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We consider a series system withp components where the failure rate of each com-
ponent depends on the residual number of defects present+ Successive tasks are
given to the system with each task completion time independent of each component
failure time+ Based on the outcomes over a fixed testing period, the asymptotic
properties of the estimators of the component parameters, task completion param-
eters, and eventual system reliability are obtained+

1. INTRODUCTION AND DESCRIPTION OF MODEL

Consider a system consisting ofp components~or subsystems! structured in series
so the system fails when a component fails+ Let T 5 ~T1, + + + ,Tp! t, where ‘t’ is
vector0matrix transpose, denote the random vector of the component lifetimes, so
the system lifetime is min$T1, + + + ,Tp%+ In many situations, such as electronic, com-
puter software, biological, and mechanical systems, it is desired that the system
be able to perform a mission, task, or job with high reliability, that is, a high
probability of success+ Such missions will usually have their own completion times+
~For instance, when sorting an input file consisting of thousands of records using
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a bug-free sorting program, a random amount of CPU time, denoted byC, will be
consumed+! For a given mission with completion timeC, the probability that it
will be successfully completed by the system, also referred to as thesystem reli-
ability, is P$C , min$T1, + + + ,Tp%%+ In the development of such systems, or while
they are deployed, the components are constantly being improved in the following
iterative way+ When the system fails before mission or task completion, the com-
ponent that caused the failure is improved through redesign and0or elimination of
defects~such as “bugs” in software!, and a similarly structured system but with
the improved component is then further tested or redeployed+ As this process of
testing and component improvement proceeds, the system lifetime will increase
stochastically, and as a consequence, the system reliabilityP$C , min$T1, + + + ,Tp%%
will also increase, so after a certain period of testing and component improve-
ment, this reliability will exceed a certain desired reliability+ In this paper we
consider one particular model and tackle the problems of estimating the system
reliability after a certain period of testing and component improvement, as well as
the parameters of the distributions of the completion times and the component
lifetimes+ The parameters of a component lifetime will be classified into two types:
the first will represent the number of defects in the component, and the other will
represent the contribution of each defect to the failure intensity of the component+
The resulting model will extend the one software reliability model of Jelinski and
Moranda@15# to a system of components, with the added feature that missions or
tasks have their own random completion times+ The resulting model can be de-
scribed as adynamic competing risks model+

We describe the specific model of interest+We suppose that the system will be
tested for a periodT5 @0,t# , where 0, t ,` is some fixed time+ The case where
the testing period is sequentially determined will be considered in another paper, and
makes substantial use of the results presented in this paper+ We will postulate the
following:

i+ The random completion time of a mission has hazard functionL0
0 ~{! where

L0
0 ~{! belongs to some classC of hazard functions+ In the area of software

reliability, the specification of these tasks is called a program’s operational
profile ~Musa and Ackerman@20# !+

ii + At time t0 5 0, for the jth component, ~ j 5 1, + + + , p!, there exists a pa-
rameter vector~Bj

0,gj
0! whereBj

0 [ N [ $0,1,2, + + + % andgj
0 $ 0 and such

that the hazard function of the failure time of thejth component is given
by L j ~t;Bj

0,gj
0! 5 Bj

0gj
0 t+ This is the assumption in the Jelinski and Mo-

randa@15# model for the failure time of the software, whereBj
0 represents

the initial number of defects in the software, and gj
0 is the failure rate

contribution of each of the defects in the software+

iii + When a mission or task is assigned to the system, one ofp1 2 events could
occur: ~a! the mission is completed successfully, indicated by settingd 5 0;
~b! the jth component, ~ j 51, + + + , p!, fails before mission completion, indi-
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cated byd 5 j ; or ~c! both completion time and system lifetime are right-
censored, such as when a power failure occurs, and this will be indicated by
settingd 5 21+We shall denote byt1 , t2 , + + + the successive~operation-
al! times of event occurrences, and byd1,d2, + + + the successive event indi-
cators, and for notational convenience, we settn 5 tn11 5 + + + 5` for tn .
t and withdn 5 dn11 5 + + + 5 D* whereD* Ó $21,0,1, + + + , p% and is some
arbitrary value+

iv+ At each of the event occurrences, theBj
0’s get updated according to the rule

~newBj
0! R ~old Bj

0! 2 I $d 5 j %,

whereI ${% is the indicator function+ In other words, the number of defects of
thejth component decreases by 1 if it caused the system failure; otherwise,
it remains the same+

v+ When the system is restarted or redeployed for further testing, the mission
or task completion hazard rate and component lifetimes hazard rates are still
identical to those specified in~i! and~ii ! except for the change in theBj

0’s+

vi+ The completion time and component lifetime variables are mutually sto-
chastically independent+

Thus, the parameter vector of the model isu0 5 ~L0
0 ~{!,g1

0, + + + ,gp
0,B1

0, + + + ,Bp
0! t aside

from the nuisance parameters involved in the right-censoring mechanism+ The reli-
ability of the system just after timet, the time of test termination, becomes

rt~u0 ! 5E
0

`

expH2t (
j51

p

gj
0Bj ~t!J l0

0 ~t!exp$2L0
0 ~t!% dt 5 w0S(

j51

p

gj
0Bj ~t!D,

(1.1)

wherew0~{! is the Laplace transform of the completion time, l0
0 ~{! is the hazard rate

function of the completion time, andBj ~t! is the remaining number of defects in
componentj at the end of the testing period+We therefore seek to obtain estimators
of u0 and,more importantly,of the system reliabilityrt~u0! just after test termination+

Several papers have dealt with the problem of estimating the parameters gov-
erning the lifetimes of components, as well as the system reliability+ Most of the
papers, however, were limited to the case of one component~or subsystem!+ More-
over, the situation where some task or mission is to be completed seems not to have
been considered in the literature+A partial, but not exhaustive, list of papers include
Jelinski and Moranda@15# , Littlewood and Verrall@18# , Musa@19# , and Goel and
Okumoto@13# in the software reliability area; and Blumenthal and Marcus@6# and
Joe and Reid@16# in system fault estimation+ The case where the termination of the
testing process is sequentially determined has been considered, among others, by
Forman and Singpurwalla@12# ,Ross@22# ,Dalal and Mallows@9#, and Singpurwalla
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@24# in the software reliability area; and by Chow and Schechner@8# and Ferguson
and Hardwick@10# in proofreading+

We now outline the contents of this paper+ In Section 2, we present the math-
ematical setting and derive the estimators+ The asymptotic properties of the estima-
tors are examined in Section 3, while Section 4 deals with the estimator of system
reliability at the end of the testing period+A concrete example is provided in Section
5, where the case of exponentially distributed task completion times is considered+
A simulation is presented in Section 6 in order to investigate the finite-sample prop-
erties of the system reliability estimator+ We have deferred the formal proofs of
lemmas and theorems in Section 7 in order to focus on the main results+

2. RELEVANT PROCESSES AND ESTIMATORS

2.1. Formalization of the Model

We approach these problems by utilizing the framework of counting processes and
martingales, so we define in this section the relevant stochastic processes and present
the partial likelihood process which will be utilized in making inference aboutu+ Let
F 5 $Ft : t $ 0% be the natural filtration on~V,F ! with Ft 5 s$~tn,dn! :tn # t%+ Then
$~tn,dn! :n51,2, + + + % is a marked point process with respect to the filtrationF,where
thedn’s represent the marks,with the marks belonging to the setD 5 $21,0,1, + + + , p%
~Arjas @4# !+ Associated with this marked point process is the~ p 1 1!-dimensional
processN~t! 5 $~N0~t!,N1~t!, + + + ,Np~t!! t : t $ 0%, where

Nd~t! 5 (
i51

`

I $ti # t; di 5 d%, d [ D+ (2.1)

With respect to the filtrationF, $N~t! : t $ 0% is a multivariate counting process+ Let
A~t;u0! 5 $~A0~t;u0!,A1~t;u0!, + + + ,Ap~t;u0!! t : t $ 0% denote theF-compensator
vector ofN such thatA~0;u0! 5 0, and

M ~t;u0 ! 5 N~t! 2 A~t;u0 !, t $ 0, (2.2)

is a vector of local square-integrableF-martingales+With these processes, we for-
malize the notion of a modified Jelinski–Moranda model for a series system+

Definition 2.1: Let ~V,F,P! be a probability space and letF 5 $Ft : t $ 0% be
the natural filtration generated by the marked point process$~tn,dn! :n 5 1,2, + + + %,
where0 [ t0 , t1 , t2 , + + + and dn [ D+ This marked point process, or eq-
uivalently its associated~ p 1 1!-dimensional multivariate counting process
$N~t! : t $ 0%, satisfies amodified Jelinski–Moranda model for a series system
with true parametervector u0 [ ~L0

0 ~{!,g1
0, + + + ,gp

0,B1
0, + + + ,Bp

0! t [ C 3 R1
p 3 N p,

where C is some class of cumulative hazard functions, if its F-compensator
A~t;u0! 5 ~A0~t;u0!,A1~t;u0!, + + + ,Ap~t;u0!! t is
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Ad~dt;u! 5 H(
n51

`

I $tn21 , t # tn%L0
0 ~dt 2 tn21! if d 5 0

gd~Bd 2 Nd~t2!! dt if d 5 1, + + + , p
+ (2.3)

This definition of a modified Jelinski–Moranda model for a series system for-
malizes the model described in Section 1+The assumed independent right-censoring
property allows us to express the vector of compensatorsA as in~2+3!+ Following
Definition 2+1, the F-adapted processM ~t;u0! 5 $~M0~t;u0!,M1~t;u0!, + + + ,
Mp~t;u0!! t : t $ 0% with

Md~t;u0 ! 5 5N0~t! 2 (
n51

` E
0

t

I $tn21 , u # tn%L0
0 ~du 2 tn21! for d 5 0

Nd~t! 2E
0

t

gd
0~Bd

0 2 Nd~u2!! du for d 5 1, + + + , p

(2.4)

is a vector of square-integrable localF-martingales with predictable quadratic vari-
ation processes~Fleming and Harrington@11# ! given by

^Md~{;u0 !,Md ' ~{;u0 !&~t! 5 HAd~t;u0 ! if d 5 d ' 5 0,1, + + + , p

0 if d Þ d '
+

2.2. Likelihood Process

In Definition 2+1 the true parameter vectoru0 is typically unknown, and the statis-
tical problem is to make inferences about this parameter based on the realization of
the marked point process$~tn,dn! :n51,2, + + + % or the multivariate counting process
$N~t! : t $ 0%+ For our statistical model we suppose that there is a family of proba-
bility measuresP5 $P~u,vvvv! : ~u,vvvv! [ Q 3 Y% on ~V,F !, whereu 5 ~L0~{!,g t,B t! t is
the parameter vector of interest andvvvv is a nuisance parameter vector associated with
the right-censoring mechanism+To incorporate our statistical model in the filtration,
we redefineF 5 $Ft : t $ 0% according toFt 5 s$~~tn,dn! :tn # t!, ~L~u!,u # t!%+
HereL~{! is defined viaL~t!5 ~A~u;u!; u [ Q, u# t!, and it represents information
concerning the possible compensators forN+ Following Jacod@14# ~see also Ander-
sen, Borgen, Gill , and Keiding@2# !, the relevant portion of the likelihood function,
givenFt , for making inferences aboutu is

Lt ~u! 5 p 0
t HF)

d50

p

@Ad~du;u!# DNd~u!G@12 A~du;u!#12DN~u!J ,
whereN~{! 5 (d50

p Nd~{!, A~{;u! 5 (d50
p Ad~{;u!, andp 0

t denotes the product
integral on@0, t# ~see Andersen et al+ @2#! + Let us consider the case whereL0~{! is
absolutely continuous with hazard rate functionl0~{! parametrized by aq 3 1
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parameter vectorb+ Thus, the parameter vector of interest can be represented byu 5
~b t,g t,B t! t+ By using~2+3!, the relevant portion of the log-likelihood function can be
written as

l t ~u! 5E
0

t

logH (
n51

`

I $tn21 , u # tn%l0~u 2 tn21;b!J dN0~u!

2 (
n51

` E
0

t

I $tn21 , u # tn%l0~u 2 tn21;b! du

1 (
d51

p HE
0

t

log$gd~Bd 2 Nd~u2!!% dNd~u! 2E
0

t

gd~Bd 2 Nd~u2!! duJ +
SinceDN0~u! 5 0 wheneveru Þ tn for somen, then

E
0

t

logH(
n51

`

I $tn21 , u # tn%l0~u 2 tn21;b!J dN0~u!

5 (
$n:tn#t%

@ log$l0~tn 2 tn21;b!%#DN0~tn!;

(
n51

` E
0

t

I $tn21 , u # tn%l0~u 2 tn21;b! du

5 (
k51

K~t!

L0~tk 2 tk21;b! 1 L0~t 2 tK~t! ;b!, (2.5)

whereK~t! 5 max$n : tn # t%+ Note thatK~t! is Ft -measurable+ Thus,

l t ~u! 5 (
k51

K~t!

log$l0~tk 2 tk21;b!%DN0~tk!

2 (
k51

K~t!

L0~tk 2 tk21;b! 2 L0~t 2 tK~t! ;b!

1 (
d51

p HE
0

t

log$gd~Bd 2 Nd~u2!!% dNd~u! 2E
0

t

gd~Bd 2 Nd~u2!! duJ +
2.3. Score Process and the Maximum Likelihood Estimator

The score process$Ut~u! : t [ @0,t#% has the form

Ut ~u!
asdsg

~q12p!31

5
]l t ~u!

]u
5 SUt

b~u! t

asdsg
q31

, Ut
g~u! t

asdsg
p31

, Ut
B~u! t

asdsg
p31

Dt

,
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where, with

Tv~u;b! 5 (
n51

`

I $tn21 , u # tn%l0~u 2 tn21;b!, (2.6)

we have

Ut
b~u! 5E

0

t ]

]b
log Tv~u;b! dM0~u;u!;

Ut
g~u! 5 SE

0

t dMd~u;u!

gd
D

d51, + + + , p
5SMd~t;u!

gd
D

d51, + + + , p
;

Ut
B~u! 5 SE

0

t I $Bd 2 Nd~u2! . 0%

~Bd 2 nd~u2!!
dMd~u;u!D

d51, + + + , p
+

Let J~u;g! 5 ~j1~u;g!, + + + ,jp~u;g!! t andC~u;B! 5 ~c1~u;B!, + + + ,cp~u;B!! t,where

jd~u;g! 5
1

gd

and cd~u;B! 5
I $Bd 2 Nd~u2! . 0%

Bd 2 Nd~u2!
, for d 5 1, + + + , p+

Then a more compact representation of the score process is

Ut ~u! 5E
0

t

H ~u;u! dM ~u;u!, (2.7)

whereH ~u;u! is the~q 1 2p! 3 ~11 p! matrix given by

H ~u;u! 5 3
]

]b
log Tv~u;b! 0

0 Diag~J~u;g!!

0 Diag~C~u;B!!
4 , (2.8)

with the convention that, if x is a p 3 1 vector, then Diag~x! is the p 3 p
diagonal matrix with diagonal elements being the elements ofx+ The elements of
H ~{;u! are locally bounded, since they are left-continuous adapted processes+
Moreover, the elements ofH ~{;u! are predictable processes+ Under u 5 u0 [
~~b0! t,~g0! t,~B0! t! t, Ut~u0! is a ~q 1 2p! 3 1 vector of square-integrable local
martingales whose matrix of quadratic covariation processes is the~q 1 2p! 3
~q 1 2p! matrix

^U•~u
0 !,U•~u

0 !&~t! 5E
0

t

H ~u;u0 !^M ~{;u0 !,M ~{;u0 !&~du!H ~u;u0 !t

5E
0

t

H ~u;u0 !Diag~A0~du;u0 !, + + + ,Ap~du;u0 !!H ~u;u0 !t+
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As a possible estimator ofu0, given Ft, one could use the maximum likelihood
estimator~MLE !, denoted by Zu 5 ~ Zb t, [g t, ZB t! t, which is theu that maximizeslt~u!+
One may obtain this as a solution of the system of~q 1 2p! equations:

(
k51

K~t! ]

]b
log l0~tk 2 tk21; Zb!DN0~tk! 5 (

k51

K~t! ]

]b
L0~tk 2 tk21; Zb!

1
]

]b
L0~t 2 tK~t! ; Zb!; (2.9)

N*~t! J ~10 [g! 5E
0

t

~ ZB 2 N*~u2!! du; (2.10)

E
0

t

C~u; ZB! J ~dN*~u!! 5E
0

t

[g J Q~u; ZB! du; (2.11)

whereJ denotes componentwise product, and

N*~t! 5 ~N1~t!, + + + ,Np~t!! t ;

Q~t;B! 5 ~q1~t;B!, + + + ,qp~t;B!! t,

with qd~t;B! 5 I $Bd 2 Nd~t2! . 0%, for d51, + + + , p+ Notice that the first equation is
functionally independent from the second and third equations+ On the other hand,
~2+10! yields thep 3 1 vector [g which has components

[gd 5
Nd~t!

E
0

t

~ ZBd 2 Nd~u2!! du

, d 5 1, + + + , p+ (2.12)

Notice that [gd can be interpreted as the ratio of the total number of failures caused by
componentdon@0,t# and the total time that the defects are present in the time period
@0,t# for componentd+Substituting~2+12! into ~2+11!, one obtains the set of equations

E
0

t
H I $ ZBd 2 Nd~t2! . 0%

E
0

t

I $ ZBd 2 Nd~u2! . 0% duJ
H ZBd 2 Nd~t2!

E
0

t

~ ZBd 2 Nd~u2!! duJ
dH Nd~t!

Nd~t!J 5 1, d 5 1, + + + , p, (2.13)

from which ZB can be obtained+ The terms in braces can be interpreted as relative
rates+

Recall that the major aim of this paper is to provide an estimator of the system
reliability at the end of the testing process+ The system reliability, which is defined
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in general in~1+1!, is denoted byrt~u0!+ Since att1 the remaining number of
defects for componentd is Bd~t! 5 Bd

0 2 Nd~t!, then

rt~u0 ! 5 w0 @1t~g0 J ~B0 2 N*~t!!!,b0 # , (2.14)

where

w 0~u,b! 5 E@exp~2uC!# 5E
0

`

exp$2uc%l0~c;b!exp$2L0~c;b!% dc

is the Laplace transform of the completion time at the parameter valueb+ If Zu 5
~ Zb t, [g t, ZB t! t is the MLE ofu0 5 ~~b0! t,~g0! t,~B0! t! t based onFt, then the MLE of
rt~u0! is

[rt 5 w0 @1t~ [g J ~ ZB 2 N*~t!!!, Zb# + (2.15)

From ~2+15!, it is clear that, in order to obtain the properties of[rt, it would be
necessary to derive the properties ofZu 5 ~ Zb t, [g t, ZB t! t+ The next section therefore
presents results on the properties ofZu+

3. ASYMPTOTIC PROPERTIES OF ESTIMATORS

In this section we will derive large-sample properties of the MLEZu+ We will con-
sider a sequence of models which follow the model described in Section 2, indexed
by n, and lets~n! denote the size of a component relative to some unit of measure~in
the software reliability setting, size can be measured in terms of thousands of lines
of code!+We assume thats~n! r` asnr`, and that the initial number of defects
in componentd per unit size is equal to some unknown quantityad

0 and is the same
for all models, n 5 1,2, + + + + Thus, the initial number of defects in thenth model for
componentd is Bd

~n! 5 s~n!ad
0 ~van Pul@25# !+ In this setting, we redefine the param-

eter vector to beu 5 ~b t,g t,a t! t+
Let us examine the compensator ofN0~t!+ From ~2+4! and ~2+5!, this can be

expressed viaA0~t;b! 5 (k51
K~t! L0~tk 2 tk21;b! 1 L0~t 2 tK~t!;b!+ Let N•~t! 5

(d521
p Nd~t!, soK~t! 5 N•~t! 5 N•~t2! 1 DN•~t!+ Then

A0~t;b! 5 (
k51

N•~t!

L0~tk 2 tk21;b! 1 L0~t 2 tN•~t! ;b!+

The following lemma easily follows by noting that eitherDN•~t! 51 orDN•~t! 5 0+
The main essence of the lemma is thatA0~t;b! depends only onFt2+

Lemma 3.1: For each t$ 0,A0~t;b! 5(k51
N•~t2! L0~tk2tk21;b! 1L0~t 2tN•~t2! ;b!+

The following corollary immediately follows from Lemma 3+1 and~2+6!+

Corollary 3.1: The intensity process of N0~t! is Tv~t;b! 5 l0~t 2 tN•~t2! ;b!+
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Consider now the sequence of counting processesN ~n! 5 ~N0
~n! ,N1

~n! , + + + ,Np
~n! ! t

associated with the model described in Section 2 with intensity processesl~n!

of form

l~n! ~t;u6Ft2
~n! ! 5 s~n! 3

1

s~n!
l0

~n!~t 2 tN•
~n!

~t2! ;b!

g J Sa 2
N*

~n!~t2!

s~n! D 4 + (3.1)

Let ~N•
~n! !21~k!5 inf $t :N•

~n!
$ k%+ It follows thattk5 ~N•

~n! !21~k! and, in particular,

tN•
~n!

~t2! 5 ~N•
~n! !21~N•

~n!~t2!! 5S N•
~n!

s~n! D21S N•
~n!~t2!

s~n! D, (3.2)

so that

l0
~n!~t 2 tN•

~n!
~t2! ;b! 5 l0

~n!St 2S N•
~n!

s~n! D21S N•
~n!~t2!

s~n! D;bD+
Letx21~{!, + + + , xp~{! be nondecreasing elements ofD@0,`!, the space of cádlág~right-
continuous with left-hand limits! functions on@0,`! endowed with the Skorohod
topology, and definex*~t! 5 ~x1~t!, + + + , xp~t!! t, x~t! 5 ~x0~t!, x*~t! t! t, andx,~t! 5
~x21~t!, x~t! t! t+ Also, define

f~t; x t2,u! [ Fl0
~0!~t 2 x•

21~x•~t2!!;b!

g J ~a 2 x*~t2!! G, (3.3)

wherex•~t! 5 (d521
p xd~t!, andl0

~0!~{;b! is some hazard rate function+ Consider the
case whereL0

~n!~{;b! is of form

L0
~n!~{;b! 5 s~n!L0

~0!~{;b! 1 o~1!+ (3.4)

If we let r ~n!~t! 5 ~o~1!,0, + + + ,0! t, then

l~n! ~t;u6Ft2
~n! ! 5 s~n!fSt;

N ~n!t2

s~n!
,uD1 r ~n! ~t!+ (3.5)

Furthermore, consider the following conditions onl0
~0!~{;b! which are similar to the

conditions given in Kurtz@17# ~see also van Pul@25# and Andersen et al+ @2# !+ For
everyx,, y, [ D@0,`! p12, and for eachb,

~K1! supt#t k~t, x•
t2 ,b! , `; and

~K2! there exists a constantC not depending ont such that∀t # t,

6k~t, x•
t2 ,b! 2 k~t, y•

t2 ,b!6 # C6x•~t! 2 y•~t!6,

where k~t, x•
t2 ,b! 5 l0

~0!~t 2 x•
21~x•~t2!!;b!+ In the following theorem we de-

scribe the limiting vector function to whichN ~n!0s~n! converges+ For brevity of
notation, we suppress the superscriptn+ Moreover, let ~1 2 exp~2g0t!! 5 ~1 2
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exp~2g1
0 t!, + + + ,1 2 exp~2gp

0 t!! t+ Recall thatu0 5 ~~b0! t,~g0!t,~a0! t! t is the true
value of the parameter vector+

Theorem 3.1: Assume thatl0
~0!~{;b! satisfies conditions~K1! and ~K2!+ Then, as

n r `,

i+

sup
t#t

* N~t!

s
2 ZX~t;u0 !* pr

&& 0,

where ZX~{;u0! is the unique solution of

ZX~t;u0 ! 5E
0

t

f~u; ZX u2,u0 ! du; (3.6)

ii + if l0
~0!~{;b0 ! is right-continuous at0 with z0~b0! [ l0

~0!~0;b0 ! . 0, then

ZX~t;u0 ! 5 F z0~b0 !t

a0 J ~12 exp~2g0t!!G+ (3.7)

Proof: See Section 7+ n

We now prove that the MLEZu is a consistent estimator ofu0+ We assume the
following conditions forl0

~0!~{;b!+

~a! The partial derivatives ofl0
~0!~t;b! and logl0

~0!~t;b! of the first, second, and
third orders with respect tob exist and are continuous inb+

~b! Fork, l,m51, + + + ,q, the following functions are continuous functions oft [
@0,t#:

]

]bk

l0
~0!~t;b!,

]2

]bk]bl

l0
~0!~t;b!, and

]3

]bk]bl ]bm

l0
~0!~t;b!+

~c! The matrixS1
0 5 ~skl~b0!!k, l51, + + + ,q is positive semidefinite, where

skl ~b0 ! 5

F ]

]bk

l0
~0!~0;b0 !GF ]

]bl

l0
~0!~0;b0 !G

l0
~0!~0;b0 !

t+

~d! There exist predictable processesH0~{! andG0~{! such that, for some neigh-
borhoodB0 of b0,

sup
b[B0

* ]3

]bk]bl ]bm

l0
~0!~t;b!* # H0~t! and

sup
b[B0

* ]3

]bk]bl ]bm

log l0
~0!~t;b!* # G0~t!,
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for all k, l,m5 1, + + + ,q+ Moreover,

E
0

t

H0~u 2 tN•~u2! ! du,
1

s
E

0

t

G0~u 2 tN•~u2! !l0
~0!~u 2 tN•~u2! ;b0 ! du,

and

E
0

tF ]2

]bk]bl

log l0
~0!~u 2 tN•~u2! ;b0 !G2

l0
~0!~u 2 tN•~u2! ;b0 ! du

all converge in probability to finite quantities asn r `, and fore . 0,

1

s
E

0

t

G0~u 2 tN•~u2! !I $6s21G0~u 2 tN•~u2! !6 . e%

3 l0
~0!~u 2 tN•~u2! ;b0 ! du

pr
&& 0+

Consider the~q 1 2p! 3 ~q 1 2p! matrix S0 given by

S0~t! [ S0 5 3
S1

0 0 0

0 S2
0 S4

0

0 S4
0 S3

0
4 , (3.8)

where, with h~t! 5 ~h1~t!, + + + ,hp~t!! t 5 ~exp~2g1t!, + + + ,exp~2gpt!! t, we have

S2
0 5 Diag~a0 J ~12 h0~t!! J ~g0 !22 ! 5 DiagSai

0~12 hi
0~t!!

~gi
0!2 , i 5 1, + + + , pD;

S3
0 5 Diag~~12 h0~t!! J ~a0 J h0~t!!21 ! 5 DiagS12 hi

0~t!

ai
0hi

0~t!
, i 5 1, + + + , pD;

S4
0 5 Diag~t, + + + ,t!+

In the next theorem, we show that with probability going to one, there exists a
solution to the likelihood equation which is consistent foru0+

Theorem 3.2: Suppose conditions~a!–~d! are satisfied+ Furthermore, assume
l0

~0!~{;b! satisfies all the conditions given in Theorem3+1+ Let N21~{! be the
counting process associated with the right-censoredvalues with intensity process
l21~{! that satisfies conditions similar to~K1! and ~K2!+ Then there is a solution
Zu 5 ~ Zb t, [g t, [a t! t of the equationUt~u! 5 0 such that Zu

pr
&& u0 5 ~~b0! t,~g0! t,~a0! t! t+

Proof: See Section 7+ n
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Consider the~q 1 2p! 3 ~q 1 2p! matrix ~S0!2 given by

~S0~t!!2 [ ~S0 !2 5 3
~S1

0!2 0 0

0 ~S2
0!21 1 FE 21F t 2FE 21

0 2E21F t E21
4 , (3.9)

where~S1
0!2 is the generalized inverse ofS1

0 given by

~S1
0!2 5 Fs11

21~b0 ! 0

0 0G , F 5 ~S2
0!21 S4

0 and E 5 S3
0 2 S4

0F

~Rao@21# !+ In the next theorem, we present a result on the asymptotic normality of
Zu+ This result will be used in establishing the asymptotic distribution of the estimator

of system reliability at test termination+ Another application of this result is in in-
terval estimation of the completion and0or component lifetime parameters+ How-
ever, since the system reliability is of primary importance in this paper, this latter
aspect will not be discussed further+

Theorem 3.3: If the conditions of Theorem3+2 hold, and Zu is a consistent solution
of the equationUt~u! 5 0, then!s~ Zu 2 u0!

d
&& Nq12p~0,~S0!2!+

Proof: See Section 7+ n

Notice that the asymptotic covariance matrix ofZu need not be of full rank+ This
is a consequence of the fact that the limiting covariance matrixS1

0 is not of full rank
whenb is not a scalar parameter as seen in condition~c!+ In such a case, the com-
pletion time parameters are linearly dependent+

4. SYSTEM RELIABILITY AT TEST TERMINATION

In this section we present the main result of this paper+ We consider the se-
quence of models in Section 3, which specifies thatB~n! 5 s~n!a0 andL0

~n!~{;b! 5
s~n!L0

~0!~{;b! 1 o~1! ~Eq+ ~3+4!!+ For thenth model the true system reliability and
its corresponding estimator are given, respectively, by

rt
~n!~u0 ! 5 w~n!F1tSg0 J Sa0 2

N*
~n!~t!

s~n! DDs~n!,b0G;
and

[rt
~n! 5 w~n!F1tS [g ~n! J S [a ~n! 2

N*
~n!~t!

s~n! DDs~n!, Zb ~n!G,
where w~n!~{,b! is the Laplace transform associated with the hazard function
L0

~n!~{;b!+ Let us assume that there exists a functionw~*!~{,{! such that in a neigh-
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borhoodB0 of b0, w~*!~{,b! for b [ B0 is a Laplace transform associated with a
hazard functionL0

~*!~{;b!, and such that

w~n! ~us~n!,b! 5 w~*! ~u,b! 1 o~1! asn r `+ (4.1)

This is the case, for instance, if s~n!L0
~0!~c0s~n! ;b! 5 L0

~*!~c;b! 1 o~1! asn r `+
Furthermore, if w~*!~u,b! is continuous at~u,b!5 ~1t~g0 J a0 J h0~t!!,b0!, then
it follows from Theorem 3+1 and Theorem 3+2 that

[rt
~n! pr

&& rt
~*! [ w~*! @1t~g0 J a0 J h0~t!!,b0 # 5 lim

nr`
rt

~n!~u0 !,

so that [rt
~n! is a consistent sequence of estimators+

To obtain the asymptotic distribution of[rt
~n! , we note that it is a function of

ZRt
~n! [ S~ Zb ~n! ! t, ~ [g ~n! ! t, ~ [a ~n! ! t,

~N*
~n!~t!! t

s~n! Dt

+

Thus, upon obtaining the asymptotic distribution ofZRt
~n! , and together with some

conditions on the transformw~*!~{,{!, thed-method can be invoked to find the as-
ymptotic distribution of [rt

~n! + Let R0~t! 5 ~~b0! t, ~g0! t, ~a0! t, ~ ZX*~t;u0!! t! t where
ZX*~t;u0! 5 a0 J ~1 2 h0~t!!+ In the following lemma, we obtain a stochastic

integral representation of

%s~n! @ ZRt
~n! 2 R0~t!# 5 %s~n! 3

Zu ~n! 2 u0

N*
~n!~t!

s~n!
2 ZX*~t;u0 !4 +

For brevity of notation, we suppress the superscriptn+ Recall that u0 5
~~b0! t,~g0! t,~a0! t! t+

Lemma 4.1: Suppose the conditions of Theorem3+3 are satisfied and supposeZu is
a consistent solution of the equationUt~u! 5 0+ Then,

!s@ ZRt 2 R0~t!# 5 F~S0~t!!2 0

0 Q*0~t!G 1

!s
E

0

tFH ~t;u0 !

J ~t;u0 !GdM ~t;u0 ! 1 op~1!

whereQ*0~t! 5 Diag~h0~t!!, J ~t;u0! 5 @0, Diag~~h0~t!!21!# , H ~t;u0! is defined
in ~2+8!, andS0~t! is defined in~3+8!+

Proof: See Section 7+ n

Using the representation in Lemma 4+1, it follows from the Martingale Central
Limit Theorem~see, e+g+, @2, p+ 83# ! that, asn r `,

!s@ ZRt 2 R0~t!#
d
&& Nq13p~0,G0~t!!,
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where

G0~t! 5 lim
nr`

1

sF~S0~t!!2 0

0 Q*0~t!G
3 HE

0

tFH ~t;u0 !

J ~t;u0 !GDiag~A~dt;u0 !!FH ~t;u0 !

J ~t;u0 !G tJ
3 F~S0~t!!2 0

0 Q*0~t!G t

+

Upon simplifying, we obtain

G0~t! 5 F~S0~t!!2 ~G1
0~t!! t

G1
0~t! G2

0~t! G,
where

G1
0~t!
asdsg

p3~2p1q!

5 @ 0
adg
p3q

, 0
adg
p3p

, Diag~a0 J h0~t!!
asssssssdsssssssg

p3p

#;

G2
0~t!
asdsg

p3p

5 Diag~a0 J h0~t! J ~12 h0~t!!!+

Finally, invoking the multivariated-method~Serfling @23# !, and after lengthy but
straightforward manipulations, the following theorem is obtained~for details, see
Agustin@1# !+

Theorem 4.1: Suppose the conditions of Theorem3+3 are satisfied and the partial
derivativesw10

~*!~u,b! 5 ~]0]u!w~*!~u,b! andw01
~*!~u,b! 5 ~]0]b!w~*!~u,b! exist at

~u,b! 5 ~n 0~t!,b0!, wheren 0~t! [ 1t~g0 J a0 J h0~t!!+ Furthermore, suppose
the~q 1 3p! 3 1 matrix

D0~t! 5 3
w01

~*!~n 0~t!,b0 !

2w10
~*!~n 0~t!,b0 !~a0 J h0~t!!

2w10
~*!~n 0~t!,b0 !g0

w10
~*!~n 0~t!,b0 !g0

4
is nonzero+ Then!s@ [rt 2 rt

~*! #
d
&& N~0,q2~t;u0!!, where

q2~t;u0 ! 5 @w01
~*!~n 0~t!,b0 !# t@S1

0~t!#2 @w01
~*!~n 0~t!,b0 !#

1 w10
~*!~n0~t!,b0 !2 (

d51

p

ad
0~gd

0hd
0~t!!2

3 H 2tgd
0 1 1 2 ~hd

0~t!!2 1 ~tgd
0!2~11 hd

0~t!!

~12 hd
0~t!!2 2 ~tgd

0!2hd
0~t! J + (4.2)
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As a consequence of Theorem 4+1, an asymptotic lower confidence bound for
the system reliability can be obtained from the log-odds transformation of[rt+By the
d-method, we immediately have

logS [rt

12 [rt
D; ANSlogS rt

~*!

12 rt
~*!D, q2~t;u0 !

s@ rt
~*!~12 rt

~*! !# 2D + (4.3)

Let z« denote the 100~12 «!th percentile of the standard normal distribution+ Using
~4+3! and after straightforward algebra, an asymptotic 100~1 2 «!% lower confi-
dence bound for the system reliability is

[rt 3 F [rt 1 ~12 [rt!expS z« q~t; Zu!

!s@ [rt~12 [rt!#DG21

, (4.4)

whereq~t; Zu! is as given in~4+2! with u0 replaced by Zu+
It is also of interest to determine the behavior of the limiting varianceq2~t;u0!

for relatively larget’s, which will coincide with the situation where the testing is
performed for a relatively long period of time+ To provide us with an idea of this
behavior we allowt to approach̀ + First, note that from their respective definitions,
ast r`,h0~t! 5 o~1! and~S1

0~t!!2 r 0+Consequently, lim tr`n 0~t! 5 0; hence,

lim
tr`

w10~n
0~t!,b0 ! 5 w10~0,b0 ! 5 2E~C* ! [ µ*,

whereC* is a random variable with hazard functionL0
~*!~{;b0 !+ On the other hand,

lim
tr` (

d51

p

ad
0~gd

0hd
0~t!!2 H 2tgd

0 1 1 2 ~hd
0~t!!2 1 ~tgd

0!2~11 hd
0~t!!

~12 hd
0~t!!2 2 ~tgd

0!2hd
0~t! J 5 0+

Thus, for a relatively long testing period, the limiting variance of the standardized
system reliability estimator tends to 0+ This result is intuitively expected since[rt

converges to 1 asn r ` and ast r `+

5. CONCRETE EXAMPLE—EXPONENTIAL COMPLETION TIMES

Let us consider the situation where the successive completion timesC1,C2, + + + are
i+i+d+ with common constant hazard rate, that is, L0~t;b! 5 bt+ Hence, ~2+9! simpli-
fies toN0~t! 5 Zbt+ The MLE of b is therefore

Zb 5
N0~t!

t
5

Number of completed jobs on@0,t#

t
+

The estimators ofB andg, denoted by ZB and [g, respectively, are not in closed forms
but can be obtained numerically from~2+12! and~2+13!+

For the asymptotic properties of the estimators, we consider the sequence of
models specified in Section 3 such thatL0

~n!~t;b! 5 s~n!L0
~0!~t;b! 5 s~n!bt+ Note that

the hazard rate associated with job completion increases asn increases+ This in-
crease is in order to compensate for the fact that, asn increases, the initial number of
defects in each component also increases, thereby shortening the time to encounter-
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ing a defect+ In the sequel, we let u0 5 ~b0,~g0! t,~a0! t! t denote the true, but un-
known, parameter vector+

Under this exponential completion times model, conditions~K1! and~K2! are
clearly satisfied+ Sincel0

~0!~{;b! is right-continuous at 0 withl0
~0!~0;b0 ! 5 b0, then,

if b0 [ ~0,`!, Theorem 3+1 holds with ZX0~t;u0! 5 b0t+ Conditions~a!–~d! are also
satisfied withS1

0~t!5s11~b0!5t0b0,H0~t!50, andG0~t!520~b0 2 e!3 for some
e . 0+ Therefore, by Theorem 3+2, there exists aZu 5 ~ Zb, [g1, + + + , [gp, [a1, + + + , [ap! t with
Zb 5 N0~t!0t and~ [g, ZB! [ ~ [g,s~n! [a! solving ~2+12! and~2+13! such that Zu

pr
&& u0+

In addition, by Theorem 3+3, asn r `, Zu ; AN ~u0,~s~n!S0~t!!21!, whereS0~t! is
as defined in~3+8! with S1

0~t! 5 t0b0+ In this situation, ~S0~t!!2 5 ~S0~t!!21+
The Laplace transform ofL0~t;b! 5 bt is w0~u,b! 5 b0~u 1 b! for u . 2b+

From ~2+15!, the reliability function estimator at the end of the testing process is
therefore

[rt 5
Zb

1t~ [g J ~ ZB 2 N*~t!!! 1 Zb
5

N0~t!

t (
j51

p

[gd~ ZBd 2 Nd~t!! 1 N0~t!

+

To obtain its asymptotic properties,we note that the Laplace transform associated with
L0~{;b! satisfiesw~us,b! 5 b0~u 1 b! [ w~*!~u,b!, sow10

~*!~u,b! 5 2b0~u 1 b!2

andw01
~*!~u,b! 5 u0~u 1 b!2, which are both nonzero at~u,b! 5 ~n 0~t!,b0! with

n 0~t! 5 1t~g0 J a0 J h0~t!! 5 (d51
p ad

0gd
0 exp~2gd

0t!+ From Theorem 4+1, as
nr`, [rt

~n! is therefore asymptotically normal with meanrt
~*! and asymptotic vari-

anceq2~t;u0!0s~n!, where

[rt
~n! 5

N0~t!

t (
d51

p

[gd~s~n! [ad 2 Nd~t!! 1 N0~t!

;

rt
~*! 5

b0

n 0~t! 1 b0 ; (5.1)

q2~t;u0 ! 5
b0

~n 0~t! 1 b0 !4

3 H n 0~t!2

t
1 b0 (

d51

p

ad
0~gd

0hd
0~t!!2

3 F 2tgd
0 1 1 2 ~hd

0~t!!2 1 ~tgd
0!2~11 hd

0~t!!

~12 hd
0~t!!2 2 ~tgd

0!2hd
0~t! GJ +

Finally, a 100~1 2 «!% lower confidence bound for the system reliability can be
obtained using~4+4! and~5+1!, with u0 replaced by Zu+
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6. SOME SIMULATION RESULTS

To serve as numerical illustrations and to gain some insights into the finite-sample
properties of the system reliability estimator, modest simulations were performed+
In these simulations, the task completion times are exponentially distributed, and the
series system is assumed to have two components, so thatp 5 2+ An arbitrarily
chosen value ofu0 5 ~b0,g1

0,a1
0,g2

0,a2
0! 5 ~8,0+20,50,0+25,55! was fixed, and the

values oft, given byt 5 10 andt 5 15, were considered+ For this value ofu0, the
system reliability att 5 0 is 0+2519+ Furthermore, we tooks~n! 510 ands~n! 5 50,
where we recall thats~n! represents the “size” of the system+For each pair of~t,s~n! !,
500 realizations of[rt were generated+The simulation program was coded in Fortran
and subroutines from the IMSL Math0Stat Library were used to generate the failure
times+The histograms of the realizations of[rt for the pairs of values oft ands~n! are
presented in Figure 1, with these plots generated using S-Plus+

Observe that for the larger value oft, the simulated sampling distribution of[rt

is more skewed to the left+ This left-skewness could be attributed to the fact that the
values of [rt are getting closer to unity ast increases, which is expected since a
longer testing period will result in a more reliable system+ Notice, however, that as
s~n! increases, the normal approximation becomes better+Note that the higher degree
of skewness at larger values oft for fixed s~n! does not contradict the asymptotic
results presented in Section 4 since the asymptotic set-up there fixest while letting
s~n! r `+

For the pairs of values oft ands~n!, we also compared the standard deviations
of [rt obtained from the simulated data with the asymptotic variance given by~5+1!+
Recall that [rt ; AN ~ rt

~*! ,q2~t;u0 !0s~n! !+Moreover, the achieved~simulated! cov-
erage probability of the 90% lower confidence bound presented in~4+4! is examined+
These results are summarized in Table 1+We see that the achieved coverage proba-
bility of the lower confidence bound becomes more consistent with the desired as-
ymptotic level ass~n! gets larger+ Note that fort 5 15, the coverage probability is
greater than the desired asymptotic level which results in a more conservative bound+
This could be attributed to the left-skewness exhibited by[rt+ Furthermore, note that
the mean of the simulated values of[rt is close, but tends to be larger, to the expected
system reliability att+ Finally, the difference between the standard deviations of[rt

and the asymptotic standard deviationq~t;u0!0%s~n! diminishes as we increases~n!

from 10 to 15 witht fixed+ These observations are to be expected, since the asymp-
totic set-up involves increasings~n! while holding the value oft fixed+

7. PROOFS OF THEOREMS AND LEMMA 4.1

Proof of Theorem 3.1: Part~i! follows from Kurtz’s Lemma@2, pp+ 87–88# be-
cause of the relationship in~3+5!+ SinceNd~t! # sad

0 for everyd 5 1, + + + , p, then
ZXd~t;u0! # ad

0, sofd~t; ZX t2,u0! 5 gd
0~ad

0 2 ZXd~t2;u0!!, for d 5 1, + + + , p+ Thus, it
follows from Andersen et al+ @2, pp+ 430–432# that ZXd~t;u0! 5 ad

0~12 exp~2gd
0 t!!,

d51, + + + , p @25# + It remains to find ZX0~t;u0!+Clearly, sinceN•~t!0s is nondecreasing
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in t, then ZX•~t;u0! is also nondecreasing int+ If ZX•~t;u0! is strictly increasing, then
ZX•
21~ ZX•~t2;u0 !;u0 ! 5 t for everyt $ 0, and by~i!,

ZX0~t;u0 ! 5E
0

t

l0
~0!~0;b0 ! du 5 z0~b0 !t+

It remains to show, therefore, that ZX•~t;u0! is strictly increasing+ Since ZXd~t;u0! $
0 for d 5 21,0, + + + , p, it suffices to show that ZX0~t;u0! is strictly increasing+ Since
l0

~0!~0;b0 ! . 0, then there exists ane . 0 such thatl0
~0!~t;b0 ! . 0 for everyt [

~0,e!+Suppose there exists an interval@a,b! such that ZX0~t;u0!5 ZX0~a;u0! for every

Figure 1. Histograms of 500 simulated values of[rt for ~t,s~n! ! [ $~10,10!,
~15,10!,~10,50!,~15,50!% whenu0 5 ~b0,g1

0,a1
0,g2

0,a1
0! 5 ~8,0+20,50,0+25,55!+ The

histograms in clockwise order, starting from the top left, correspond to~10,10!,
~15,10!, ~15,50!, and~10,50!, respectively+
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t [ @a,b!, that is, ZX0~{;u0! is not strictly increasing+ Choose aw [ ~a,b! such that
w 2 a , e+ Then,

ZX0~w;u0 ! 5 ZX0~a;u0 ! 1E
a

w

l0
~0!~u 2 ZX•

21~ ZX•~u2;u0 !;u0 !;b0 ! du+

Since 0, u 2 ZX•
21~ ZX•~u2;u0 !;u0 ! , e for u [ ~a,w# , andl0

~0!~t;b0 ! . 0 for t [
~0,e!, then

E
a

w

l0
~0!~u 2 ZX•

21~ ZX•~u2;u0 !;u0 !;b0 ! du . 0+

Consequently, ZX0~w;u0! . ZX0~a;u0! which contradicts the supposition+ It must be
the case, therefore, that ZX•~{;u0! is strictly increasing+ n

Proof of Theorem 3.2: We need to show the following:

s21Ut
k~u0 !

pr
&& 0; (7.1)

s21It
kl~u0 !

pr
&& 2skl ~u

0 !; (7.2)

and there exists a constantG . 0, not depending onu such that

lim
nr`

P$6s21Rt
klm~u!6 , G% 5 1, (7.3)

for all u in a neighborhood aroundu0+ Recall that fork, l,m5 1, + + + ,q 1 2p,

Ut
k~u! 5E

0

t

(
d50

p F ]

]uk

log ld~t;u6Ft2!G dMd~t;u!,

It
kl~u! 5

]

]ul

Ut
k~u! and Rt

klm~u! 5
]

]um

It
kl~u!+

Table 1. Summary of Results withu0 5 ~b0,g1
0,a1

0,g2
0,a1

0! 5
~8,0+20,50,0+25,55!

s~n! 5 10 s~n! 5 50

t 10 15 10 15

Mean of [rt +7680 +9102 +7634 +9071
Value ofrt

~*! +7632 +9069 +7632 +9069
Coverage probability of 90% lower

confidence bound +524 +968 +887 +988
Standard deviation of[rt +0166 +0093 +0078 +0040

Value ofq~t;u0!0%s~n! +0376 +0164 +0168 +0073
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The proof will then follow along the lines of Borgan@7# who uses the standard
arguments of Cramér given in Billingsley@5# + To establish~7+1!, we show that

s21^U•
k~u0 !,U•

k~u0 !&~t! [ s21^U•
k~u0 !&~t!

pr
&& skk~u

0 !, (7.4)

and then apply Lenglart’s Inequality~see@2, p+ 86# ! to obtain~7+1!+ Fork51, + + + ,q,

1

s
^U•

k~u0 !&~t! 5E
0

t F ]

]bk

l0
~0!~t 2 tN•~t2! ;b0 !G2

l0
~0!~t 2 tN•~t2! ;b0 !

dt+

Equation~7+4! will then follow if we can show that

sup
t#t

* F
]

]bk

l0
~0!~t 2 tN•~t2! ;b0 !G2

l0
~0!~t 2 tN•~t2! ;b0 !

2

F ]

]bk

l0
~0!~0;b0 !G2

l0
~0!~0;b0 !

* pr
&& 0+ (7.5)

This result allows the interchange of limiting and integration operations+From Kurtz’s
Lemma, N21~t!0s converges in probability to some cádlág functionZX21~t!+ Hence,

sup
t#t * N•~t!

s
2 ZX•~t;u0 !* pr

&& 0,

where ZX•~{;u0! is strictly increasing and cádlág+ Using the representation in~3+2!
and the relationshiptN•~t2! # t # tN•~t! , ~7+5! follows, since

sup
t#t
6 tN•~t! 2 tN•~t2! 6

pr
&& 0+

For each of thep components, we apply the results in@2, pp+ 430–432# , which were
obtained for the one component case+ For k 5 q 1 1, + + + ,q 1 p,

1

s
^U•

k~u0 !,U•
k~u0 !&~t!

pr
&&

ak2q
0 ~12 hk2q

0 ~t!!

~gk2q
0 !2 5 skk~u

0 !,

and fork 5 q 1 p 1 1, + + + ,q 1 2p,

1

s
^U•

k~u0 !,U•
k~u0 !&~t!

pr
&&

12 hk2q2p
0 ~t!

ak2q2p
0 hk2q2p

0 ~t!
5 skk~u

0 !+

Hence, ~7+4! is satisfied+Next,we show that~7+2! is satisfied+Note that we can write

s21It
kl~u0 ! 5

1

s (
d50

p E
0

tF ]2

]uk]ul

log ld~t;u0 6Ft2!GdMd~t;u0 !

2
1

s (
d50

p E
0

tF ]

]uk

ld~t;u0 6Ft2!
]

]ul

ld~t;u0 6Ft2!

ld~t;u0 6Ft2!
G dt+ (7.6)
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The first term converges to zero in probability by using condition~d!, Theorem 3+1,
and Lenglart’s Inequality+ By condition~c! and Theorem 3+1, we have

1

s (
d50

p E
0

tF ]

]uk

ld~t;u0 6Ft2!
]

]ul

ld~t;u0 6Ft2!

ld~t;u0 6Ft2!
G dt

pr
&& skl ~u

0 !+

Hence, ~7+2! is satisfied+ Finally, to show~7+3!, note that ford 5 1, + + + , p,

]3

]gd
3 log ld~t;u6Ft2! 5

2

gd
3 and

]3

]ad
3 log ld~t;u6Ft2! 5

2

Fad 2
Nd~t2!

s G3
,

while the remaining third order partial derivatives ofld~t;u6Ft2! and logld~t;u6Ft2!
with respect togi andai ,~i 51, + + + , p, i Þ d!, are equal to 0+ Fore . 0, consider the
setOe 5 $u : 7u 2 u07# e%+ Hence, for u [ Oe,

* Rt
klm~u!

s * # (
d50

p E
0

t Gd~t!

s
dNd~t! 1E

0

t

H0~t 2 tN•~t2! ! dt,

whereGd~t! 5 max$20@gd
0 2 e# 3,20@ad

0 exp~2gd
0 t! 2 e# 3% for d51, + + + , p+ By con-

dition ~d!,

1

s
E

0

t

Gd~t!I $6s21Gd~t!6 . e%ld~t;u6Ft2! dt
pr

&& 0+

Using the Martingale Central Limit Theorem,

1

s
E

0

t

Gd~t!ld~t;u0 6Ft2! dt and
1

s
E

0

t

Gd~t! dNd~t!

converge to the same finite quantity+ By condition ~d!, *0
t H0~t 2 tN•~t2! ! dt con-

verges to some finite quantity+ Thus, ~7+3! follows+ n

Proof of Theorem 3.3: As in the previous theorem, our proof will follow the same
arguments as Borgan@7# +We need to show that

1

!s
Ut~u0 !

d
&& Nq12p~0,S0 !; (7.7)

and

s21It
kl~u* !

pr
&& 2skl ~u

0 !, k, l 5 1, + + + ,q 1 2p, (7.8)
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wheneveru*
pr

&& u0+ To show~7+7!, for e . 0, let

Wt ~u
0 ! 5 SUt

k~u0 !

!s
: k 5 1, + + + ,q 1 2pD,

Wt
e~u0 ! 5 SUt

ke~u0 !

!s
: k 5 1, + + + ,q 1 2pD,

where

Ut
ke~u0 ! 5 (

d50

p E
0

tF ]

]uk

log ld~u;u0 6Fu2!G
3 I H* 1

!s

]

]uk

log ld~u;u0 6Fu2!* . eJ dMd~u;u0 !+

Recall from~7+4! thats21^U•
k~u0 !&~t!

pr
&& skk~u0!+Whenk, l 5 1, + + + ,q, ~k Þ l !,

s21^U•
k~u0 !,U•

l~u0 !&~t!

5E
0

tF ]

]bk

log l0
~0!~t 2 tN•~t2! ;b0 !GF ]

]bl

log l0
~0!~t 2 tN•~t2! ;b0 !G

3 l0
~0!~t 2 tN•~t2! ;b0 ! dt

pr
&& F ]

]bk

log l0
~0!~0;b0 !GF ]

]bl

log l0
~0!~0;b0 !Gl0

~0!~0;b0 !t [ skl ~u
0 !,

where the integration and limiting operations can be interchanged because of~7+5!+
Whenk 5 q 1 1, + + + ,q 1 p andl 5 q 1 p 1 1, + + + ,q 1 2p,

s21^U•
k~u0 !,U•

l~u0 !&~t! 5 s21^U•
l~u0 !,U•

k~u0 !&~t! 5 t [ skl ~u
0 ! 5 slk~u0 !+

Thus,

^W~u0 !,W~u0 !&~t!
pr

&& S0+ (7.9)

Next, we show that

^W•
ke~u0 !,W•

ke~u0 !&~t!
pr

&& 0+ (7.10)

First, consider the case wherek 5 1, + + + ,q, so that

1

s
^W•

ke~u0 !,W•
ke~u0 !&~t!

5E
0

t F ]

]bk

l0
~0!~t 2 tN•~t2! ;b0 !G2

l0
~0!~t 2 tN•~t2! ;b0 !

3 I H* 1

!s

]

]bk

log l0
~0!~t 2 tN•~t2! ;b0 !* . eJ dt+
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By condition~b!, the first term converges in probability to

F ]

]bk

l0
~0!~0;b0 !G2

l0
~0!~0;b0 !

which is finite, while the second term converges in probability to 0+ Hence, by the
same arguments used in showing~7+4!, ~7+10! is satisfied fork 5 1, + + + ,q+ Next,
consider the case wherek 5 q 1 1, + + + ,q 1 p, so that

1

s
^W•

ke~u0 !,W•
ke~u0 !&~t! 5E

0

t3 Sak21
0 2

Nk2q~t2!

s
D

gk2q
0

4 I H* 1

!sgk2q
0 * . eJ dt+

Applying ~3+7!, the first factor converges in probability to a finite quantity+ Thus,
~7+10! is satisfied+ Finally, consider the case wherek5 q1 p11, + + + ,q1 2p, so that

s21^W•
ke~u0 !,W•

ke~u0 !&~t! 5E
0

tF gk2q2p
0

ak2q2p
0 2

Nk2q2p~t2!

s
G

3 I H* 1

!sFak2q2p
0 2

Nk2q2p~t2!

s G * . eJ dt+

Applying ~3+7! results in~7+10!+ This completes the proof of~7+10! for k51, + + + ,q1
2p+ Combining this result with~7+9!, ~7+7! follows from the Martingale Central
Limit Theorem+ That~7+8! holds is evident by taking a Taylor expansion ofIt

kl~u* !
aroundu0 and using the results obtained in Theorem 3+2+ Using the definition of the
generalized inverse@21# and applying Theorem 2+4+5 of Anderson@3# guarantees
that the limiting distribution is valid+ This completes the proof of the theorem+ n

Proof of Lemma 4.1: Using ~3+6!, we obtain

!sFN*~t!

s
2 ZX*~t;u0 !G

5 !sFN*~t!

s
2E

0

t

f*St;
N t2

s
,u0D dtG

1 !sFE
0

t

f*St;
N t2

s
,u0D dt 2 ZX*~t;u0 !G

5
1

!s
E

0

t

dM*~t;u0 ! 1 !sFE
0

tHf*St;
N t2

s
,u0D2 f*~t; ZX t2,u0 ! dtJG ,
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whereM*~t;u! 5 ~M1~t;u!, + + + ,Mp~t;u!! t andf*~t; x t2,u! 5 g J ~a 2 x*~t2!!+ Let
f*
' ~t; y,u! 5 ~]0]y!f*~t; y,u! andf*

''~t; y,u! 5 ~]0]yt !f*
' ~t; y,u!+ Using a Taylor

series expansion, we have

f*St;
N t2

s
,u0D2 f*~t; ZX t2,u0 !

5 f*
' ~t; ZX t2,u0 !SN*~t2!

s
2 ZX*~t2;u0 !D1

1

2SN*~t2!

s
2 ZX*~t2;u0 !Dt

3 f*
''~t;Y t2,u0 !SN*~t2!

s
2 ZX*~t2;u0 !D, (7.11)

for

Y [ F ZX*, N*s G +
Since ~]0]y!f*~t;y,u0! 5 2g0, then f*

''~t; y,u0 ! 5 0+ Thus, the second term in
~7+11! is equal to0+ Hence,

!sFN*~t!

s
2 ZX*~t;u0 !G

5
1

!s
E

0

t

dM*~t;u0 ! 1
1

!s
E

0

t

~2g0 ! t~N*~t2! 2 s ZX*~t2;u0 !! dt+ (7.12)

Using Theorem II+6+3 of @2# , ~7+12! simplifies to

!sFN*~t!

s
2 ZX*~t;u0 !G 5

1

!s
h0~t!E

0

t

~h0~t!21 ! t dM*~t;u0 !,

which proves the lemma+ n
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