/abs/1110.2117
http://www.arxiv.org/abs/1110.2117
http://www.arxiv.org/abs/1110.2117
http://www.arxiv.org/abs/1110.2117
http://www.arxiv.org/abs/1110.2117
http://www.arxiv.org/abs/1110.2117
http://www.arxiv.org/abs/1110.2117
http://www.arxiv.org/abs/1110.2117
http://www.arxiv.org/abs/1110.2117
http://www.arxiv.org/abs/1110.2117
http://www.arxiv.org/abs/1110.2117
http://www.arxiv.org/abs/1110.2117
http://www.arxiv.org/abs/1110.2117
http://www.arxiv.org/abs/1110.2117
http://www.arxiv.org/abs/1210.0112
http://www.arxiv.org/abs/1210.0112
http://www.arxiv.org/abs/1210.0112
http://www.arxiv.org/abs/1210.0112
http://www.arxiv.org/abs/1210.0112
http://www.arxiv.org/abs/1210.0112
http://www.arxiv.org/abs/1210.0112
http://www.arxiv.org/abs/1210.0112
http://www.arxiv.org/abs/1210.0112
http://www.arxiv.org/abs/1210.0112
http://www.arxiv.org/abs/1210.0112
http://www.arxiv.org/abs/1210.0112
http://www.arxiv.org/abs/1210.0112
http://www.arxiv.org/abs/1210.0112
http://www.arxiv.org/abs/1210.0112
http://www.arxiv.org/abs/1304.5831
http://www.arxiv.org/abs/1304.5831
http://www.arxiv.org/abs/1304.5831
http://www.arxiv.org/abs/1304.5831
http://www.arxiv.org/abs/1304.5831
http://www.arxiv.org/abs/1304.5831
http://www.arxiv.org/abs/1304.5831
http://www.arxiv.org/abs/1304.5831
http://www.arxiv.org/abs/1304.5831
http://www.arxiv.org/abs/1304.5831
http://www.arxiv.org/abs/1304.5831
http://www.arxiv.org/abs/1304.5831
http://www.arxiv.org/abs/1304.5831
http://www.arxiv.org/abs/1304.5831
http://www.arxiv.org/abs/1304.5831
https://doi.org/10.1017/etds.2013.112

	Introduction
	A result of Duminy
	Cycles for IFS and proof of Theorem A
	Cycles
	Creating a return map
	Estimation of the derivative for the return map
	Proof of Theorem A
	Proof of minimality
	Density of hyperbolic periodic points
	The case of generators with periodic points


	Spectral decomposition
	Spectral decomposition on the real line
	Spectral decomposition on the circle: Proof of Theorem B

	A Denjoy type theorem for IFS
	A trichotomy for IFS
	Proof of Theorem C
	A theorem of Duminy on group actions of the circle

	Acknowledgements
	References

