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In this comment we identify a lacuna in a proof in the paper by M. Caner published in
1997 in Econometric Theory concerning the weak limit behavior of various expres-
sions involving heavy-tailed multivariate vectors and the convergence of stochastic
integrals. In a later paper (Caner, 1998) the results for these limit relations are used
to formulate tests for cointegration with infinite variance errors.

Caner (1997) proved several important results (see Thms. 3, 4, and 5) on the limit
behavior of various expressions constructed by means of independent, identically
distributed (i.i.d.) random vectors in the domain of attraction of a multivariate
stable law with an index 0 < a < 2. In a later paper (Caner, 1998) important
results on cointegration are based on these limit relations. There is, however, a
lacuna in the proof of Theorem 2 in Caner (1997) and, as a consequence, the
above-mentioned results based on this theorem cannot be considered as strictly
proven.

The main difficulty is the convergence of stochastic integrals. This difficulty is
described in Paulauskas and Rachev (1998) (PR hereafter). In that paper, Theorem
2.7 from Kurtz and Protter (1991) (KP hereafter), in which the so-called uniform
tightness (UT) condition is the main condition, is used to prove the convergence
of stochastic integrals. In Caner (1997), Theorem 2 is proven, yielding the same
result as Theorem 2.7 in KP but without the UT condition. Roughly speaking, in
Theorem 2 in Caner (1997) it is assumed that semi-martingale P, is written as
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a sum of two components P,fl) and Pn(z), where Pn(l) represents a jump process
and P,fz) is a locally square-integrable martingale. That is, unlike in KP, the de-
composition in Caner has no component of finite variation, A, in the notation of
KP. This can be seen from the beginning of the proof of Theorem 2, where Caner
(1997, p. 518) states, “This is a special case of Theorem 2.7 in Kurtz and Protter
(1991), where A,, = 0.” Then he claims that the weak convergence of Pn(z) with
a trivial stopping time 7} = 2a implies the UT condition of Theorem 2.7 from
KP, namely, that sup,, E [P,,(Z)]t A2q 18 finite, where [ X]; denotes the quadratic vari-
ation of X and a > 0 is an arbitrary number. But this is not true. Intuitively, it
is clear that boundedness in L, does not follow from weak convergence, and it
is not difficult to construct a counterexample. Here we provide the sketch of the
construction of a counterexample.

Let {Q, F, P} be a probability space with a Brownian motion defined on it, and
let F = {F;, t > 0} be a filtration generated by a Brownian motion. Let us take a
sequence of Fj-measurable random variables X, and X such that the following
properties hold:

L
Property 1. X, —> X.
Property 2. EX, = EX =0, EX? < 00, EX? < c0.
Property 3. sup, EX2 = co.

Here for simplicity we assume that 2a = 1 (the stopping time mentioned
above), otherwise we should take X, and X measurable with respect to F5,. Let
us take

PO = EXalF), PP =EX|F).

Due to Property 2, P,fz) (1) and P@(¢) will be square-integrable martingales.
Moreover, due to the well-known representation of martingales generated by
Brownian filtration (see, for example, @ksendal (2000, Thm. 4.3.4), these martin-
gales are continuous. Now, applying Doob’s inequality and Property 1, we have
that for any ¢ > 0

P{ sup [P ()= PO > &

0<r<1
<e'EIPP 1) —- PO )| =¢""E|X, - X| > 0,

therefore P,Sz) —d—> PO, Recalling that all variables X, are J-measurable, we
have

E[PP (1)) =EX>.

Hence, from Property 3 we see that the UT condition with a stopping time, used
by Caner, cannot be satisfied.
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Therefore, the application of Theorem 2.7 from KP is not possible, and The-
orem 2 in Caner (1997), which is subsequently used in Theorems 3, 4, and 5
and then applied in Caner (1998), is not proven. Moreover, because KP, as well
as other authors who have investigated the convergence of stochastic integrals,
have shown that the UT condition in some sense is necessary for the convergence
of stochastic integrals (see PR, where it is discussedl), one is bound to believe
that Theorem 2 in Caner (1997) is false. We admit that we did not try to con-
struct a counterexample to Theorem 2 since our experience of dealing with the
UT condition is very limited. On the other hand, the results of Theorem 3 in Caner
(1997) in which innovations are i.i.d. random variables, although based on Theo-
rem 2 (which as we argued above is not proven and most probably false), are true.
The reason is that PR verifies the UT condition even in a more general situation.
In Caner (1997) strong assumptions are made of (1) symmetricity, (2) indepen-
dence of coordinates of innovations, and (3) the same index of stability for all
coordinates. All conditions of Theorem 2.7 in KP are verified without these as-
sumptions in PR; therefore, coordinates of a limit stable vector are allowed to
have different exponents, and normalization by a diagonal matrix is used, provid-
ing flexibility in the application of this important result. For the same reason it
is possible to say that Theorem 4 in Caner (1997) (using Theorem 3 in its proof)
is true. We did not analyze, however, the proof of Theorems 5 and 6, where in-
novations are taken as linear processes, that is, dependent random variables. The
difficulties arising in this case are mentioned at the end of this comment.

The principal purpose of this comment, in addition to pointing out the gap in the
proof of Theorem 2 in Caner (1997), is to warn researchers working in economet-
rics about the difficulties associated with the convergence problems for stochastic
integrals and the possible misuse of the continuous mapping theorem. In many
cases of finite variance and continuous limiting Brownian motion, the stochastic
integrals under consideration were continuous functionals in an appropriate func-
tional space, and convergence was obtained by the standard continuous mapping
theorem. The situation changed when econometricians began dealing with heavy-
tailed distributions and Lévy processes as limits. In probability theory during the
1970s, it was observed that stochastic integrals with integrator and integrand hav-
ing jumps can be discontinuous functionals and that convergence of such stochas-
tic integrals requires special attention. Powerful tools to cope with this problem
were introduced in the works of T. Kurtz, P. Protter, A. Jakubowski, J. Mémin,
and other researchers working in the area of stochastic analysis and stochastic
differential equations.

It seems that the first correct application of these tools in econometrics was
in PR, which was published in an applied probability journal. We looked at re-
cent papers in econometrics that deal with similar problems and that also cite
Caner (1997).2 For example, Zarepour and Roknossadati (2008), using results
from PR and from Mittnik, Paulauskas, and Rachev (2001), improve Theorem 3
in Caner (1997) in the above-mentioned direction: As in PR, dependence be-
tween coordinates and different exponents for coordinates are allowed, and matrix
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normalization is used. Callegari, Cappuccio, and Lubian (2003) and Cappuccio
and Lubian (2007) also cite Caner (1997), although neither paper clearly states
which theorems from Caner (1997) are used. A careful reading of these papers
reveals that Theorem 3 from Caner (1997) is applied.

It is worth mentioning that in Ibragimov and Phillips (2008) general results on
the convergence of semi-martingales are used within an econometric context; the
existence of second- and higher-order moments is assumed, however. A recent
doctoral dissertation by Ferstl (2009) should also be mentioned in which cointe-
gration in discrete and continuous time is considered, and the results and proofs
from PR are substantially used.

We conclude with one more difficulty encountered with heavy-tailed distribu-
tions when considering the convergence of sums an_1 ZE":[]l X; formed by linear
processes X; = >°c;jej—;. It was demonstrated in Avram and Taqqu (1992), in
the case of linear processes generated by heavy-tailed i.i.d. innovations, that the
preceding sum generally does not converge in the usual Skorohod topology J;
and, therefore, another topology M/ should be used. (It is worth mentioning here
that A.V. Skorohod (1956), in his famous paper on the space of cadlag functions,
introduced four different topologies Ji, J2, M1, M> adapted for convergence of
various types of stochastic processes, but the main topology used in the literature
is J1.) Taking into account that in KP the traditional Skorohod topology J; is used,
one must deal with the case of linear processes very carefully (as mentioned in
Phillips and Solo, 1992). It is worth noting that for statistical applications, instead
of proving weak convergence in some functional space, it is sometimes sufficient
to prove only convergence of finite-dimensional distributions.

NOTES

1. Prigent (1999) also emphasizes this condition in a different context.

2. We also reviewed the literature citing either Caner (1997) or Caner (1998). Several papers men-
tion these two papers in their review of the literature but do nothing more. Two papers refer to Caner
(1998) to support an empirical position. In Boswijk, Lucas, and Taylor (2000), a discussion of the
empirical work refers to the proof of the critical values for the Gaussian cointegration test with infinite
variance errors presented in Caner (1998) compared to the critical values found by other researchers.
Falk and Wang (2003) use the results of Caner (1998) to perform statistical tests. Because these papers
are empirical, we cannot comment on the reported results.
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