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Abstract
The rates at which individuals memorize and forget environmental information strongly influence their movement
paths and long-term space use. To understand how these cognitive time scales shape population-level patterns, we
propose and analyse a nonlocal population model with a cognitive map. The population density moves by a Fokker–
Planck-type diffusion driven by a cognitive map that stores a habitat quality information nonlocally. The map is
updated through local presence with learning and forgetting rates, and we consider both truncated and normalized
perception kernels. We first study the movement-only system without growth. We show that finite perceptual range
generates spatial heterogeneity in the cognitive map even in nearly homogeneous habitats, and we prove a lingering
phenomenon on unimodal landscapes: for the fixed high learning rate, the peak density near the best location is
maximized at an intermediate forgetting rate. We then couple cognitive diffusion to logistic growth. We establish
local well-posedness and persistence by proving instability of the extinction equilibrium and the existence of a
positive steady state, with uniqueness under an explicit condition on the motility function. Numerical simulations
show that lingering persists under logistic growth and reveal a trade-off between the lingering and total population
size, since near the strongest-lingering regime the total mass can fall below the total resource, in contrast to classical
random diffusive–logistic models.

1. Introduction

The rates at which individuals memorize and forget new environmental information are closely linked
to their spatial navigation and resulting patterns of space use. In neuroscience, studies have revealed
a relationship between hippocampal neurogenesis and roaming patterns via roaming entropy, a mea-
sure of active territory coverage [9, 15]. A recent study found that patients with Alzheimer’s disease
show significantly different roaming entropy compared with healthy older adults [10]. In particular, [2]
links spatial navigation and the formation of cognitive maps through roaming entropy, highlighting the
importance of accounting for both individual memory variability and the structure of the environment.

Although neuroscientific insights into learning, forgetting and roaming have rarely been extended to
population-level ecology, recent mathematical models formalize spatial memory using cognitive map
frameworks [23–26] and examine its consequences for home range formation and aggregation [19, 27,
30]. In addition, [29] outlines open modelling and analytical challenges for cognitive movement models.
In many of these studies, cognitive movement is represented as diffusion and advection with a nonlocal
advection term, where a nonlocal memory field biases movement. This nonlocality is thought to be
biologically natural because organisms sense their surroundings beyond a single point through vision
or smell, so models introduce various types of spatial kernels with a finite perceptual radius, such as
the top-hat kernel and bump functions. As a result, much of the literature investigates how the kernel,
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Figure 1. Schematic illustration of lingering in a one-dimensional habitat. The green curve represents
perceived habitat quality (a cognitive map), with darker shading indicating locations that are more
strongly remembered. Squirrels depict where individuals tend to reside. In the left panel, animals occupy
two high-memory-retention regions and possibly move between the peaks. In the right panel, individuals
linger in a single strongly remembered core region, leaving other peak areas underused.

especially its radius and shape, affects aggregation, home range size and spatial patterning [8, 13, 19,
22]. Those models have been studied under periodic boundary condition on the domain, which makes
it difficult to fully capture how habitat boundaries influence the information animals perceive.

We hypothesize that memory-based navigation with nonlocal perception can generate heterogeneous
patterns of space use and residence times even in nearly homogeneous landscapes. For example, even
when food availability is uniform, limited visual range and habitat structure, such as obstacles or cover,
create heterogeneity in the cognitive map, consistent with evidence that environmental geometry shapes
cognitive maps [2]. On such a heterogeneous cognitive map, low-retention environmental cues are for-
gotten before they can guide movement, shifting use towards strongly remembered locations; therefore,
the rates of learning and forgetting are critical. These ideas lead to a central question about how learn-
ing and forgetting rates shape long-term population distributions in ecological systems. It is expected
that insufficient memory yields diffusion-like wandering and poor patch use, whereas excessive memory
yields maladaptive persistence to stale information. We expect an intermediate balance between learn-
ing and forgetting to produce the strongest concentration near the most favourable habitat region (see
Figure 1). We refer to this effect as lingering. More precisely, the lingering phenomenon is a memory-
induced strong spatial concentration characterized by a nonmonotone dependence of the peak population
density near the best habitat location on the forgetting rate, with the strongest concentration occurring
at an intermediate forgetting rate.

1.1. The mathematical model

We formalize these ideas by coupling population density u(x, t) on a bounded domain �⊂R
n with

a cognitive map m(x, t) that encodes spatial memory of habitat density s(x). We work with a dimen-
sionless formulation. The quantity u(x, t) denotes a scaled population density, and s(x) represents the
corresponding scaled habitat quality or carrying capacity, so that (s(x) − u)u has the form of a logistic
growth term with spatially varying capacity. The nonlocal quantity s̄(x) represents the perceived habitat
quality obtained by spatially averaging s around x. Thus, s, s̄ and m are all dimensionless and measured
on the same scale. The movement and memory dynamics are⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂tu =�(γ (m)u) + (s(x) − u) u in �× (0, T],

∂tm = (α s̄(x) − m) u −μm in �× (0, T],

∇(γ (m)u) · n = 0 on ∂�× (0, T],

u(x, 0) = u0(x), m(x, 0) = m0(x) in �,

(1)
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Figure 2. The blue curve represents the boundary of the habitat� occupied by the population. Dashed
regions represent the nonlocal neighbourhoods perceived under a finite perceptual radius at different
locations.

where γ (m)> 0 renders memory-dependent mobility, α > 0 represents the rate at which individuals
memorize (or learning strength) and μ> 0 is the memory decay rate, that is, how quickly they forget
their memory. The update term (αs̄ − m)u implements “learn–where–you–are”: memory is reinforced
(or down–weighted) proportionally to local presence u, depending on the perceived favourability αs̄. The
memory equation for m provides a mechanistic way to construct a cognitive map. The similar dynamics
for cognitive map is demonstrated in literature [19, 29]. We define the nonlocal quantity

s̄(x) = (K ∗ s)(x) =
∫

BR(x)

K(x, y) s(y)χ�(y) dy (2)

with

K(x, y) =
⎧⎨
⎩ JR(x − y) or

JR(x − y)

ZR(x)
if x − y ∈ BR(0),

0 otherwise,
(3)

where ZR(x) = ∫
BR(x)

JR(x − y)χ�̄(y)dy and JR encodes a perception kernel whose support is a ball BR(0)

centred at 0 with radius R. χ�̄ is a characteristic function, that is, it is equal to 1 in � and otherwise it
is 0, and we illustrate its use in Figure 2. We will consider a normalized and a not-normalized version
of the integral operator in (3).

We assume that γ is a positive, decreasing function of m. In other words, individuals move more
slowly in regions where the memory variable m is high, tending to remain longer in locations they
remember as favourable. Formally expanding the diffusion term generates a natural advection term
induced by gradients of m, and since γ ′ < 0, this advection describes attraction towards regions of higher
memory. The expansion of the diffusion term is

�(γ (m)u) = ∇ · (γ (m)∇u + γ ′(m)u∇m).

This type of diffusion operator, �(γ (m)u), is often referred to as a Fokker–Planck-type diffusion or a
Chapman diffusion law and has been extensively used to model density-dependent dispersal on hetero-
geneous media in biology and ecology, where the probability of leaving a location is determined by the
local state (for example, the local density) rather than by its gradient [4, 5, 16, 17, 28]. In our setting,
this motility depends on the memory field m rather than directly on the density s, but the underlying
diffusion structure is of the same Fokker–Planck type.

It is noteworthy to mention that nonlocality enters only through the second equation in (1). Much of
the existing literature introduces nonlocal space use via an advection term, which has typically restricted
the analysis to periodic boundary conditions [19, 27, 30]. In contrast, our use of no-flux boundary con-
ditions together with the domain-restricted kernel JR(x − y)χ�̄(y) allows us to clarify how the geometric
structure of a bounded domain shapes perceived habitat information. As illustrated in Figure 2, the
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finite perceptual radius generates nonlocal neighbourhoods near the boundary that differ from those
in the interior, so the geometry of � induces diverse types of spatial heterogeneity in the perceived
environment.

On the other hand, we also consider the normalized kernel K(x, y) = JR(x−y)χ�̄(y)

ZR(x)
to model situations in

which individuals are only able to sense a limited amount of environmental cues. In this case, the nor-
malization compensates for boundary effects, and the influence of the domain geometry on the perceived
habitat information is suppressed.

1.2. Paper outline

In Section 2, we analyse a cognitive movement model without population growth and study spatial
patterns arising from nonlocal perception. We identify the lingering phenomenon on heterogeneous
cognitive maps using both mathematical analysis and numerical simulations. In Section 3, we turn to the
full model (1) with logistic growth, establish its well-posedness and investigate its long-time behaviour.
We also show numerically that lingering persists despite logistic-type growth and examine how the
learning and forgetting rates shape not only the peak density at favourable locations but also the total
population size. Finally, in Section 4, we summarize our findings, discuss the limitations of the study
and outline directions for future work.

2. Lingering phenomenon on heterogeneous cognitive map

In this section, we investigate how spatial heterogeneity in the cognitive map, generated by nonlocal
perception, gives rise to a lingering phenomenon in space use. In Section 2.1, we construct heteroge-
neous cognitive maps s̄(x) via nonlocal perception and illustrate their effects numerically. In Section 2.2,
we then develop a mathematical theory that characterizes the lingering phenomenon on heterogeneous
cognitive maps. To isolate the effect of the population growth, we consider movement driven solely by
context-dependent diffusion. We consider the cognitive diffusion model:⎧⎪⎨

⎪⎩
∂tu =�(γ (m)u) in �× (0, T],

∂tm = (α s̄(x) − m) u −μm in �× (0, T]

∇(γ (m)u) · n = 0 on ∂�× (0, T],

(4)

where γ : [0, ∞) → (0, ∞) is a positive, strictly decreasing motility function. The perceived quantity
s̄(x) is defined on � as in (3) and is independent of time in this section. Throughout the simulations
below, we choose

γ (z) = 1

(1 + z)2
, z ≥ 0. (5)

2.1. Heterogeneity by nonlocal perception

This subsection demonstrates that non-normalized kernels introduce artificial heterogeneity near the
boundary, even in a homogeneous environment, whereas normalized kernels eliminate this effect. This
is because the range in which the species perceives s(y) gets smaller due to the lack of information
outside of the domain.

Let us consider a homogeneous environment, that is, s(x) ≡ s for all x ∈�. Let �⊂R
n be bounded

and JR ≥ 0 be an integrable kernel with compact support contained in BR(0) and IR := ∫
BR(0)

JR(r) dr<∞.
For x ∈�,

s̄(x) =
∫

BR(x)

JR(x − y)sχ�(y)dy = sZR(x),
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Figure 3. The left first figure is different kernel shapes of JR for radius R = 0.5, 1, 1.5 and 2. The second
plot illustrates s̄ corresponding to kernels in the left figure. The black dotted line is s(x) ≡ 1. s̄(x) ≈ s
in the interior but decreases near the boundary, more strongly for larger R. The figure on the right
depicts the numerical solution u(x, tfinal) at a large time t = 500. As R increases, u(x, tfinal) becomes more
concentrated in the middle due to the artificial heterogeneity.

where ZR(x) := ∫
BR(x)

JR(x − y) χ�(y) dy. In this case, the non-normalized kernel corresponds to
collecting total amount of information within the perceptual radius. Since 0 ≤ χ� ≤ 1 and BR(x) ∩�⊂
BR(x),

ZR(x) =
∫

BR(x)∩�
JR(x − y) dy ≤

∫
BR(x)

JR(x − y) dy = IR.

Strict inequality holds if BR(x) \� has positive measure and JR �≡ 0 there. Therefore, boundary trunca-
tion directly lowers the perceived quantity.

Assume that �= (−5, 5). We fix the memory-related parameters α= 2 and μ= 0, so we look at
the case when species utilize the perceived quantity fully to move. The qualitative effect of boundary
truncation is similar when μ> 0. We use a smooth bump kernel for illustration:

JR(r) =
{

e−1/(1−r2/R2) if |r|< R,

0 otherwise.
(6)

We show the kernel JR for several values of R in Figure 3 on the left. Qualitatively similar truncation
arises for other compactly supported kernels such as top-hat kernels. The non-normalized kernel JR

allows individuals to gain different quantities of information near the boundary, which creates spatial
heterogeneity on their cognitive map m. Due to the heterogeneity of the cognitive map, we observe
nonuniform solutions at large time (the third figure of Figure 3). We also observed that the population
u(x, 500) is more focused in the middle of the domain as R gets large. It is expected that the nonlocal
quantity s̄ gets more complicated when the boundary of the domain is more complex.

Now we explore the case of normalized kernels as shown in Figure 4 on the right. Recall the
normalized nonlocal environment cue:

s̄(x) =
∫

BR(x)

JR(x − y)

ZR(x)
s(y)χ�(y)dy and ZR(x) =

∫
BR(x)

JR(x − y)χ�(y)dy.

If s(x) ≡ s for all x ∈�, s̄(x) ≡ s for all x ∈�. Indeed,

s̄(x) = s

ZR(x)

∫
BR(x)

JR(x − y) χ�(y) dy = s

ZR(x)
ZR(x) = s.

In this case, the normalized kernel corresponds to sensing average concentration in the neighbourhood.
The effect of nonlocal perception with the normalized kernel is prominent in the heterogeneous

environment s. See Figure 4.
The non-normalized kernel aggregates the total amount of information within the perceptual range.

Near the boundary, the accessible region is smaller, so individuals obtain less information even if the
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Figure 4. The left panel shows normalized kernels with R = 0.5, 1, 1.5, and 2. In the second figure, the
environment is given as s(x) = 1√

2π
e−x2/2 + 0.1. s̄(x) closely tracks s(x), with mild variation across R. In

the last figure, population distributions are similar across R. The main shape of the profiles comes from
s(x), not the boundary truncation.

underlying s(x) is constant. Thus, boundary locations are perceived as less favourable. On the other hand,
the normalized kernel corresponds to sensing the average concentration in the neighbourhood. Even if
the perceptual ball is truncated near the boundary, the average equals s in a homogeneous environment,
so boundary and interior are indistinguishable.

Individuals move according to their cognitive map, and this shapes the resulting population distri-
bution. In this regard, the structure of the cognitive map becomes more important than the geometric
shape of the environment itself. In the next subsection, our focus is therefore on lingering behaviour over
a heterogeneous cognitive map rather than on boundary effects, and we accordingly adopt the normalized
kernel for numerical simulations.

2.2. The lingering phenomenon on heterogeneous landscapes

In this subsection, we study how the learning and forgetting rates α and μ shape the lingering phe-
nomenon on a given heterogeneous environment. We express the heterogeneous environment through
the cognitive map s̄(x) as defined in (2). The spatial structure of the cognitive map s̄(x) is fixed, and our
main interest is how the parameters α (learning) andμ (forgetting) modulate the long-time distribution of
individuals on this landscape. We fix the normalized perception kernel and consider a one-dimensional
symmetric domain�= (−	, 	). Our goal is to characterize the lingering phenomenon, where the steady-
state density u becomes more concentrated near favourable locations of s̄ for intermediate values of the
memory parameter μ, while very small or very large μ lead to more uniform distributions.

We therefore study the steady-state problem of (4):⎧⎪⎨
⎪⎩

0 = (γ (m∞)u∞)′′ in (−	, 	),
0 = (α s̄(x) − m∞) u∞ −μm∞ in (−	, 	),
(γ (m∞)u∞)′(± 	) = 0.

(7)

We define

A(x, u; α,μ) := γ

(
αs̄(x)u

u +μ

)
u.

Throughout this subsection, we assume that the positive steady states under consideration satisfy the
nondegeneracy condition

∂uA(x, u∞; α,μ)> 0 for all x ∈ [−	, 	]. (8)

We view the steady states as functions of x parameterized by (α,μ), i.e., u∞ = u∞(x; α,μ) and m∞ =
m∞(x; α,μ). We consider steady states corresponding to the same initial population density u0, which is
independent of α andμ. Since the zero-flux boundary condition implies conservation of total population
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mass for (4), every limiting steady state satisfies∫ 	

−	
u∞(x; α,μ) dx = M, (9)

where M := ∫ 	
−	 u0(x) dx> 0 is independent of α and μ.

Indeed, the second equation of the steady-state problem gives m∞ = αs̄(x)u∞
u∞+μ , while the first equation

and the zero-flux boundary condition imply A(x, u∞; α,μ) = K for some constant K > 0. Condition (8)
allows this algebraic relation to be locally inverted with respect to u∞. Together with the fixed-mass
condition (9), the implicit function theorem implies that K, u∞ and m∞ depend locally in a C1 manner
on α and μ for μ> 0. Note that when μ= 0, ∂uA= γ (αs̄)> 0.

Remark 1. For the motility function (5), γ (z) = 1
(1+z)2 , a direct calculation gives

∂uA= 1

(1 + m)3

(
1 − m + 2m2

αs̄(x)

)
.

For fixed α, s̄> 0, the numerator

1 − m + 2m2

S

attains its minimum at m = αs̄(x)/4, with minimum value 1 − αs̄(x)/8. Consequently, the sufficient
condition

α‖s̄‖L∞(−	,	) < 8

ensures that

∂uA(x, u; α,μ)> 0

for every x ∈ [−	, 	], u ≥ 0 and μ≥ 0.

Before we present the main lingering result of this section, we consider an illustrative numerical
example. For simulations, we choose 	= 5 and the resource distribution s(x) is chosen as

s(x) = 1√
2π

e−x2/2 + 0.1 for x ∈ [−5, 5].

We choose γ as in (5) and the normalized kernel K(x, y) = JR(x − y)/ZR(x), where JR is (6) with the
perceptual radius R = 1.5.

Figure 5 illustrates the effect of the forgetting rate μ for two values of the learning rate α = 1, 10.
We choose the initial condition u0(x) = s(x) and compute the solution of (4) up to tfinal = 500. On the left
(α = 1), the stationary densities u(x, tfinal) remain close to a flat profile for all μ. Memory is too weak to
produce a pronounced peak. On the right (α= 10), however, intermediate values of μ lead to a strong
accumulation near the maximum of s̄(x), whereas very small and very large μ give flatter profiles.

To quantify this behaviour, Figure 6 plots the maximum of u(x, tfinal) as a function of μ. For α = 1
(left), the curve decreases monotonically with increasing forgetting rate μ, and lingering does not occur.
For α = 10 (right), the curve first increases and then decreases, showing that an intermediate memory
time maximizes the peak density at the resource. This non-monotone dependence of u∞(0; α,μ) is what
we refer to as the lingering phenomenon.

Theorem 2.1 (Lingering phenomenon on unimodal s̄(x)). Let γ ∈ C2([0, ∞)), and assume that s̄(x) is
even on (−	, 	) and decreasing on (0, 	). Given α > 0,μ≥ 0, let (u∞(·; α,μ), m∞(·; α,μ)) be the positive
solution of (7) that satisfies (8) and the fixed-mass condition (9).

(i) There exist constants u(α), ū(α)> 0 such that u(α) ≤ u∞(x; α,μ) ≤ ū(α) for all x ∈� and μ≥ 0.
(ii) 0<m∞(x; α,μ) ≤ αs̄(x) for all μ≥ 0. Furthermore, m∞(·; α,μ) → 0 uniformly as μ→ ∞.
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Figure 5. Snapshots of u(x, tfinal = 500) for different values of the forgetting rate μ. The left panel cor-
responds to α = 1 and the right panel to α = 10. The initial condition is u0 = s and we use the bump
kernel (6) with radius R = 1.5.

Figure 6. Maximum population density maxx∈� u(x, tfinal) as a function of the forgetting rate μ. The left
panel corresponds to α = 1 and the right panel to α= 10. The initial condition is u0 = s and we sample
μ= 0, 0.1, 0.2, . . . , 4.9, 5.

(iii) There exist constants C> 0 and μ0 such that for all μ≥μ0, u∞ has its maximum at x = 0, and

∂u∞
∂μ

(0; α,μ)< 0 and
∣∣∣∣∂u∞
∂μ

(x; α,μ)

∣∣∣∣ ≤ C

μ2
for all x ∈ [−	, 	].

In particular, u∞(·; α,μ) → M
2	

uniformly as μ→ ∞.
(iv) If z �→ −zγ ′(z) is increasing on (0, z0] and decreasing on (z0, ∞), then there exists α1 <α2 such

that ∂u∞
∂μ

(0; α, 0)< 0 for α < α1 and ∂u∞
∂μ

(0; α, 0)> 0 for α > α2.

Proof. (i) Recall from (9) that the constant M = ∫
�

u∞(x; α,μ)dx is independent of α and μ. Let
x ∈ (−	, 	) and α,μ> 0 be fixed. By using the boundary condition again, there exists K = K(α,μ)> 0
independent of x such that

γ (m∞)u∞ = K. (10)

By using (10), the constant K can be expressed by

K = M∫
�

1
γ (m∞(x; α,μ))

dx
.
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Since γ is bounded below by γ (α max s̄) and bounded above by γ (0), the mapμ �→ K(α,μ) is bounded,
that is,

γ (max αs̄)M

|�| ≤ K(α,μ) ≤ γ (0)M

|�| .

The bounds for K, γ and (10) ensure that
γ (max αs̄)M

γ (0)|�| ≤ u∞(x; α,μ) ≤ γ (0)M

γ (α max s̄)|�| .

(ii) The equality m∞ = αs̄ u∞
u∞+μ directly yields the bound. Since u∞ is uniformly bounded in μ,

m∞(·; α,μ) → 0 uniformly in � as μ→ ∞.
(iii) Recall the constant K = K(α,μ) from (10). Let F(u, K, α,μ) = γ (m)u − K, so we have

F(u∞, K, α,μ) = 0 in �. Differentiate both sides with respect to μ:
∂F

∂u

∂u∞
∂μ

+ ∂F

∂K

∂K

∂μ
+ ∂F

∂μ
= 0, (11)

where
∂F

∂u
= γ (m∞) + αs̄γ ′(m∞)

μu∞
(u∞ +μ)2

,
∂F

∂K
= −1, and

∂F

∂μ
= −αs̄γ ′(m∞)

u2
∞

(u∞ +μ)2
.

Note that m∞ and u∞ are uniformly bounded on �, and m∞ → 0 as μ→ ∞ by (i) and (ii). Since
γ ∈ C2([0, ∞)), γ (m∞) → γ (0) and ∂F

∂u
(x) → γ (0) uniformly as μ→ ∞. Choose a sufficiently large

μ0 > 0 such that for some c0 > 0,
∂F

∂u
= γ (m∞) + αs̄γ ′(m∞)

μu∞
(u∞ +μ)2

> c0,
∂F

∂u
= γ (0) + O(μ−1), and,

∂F

∂μ
= −αs̄γ ′(m∞)

u2
∞

(u∞ +μ)2
≤ C

μ2

for all μ>μ0, where C is a positive constant independent of μ. We differentiate both sides of
γ (m∞)u∞ = K with respect to x to have

∂F

∂u
u′ = −α u∞

u∞ +μ
γ ′(m∞)s̄′.

Since ∂F
∂u
> 0 and γ ′(m∞)< 0, u′ and s̄′ have the same sign. Therefore, u has its maximum at x = 0.

The mass constraint from (i) implies

0 = d

dμ

∫ 	

−	
u∞ dx =

∫ 	

−	

∂u∞
∂μ

dx =
∫ 	

−	

∂K
∂μ

− ∂F
∂μ

∂F
∂u

dx.

Solving for ∂K
∂μ

gives

∂K

∂μ
=

∫ 	

−	

∂F
∂μ

∂F
∂u

dx

∫ 	

−	

1
∂F
∂u

dx

.

The mass constraint M = ∫ 	
−	 u∞dx and (10) gives

u∞ = K(μ)

γ (m∞)
= M

γ (m∞)
∫ 	

−	
1

γ (m∞)
dx

→ M

γ (0) 2	
γ (0)

= M

2	

uniformly in x.
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We now claim that ∂u∞
∂μ
< 0 for sufficiently large μ. For large μ,

∂F

∂μ
= −αs̄γ ′(m∞)

u2
∞

(u∞ +μ)2
= −αs̄(x)γ ′(0)M

2	μ2
+ O(μ−2)

uniformly in �. Therefore, for large μ,

∂K

∂μ
=

∫ 	

−	

∂F
∂μ

∂F
∂u

dx

∫ 	

−	

1
∂F
∂u

dx

=

∫ 	

−	

∂F
∂μ

γ (0)
dx∫ 	

−	

1

γ (0)
dx

+ O(μ−1) = ∂F

∂μ
+ O(μ−1),

where ∂F
∂μ

= 1
2	

∫ 	
−	

∂F
∂μ

(x)dx. Solve (11) for ∂u∞
∂μ

, and we obtain

∂u∞
∂μ

=
∂K
∂μ

− ∂F
∂μ

(x)
∂F
∂u

=
∂F
∂μ

− ∂F
∂μ

(x)

γ (0)
+ O(μ−2).

Since u∞ and s̄ has its maximum at x = 0, ∂F
∂μ
< ∂F

∂μ
(x) for large μ, hence ∂u∞

∂μ
< 0 for sufficiently large μ.

Using ∂F
∂u
> 0 and | ∂F

∂μ
| ≤ C/μ2, we obtain

∣∣∣∣∂K

∂μ

∣∣∣∣≤
∫ 	

−	

∣∣∣ ∂F
∂μ

∣∣∣
∂F
∂u

dx

∫ 	

−	

1
∂F
∂u

dx

≤
C
μ2

∫ 	
−	

1
∂F
∂u

dx∫ 	

−	

1
∂F
∂u

dx

= C

μ2
.

Finally, substituting it back into the expression for ∂μu,

|∂μu| ≤
∣∣∣ ∂K
∂μ

∣∣∣+ ∣∣∣ ∂F
∂μ

(x,μ)
∣∣∣

∂F
∂u

(x,μ)
≤ 1

c0

(
C

μ2
+ C

μ2

)
= 2C

μ2
,

for some constant C> 0 independent of μ (for all μ≥μ0). This proves the claimed O(μ−2) decay and
uniform convergence ∂μu(·,μ) → 0 as μ→ ∞.

(iv) At μ= 0, we have
∂F

∂u
= γ (αs̄)> 0, and

∂F

∂μ
= −αs̄γ ′(αs̄)> 0.

Therefore, u attains its maximum at x = 0, as follows from the relation γ (αs̄)u′ = −αγ ′(αs̄)s̄′. If we
combine the constraint and (11), we obtain

∂K

∂μ

∣∣∣
μ=0

=
∫ 	

−	
∂F
∂μ

∂F
∂u

−1
dx∫ 	

−	
∂F
∂u

−1
dx

=
∫ 	

−	 −αs̄γ ′(αs̄)γ (αs̄)−1dx∫ 	
−	 γ (αs̄)−1dx

.

Notice that ∂K
∂μ

is a weighted average of −αs̄γ ′(αs̄) over (−	, 	). We use (11) again to have

∂μu
∣∣∣
μ=0

=
∂K
∂μ

∣∣
μ=0

− (−αs̄γ ′(αs̄))

γ (αs̄)
,

which implies that the sign of ∂μu
∣∣
μ=0

is determined by the sign of ∂K
∂μ

∣∣
μ=0

− (−αs̄γ ′(αs̄)). Suppose that
the map z �→ −zγ ′(z) is increasing on (0, z0) and decreasing on (z0, ∞). Choose α1 = z0/s̄(0) so that
(αs̄(	), αs̄(0)) ⊂ (0, z0) for α < α∗. Since s̄(0) is the maximum of s̄, for α < α1

−αs̄(x)γ ′(αs̄(x)) − (−αs̄(0)γ ′(αs̄(0))),

hence ∂K
∂μ

∣∣
μ=0

− (−αs̄γ ′(αs̄))< 0, so ∂μu
∣∣
μ=0

< 0 at x = 0. Let α2 = z0/s̄(	). Then, (αs̄(	), αs̄(0)) ⊂
(z0, ∞). Similarly, for α > α2, we have ∂μu

∣∣
μ=0

> 0 at x = 0.
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Figure 7. Numerical solutions u(x, tfinal = 1000) for an asymmetric memorized resource distribution
s̄(x) (dashed curves). The normalized perception kernel with radius R = 1 is used in all simulations.
Left panel: learning rate α = 1 with forgetting rates μ= 0 and μ= 0.5. Right panel: learning rate
α = 10 withμ= 0 andμ= 0.5. For α = 10 the caseμ= 0.5 produces a sharper peak near the dominant
resource patch, indicating stronger lingering on the heterogeneous cognitive map.

Remark 2. Parts (iii) and (iv) formalize the lingering phenomenon observed in Figure 6. For small α,
the peak density u∞(0; α,μ) decreases with μ, whereas for large α, it first increases and then decreases,
so an intermediate value of μ maximizes the peak.

Remark 3. Let c> 0, k> 0 and γ (z) = 1
(z+c)k . Then, the map z �→ −zγ ′(z) = kz

(z+k)k+1 is increasing on
(0, c

k
) and decreasing on ( c

k
, ∞).

This type of lingering can also arise in asymmetric landscapes. Figure 7 shows an asymmetric mem-
orized resource distribution s̄(x). For moderate memory (μ= 0.5), individuals are more concentrated
near the dominant peak, and this bias is stronger for a larger learning rate α. The lingering effect is con-
sistent with Theorem 2.1 at the dominant peak, but here the asymmetry of s̄(x) introduces an additional
directional bias.

3. Population dynamics model

In the previous section, we studied lingering behaviour in a purely movement-based model without births
and deaths. We now incorporate logistic population dynamics into the Fokker–Planck-type diffusion
model to examine how demographic growth interacts with memory-driven movement.

We consider the reaction–diffusion model:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ut =�(γ (m)u) + f (s, u), in �× (0, T),

mt = (αs̄ − m)u −μm,

∇(γ (m)u) · n = 0, on ∂�× [0, T],

u(x, 0) = u0(x)> 0, m(x, 0) = m0(x) ≥ 0, in �,

(12)

where s = s(x) is a given food distribution. We also assume that s(x)> 0 for all x ∈� and m0(x) ≤ αs̄(x).
The kinetic term f (s, u) is of the form:

f (s, u) = g(s, u)u,

where g(s, 0) = s and the map u �→ g(s, u) is decreasing, Lipchitz continuous in u, and

|g(s, u)| ≤ C(1 + |u|).
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The function g(s, u) represents the per-capita growth rate in an environment with local resource level
s(x). The condition g(s, 0) = s means that the initial growth rate is proportional to resource availability,
while the monotonicity of the map u �→ g(s, u) encodes crowding effects, meaning that higher density
reduces per-capita growth. Lipschitz continuity and the growth bound are technical assumptions for
well-posedness.

The above model (12) has a few special cases that were studied before:

Example 1. When γ (z) = γ for some positive constant γ > 0 and g(s, u) = s − u the system (12)
reduces to a single reaction–diffusion equation⎧⎪⎨

⎪⎩
ut = γ�u + u(s − u), in �× (0, T),

∇u · n = 0, on ∂�× [0, T],

u(x, 0) = u0(x)> 0, in �.

(13)

The equation (13) is a classical Fisher-KPP equation (or diffusive–logistic equation) [21]. It is well
known that if s(x) ≥ 0, then there exists a positive global equilibrium u∗(x) for a proper diffusion rate γ
[3, 20].

Example 2. When m = s(x) and g(s, u) = s − u, the system (12) reduces to a single reaction–diffusion
equation ⎧⎪⎨

⎪⎩
ut =�(γ (s(x))u) + u(s(x) − u), in �× (0, T),

∇(γ (s)u) · n = 0, on ∂�× [0, T],

u(x, 0) = u0(x)> 0, in �.

(14)

In [28], the global dynamics of (14) and the total-mass property of its steady-state solution were
studied. If we choose α = 1 and μ= 0 and assume that s̄ = s, then m(x, t) ≡ s(x) is a steady cognitive
map and (12) coincides with (14). Biologically, this corresponds to individuals that use only local habitat
information and do not forget.

3.1. Local existence

We first verify the well posedness of model (12) mathematically by proving the local existence of its
unique solution. To guarantee uniform ellipticity of the diffusion operator in the equation, we have the
following hypothesis:

The map m �→ γ (m)> 0 is C3([0, ∞)), decreasing, (15)

u0 ∈ C2+θ (�), m0 ∈ C2+θ (�) for some θ ∈ (0, 1) and m0 ≤ αs̄. (16)

Theorem 3.1. Let 0< θ < 1. Let �⊂R
n be a bounded domain with C2+θ boundary. Assume (15) and

s ∈ C2+θ (�). Then, there exists a unique nonnegative solution (u, m) ∈ [C2+θ ,1+θ/2(�× [0, Tmax))]2 to (12),
and for each x ∈ �̄

0 ≤ m(x, t) ≤ αs̄(x) for all t ≥ 0.

Additionally, the following holds: Either Tmax = ∞ or Tmax <∞, so that ‖u(·, t)‖L∞(�) → ∞
as t → Tmax.

Proof. We use a fixed-point argument to show existence and uniqueness. Let X = C1+θ ,(1+θ)/2(�×
[0, Tmax]), and choose small enough T ∈ (0, 1). We define a closed bounded convex subset

KT = {ũ| ∈ X : ‖ũ(·, t)‖L∞(�) ≤ M a.e. in [0, T]}
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For a given ũ ∈ KT , we consider the auxiliary system⎧⎪⎨
⎪⎩

ut = ∇ · (γ (m)∇u) + ∇ · (γ ′(m)u∇m) + g(s, ũ)u, in �× (0, T)

mt = (αs̄ − m)ũ −μm,

∇(γ (m)u) · n = 0 on ∂�× [0, T],

(17)

Since m can be expressed in the explicit form in terms of ũ:

m(x, t) = e−(
∫ t

0 ũdt+μt)m0(x) + αs̄(x)
∫ t

0

e−(
∫ t
σ ũdt+μ(t−σ ))ũ(x, σ )dσ ,

one can obtain the estimate for m:

‖m‖X ≤ C(‖ũ‖X + ‖m0‖C1+θ (�)),

which results in ∇m ∈ L∞(�× [0, T]). By hypothesis (15), γ ′(m)∇m ∈ L∞(�× [0, T]). Note that
g(x, ũ) ≤ C(1 + M).

We claim that m is uniformly bounded. Indeed, if m ≥ αs̄, then

mt ≤ −μm =⇒ m(x, t) ≤ m(x, 0)e−μt,

and we have 0 ≤ m(x, t) ≤ max{m0(x), αs̄(x)}. Since γ is decreasing, there exists a constant γ0 > 0 such
that γ (m) ≥ γ0, which gives the uniform parabolicity to (17). By Theorem V1.1 in [18], there exists a
unique solution u to (17) and

‖u‖Cθ1,θ1/2(�×[0,T]) ≤ C

for some constant C> 0. One can find

‖u(·, t)‖L∞(�) ≤ ‖u0‖L∞(�) + Ctθ1/2

for all t ∈ (0, T). For sufficiently small T , we have u(·, t) ∈ L∞(�). Due to the regularity of the initial
condition and the parabolic regularity theory, u ∈ X, hence u ∈ KT . We define a map � : KT → KT by
u =�(ũ).

Following [6, 14], the continuity and compactness of � are obtained by analogous arguments. By
Schauder’s fixed point theorem, we thus obtain a local solution on [0, T]. Nonnegativity is followed
from the maximum principle. Since M depends only on the initial data, the construction can be iter-
ated to extend the solution up to the maximal time Tmax. If Tmax <∞, ‖u(·, t)‖L∞(�) → ∞ as t → Tmax.
Otherwise, we can iterate the same process infinitely, so that Tmax = ∞. Uniqueness follows from the
standard subtraction method in [6, 14].

By the criterion from Theorem 3.1, the unique classical solution can be extended globally if its bound-
edness can be established. More precisely, it suffices to show that, for any T > 0 there exists a constant
C> 0 such that

‖u(·, t)‖L∞(�) ≤ C for all 0 ≤ t ≤ T .

However, since the m-equation contains no diffusion term, it is difficult to derive suitable estimates
for the spatial derivatives of m. This difficulty prevents the direct application of standard methods for
obtaining higher-order Lp estimates for u. Consequently, the global boundedness, and hence the global
existence of classical solutions, remains an open problem. One possible approach would be to introduce
an artificial viscosity term into the m-equation, derive estimates uniform with respect to the viscosity
parameter and then pass to the vanishing-viscosity limit.

3.2. Population persistence and steady-state solutions

In this subsection, we show that the extinction equilibrium is unstable and that, under suitable condi-
tions on γ , there exists a positive stable steady-state solution of (12). Biologically, this corresponds to
persistence of the population.
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We now specialize on the classical logistic growth g(s, u) = s − u and study the resulting steady-
state structure. Our main questions are whether the population persists and whether the long-time
spatial distribution is uniquely determined when individuals follow memory-based Fokker-Planck type
diffusion.

Lemma 3.2 (Unstable extinction equilibrium). Let 0< θ < 1. Let�⊂R
n be a bounded domain with C2

boundary. Assume (15), s ∈ C2+θ (�), and s> 0 in �. Suppose that g(s, u) = s − u. Then, the extinction
steady-state solution (u, m) = (0, 0) of (12) is linearly unstable.

Proof. Let U = γ (m)u. Then, Ut = γ (m)ut + γ ′(m)umt, so⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Ut = γ (m)�U + U

(
s(x) − U

γ (m)

)
+ γ ′(m)

U

γ (m)

(
(αs̄(x) − m)

U

γ (m)
−μm

)
, in �,

mt = (αs̄(x) − m)
U

γ (m)
−μm,

∇U · n = 0, on ∂�
U(x, 0) = U0(x), m(x, 0) = m0(x) in �.

(18)

Linearizing the system around the extinction equilibrium (0, 0) and dropping all quadratic terms
gives

∂t

(
U
m

)
=L

(
U
m

)
:=

(
γ (0)�+ s(x) 0

αs̄(x)
γ (0)

−μ

)(
U
m

)
(19)

Since L is lower-triangular in block form, its spectrum is simply σ (γ (0)�+ s(x)) ∪ {−μ}. Since s> 0,
the principal eigenvalue λ1 of γ (0)�+ s(x) under Neumann boundary condition is positive. Indeed, the
Rayleigh quotient is

λ1 = max
φ∈W1,2(�)
φ �=0

−γ (0)
∫
�

|∇φ|2dx + ∫
�

s(x)φ2dx∫
�
φ2dx

≥
∫
�

s(x) · 12dx∫
�

12dx
= 1

|�|
∫
�

s(x)dx> 0.

(20)

U = 0 if and only if u = 0 by positivity of γ (m) due to boundedness of m. Therefore, (u, m) = (0, 0) is
linearly unstable.

We use the Schaefer’s fixed point theorem to prove the existence of positive steady-state solutions of
our model (12).

Theorem 3.3 (Schaefer’s fixed point theorem [7]). Let X be a Banach space, K ⊂ X be a nonempty
closed convex set and T : K → K be continuous compact mapping. If a set

{u ∈ K : u = λTu for some 0<λ≤ 1}
is bounded, the map T has a fixed point in K.

For the uniqueness of the steady state, we use the following lemma.

Lemma 3.4. Let �⊂R
n be a bounded domain with C2 boundary and let f :�× (0, ∞) →R be a

Carathéodory function, i.e., x �→ f (x, u) is measurable for every u> 0 and u �→ f (x, u) is continuous for
a.e. x ∈�. Assume that f (·, u(·)) ∈ L2 and for a.e. x ∈� the map

u �→ f (x, u)

u
is strictly decreasing on (0, ∞).
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Then, the semilinear Neumann problem{
�u + f (x, u) = 0 in �,

∇u · n = 0 on ∂�
(21)

admits at most one weak solution u ∈ H1(�) satisfying u> 0 a.e. in �. In particular, (21) has at most
one positive classical solution u ∈ C2(�̄).

Proof. In [1], they showed the uniqueness of the weak solution to the Dirichlet boundary problem{
�u + f (x, u) = 0 in �,

u = 0 on ∂�.

Since the Dirichlet boundary condition was only used to cancel boundary terms in the integration by
parts in the paper, one can follow the similar argument to obtain the uniqueness of a positive weak solu-
tion to the Neumann boundary problem (21). Since any C2(�) solution satisfies the weak formulation,
the uniqueness also holds in the class of positive classical solutions.

Theorem 3.5. Let 0< θ < 1 and μ> 0. Let �⊂R
n be a bounded domain with C2 boundary. Assume

that (15) holds and s ∈ C2+θ (�) and s> 0 in�. Then, there exists a positive steady-state solution (u, m)
to (12) if

sup
z∈[0,M]

∣∣∣∣γ ′(z)

γ (z)

∣∣∣∣< 4

M
, (22)

where M = α‖s̄‖∞. In addition, the solution exists uniquely if

sup
[0,M]

∣∣∣∣γ ′(z)

γ (z)

∣∣∣∣≤ μ

M‖s‖∞
(23)

Proof. The steady-state (U, m) of (18) satisfies Ut = mt = 0 and⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0 =�U + U

γ (m)

(
s(x) − U

γ (m)

)
, in �,

0 = (αs̄(x) − m)
U

γ (m)
−μm, in �

∇U · n = 0, on ∂�

(24)

From the second equation, we have m = αs̄ U
U+μγ (m)

. Define a map F by

F(x, m, U) = m − αs̄U

U +μγ (m)
.

Then,

∂mF(x, m, U) = 1 + αs̄
Uμγ ′(m)

(U +μγ (m))2
≥ 1 + αs̄

γ ′(m)

4γ (m)
> 0,

where we have used U
(U+c)2 ≤ 1

4c
for c> 0 and the last inequality comes from (22). By the implicit function

theorem, we can write m = m(U) and get a semilinear equation for U:⎧⎨
⎩ 0 =�U + U

γ (m(U))

(
s(x) − U

γ (m(U))

)
, in �,

∇U · n = 0, on ∂�.

Let X = C0,θ (�) and let us define a closed convex subset K ⊂ X by

K = {f ∈ X : f ≥ 0 in �}.
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Choose Ũ ∈ K. Denote κ(Ũ) = γ (m(Ũ)). Consider the auxiliary equation for U:⎧⎪⎨
⎪⎩

0 =�U + U

κ(Ũ)

(
s(x) − U

κ(Ũ)

)
, in �,

∇U · n = 0, on ∂�.

(25)

The standard comparison method ensures the existence of the unique solution U to (25). Indeed, if we
choose 0< ε < ( min� s(x))γ (M), then U = ε satisfies

�U + s

κ(Ũ)
U − 1

κ(Ũ)2
U2 = s

κ(Ũ)
ε− 1

κ(Ũ)2
ε2 = sε

κ(Ũ)

(
1 − ε

sκ(Ũ)

)
≥ 0,

hence U = ε is a subsolution. Similarly, a constant U = ‖s‖∞γ (0) is a supersolution. By the standard
iteration method, there exists a solution U ∈ C2+θ (�) to (25), and the solution is uniformly bounded
by ‖s‖∞γ (0). Positivity of U follows from the maximum principle and Hopf’s lemma. Uniqueness of
the positive U is ensured due to the convexity of the logistic term in terms of U. Define the mapping
T : K → K by

T(Ũ) = U.

(Compactness of T) Suppose that B ⊂ K is bounded in X. We claim that T(B) is precompact in K.
Pick ũ ∈ B. Then,

T(Ũ) = U ≤ U = ‖s‖∞γ (0).

Choose p> n. The Neumann W2,p estimate gives

‖U‖W2,p(�) ≤ C

(
‖U‖Lp(�)) +

∥∥∥∥ s

κ(Ũ)
U − 1

κ(Ũ)2
U2

∥∥∥∥
Lp(�)

)

≤ C = C(�, s, γ ).

By using the Sobolev embedding, we have for δ= 1 − n
p
∈ (0, 1)

‖U‖C1+δ (�) ≤ C = C(�, s, γ , p).

Therefore, U is also uniformly bounded in C0,θ (�). The Neumann Schauder estimate yields

‖U‖C2+θ (�) ≤ C

(
‖U‖C(�)) +

∥∥∥∥ s

κ(Ũ)
U − 1

κ(Ũ)2
U2

∥∥∥∥
X

)
(26)

≤ C1(1 + [Ũ]X), (27)

where we have used the C1 regularity of γ and the C0,α regularity of the map m = m(Ũ) = αs̄ Ũ
Ũ+μ . Since

Ũ ∈ B, ‖U‖C2+θ (�) is uniformly bounded when Ũ ∈ B. By the Sobolev embedding, T(B) is relatively
compact in K.

(Continuity of T) Suppose that Ũn → Ũ in K as n → ∞. Due to the regularity of κ , one can deduce
that κ(Ũn) → κ(Ũ) in X as n → ∞. Note that Ũn is bounded in K. The Neumann Schauder estimate (26)
gives the uniform bound of T(Ũ) in C2,θ (�). Let 0<β < θ . Then, by the Sobolev embedding C2,θ (�) ↪→
C2,β(�), we can choose a convergent subsequence {vnk}k of vn = T(Ũn), say vnk → Û in C2,β(�) as n → ∞.
Then, �Ũnk →�Û in C(�), hence Û satisfies (25). On the other hand, T(Ũ) also solves (25). The
uniqueness of its solution concludes that T(Ũ) = Û = limn→∞ T(Ũn) in X.

(Boundedness of Sin K) We define a subset S ⊂ K by

S = {U ∈ K : U = λT(U) for some λ ∈ (0, 1]}.
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We claim that S is bounded in K. Since U = λT(U) for U ∈ S for λ ∈ (0, 1], it suffices to prove that
V := T(U) is uniformly bounded in K. We apply the comparison principle and the Neumann W2,p

estimate as we did above:

‖V‖W2,p(�) ≤ C

(
‖U‖Lp(�)) +

∥∥∥∥ s

κ(U)
V − 1

κ(U)2
V2

∥∥∥∥
Lp(�)

)

The comparison principle gives V ≤ U = ‖s‖∞γ (0), so V
κ(U)

≤ U
γ (M)

. Therefore, ‖V‖W2,p(�) is uniformly
bounded in W2,p(�). By applying the Sobolev embedding theorem again, we obtain the boundedness of
V in K.

We apply the Schaefer’s fixed point theorem 3.3 to obtain a fixed point U ∈ K such that U = T(U).
Denote u = U/γ (m(U)). Then, u is positive and solves⎧⎪⎨

⎪⎩
0 =�(γ (m)u) + u(s − u) in �
0 = (αs̄ − m)u −μm in �
∇(γ (m)u) · n = 0 on ∂�.

(Uniqueness) Since (24) is of the form of the semilinear elliptic equation (21), it suffices to show for
the uniqueness that the map

U �→ 1

γ (m(U))

(
s − U

γ (m(U))

)
is strictly decreasing. Note that U = γ (m(u))u and

∂U

∂u
= γ (m(u)) + γ ′(m(u))

αs̄μu

(u +μ)2
≥ γ (m(u)) + γ ′(m(u))

αs̄

4
> 0

due to the inequality uμ
(u+μ)2 ≤ 1

4
and (22). Therefore, it suffice to show that the map

u �→ s − u

γ (m(u))

is strictly decreasing. The derivative of the map with respect to u is given by
1

γ (m(u))2

(
−γ (m(u)) − (s − u)γ ′(m(u))

αs̄μ

(u +μ)2

)
.

Equation (23) yields

−γ (m) − γ ′(m)
αs̄sμ

(u +μ)2
≤ −γ (m) +

(
γ (m)

μ

M‖s‖∞

)
αs̄sμ

(u +μ)2

= γ (m)

(
−1 + αs̄sμ2

M‖s‖∞(u +μ)2

)
< 0

which concludes the uniqueness of the positive solution to (24).

Remark 4. The condition (23) on γ is a technical sufficient condition used to obtain uniqueness, the
argument is not expected to be optimal, and a sharper proof might establish uniqueness of the steady
state under weaker assumptions. Nevertheless, it is noteworthy that we can still guarantee a unique
positive steady-state solution in the presence of the nonlinear diffusion term �(γ (m)u) driven by the
cognitive map. This suggests that the uniqueness result (13) in [3] could potentially be extended to the
diffusive–logistic model with memory-based diffusion considered here.

3.3. Lingering phenomenon with population growth

We have analytically investigated the population persistence via existence theory and long-time
behaviour analysis. In this subsection, we present a partial analytical result of the lingering phenomenon
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for the model with logistic growth (12). Additionally, we observe the lingering through numerical
simulation results of the population growth model (12).

Let�= (−	, 	) and s is even in (−	, 	) and decreasing in (0, 	). Let Q be a reflection operator centred
at x = 0. Note that Qs = s, so Q̄s = s̄. Then,

Q
[
(γ (m)u)′′ + u(s − u)

]= (γ (Qm)Qu)′′ + Qu(s − Qu), and
Q[(αs̄ − m)u −μm] = (αs̄ − Qm)Qu −μQm.

Therefore, (u, m) and (Qu, Qm) satisfy the steady-state problem⎧⎪⎪⎨
⎪⎪⎩

0 = (γ (φ)v)′′ + v(s − v)

φ = αs̄
v

v +μ

(γ (φ)v)′(± 	) = 0.

(28)

Due to the uniqueness of the steady-state solution, it follows that u = Qu and m = Qm, that is, u and m
are symmetric at x = 0.

For small α, we will prove that the steady-state solution of (28) behaves similarly to the steady state
in the constant-γ case (i.e. the steady-state solution of (13)). The following Lemma 3.6 provides a key
monotonicity property of the steady-state solution to (13) (constant γ ) near the boundary. A similar
result was obtained by [11] under Dirichlet boundary conditions. In the Neumann case considered here,
we use a different argument to establish the monotonicity.

Lemma 3.6. Let γ0, 	 > 0, and let s ∈ C1([−	, 	]) be even and strictly decreasing on (0, 	). Suppose
that v ∈ C2([−	, 	]) is the unique positive solution of

γ0v
′′ + v(s − v) = 0 in (−	, 	), v′(−	) = v′(	) = 0. (29)

Then, v is even and nonincreasing on [0, 	]. In particular, v attains its maximum at x = 0.

Proof. We first show that v is even. Define ṽ(x) := v(−x). Since s is even, ṽ satisfies

γ0ṽ
′′ + ṽ(s − ṽ) = 0 in (−	, 	), ṽ′(−	) = ṽ′(	) = 0,

and ṽ> 0 on [−	, 	]. By the uniqueness of the positive solution, we conclude that v ≡ ṽ, hence v is even.
Next, we claim that there exists x ∈ (0, 	) such that v′(x) ≤ 0. Indeed, suppose by contradiction that

v′(x)> 0 for all x ∈ (0, 	), so that v is strictly increasing on (0, 	). Since v is even, it follows that v attains
its minimum at x = 0, hence v′(0) = 0 and v′′(0) ≥ 0. Evaluating (29) at x = 0 gives

γ0v
′′(0) = −v(0)

(
s(0) − v(0)

)≥ 0,

and therefore v(0) ≥ s(0). Similarly, since v attains its maximum at x = 	 and v′(	) = 0, we have v′′(	) ≤ 0,
and thus v(	) ≤ s(	). This is impossible because

v(	) ≤ s(	)< s(0) ≤ v(0),

while v(0) is the minimum of v.
Now set w := v′ and define

E := {x ∈ (0, 	) : w(x)> 0}.
Then, E is open by continuity of w. If E were nonempty, take any x1 ∈ E and let (a, b) ⊂ (0, 	) be the
connected component of E containing x1. Then, w> 0 on (a, b) and w(a) = w(b) = 0. Hence, w attains
its (positive) maximum at some x∗ ∈ (a, b), and thus

w′(x∗) = 0, w′′(x∗) ≤ 0.

Since s ∈ C1 and v ∈ C2, we have v′′ ∈ C1, and differentiating (29) yields

γ0w
′′ + (s − 2v)w = −vs′ in (0, 	). (30)
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Moreover, v′′(x∗) = w′(x∗) = 0, so evaluating (29) at x = x∗ gives

0 = γ0v
′′(x∗) = −v(x∗)

(
s(x∗) − v(x∗)

)
,

and since v(x∗)> 0, we obtain v(x∗) = s(x∗).
Substituting v(x∗) = s(x∗) into (30), we get

γ0w
′′(x∗) = s(x∗)

(
w(x∗) − s′(x∗)

)
.

Because w(x∗)> 0 and s′(x∗) ≤ 0 (as s is decreasing on (0, 	)), the right-hand side is strictly positive.
Thus, w′′(x∗)> 0, contradicting w′′(x∗) ≤ 0. Therefore, E must be empty, and hence v′(x) = w(x) ≤ 0 for
all x ∈ (0, 	). Since v is even and nonincreasing on [0, 	], it attains its maximum at x = 0.

We prove a no-lingering result for small α.

Theorem 3.7. For 0< θ < 1, let γ ∈ C2+θ ([0, ∞)). Assume that s ∈ C1+θ ([−	, 	]) is even and positive,
decreasing on (0, 	). Fixμ> 0. Let u0 = u(x; 0) denote the unique positive solution of (29) corresponding
to α = 0. If s′′(0)< 0, then there exists α∗ > 0 and a locally C1 family of positive steady states

α �→ u(·; α), 0 ≤ α ≤ α∗,

emanating from (0, u0), such that

u(0; α)< s(0) for all 0<α ≤ α∗.

Moreover, ∫ 	

−	
u(x; α) dx>

∫ 	

−	
s(x) dx

for all sufficiently small α > 0.

Proof. Suppose that s′′(0)< 0. Let α = 0 and denote the corresponding positive solution u0, that is,{
0 = γ (0)u′′

0 + u0(s − u0)

u′
0(± 	) = 0.

(31)

Then, u0 is even, positive and decreasing in (0, 	) by Lemma 3.6. Since u0 has the maximum at x = 0,

u0(0)(s(0) − u0(0)) = −γ (0)u′′
0(0) ≥ 0 =⇒ u0(0) ≤ s(0).

If u0(0) = s(0), then u′′
0(0) = 0. Let z = u0 − s. Then, z satisfies

γ0z
′′ − u0z = −γ0s

′′ and z(0) = 0, z′(0) = 0,

hence z′′(0) = −s′′(0)> 0. We obtain that there exists a small δ > 0 such that z(x)> 0 for all x ∈ (0, δ),
hence u0(x)> s(x) for all x ∈ (0, δ). From (31), for x ∈ (0, δ),

u′′
0(x) = u0(x)

γ0

(u0(x) − s(x))> 0.

However, since u′
0(0) = 0 and u0 is decreasing, for x ∈ (0, δ),

u′′
0(ξ ) = u′

0(x) − u′
0(0)

x − 0
= u′

0(x)

x
≤ 0 for some ξ ∈ (0, x).

This is a contradiction. Therefore, u0(0)< s(0). The last conclusion for α = 0 follows from [20,
Theorem 1.2].

Now it suffices to show that for sufficiently small α, uα → u0 in C2+θ (�) as α→ 0. For sufficiently
small ε > 0, define an operator

F(α, v) =
⎛
⎝F1(α, v)

F2(α, v)
F3(α, v)

⎞
⎠=

⎛
⎝(γ (φ)v)′′ + v(s − v)

(γ (φ)v)′(−	)
(γ (φ)v)′(	)

⎞
⎠
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Figure 8. Snapshots of numerical solutions u(x, tfinal = 500) to the logistic model (12) with different
values of the forgetting rateμ and the unimodal resource distribution s(x) = 1√

2π
e−x2/2 + 0.1. The dashed

curve shows s(x). The left panel corresponds to the learning rate α = 1 and the right panel to α= 10.
For the larger learning rate, the population exhibits stronger concentration near the resource peak for
intermediate values of μ, whereas very large μ leads to flatter profiles.

mapping (−ε, ε) × C2+θ ([−	, 	]) → Cθ ([−	, 	]) ×R×R, where φ = αs̄ v
v+μ . Since μ> 0 and u0 > 0,

the map

(α, v) �→ αs̄ v

v +μ

is C1 in a neighbourhood of (0, u0), and hence, F is C1. Consider the Frechet derivative of F with respect
to v at (0, u0)

DvF(0, u0)(v) =
⎛
⎝γ (0)v′′ + (s − 2u0)v

γ (0)v′(−	)
γ (0)v′(	)

⎞
⎠

Standard elliptic theory ([3, 12, 20]) implies that DvF(0, u0) is a bounded Fredholm operator of
index zero from C2+θ ([−	, 	]) → Cθ ([−	, 	]) ×R×R. Moreover, any positive solution u0 of (31) is
nondegenerate, that is,

Lψ := γ (0)ψ ′′ + (s − 2u0)ψ = 0, ψ ′(± 	) = 0

admits only the trivial solution ψ ≡ 0 (i.e. 0 /∈ σ (L)). Thus, DvF(0, u0) is an isomorphism. Therefore,
by the inverse function theorem, there exists α∗ > 0 and a C1 branch α �→ uα such that F(α, uα) = 0 for
0 ≤ α < α∗ and uα → u0 in C2+θ ([−	, 	]) as α→ 0.

Theorem 3.7 shows that, for sufficiently small learning rate α, the population profile at the best
resource location remains strictly below the carrying capacity s(0). The diffusion driven by the cognitive
map still smooths out the density near x = 0. The numerical experiments in Figure 8 show that, when α
is large, the dependence of u on the forgetting rateμ is non-monotonic, as in the purely movement-based
model of Section 2. Intermediate values ofμ produce the strongest concentration near the resource peak,
whereas very small or very large μ lead to flatter profiles. Thus, the lingering phenomenon appears to
persist when logistic growth is included, even though our current analytical results cover only the small-α
regime.
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Figure 9. Numerical simulation results for the logistic growth model (12) with �= [−5, 5] and the
unimodal resource distribution s(x) = 1√

2π
e−5x2 + 0.1, whose total mass is

∫ 5

−5
s(x) dx ≈ 1.3162. The for-

getting rate μ varies and tfinal = 500. Left column: spatial profiles u(x, tfinal) for different μ. Middle
column: peak density maxx∈� u(x, tfinal) as a function ofμ. Right column: total population

∫ 5

−5
u(x, tfinal) dx

as a function of μ. The first row corresponds to a large learning rate α= 10 and the second row
to α = 1. For α = 10 the peak density is maximal near μ≈ 0.4 whereas the total population is max-
imal near μ≈ 1.6, so the dependence of

∫ 5

−5
u(x, tfinal) dx on μ is non-monotone and the inequality∫ 5

−5
u(x, tfinal) dx<

∫ 5

−5
s(x) dx occurs only near the strongest-lingering regime.

3.4. Memory regimes and population size trade-offs

When the random diffusive–logistic model (13) is considered, that is, when γ (z) ≡ γ > 0 for some pos-
itive constant γ , it is well known that if s(x) is non-constant, bounded, measurable and nonnegative for
all x ∈�, then the positive steady-state solution u satisfies∫

�

u(x) dx>
∫
�

s(x) dx (32)

for all γ > 0 [20, Theorem 1.2]. When it comes to our cognitive movement model (12), the inequality
(32) holds for sufficiently small α as we have seen in Theorem 3.7. However, the inequality does not
necessarily hold for large α.

In this subsection, we quantify how memory parameters shape both lingering and population size
through numerical simulations. Let �= [−5, 5]. We consider the unimodal function s(x) given by

s(x) = 1√
2π

e−5x2 + 0.1,

which has total mass
∫ 5

−5
s(x) dx ≈ 1.3162. We choose the initial condition for the following simulations

to be u0 = s. We measure lingering strength by the maximum value maxx∈� u(x, tfinal). We also mea-
sure population performance by the total mass

∫ 5

−5
u(x, tfinal) dx. Our goal is to understand how these

quantities depend on the learning rate α and the forgetting rate μ and to identify memory regimes that
produce strong lingering but also support a large total population. To illustrate these effects, we consider
representative choices of α and μ and compare the resulting peak density and total mass.

In Figure 9, we numerically observe that memory parameters control both how sharply the population
lingers near the resource peak and how large the total population can grow. For a large learning rate
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Figure 10. The total mass
∫ 5

−5
udx vs μ= 2, 3, 4, 5, and 6 when α = 10.

α = 10, our simulations show that the strongest lingering occurs at μ≈ 0.4, whereas the total mass is
minimized atμ≈ 0.4. The total mass is maximized nearμ≈ 1.6. Ifμ is even larger, total mass decreases
(see Figure 10.) Thus, the memory regime that maximizes lingering does not maximize population size.
Instead, it actually reduces population size once linear growth and intraspecific competition (logistic
growth) are taken into account.

Our simulations in Figure 9 show that∫ 5

−5

u(x, tfinal) dx<
∫ 5

−5

s(x) dx

occurs only in a narrow neighbourhood of the values of the forgetting rate μ that produce the strongest
lingering. This behaviour is also studied from recent work on resource-dependent dispersal, where non-
constant dispersal rates can lead to a total population smaller than the resource distribution when the
motility function γ decays sufficiently fast [28]. In our model, the possibility of the reverse inequality
to (32) arises from how quickly individuals learn and forget, that is, from the combined effect of the
parameters α and μ. This may result from the strong concentration of individuals in the most favourable
habitat region, where local crowding intensifies density-dependent competition. Thus, although cog-
nitive movement towards high-quality habitat may benefit individuals at low densities, the resulting
aggregation can reduce the total population through overcrowding. This phenomenon could represent a
potential mismatch between individual-level cognitive choices and population-level outcomes.

4. Discussion

In this work, we propose a population model with the Fokker–Planck-type diffusion in which movement
depends on a cognitive map m(x, t) constructed from nonlocal perception. We observed that nonlocal
perception can cause spatial heterogeneity in cognitive maps and in the population density, particularly
near the boundary of the domain. We identified a lingering phenomenon on heterogeneous cognitive
maps, established the existence and stability of steady states for the logistic version of the model and
used simulations to show that lingering arises even in the presence of population growth.

Our results suggest that once the cognitive map is spatially non-uniform, high learning and moderate
forgetting rates can create long-term concentration of individuals near the highest locations of the envi-
ronment, even when the underlying resource landscape is nearly homogeneous. The cognitive diffusion
�(γ (m)u) with a cognitive map m effectively reduces movement in regions that are strongly represented
in the cognitive map and thus generates lingering around high-valued memory peaks. When logistic
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growth is included, the learning rate α and the forgetting rate μ control a trade-off between strong lin-
gering and total population size. For large α, we found that an intermediate forgetting rate maximizes
the peak density at the resource, whereas a largerμmaximizes the total mass. Very strong memory traps
individuals in overcrowded patches, so the regime that maximizes lingering does not maximize popula-
tion size because of density-dependent competition. Hence, the best strategy for population size is fast
learning and reasonably fast forgetting, in order to be able to adapt to a heterogeneous environment.

For constant motility γ (z) ≡ γ , our model reduces to the classical random diffusive–logistic equation,
for which the total mass of the steady state always exceeds the total resource [20]. Our simulations show
that this property can fail under cognitive diffusion: near the strongest-lingering regime, the total mass
may drop below that of the landscape s. This reduction is also investigated in recent studies of resource-
dependent dispersal [28], where the fast decaying function γ (z) and local information can also lead to a
reduction in total population size. In this sense, our work extends the theory of optimal population size
from resource-dependent diffusion to memory-dependent diffusion.

This study has several mathematical limitations. For the full model (12), we proved local well-
posedness, but we did not establish global-in-time existence of solutions. The lack of diffusion in the
m-equation and the strong coupling in the full system make a direct global existence theory difficult, and
this remains an open problem. In addition, our rigorous results on the lingering phenomenon concern
the model without logistic growth, and in the logistic case, we rely on numerical simulations. For the
logistic model, we obtained partial results on lingering and total population size, mainly in the regime
of small learning rates α, and a complete description for general (α,μ) is left for future work.

A natural question that arises from this work is an analysis of evolutionary benefits of learning and
forgetting. We saw that fast learners and moderate forgetters do best in a heterogeneous environment.
Hence, next we can look at a competition model where species with different cognitive abilities compete
for resources. We expect some interesting insights from such a study, and we leave it for future research.
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