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Abstract Let {w;, p;} be a contractive iterated function system (IF§)dp. 79-80] with
probabilities, i.e. a set of contraction maps: X — X with associated probabilities;,
i=1,2,...,N. We provide a simple proof that for almost every address sequence
and for allx the limit lim, oo 1/n ), _, f(ws, ow,, ,0---ow,, (x)) exists and is equal to

fX f(z)du(z), whereu is the invariant measure of the IFS. This is the so called ‘ergodic
property’ for the IFS and was proved by Elton i8].[ However, the uniqueness of the
invariant measure was not previously exploited. This provides considerable simplification
to the proof.

Let X be a compact metric space and {et}~ ; be a collection ofL contraction maps
on X. Let{p;} be a collection ofL probabilities (i.e.)_; p; = 1).

In [4] Hutchinson proves that there exists a uniqgue meaguirvariant under the
Markov operatorM defined by

MW)B =Y piv(w; (B)),

wherev is a probability measure oki and B is a Borel subset oX. In fact M" (v) — u
for any probability measure since thew;'s are contractive (seet] p. 733]).
The operatotU defined as

U x) =Y pifwi(x)

(wherex is a point inX and f is a continuous function oX) is the adjoint toM and
will play an important role in what follows.
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Let
z=[Jix2....L}
N

be the code space (sek p. 364]) with P the product measure induced by the measure
p({i}) = p; on each factor.

We will need the projectiong” : ¥ — X" defined byz" (o) = (0, 04-1, ..., 01).
We will denoten” (o) by o”.

For o™ € " we denote byp,. the productp,, ps, , - .. pe,- Furthermore, we denote
by we: the composition

Wy, O Wq, 4 O+ 0 Wy,

n

The following theorem was proved by Elton i8] We provide a simplified proof of
this result.

THEOREM 1. For any continuous function f on X and anye X we have

nli_)m(x7 1/n Z S W 0wy, , 0+ 0wy, (X)) = /x f()du(z)

i<n

for P almost all address sequencess X.

Proof. Let f be a continuous function oK and letx be a fixed element ok.

We wish to show that

ny f(we(x)

converges. Leb-lim be a Banach Limit ori*(N) (see P, p. 82] for a nice discussion
of Banach Limits). Recall that a Banach Limit is a ‘generalized limit’ in the sense that
it is a bounded linear functional afi® which does not depend on the first terms of the
sequence id*>°. We will show that any two Banach limits will give the same value for
P almost every € X so that the limit exists almost everywhere.

Now f + v-lim,_o1l/n);_, f(ws(x)) is a bounded linear functional ofi(X).
Thus, by the Riesz representaEion theorem it corresponds to a measoreX. Since
if /=1, we get the limit equals 1, we know that this measure is a probability measure.

We show thatu, = u for P almost allo. This will show that for almost alb the
limit exists and is what we wish it to be.

Let S : ¥ — ¥ denote the shift map olX. Since eachw; is contractive andX is
compact, we know that

‘1/n Z f(wyi(x)) —1/n Z f Wy (x))‘ -0

asn — oo. Thus,

v-lim1/n )" f(we (1)) = v-im1/n Y~ f(wsey (1))

i<n i<n

Since the shift map ork is ergodic, we know that-lim,_.,1/n Ziin f(wgi(x)) is
constant forP almost allo.

https://doi.org/10.1017/50143385798108271 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798108271

A classical ergodic property for IFS: a simple proof 611

To show thatu = u, it suffices to show that

[ r@dane = [ vrodne
X X
which is the same as showing that

v-lim 1/n )" fwei () = v-lim1/n > "> " p; f (w; 0 wyi (x))
i=n n—ee i<n J
Computing, we get

vlim1/ny > " pif (wj 0 wai (x))

i<n j

/ vlim 1/n 3737 py £ w) 0 wyi (1)) dP(0)
4 J

n—00 "
€ex i<n

= j -lim 1 i 0 Wsi(x))dP(0).
;p] f M /n | f s o we () dP (o)

i<n

Performing the change of variabte = (01,02,...) — (j,01,02,...) we getdP —
dP/p; so this integral becomes

ij/pjf (v-lim 1Yn Y fwee(x)dP (o)
j J

01= i<n

_ / vim 1/ Y £ (1)) dP(@)

n— A
ex i<n

velim 1/n Y f (o (x))
i<n
for P almost allo.
Therefore, forP almost alloc we know thatu, is invariant underM so u, = u.
However, sincev was arbitrary this shows that fa? almost allo

Im a3 fn) = [ £ duc)

i<n

for all f and allx € X. O
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