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Strada Le Grazie, 37134 Verona, Italy
(e-mail: forte@biotech.univr.it)

‡ Department of Applied Mathematics, Faculty of Mathematics, University of Waterloo,
Waterloo, Ontario, Canada N2L 3G1

(e-mail: mendivil@augusta.math.uwaterloo.ca)

(Received28 August1996and accepted in revised form31 March 1997)

Abstract. Let {wi, pi} be a contractive iterated function system (IFS) [1, pp. 79–80] with
probabilities, i.e. a set of contraction mapswi : X → X with associated probabilitiespi ,
i = 1, 2, . . . , N . We provide a simple proof that for almost every address sequenceσ

and for allx the limit limn→∞ 1/n
∑

i≤n f (wσn
◦wσn−1 ◦· · ·◦wσ1(x)) exists and is equal to∫

X
f (z) dµ(z), whereµ is the invariant measure of the IFS. This is the so called ‘ergodic

property’ for the IFS and was proved by Elton in [3]. However, the uniqueness of the
invariant measure was not previously exploited. This provides considerable simplification
to the proof.

Let X be a compact metric space and let{wi}Li=1 be a collection ofL contraction maps
on X. Let {pi} be a collection ofL probabilities (i.e.

∑
i pi = 1).

In [4] Hutchinson proves that there exists a unique measureµ invariant under the
Markov operatorM defined by

M(ν)B =
∑

i

piν(w−1
i (B)),

whereν is a probability measure onX andB is a Borel subset ofX. In factMn(ν) → µ

for any probability measureν since thewi ’s are contractive (see [4, p. 733]).
The operatorU defined as

U(f )(x) =
∑

i

pif (wi(x))

(wherex is a point inX andf is a continuous function onX) is the adjoint toM and
will play an important role in what follows.
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Let
6 =

∏
N

{1, 2, . . . , L}

be the code space (see [1, p. 364]) withP the product measure induced by the measure
p({i}) = pi on each factor.

We will need the projectionsπn : 6 → 6n defined byπn(σ ) = (σn, σn−1, . . . , σ1).
We will denoteπn(σ ) by σn.

For αn ∈ 6n we denote bypαn the productpαn
pαn−1 . . . pα1. Furthermore, we denote

by wαn the composition
wαn

◦ wαn−1 ◦ · · · ◦ wα1.

The following theorem was proved by Elton in [3]. We provide a simplified proof of
this result.

THEOREM 1. For any continuous function f on X and anyx ∈ X we have

lim
n→∞ 1/n

∑
i≤n

f (wσi
◦ wσi−1 ◦ · · · ◦ wσ1(x)) =

∫
X

f (z) dµ(z)

for P almost all address sequencesσ ∈ 6.

Proof. Let f be a continuous function onX and letx be a fixed element ofX.
We wish to show that

1/n
∑
i≤n

f (wσi (x))

converges. Letν-lim be a Banach Limit onl∞(N) (see [2, p. 82] for a nice discussion
of Banach Limits). Recall that a Banach Limit is a ‘generalized limit’ in the sense that
it is a bounded linear functional onl∞ which does not depend on the first terms of the
sequence inl∞. We will show that any two Banach limits will give the same value for
P almost everyσ ∈ 6 so that the limit exists almost everywhere.

Now f 7→ ν-limn→∞1/n
∑

i≤n f (wσi (x)) is a bounded linear functional onC(X).
Thus, by the Riesz representation theorem it corresponds to a measureµν on X. Since
if f = 1, we get the limit equals 1, we know that this measure is a probability measure.

We show thatµν = µ for P almost allσ . This will show that for almost allσ the
limit exists and is what we wish it to be.

Let S : 6 → 6 denote the shift map on6. Since eachwi is contractive andX is
compact, we know that

∣∣∣∣1/n
∑
i≤n

f (wσi (x)) − 1/n
∑
i≤n

f (wS(σ)i (x))

∣∣∣∣ → 0

asn → ∞. Thus,

ν-lim 1/n
∑
i≤n

f (wσi (x)) = ν-lim 1/n
∑
i≤n

f (wS(σ)i (x)).

Since the shift map on6 is ergodic, we know thatν-limn→∞1/n
∑

i≤n f (wσi (x)) is
constant forP almost allσ .
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To show thatµ = µν it suffices to show that∫
X

f (z) dµν(z) =
∫

X

Uf (z) dµν(z)

which is the same as showing that

ν-lim
n→∞ 1/n

∑
i≤n

f (wσi (x)) = ν-lim
n→∞ 1/n

∑
i≤n

∑
j

pjf (wj ◦ wσi (x))

Computing, we get

ν-lim
n→∞ 1/n

∑
i≤n

∑
j

pjf (wj ◦ wσi (x))

=
∫

σ∈6

ν-lim
n→∞ 1/n

∑
i≤n

∑
j

pjf (wj ◦ wσi (x)) dP (σ)

=
∑

j

pj

∫
σ∈6

ν-lim
n→∞ 1/n

∑
i≤n

f (wj ◦ wσi (x)) dP (σ).

Performing the change of variableσ ≡ (σ1, σ2, . . .) → (j, σ1, σ2, . . .) we getdP →
dP/pj so this integral becomes

∑
j

pj/pj

∫
σ1=j

ν-lim
n→∞ 1/n

∑
i≤n

f (wσi+1(x)) dP (σ)

=
∫

σ∈6

ν-lim
n→∞ 1/n

∑
i≤n

f (wσi (x)) dP (σ)

= ν-lim
n→∞ 1/n

∑
i≤n

f (wσi (x))

for P almost allσ .
Therefore, forP almost allσ we know thatµν is invariant underM so µν = µ.

However, sinceν was arbitrary this shows that forP almost allσ

lim
n→∞ 1/n

∑
i≤n

f (wσi (x)) =
∫

X

f (z) dµ(z)

for all f and allx ∈ X. �
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