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We consider a series system witikomponents where the failure rate of each com-
ponent depends on the residual number of defects preSentessive tasks are
given to the system with each task completion time independent of each component
failure time Based on the outcomes over a fixed testing pertbd asymptotic
properties of the estimators of the component parametesk completion param-
eters and eventual system reliability are obtained

1. INTRODUCTION AND DESCRIPTION OF MODEL

Consider a system consistingmtomponentgor subsystemsstructured in series
so the system fails when a component fallet T = (T,...,T,)’, where © is
vector/matrix transposedenote the random vector of the component lifetinses
the system lifetime is mifTy,...,Ty}. In many situationssuch as electronjcom-
puter softwarebiological and mechanical systemis is desired that the system
be able to perform a missiortiask or job with high reliability that is a high
probability of successSuch missions will usually have their own completion times
(For instancewhen sorting an input file consisting of thousands of records using
*Part of this work was done while MAgustin was visiting the Department of Statistitsniversity of Pittsburgh
Pittsburgh PA 15260 He wishes to acknowledge the support of this departnpenticularly Professors Henry Blogk
Allan Sampsonand Thomas Savits
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a bug-free sorting progragm random amount of CPU timdenoted byC, will be
consumed For a given mission with completion timg, the probability that it
will be successfully completed by the systeatso referred to as thgystem reli-
ability, is P{C < min{Ty,..., T }}. In the development of such systenus while
they are deploygdhe components are constantly being improved in the following
iterative way When the system fails before mission or task completibe com-
ponent that caused the failure is improved through redesigpoaredimination of
defects(such as “bugs” in softwajeand a similarly structured system but with
the improved component is then further tested or redeplofedhis process of
testing and component improvement procedts system lifetime will increase
stochasticallyand as a consequendhe system reliabilitP{C < min{T,..., Tp}}
will also increasgso after a certain period of testing and component improve-
ment this reliability will exceed a certain desired reliabilitpn this paper we
consider one particular model and tackle the problems of estimating the system
reliability after a certain period of testing and component improvepsanivell as
the parameters of the distributions of the completion times and the component
lifetimes The parameters of a component lifetime will be classified into two types
the first will represent the number of defects in the componamd the other will
represent the contribution of each defect to the failure intensity of the component
The resulting model will extend the one software reliability model of Jelinski and
Moranda[15] to a system of componentwith the added feature that missions or
tasks have their own random completion tim&ke resulting model can be de-
scribed as alynamic competing risks model

We describe the specific model of interésfe suppose that the system will be
tested for a period = [0, 7], where 0< 7 < oo is some fixed timeThe case where
the testing period is sequentially determined will be considered in another pager
makes substantial use of the results presented in this.paAfewill postulate the
following:

i. The random completion time of a mission has hazard functgn) where
A%(-) belongs to some clagsof hazard functionsin the area of software
reliability, the specification of these tasks is called a program’s operational
profile (Musa and Ackermaf20]).

ii. At time 7o = 0, for the jth component(j = 1,...,p), there exists a pa-
rameter vectotB?,y?) whereB? € N={0,12,...} andy® = 0 and such
that the hazard function of the failure time of tfie component is given
by A;(t;BP,y?) = B2y t. This is the assumption in the Jelinski and Mo-
randa[15] model for the failure time of the softwarehereBp represents
the initial number of defects in the softwarand y is the failure rate
contribution of each of the defects in the software

iii. When a mission or task is assigned to the systam ofp + 2 events could
occut (a) the mission is completed successfuihdicated by setting = 0;
(b) thejth component(j =1,..., p), fails before mission completiomdi-
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cated bys = j; or (c) both completion time and system lifetime are right-
censoregdsuch as when a power failure occraad this will be indicated by
settingd = —1. We shall denote by, < 7, < ... the successivperation-
al) times of event occurrenceand byé,,8,,... the successive event indi-
cators and for notational conveniengse setr, = 7q.1 = ... = cofor 7, >

7 and withd, = 8,41 = ... = A* whereA* & {-1,0,1,...,p} and is some
arbitrary value

iv. Ateach of the event occurrencéiseB”'s get updated according to the rule
(newBP) « (old B?) — 1{8 = j},

wherel {-} is the indicator functionin other wordsthe number of defects of
thejth component decreases by 1 if it caused the system fadtinerwise
it remains the same

v. When the system is restarted or redeployed for further testiegmission
or task completion hazard rate and component lifetimes hazard rates are still
identical to those specified ifi) and(ii) except for the change in tHgf's.

vi. The completion time and component lifetime variables are mutually sto-
chastically independent

Thus the parameter vector of the modebid= (A%(-),y?,...,v5,BY, ..., B3) aside
from the nuisance parameters involved in the right-censoring mechahismeli-
ability of the system just after time, the time of test terminatigrbecomes

oo P P
p.(6°) = j exp{—tz vPBj(r)} A3(t)exp{—AY(L)} dt = <p°< > vﬁBJ-(r)),
0 j=1 j=1

(1.1)

whereg?(-) is the Laplace transform of the completion tim8(- ) is the hazard rate
function of the completion timeandB;(7) is the remaining number of defects in
component at the end of the testing period/e therefore seek to obtain estimators
of 8° and more importantlyof the system reliability,(8°) just after test termination
Several papers have dealt with the problem of estimating the parameters gov-
erning the lifetimes of componentas well as the system reliabilitiost of the
papershoweveywere limited to the case of one componémtsubsystem More-
over, the situation where some task or mission is to be completed seems not to have
been considered in the literatufepartial, but not exhaustivdist of papers include
Jelinski and Morandfl5], Littlewood and Verral[18], Musa[19], and Goel and
Okumoto[13] in the software reliability areaand Blumenthal and Marcu$] and
Joe and Reifl16] in system fault estimatioMhe case where the termination of the
testing process is sequentially determined has been consjdenetg othersby
Forman and Singpurwalld2], Rosg22], Dalal and Mallowg9], and Singpurwalla
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[24] in the software reliability argand by Chow and Schechné] and Ferguson
and HardwicK 10] in proofreading

We now outline the contents of this papkr Section 2 we present the math-
ematical setting and derive the estimatdiise asymptotic properties of the estima-
tors are examined in Section®hile Section 4 deals with the estimator of system
reliability at the end of the testing periodlconcrete example is provided in Section
5, where the case of exponentially distributed task completion times is considered
Asimulation is presented in Section 6 in order to investigate the finite-sample prop-
erties of the system reliability estimatdie have deferred the formal proofs of
lemmas and theorems in Section 7 in order to focus on the main results

2. RELEVANT PROCESSES AND ESTIMATORS
2.1. Formalization of the Model

We approach these problems by utilizing the framework of counting processes and
martingalesso we define in this section the relevant stochastic processes and present
the partial likelihood process which will be utilized in making inference alBolét

F ={F:t= 0} be the natural filtration 0Q, F) with % = o {(7,,6,) : 7, =t}. Then
{(m,6n) :n=1,2,...} is amarked point process with respect to the filtraffpwhere
thed,’'s represent the markwith the marks belonging to the #8t={—21,0,1,..., p}
(Arjas[4]). Associated with this marked point process is (fpet 1)-dimensional
processN (t) = {(No(t),Ny(1),...,Ny(t))': t = 0}, where

Ny (t) = i Hr=t;8,=d}, deD. 2.1)

With respect to the filtratiofr, {N (t) : t = 0} is a multivariate counting procedset
A(t;0°) = {(Ao(t;0°), Aq(t;0°),...,A,(t;0°))': t = O} denote theF-compensator
vector ofN such thatA(0;0°) = 0, and

M (t;0°) = N(t) — A(t;0°), t=0, (2.2)

is a vector of local square-integratifemartingalesWith these processgwe for-
malize the notion of a modified Jelinski-Moranda model for a series system

DEeFINITION 2.1: Let (Q,F,P) be a probability space and lét = {:t = 0} be
the natural filtration generated by the marked point procfss,8,):n=1,2,...},
where0 =79 < 7, < 7, < ... and §, € D. This marked point processr e
uivalently its associated p + 1)-dimensional multiariate counting process
{N(t):t = 0}, satisfies amodified Jelinski-Moranda model for a series system
with true parametevector 8° = (A%(+),y?,...,v3,BY,...,BY)t € C x RY X NP,
where C is some class of cumulag hazard functionsif its F-compensator
A(t;0°) = (Ao(t;0°),As(t;6°),...,A(t;6°))" is

https://doi.org/10.1017/50269964899133060 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964899133060

DYNAMIC COMPETING RISKS MODEL 337

H{r_s <t=7 AY(dt —7_,) fd=0
Afdt) = | 2 1T STl =) . @3

¥a(Ba — Ng(t—)) dt ifd=1...,p

This definition of a modified Jelinski-Moranda model for a series system for-
malizes the model described in Sectioifhe assumed independent right-censoring
property allows us to express the vector of compensa&as in(2.3). Following
Definition 2.1, the F-adapted proces$/ (t;0°) = {(Mq(t;0°),M,(t;0°),...,
Mp(t;6°))': t = 0} with

t

No(t) = > | {71 <u=r}A%du—r7,,) ford=0
n=1J0

Mq(t;0°) = t
Nd(t)—f ¥8(BY — Ny(u—)) du ford=1...,p
o

(2.4)

is a vector of square-integrable lo¢amartingales with predictable quadratic vari-
ation processed-leming and Harringtohl1]) given by

Ay(t;6°) ifd=d' =0,1...,p

(Ma(-;8°), Mg/ (-;6°))(t) = {0 i d+d

2.2. Likelihood Process

In Definition 2.1 the true parameter vectéf is typically unknown and the statis-
tical problem is to make inferences about this parameter based on the realization of
the marked point proce$6r,,8,):n=1,2,...} or the multivariate counting process
{N(t):t = 0}. For our statistical model we suppose that there is a family of proba-
bility measures® = {P,,: (6,v) € © X Y} on(Q, F), whereb = (Ay(-),y ,B")"is

the parameter vector of interest anid a nuisance parameter vector associated with
the right-censoring mechanisifo incorporate our statistical model in the filtration
we redefineF = {#:t = 0} according ta% = o {((7,,8n) : T = 1), (L(U),u = t)}.
HereL(-)isdefinedvial(t) = (A(u;0);0 € ®,u=t), and itrepresents information
concerning the possible compensatorsNoFollowing Jacod14] (see also Ander-
sen Borgen Gill, and Keiding[2]), the relevant portion of the likelihood functipn
given %, for making inferences abod@étis

P
Li(6) = 775{[1_[ [Aq(du;@)]*N |1~ A(dU;O)]l_AN(‘”},
d=0
whereN(-) = SR_oNq(-), A(-;0) = Sh_oAq4(+;0), and 77} denotes the product

integral on[0,t] (see Andersen et dI2]). Let us consider the case whekg(-) is
absolutely continuous with hazard rate functidg(-) parametrized by @ X 1
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parameter vectgd. Thus the parameter vector of interest can be represent@d-by

(B4 ,BYt By using(2.3), the relevant portion of the log-likelihood function can be
written as

1.(6) = fo |09{ 2 Hrs <u=mfAo(u— Tn_l;ﬂ)} dNo (U)

n=1

o t
f I{'7'n71 <u= 7-n}/\o(u - Tnfl;ﬁ) du
0

-2
P t t
¥ 2{ | 10018~ ot aNy(w) = [ 7By~ Nyt du}.
d=1 0 0

SinceANy(u) = 0 wheneveu # 7, for somen, then
t oo
f |09{ E {1 <U=7fAo(u— Tn—1§B)} dNo(u)
0 n=1

= 2 [|0g{)\0(7n_Tnfl;ﬂ)}]ANO(Tn);

{nir,=t}

o t
2 f I{Tnfl <u= Tn})‘o(u - Tnfl;ﬂ) dU
n=1+J0

K(t)

= 2:1 Ao(Ti — T 13B) + Ao(t — 7¢(1); B), (2.5)

whereK(t) = max{n: 7, = t}. Note thatK (t) is &-measurableThus

K(t)

l(0) = 2:1 l0g{Ao(7k — Tk—1;B)}ANo(7y)

K(t)

- kzl Ao(Tc = Tk—13B) — Ao(t — T (1) B)

p t t
+ > {f l0g{y4(Bg — Ng(u—))} dNg(u) _f Ya(Bg — Ng(u—)) du}-
a=1| Jo 0

2.3. Score Process and the Maximum Likelihood Estimator

The score proceddJ,(8):t € [0,7]} has the form

3l(6) '
Ui(8) = = (Ut’*(o)‘, U (0)", Uf‘(*’)‘) ;
e 00 — Y

(g+2p)x1 gqx1 px1 px1
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where with

BB = S Hm 1 < U= Ao(U— 75 1:B), (2.6)

n=1

we have

ty
UA(6) = j 1005 (u5B) M50

tdMgy(u;6) Mq(t;6)
ure)={ | —— == :
% (fo Yd )d],.“,p ( Yd )d],.“,p

UIB(B) _ <J: I{Bd B Nd(u_) > 0} de(U,O))

(Bg — ng(u—))
LetZ(uy) = (€1(wy),...,Eép(usy))  and¥(u; B) = (1(u; B), ..., ¢ (u; B))Y, where
) _i ) _I{Bd_Nd(u_)>O} B
fa(uyy) = » and y4(u;B) = Bi NyuD) ford=1,...,p.

Then a more compact representation of the score process is

d=1....p

U,(0) = fOtH(u;G)dM(u;O), (2.7)

whereH (u; ) is the(q + 2p) X (1 + p) matrix given by

ai log@(u;B) 0
Hs6) = 0 Diag(= (1)) | (28)
0 Diag(¥(u; B))

with the convention thatif x is a p X 1 vector then Diagx) is thep X p
diagonal matrix with diagonal elements being the elements dhe elements of
H(-;0) are locally boundedsince they are left-continuous adapted processes
Moreover the elements oH (-;0) are predictable processednderd = 9° =
(BYOL(YO)LBOYHY, U(8°) is a(q + 2p) X 1 vector of square-integrable local
martingales whose matrix of quadratic covariation processes isgthe 2p) X

(q + 2p) matrix

t

<U.(0°),U-(0°)>(t)=f H(u;0°)(M(-;6°),M(-;6°))(du)H (u;6°)"

0

=f H (u;6°)Diag(Ao(du;8°),...,A,(du;0°))H (u;6°)"
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As a possible estimator (ﬁo,Agivep F-, one could use the maximum likelihood
estimator( MLE), denoted byd = (8%5',B")", which is thed that maximizes.(6).
One may obtain this as a solution of the systenicpf 2p) equations

K@ g R K(") X
gl £ log Ag(7k — Tk—1;B) ANo(7y) = kgl @ Ao(Tk — T—13B)
0 N
+ @ Ao(T — TK(T);B); (2.9)
N.(1) ® (1/9) = fo (B — N,(u-)) du; (2.10)
fo ¥(u;B) ® (dN..(u) :fo ¥ ® Q(u; B) du; (2.11)

where denotes componentwise produand
Nv(t) = (Nl(t)7 e Np(t))t9

Q(t;B) = (qu(t;B),...,qp(t; B)),

with qq(t; B) = I{By — Ng(t—) > 0}, ford =1,..., p. Notice that the first equation is
functionally independent from the second and third equati@msthe other hand
(2.10) yields thep X 1 vectory which has components

Nq(7)

Yd = T
J(; (Bd — Ny(u—)) du

., d=1....p. (2.12)

Notice thatyy can be interpreted as the ratio of the total number of failures caused by
component on[0, 7] and the total time that the defects are present in the time period
[0, 7]for component. Substituting2.12) into (2.11), one obtains the set of equations

1{By — Ny(t—) > 0}

f|{|§d— Ng(u—) > 0} du

d{ Nd(t)} -1  d=1..,p, (2.13)

0 éd - Nd(t_) Nd(T)

fo (B~ Na(u-)) du

from which B can be obtainedThe terms in braces can be interpreted as relative
rates

Recall that the major aim of this paper is to provide an estimator of the system
reliability at the end of the testing proce3$ie system reliabilitywhich is defined
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in general in(1.1), is denoted byp,(8°). Since atr+ the remaining number of
defects for componentis By(7) = B — Ny(7), then

p-(8°) = e°[1(y° ® (B® = N.(7))),B°], (2.14)

where

£°(u.8) = Elexp-uC)) = [ expl-uc)Ao(c:B)expl~Ao(c:B)} e
0

isAthe I:aplace transform of the completion time at the parameter \&lifed =
(BLyLBYis the MLE of8° = ((B%)4(y®)4,(B°)Y)! based onF,, then the MLE of
p-(6°)is

p- = ¢°[1(7 ® (B = N.(n)),B]. (2.15)

From (2.15), it is clear thatin order to obtain the properties @f, it would be
necessary to derive the propertieséof= (B'7',B')". The next section therefore
presents results on the propertiegof

3. ASYMPTOTIC PROPERTIES OF ESTIMATORS

In this section we will derive large-sample properties of the Mi.EVe will con-
sider a sequence of models which follow the model described in Sectindexed
by n, and lets™ denote the size of a component relative to some unit of megisure
the software reliability settingsize can be measured in terms of thousands of lines
of code. We assume that™ — oo asn — oo, and that the initial number of defects
in component per unit size is equal to some unknown quantifyand is the same
for all modelsn=1,2,.... Thus the initial number of defects in the&th model for
componentlis B{Y = s« (van Pul[25]). In this settingwe redefine the param-
eter vector to b@ = (BLyla')t

Let us examine the compensator f(t). From (2.4) and (2.5), this can be
expressed Vi (t;8) = S Ao(rq — T 13B) + Aot — 7x;B). Let Nu(t) =
S _1Ng(t), soK(t) = N.(t) = N.(t—) + AN.(t). Then

N. (1)

Ao(t;8) = kgl Ao(Tk = T 13B) + Ao(t — Tn1); B)-

The following lemma easily follows by noting that eith®eN.(t) =1 orAN.(t) = 0.
The main essence of the lemma is tAgtt; 8) depends only ocF;_.

LEmMaA 3.1: Foreach =0, Ag(t;8) = i1 Ao — 713 B8) + Aot — ()3 B)-
The following corollary immediately follows from Lemmal3and(2.6).

CoroLLARY 3.1: The intensity process ofglt) is @ (t;8) = Ag(t — 71—y B)-
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Consider now the sequence of counting procebsgs= (Ng™, N;" ..., N{™)t

associated with the model described in Section 2 with intensity proceées

of form
1 (n)
< Mo (t= T3 B)
AV (t;0| 7" = s 3.1
(t:617") N () @1
Y ® a— S(n)
Let(N'™)"1(k) = inf{t: N = k}. It follows thatr, = (N.") (k) and in particular
, | N.(n) -1 N.(n)(t_)
s = (N HN(t-) = ( - ) < o ) (3.2)
s s
so that

N.(n) -1 N.(n)(t_)
Ao (t = i :B) = AG (“(W o JB)-

Letx_4(-),...,%y(-) be nondecreasing elementsi0,0), the space of cadlagight-
continuous with left-hand limijsfunctions on[0,c0) endowed with the Skorohod
topology and definex..(t) = (xq(t),..., X,(1))", x(t) = (Xo(1), x.()")", andx.(t) =
(Xx_1(1),x(t)Ht Also, define

O/ -1 _Y)-
At — x7H(x.(t )),ﬁ)], (3.3)

Y ® (@ — x.(t-))

wherex.(t) = Sh__; X4(t), andA'?(-; B) is some hazard rate functioBonsider the
case wheray'(-;8) is of form

d(t;x',0) = l

AG(-;B) = sSWAD(-:B8) + 0(D). (3.4)
If we letr ™(t) = (0(1),0,...,0)} then

(n)t—

A (10| 77 = s<“>¢<t; 0) +r (). (3.5)

sm

Furthermoreconsider the following conditions ot‘é’)(- ;B) which are similar to the
conditions given in KurtZ17] (see also van P{yiR5] and Andersen et a[2]). For
everyx,, Y. € D[0,00) P*2 and for eaclB,

(K1) sup=, x(t,xI7,B) < o0; and
(K2) there exists a consta@tnot depending ohsuch thatt < 7,

[k (t,x:7,B) = k(t,y:",B)| = Cx.(t) — y.(t)],

where k(t,x!7,8) = AQ(t — x.X(x.(t));B). In the following theorem we de-
scribe the limiting vector function to whicN (W/s!™ convergesFor brevity of
notation we suppress the superscrimt Moreover let (1 — exp(—y°t)) = (1 —
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exp(—y21),...,1 — exp(—yJt)). Recall thatd® = ((8°)4(y°),(®))! is the true
value of the parameter vector

THEOREM 3.1: Assume thax\(é”(~;/3) satisfies condition$K1) and (K2). Then as

n— oo,
i N(D)
supl — — X(t;6°)| 25 0,
t=71 S
whereX(-;6°) is the unique solution of
t
X(t;6°) = f é(u; X~,6°) du; (3.6)
0
ii. if AY(-;8°) is right-continuous ab with o(8°) = A$(0;8°) > 0, then
. {o(BO)t
X(t;0°) = . 3.7
(6% [a‘) ® (1- exp—y™) ©.1
ProoF: See Section.7 u

We now prove that the MLH is a consistent estimator éf. We assume the
following conditions for/\%))(- ;iB).
(@) The partial derivatives ofy (t;8) and logAY (t; B) of the first secondand
third orders with respect t8 exist and are continuous B
(b) Fork,I,m=1,...,q,the following functions are continuous functionst &
[0,7]:
d 9? 93
— A (t:B), ——— NG (:8), and ————— AP (t:B).
B ° Bop "’ OBOP OB
(c) The matrix29 = (0w (B°))k1-1.... qiS positive semidefinitewhere
d d
- /\(0) O; 0 R A(O) 0; 0
[ ipi080]| 2 0
r
A9'(0:8°)

Ukl(ﬁo) =

(d) There existpredictable processts -) andGy(-) such thatfor some neigh-
borhoodB? of g°,

3

_r
R

3

)\(g)(t;ﬂ)‘ = Hy(t) and

sup
Ben®

sup

——— log AQ(t; ‘se t),
S | 9838 9 0g Ao (t;8) o(t)
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forallk,I,m=1,...,q. Moreover
t 1 t
_ = _ [(Ores . RO
f Ho(u — 7, (o) du, Sf Go(U — 7 o) Ao (U — Ty um3B8°) du,
0 (0]

and

! 92 2
f |:a'3 9B |Og )‘(OO)(U - TN.(u);ﬂO):| )\((;))(U — TN.(u—);BO) du
0 k |

all converge in probability to finite quantities as— oo, and fore > 0,

1 t
g J Go(u— TN_(u—))|{|SflGo(U — Tno)| > €}
0

X )\(g)(u - ’TN'(U,);ﬂO) du L 0.

Consider theq + 2p) X (q + 2p) matrix3° given by

32 0 O
30(r)=3°=| 0 39 39|, (3.8)
0 3% 3%

where with () = (91(7),...,mp(7))" = (€XP(—Y17),...,exp(—y,pT))", we have

P(L—nP(7)
35 = Diag(a’® (1-7°(1) ® (v°) %) = Diag(%’ 1= L...,p>;

1- i0 T) .
$ = Diag((1— 1°(1) ® (a®* ® n°(7)) ") = Diag(#o((ﬂ), i = L---,p>;

39 = Diag(7,...,7).

In the next theoremwe show that with probability going to onéhere exists a
solution to the likelihood equation which is consistentd8r

THEOREM 3.2: Suppose conditionga)—(d) are satisfied Furthermore assume
AQ(-;B) satisfies all the conditions gén in Theorem3.1. Let N_,(-) be the
counting process associated with the riglensoredvalues with intensity process
A _4(+) that satisfies conditions similar t1) and (K2). Then there is a solution
6 = (B'9ta") of the equatior,(8) = 0 such thad == 8° = ((8°)%,(y°)',(a®)")t

Proor: See Section.7 u
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Consider théq + 2p) X (q + 2p) matrix (£°)~ given by

(=9 0 0
(2%r)~"=(=%"=| 0 (EYHT+FEF' —FE'], (3.9)
0 —E'F! E!

where(39?)~ is the generalized inverse Bf given by

-1 0
(29) = {"” éﬂ : g} F=(39)'s9 and E=3%-39F
(Rao[21]). In the next theorepwe present a result on the asymptotic normality of
6. This result will be used in establishing the asymptotic distribution of the estimator
of system reliability at test terminatioAnother application of this result is in in-
terval estimation of the completion afmt component lifetime parameteitdow-
ever since the system reliability is of primary importance in this patiés latter

aspect will not be discussed further

TraeoreM 3.3: If the conditions of 'Al'heoreﬁcljz hold, and@ is a consistent solution
of the equatior,(8) = 0, thenvs(8 — 8°) — Ng.2,(0,(2°)7).

Proor: See Section.7 u

Notice that the asymptotic covariance matrixdafeed not be of full rankThis
is a consequence of the fact that the limiting covariance mafiz not of full rank
whenp is not a scalar parameter as seen in condit®nin such a casghe com-
pletion time parameters are linearly dependent

4. SYSTEM RELIABILITY AT TEST TERMINATION

In this section we present the main result of this papée consider the se-
quence of models in Section &hich specifies thaB™ = sMa? andAY’(+;8) =
sMAD(-:B8) + 0o(1) (Eq. (3.4)). For thenth model the true system reliability and
its corresponding estimator are giveaspectively by

[ N (7
pi"(8°%) = o™ 1! <7° ® <a° - S(n() )>> S(”),ﬂo};

and

i ()
p = o™ 1t (y(n) ® <&<n> - N;(n()T)» s(”lB(”)]

where ¢ (-,B) is the Laplace transform associated with the hazard function
AD(-;B). Let us assume that there exists a functigfi(-,-) such that in a neigh-

https://doi.org/10.1017/50269964899133060 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964899133060

346 M. A. Agustin and E. A. Pera

borhoodB® of B° ¢ (-,B) for B € B is a Laplace transform associated with a
hazard functiom'(-;8), and such that

e™(us™,B) = ¢ (u,B) + 0(1) asn— co. (4.1)

This is the casefor instanceif ™A (c/s™;B8) = A (c;8) + o(1) asn — co.
Furthermoreif ¢ (u,B) is continuous atu, 8) = (11(y° ® «® ® n°(7)), B°), then
it follows from Theorem 3L and Theorem .2 that

~ pr %) — (% i
pq(.n) —> pq(. ) = QD( )[11(,),0 ® aO ® nO(T))aﬂo] = rllinoo P-ﬁn)(oo),

so thatp™ is a consistent sequence of estimators
To obtain the asymptotic distribution pf™, we note that it is a function of

(Ni”)(f))‘>‘

S(n)

RiM = ((ﬁ“‘))t, (7™ (@),

Thus upon obtaining the asymptotic distribution Bf", and together with some
conditions on the transforma®(-,-), the 5-method can be invoked to find the as-
ymptotic distribution of5™. LetR(7) = ((B%)%, (¥°)", (a®)', (X.(7;8°))")' where
X.(7:0% = a® ® (1 — 5°(7)). In the following lemmawe obtain a stochastic
integral representation of

6™ —4°
VSR = RU(7)] = Vs™ | N(r)

O X.(7;6°)

For brevity of notation we suppress the superscript Recall that® =
(B4 (¥°)(a®)h)t

LeEmMA 4.1: Suppose the conditions of Theor8m are satisfied and suppogeis
a consistent solution of the equatidh(8) = 0. Then

=) 0 J1 f H(t:6°)
0 Qn)|vslo |36

whereQ?(7) = Diag(n°(7)), J(t;6°) =[0, Diag((n°(t)) )], H(t;6°) is defined
in (2.8), and3°(7) is defined in(3.8).

VS[R, — Ro(7)] = { }dM (t;0°) + 0,(2)

Proor: See Section.7 n

Using the representation in Lemma.4it follows from the Martingale Central
Limit Theorem(see e.g., [2, p. 83]) that asn — co,

VS[R, — RO(7)] -5 N 3,(0,T0(7)),
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where

Ir°(r) = lim

n—oo §

0 2(7)
TH(t:6°)] o [HEeNT
X {fo [J(t;oo)}Dlag(A(dt,oo)){J(t;oo)] }

{(20(7)) 0 }t
X :

}[(20(7)) 0 }

0 Q2(7)
Upon simplifying we obtain

Fo(r) = [@0(7)) (Pf(r))‘}’

r(r) L)

where

I’(-) =[0, 0. Diagla®®n’()

px(2p+q) pxq pxp pxp
I7(r) = Diag(e® ® 7°(1) ® (1 - n°(7))).
——
pxp

Finally, invoking the multivariateS-method(Serfling[23]), and after lengthy but
straightforward manipulationshe following theorem is obtainedor details see
Agustin[1]).

THEOREM 4.1: Suppose the conditions of Theor8r8 are satisfied and the partial
derivatives p1o (u, ) = (3/0u) ¢ (u,8) and ¢gy (u,B) = (3/0B) ¢ (u,B) exist at
(u,B) = (v°(1),B°), wherer(7) = 1'(y° ® a® ® n°(7)). Furthermore suppose
the (g + 3p) X 1 matrix
¢o1 (v°(7),8°)
~¢10(#°(7),8%)(@® ® n°(7))
~10(#°(7),8°)7°
e10(v°(1),8°)7°
is nonzeroThenvs[ g, — pt*] LN N(0,32(7;0°)), where
92(730°) = [ 901 (v°(7), 8] [Z2()] [ @07 (v°(7), B°)]
p

+ @10(1°(7),8°)2 > ad(y8n3(r))?

d=1

{ 2ryd +1— (3(7)? + (ry (L + 778(7))}

DO(7) =

L 802 — () 2n(7) (4-2)
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As a consequence of Theorenidan asymptotic lower confidence bound for
the system reliability can be obtained from the log-odds transformatipn &y the
6-method we immediately have

| pr anl | py” §%(7;0°) 43
*N1-p PN1=p0 ) slpa=pi? ) “9

Letz, denote the 10 — ¢)th percentile of the standard normal distributitising
(4.3) and after straightforward algehran asymptotic 10@ — )% lower confi-
dence bound for the system reliability is

T X z,9(7;0) 1
pr X | pr + (1= p,)exp ool (4.4)

whered (;8) is as given in4.2) with 6° replaced byg.

Itis also of interest to determine the behavior of the limiting variahéer; 0°)
for relatively larger’s, which will coincide with the situation where the testing is
performed for a relatively long period of tim&o provide us with an idea of this
behavior we allow to approacheo. First, note that from their respective definitigns
ast — c0,7%(7) = 0(1) and(Z9(7))~ — 0. Consequentlyim,_,..»°(7) = 0; hence

T"Lnoo @10(r°(7),B°) = ¢10(0,8°) = —E(C*) =7,
whereC* is a random variable with hazard functiafy' (-;8°). On the other hand

P 2 04 1— 0 2 4 0)2 1+ 0
m 3 aé’(yé’ng(f))z{ e e ”"(T))} ~o.

I

T—>00 d=1
Thus for a relatively long testing perigdhe limiting variance of the standardized
system reliability estimator tends to This result is intuitively expected singg
converges to 1 as — co and asr — co.

5. CONCRETE EXAMPLE—EXPONENTIAL COMPLETION TIMES

Let us consider the situation where the successive completion @€s,... are
i.i.d. with common constant hazard rathat is Ay(t;3) = Bt. Hence (2.9) simpli-
fies toNy(7) = Br. The MLE of 8 is therefore

- No(7)  Number of completed jobs d, 7]
T T )

The estimators oB andy, denoted byB and, respectivelyare not in closed forms
but can be obtained numerically frof2.12) and(2.13).

For the asymptotic properties of the estimatave consider the sequence of
models specified in Section 3 such thd'(t; 8) = s AL (t; 8) = s™pBt. Note that
the hazard rate associated with job completion increasesimsreasesThis in-
crease isin order to compensate for the fact, thett increaseghe initial number of
defects in each component also increatesreby shortening the time to encounter-
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ing a defectIn the sequelwe let8° = (8%(y°),(a®)")! denote the truebut un-
known, parameter vector

Under this exponential completion times madminditions(K1) and(K2) are
clearly satisfiedSince)\((?)( -;B) is right-continuous at 0 With(g)(o;,Bo) = B9 then
if B° € (0,00), Theorem 3L holds withX,(t;6°) = B°t. Conditions(a)—(d) are also
satisfied with>9(7) = 011(8°) = 7/8% Ho(t) =0, andGo(t) = 2/(B° — €)% for some
€ > 0. Thereforeby Theorem 2, there exists 4= (B Vis-ees Vs A1, ap) with
B = No()/ and (%, B) = (7,5 &) solving (2.12) and(2.13) such thatd = 6°.
In addition by Theorem 3B, asn — oo,  ~ AN (8°,(s™3°(7))"1), where3%(7) is
as defined in(3.8) with 9(7) = 7/8°% In this situation (3°(7))~ = (3°%7)) %

The Laplace transform ofy(t;8) = Btis ¢°(u,8) = 8/(u+ B) foru> —pg.
From (2.15), the reliability function estimator at the end of the testing process is
therefore

A

A B _ No(7)

p’T = N A A .
1t B — N. P R
FOE=NMEE S s (Bo— No(r) + No(r)

To obtain its asymptotic propertiage note that the Laplace transform associated with
Ao(-:B) satisfiesp(us B) = B/(u + B) = ¢ (u, ), S0 (U, B) = —B/(u + B)?
andgoof(u B) = u/(u + )2 which are both nonzero 4u, 8) = (»°(7), 8°) with

() =1y ®a’® 1;0(7-)) = X0 1adydexp(—y37). From Theorem 4, as
n— oo, p{™ is therefore asymptotically normal with meafi’ and asymptotic vari-
anceﬁz(r 0°)/s™, where

A(n) — NO(T) X

pT p 9
T dE Fa(s™ég — Ng(7)) + No(7)
=1

* BO
p = m; (5.1)
.90y — B°

PO = oty + g0

0(7)2 0 0/ 0.0(\\2
X +B° > ad(ydnd(n))

d=1

“ [2773 +1- (72 + (79921 + nc?(T)):|}
(1= nd(7)% = (mv3)*nd(7) ’

Finally, a 1001 — £)% lower confidence bound jor the system reliability can be
obtained using4.4) and(5.1), with 8° replaced byd.
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6. SOME SIMULATION RESULTS

To serve as numerical illustrations and to gain some insights into the finite-sample
properties of the system reliability estimatorodest simulations were performed
In these simulationshe task completion times are exponentially distribugedi the
series system is assumed to have two componentshatp = 2. An arbitrarily
chosen value 08° = (8% v2,a?,v9,a?) = (8,0.20,50,0.25,55) was fixed and the
values ofr, given byr = 10 andr = 15, were consideredror this value o®°, the
system reliability at = 0 is 02519 Furthermorewe tooks™ = 10 ands™ = 50,
where we recall tha™ represents the “size” of the systelror each pair ofr,s™),
500 realizations 0f, were generated he simulation program was coded in Fortran
and subroutines from the IMSL MatBtat Library were used to generate the failure
times The histograms of the realizations@ffor the pairs of values af ands™ are
presented in Figure, With these plots generated using S-Plus

Observe that for the larger valuenfthe simulated sampling distribution pf
is more skewed to the lefThis left-skewness could be attributed to the fact that the
values ofp, are getting closer to unity asincreaseswhich is expected since a
longer testing period will result in a more reliable systéintice howeveythat as
s increaseghe normal approximation becomes betidote that the higher degree
of skewness at larger values ofor fixed s does not contradict the asymptotic
results presented in Section 4 since the asymptotic set-up there-fixigite letting
s - oo,

For the pairs of values af ands'™, we also compared the standard deviations
of p, obtained from the simulated data with the asymptotic variance givéh.by
Recall thaip, ~ AN (p,92(7;0°)/s'™ ). Moreover the achievedsimulated cov-
erage probability of the 90% lower confidence bound present@tdiis examined
These results are summarized in Tahl®Ve see that the achieved coverage proba-
bility of the lower confidence bound becomes more consistent with the desired as-
ymptotic level ass™ gets largerNote that forr = 15, the coverage probability is
greater than the desired asymptotic level which results in a more conservative bound
This could be attributed to the left-skewness exhibite@ hyrurthermorenote that
the mean of the simulated valuesifis close but tends to be larggto the expected
system reliability at. Finally, the difference between the standard deviations,of
and the asymptotic standard deviatibtr; 6°)/y/s™ diminishes as we increasé’
from 10 to 15 withr fixed. These observations are to be expegcsiuce the asymp-
totic set-up involves increasirsy™ while holding the value of fixed.

7. PROOFS OF THEOREMS AND LEMMA 4.1

ProoF oF THEOREM 3.1: Part(i) follows from Kurtz's Lemmd 2, pp. 87-8§ be-
cause of the relationship i(8.5). SinceNy(t) = sag for everyd = 1,...,p, then
Xq(t:0°) = a8, s0gg(t; X17,0°) = y(al — X4(t—;0°)), ford=1,...,p. Thus it
follows from Andersen et a[2, pp. 430—433 thatX4(t;0°) = ad(1 — exp(—y3t)),
d=1,...,p[25]. Itremains to findX,(t; 8°). Clearly sinceN.(t)/sis nondecreasing
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FIGURE 1. Histograms of 500 simulated values pf for (7,s) € {(10,10),
(15,10),(10,50),(15,50)} when#® = (8% y2,a?,v3, a?) = (8,0.20,50,0.25,55). The
histograms in clockwise ordestarting from the top leftcorrespond tq10,10),
(15,10, (15,50), and(10,50), respectively

int, then)?.(t;ao) is also nondecreasing tnif X.(t;0°) is strictly increasingthen
X7H(X.(t—;0°);6°) = t for everyt = 0, and by(i),

Xo(t;6°) = fo X5 (0;8°) du = £o(BO).

It remains to showthereforethatX.(t;8°) is strictly increasingSinceXy(t;0°) =
0ford= —10,...,p, it suffices to show thaf(o(t;oo) is strictly increasingSince
A2(0;8°) > 0, then there exists an > 0 such that\y)(t; 8°) > 0 for everyt €
(0,€). Suppose there exists an interfialb) such thai,(t;8°) = Xo(a; 8°) for every
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TaBLE 1. Summary of Results with® = (8% v?,a?,v2,a?) =
(8,0.20,50,0.25,55)

st =10 sim =50

T 10 15 10 15
Mean ofp, .7680 .9102 .7634 .9071
Value of p* .7632 .9069 .7632 .9069
Coverage probability of 90% lower

confidence bound .524 .968 .887 .988
Standard deviation of, .0166 .0093 .0078 .0040
Value of 9 (7;6°)/+ s™ .0376 .0164 .0168 .0073

t € [a,b), that is Xo(-;8°) is not strictly increasingChoose av € (a,b) such that
w—a<e Then

Xo(W;0°) = Xo(2;0°) +f AU — XY (X.(u—;6°);0°); 8°) du.

a

Since 0< u— X Y(X.(u—;0°);6°) < e for u € (a,w], andAY(t;8°) >0 fort €
(0,¢), then

f X2 — XY(X.(u—;6°);6°); 8°) du > 0.
a

Consequentl,y)A(o(w;oo)A> Xo(a;0°) which contradicts the suppositiolt must be
the casethereforethatX.(-;68°) is strictly increasing |

Proor or THEOREM 3.2: We need to show the following

s 1UX6°) 5 0 (7.1)
STITH(8°) 5 ~0(0°); (7.2)

and there exists a consta@t> 0, not depending o such that
lim P{|s™*R¥™(9)| < G} =1, (7.3)

for all @ in a neighborhood aroungf. Recall that fork, I, m=1,...,q + 2p,

T P a
uke) =1 > [5 log Aq(t;0| F-) | dMy(t;0),
0 d=0 k

0 ad
7¥(8) = % Us(e) and RI™(6) = EL’"(G’)-
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The proof will then follow along the lines of Borgd] who uses the standard

arguments of Cramér given in Billingslé¢$]. To establisi(7.1), we show that
sTHUX(6°),UK(8°))(7) = sTHUX8°))(7) 5 0i(8°), (7.4)

and then apply Lenglart’s Inequalitge€/ 2, p. 86]) to obtain(7.1). Fork=1,...,q,

I o 2
[GB Xo (t = T 1); BC )]

1
—(UX(0°))(7) = dt.
S< O fo /\((())(t_TN,(t—);ﬂo)

Equation(7.4) will then follow if we can show that

20— 89 | La00e0)]|
B TNt B°) B, 0;8°)
sup 250 (7.5

t=r A (t = 703 B°) A9 (0;8°)

This result allows the interchange of limiting and integration opera:tlamsn Kurtz's
Lemma N_,(t)/s converges in probability to some cadlag functdn,(t). Hence

whereX.(-;8°) is strictly increasing and cadlaysing the representation i3.2)
and the relationshipy, ) =t = 7y ), (7.5) follows, since

pr
?UD‘ TN~ TNL(t) ‘ —0.
=7

For each of thg componentswe apply the results if2, pp. 430—433, which were
obtained for the one component caBerk=q + 1,...,q + p,

r ak q(l 77k q(T))

—<Uk(0°) Uk(6°))(r) 2 (70.)? 74(0°),
Yk—q
and fork=q+p+1,...,g+ 2p,
= <U k(0o) Uk(0°)>( ) 2 pr alnkA(T) _ Ukk(00)~

q p77k a-p(T)

Hence (7.4) is satisfied Next, we show tha{7.2) is satisfied Note that we can write

s TX(6°) = 2 [

2

log Aq(t;0°| F_) |dMy(t;60°
aakael g d( ) |~7:t ) d( ) )
a 0 a 0
20 Ag(t;0° F) Py Ag(t;0°] )

if « : dt.  (7.6)

Aq(t;0°| F2)
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The first term converges to zero in probability by using conditidyn Theorem 3L,
and Lenglart’s InequalityBy condition(c) and Theorem 3, we have

f aek dt 25 0,4(6°)
Sd 0 d(t,oolft— . '

Hence (7.2) is satisfied Finally, to show(7.3), note that fod =1,...,p,

O g A0l F) = = and ~ logAu(t6l £ ) 2
— o ;0|7 )=— and —lo 0| F) = ————————,
dyg D9 BOTE) = D dag OO MBI [ Nd(t—>]3
ad_—
S

while the remaining third order partial derivatives\gft; 8| %_) and logA4(t; 0] %_)
with respect toy; anda;,(i =1,...,p, i # d), are equal to OFore > 0, consider the
setO. ={6:]6 — 6°| = ¢}. Hencefor 8 € O,

T

de(t) +f Ho(t - TN.('[*)) dt,

0

Gq(t)

‘ Rklm(o)

’dOO

whereGqy(t) = max{2/[y3 — €13 2/[ad exp(—y3t) —€]3} ford=1,..., p. By con-
dition (d),

1 T
< [ Gt s et > ehagtol A ot o,
0
Using the Martingale Central Limit Theorem
1" 1/("
-f Gy(t)A4(t;6°| 7 ) dt  and -f Gy (t) dNgy(t)
S Jo S Jo

converge to the same finite quanti®y condition(d), [g Ho(t — 7y ¢-) dt con-
verges to some finite quantityhus (7.3) follows. u

Proor or THEOREM 3.3: As in the previous theoreour proof will follow the same
arguments as Borgdf@]. We need to show that

1 0y d 0.
\/_guf(o )_> Nq-¢—2p(o,2 )7 (77)
and
sZH0*) D —0(0°),  Kkl=1...,9+2p, (7.8)
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wheneved* = 6° To show(7.7), for e > 0, let
\'S

Utke(OO)
S

k(O
W, (6°) = <M:k=l,...,q+2p>,

V\/f(0°)=< :k=L...,q+2p>,

where
p t 9
U/(8°) = 2][—|09/\d(U;0°|fu)]
d=0 YO0 80k
X | Lo log Aq(u;0°| F,)
— — o u; _
\/gaek g d 9 u

Recall from(7.4) thats *(UX(6°))(r) © 04(6°). Whenk,I =1,...,q, (k= ),
s HUX(8°),U.(6°))(7)

T 9 F)
= | | = 10gAG (t = T.c:B%) || = 109 A (t = T 13 B°
-IO|:8,BK gAo ( TN,(t)ﬂ):H:aIBI gAo (t— T to);B°)
X AQ(t = Ty 03 BO) it

r| 9 d
- [E@k log A%))(O;BO)Ma—ﬂ log A(S))(O;BO)] A (0:8°)7 = 0 (8°),

> E} de(u,oo)

where the integration and limiting operations can be interchanged beca(¥sg)of
Whenk=q+1...,q+pandl=q+p+1...,q+2p,

sTHU/(6°),U.(8°)) () = s7(U.(8°),U.(8°))(7) = 7= 014(8°) = 0 (8°).

Thus
(W(8°),W(8°))(r) =30 (7.9)
Next, we show that
(WE(9°),Wke(8°)) () = 0. (7.10)

First consider the case wheke=1,...,q, so that

1
S (WH(°),W/“(8°)) (1)

[i/\(g)(t_TN(t)'ﬂo)]z
:JT 9Bk e
0

A (= 7,13 8°)

X | iilog)\(m(t—r BO)| > et dt
\/§E),3k 0 N.(t—)» .
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By condition(b), the first term converges in probability to
0 2
_ )\(0) 0: B°
|:aBk o] ( 7B ):|
A5'(0;8°)
which is finitg while the second term converges in probability tdH@nce by the

same arguments used in showit@4), (7.10) is satisfied fork = 1,...,q. Next,
consider the case wheke=q + 1,...,q + p, so that

< 0 Nk—q(t_)>

1 S \Gk-17 5 1
= (WK(8°),W/(6°))(7) = |
WO ) = | i H ~y

Applying (3.7), the first factor converges in probability to a finite quantityus
(7.10) is satisfied Finally, consider the case wheke=q+p+1,...,q+ 2p, so that

> E} dt.

o 0
STLONK(00), WA(6°))(r) = f ooy
o o Neasp(t?)
Qk—q-p s
1
X | N (o) > ¢ | dt.
Aoty B

Applying (3.7) results in(7.10). This completes the proof ¢7.10) fork=1,...,q +
2p. Combining this result with(7.9), (7.7) follows from the Martingale Central
Limit Theorem That(7.8) holds is evident by taking a Taylor expansioriZcf(6*)
aroundd® and using the results obtained in Theoref Bsing the definition of the
generalized inversg21] and applying Theorem.25 of Anderson 3] guarantees
that the limiting distribution is validThis completes the proof of the theorems

ProoF oF LEMMA 4.1: Using(3.6), we obtain

rs[ AT X*<r;o°)]
s
N..(7) T .N‘_
o2 [ o )]
o] [0 )]
1 T T Nt— .
%J; dM*(t;0°)+\/§{J; {%(HT,GO) - ¢.(t;X ,0°)dtH,
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whereM..(t;8) = (My(t;6),...,My(t;8))" ande.(t;x,0) =y ® (a — x.(t—)). Let
#.(t;y,0) = (9/9y)$.(t;y,0) and ¢ (t;y,0) = (3/9y")$.(t;y,8). Using a Taylor
series expansignve have

Nt .

¢* <t,?,00> - ¢*(t;xt7’00)
— rt.)'(tfoo <M_X t_.00)+}<w_x t—-9° )t
- ¢>L( ) ’ ) s *( ) ) 2 s *( ) )

X ¢,{:(t;Yt,0°)< - X*(t—;0°)>, (7.11)

for
|:A N*]
YE | X, — |
S

Since (0/dy) ¢..(t;y,0°) = —y° then ! (t;y,8°) = 0. Thus the second term in
(7.11) is equal to0. Hence

W2 )]

= ideM (t;0°) + if (—y°)YN,(t—) — sX,(t—;8°)) dt.  (7.12)
\/g o ERQT) \/§ o *® *® ’
Using Theorem 16.3 of [2], (7.12) simplifies to
N..(7) 1
\S

which proves the lemma u

ﬁ{ - X*(T;OO)} = nO(T)foT(no(t)‘l)‘dl\/l*(t;b‘o),
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