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RIIIČČČAAARRRDDDAAASSS ZIIITTTIIIKKKIIISSS
University of Western Ontario

Under minimal assumptions on the distribution of income, we demonstrate that
Chakravarty’s empirical~1988, International Economic Review29, 147–156!
E-Gini index is consistent and asymptotically normal+ We also derive an explicit
formula for the asymptotic variance of the index and then construct a consistent
and computationally straightforward estimator for it+

1. INTRODUCTION

Measuring economic inequality, and, indeed, finding ways to properly measure
it, is a challenging and important problem+ A large number of indices of eco-
nomic inequality, compatible with various axioms of fairness, have been pro-
posed in the literature+ For their definitions, related discussions, and further
references, we refer, for example, to the books by Kakwani~1980a!, Nygård
and Sandström~1981!, Sen~1997!, Champernowne and Cowell~1998!, Cowell
~1998!, Amiel and Cowell ~1999!, Silber ~1999!, and Atkinson and Bour-
guignon~2000!+

In one way or another, many indices are based on the Lorenz curve, the no-
tion of which was introduced by Lorenz~1905!+ Later, the notion was math-
ematically formalized by several authors, including Kendall and Stuart~1958!,
assuming that the~cumulative! distribution functionF of “income” X $ 0 has a
probability density function+ Finally, assuming only that the meanm :5 E~X !
is finite and positive, Gastwirth~1971! gave the most general definition of the
Lorenz curve as follows:

LF ~t ! :5
1

m
E

0

t

F21~s! ds, 0 # t # 1, (1.1)
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where

F21~s! :5 inf $u : F~u! $ s%, 0 , s , 1, (1.2)

is the quantile function ofF+ Note that formula~1+2! defines the quantile func-
tion F21 equally well for all distribution functionsF+ Thus, Gastwirth’s defini-
tion ~1+1! of LF is also valid for all distribution functionsF, implying the outmost
generality of it+ For more information concerning quantiles and further refer-
ences on the subject, we refer, for example, to Parzen~1979!, Csörgő~1983,
1986!, and Csörgo˝ and Horváth~1993!+

The value of the Lorenz curveLF does not depend on the measurement units
of X+ Furthermore, LF is always below the diagonal lineI ~t ! :5 t+ The diagonal
I, on the other hand, has a special interpretation+ Namely, if the incomeX is
constant, meaning the absolute equality of incomes, then the corresponding
Lorenz curve is identicallyI+ This suggests that the income inequality in a so-
ciety can be measured by the area between the diagonalI and the Lorenz curve
LF corresponding to the society+ Thus, the classical Gini index:

GF 5 2E
0

1

~t 2 LF ~t !! dt, (1.3)

twice the area betweenI andLF + The Gini indexGF has played a central role in
measuring economic inequality since the works by Corrado Gini at the begin-
ning of the 20th century+ For historical and bibliographical notes on the subject
we refer, for example, to David ~1968! and Giorgi~1990, 1993!+

The Gini indexGF satisfies a number of axioms or, in other words, princi-
ples such as those of transfers, scale independence, and others; we refer to
Dagum ~1983! for an account of some of them+ In particular, the Gini index
satisfies~cf+, e+g+, Dagum, 1983! the Pigou–Dalton principle of transfers, which
postulates that progressive~i+e+, from rich to poor!, rank order of incomes and
also mean preserving transfers should decrease the values of inequality mea-
sures+ Having verified the Pigou–Dalton principle, one “may go one step fur-
ther and value more such a transfer between persons with given income
difference if these incomes are lower than if they are higher”~Kolm, 1976b,
p+ 87!+ This describes the main idea of the principle of transfer sensitivity that
has been discussed in great detail by Atkinson~1970!, Mehran~1976!, Kolm
~1976a, 1976b!, Kakwani ~1980b!, Shorrocks and Foster~1987!, Chakravarty
~1988!, Sen~1997!, Zheng~1997!, Cowell ~1998!, Amiel and Cowell~1999!,
Silber ~1999!, and others+

Chakravarty~1988! notes that the Gini indexGF fails to satisfy the so-called
diminishing transfers axiom, whose meaning can be summarized as follows:

For two persons having incomesyi andyj with yi , yj , the reduction of inequality
attributable to a rank preserving transfer from the person with incomeyi to an-
other person with incomeyi 2 c ~0 , c , yi ! is greater than the reduction attrib-
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utable to an equal rank preserving transfer from the person with incomeyj to
someone with incomeyj 2 c+ ~Chakravarty, 1988, p+ 147!

To rectify the situation, Chakravarty~1988! proposes a route that, in mathemat-
ical terms, can be described as follows+ Let Fm denote the collection of the
quantile functionsF21 corresponding to those distribution functionsF whose
mean ism+ Define the functionalG on Fm by the formula

G~h! :5 2E
0

1St 2
1

m
E

0

t

h~s! dsD dt+ (1.4)

Note that the Gini indexGF equalsG~F21!+ The functionalG is linear, which
appears~cf+ Chakravarty, 1988, p+ 148! to be the reason for the absence of the
desired transfer sensitivity of the Gini indexGF + Therefore, Chakravarty~1988!
suggests modifying the functionalG in such a way that the newly obtained func-
tional would be strictly convex, that is, the quantityG~gh1 1 ~12 g!h2! would
be strictly less than the sum ofgG~h1! and~12 g!G~h2!, for anyg [ ~0,1! and
h1, h2 [ Fm+ As an example of such a functional, Chakravarty~1988! suggests
the following expression:

Ga~h! :5 2SE
0

1St 2
1

m
E

0

t

h~s! dsDa

dtD10a

+ (1.5)

The functionalGa is strictly convex onFm for anya . 1+ Thus, we have Chakra-
varty’s ~1988! E~xtended!-Gini indexGF,a :5 Ga~F21!, the explicit formula of
which is

GF,a :5 2SE
0

1

~t 2 LF ~t !!a dtD10a

+ (1.6)

We note in passing that in Zitikis~2002a! we argue that using~a 1 1!10a in-
stead of 2 in definition~1+6! would be more natural from the mathematical point
of view+ Whether this modification is desirable from the econometric point of
view still remains to be determined+ We note here only that the asymptotic re-
sults presented in the following sections can easily be adapted to cover the pro-
posed modification ofGF,a+

We conclude this section with the note that Chakravarty~1988! suggests a
functional even more general thanGa, which is

Gf~h! :5 2f21SE
0

1

fSt 2
1

m
E

0

t

h~s! dsD dtD, (1.7)

wheref : @0,1# r @0,`! is a continuous, strictly increasing, and strictly convex
function such thatf~0! 5 0+ As far as we are aware, the importance of func-
tions f other thanf~x! 5 xa has not yet been clarified in the econometric
literature+ In this paper we therefore restrict ourselves exclusively to the func-
tional Ga, that is, to theE-Gini index GF,a defined in~1+6!+

E-GINI INDEX 589

https://doi.org/10.1017/S0266466603194042 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466603194042


2. E-GINI ESTIMATOR

The distribution functionF is generally unknown, and thus estimation theory
for the E-Gini index GF,a is desirable+ We shall now construct an empirical
estimator forGF,a+ Let X1, + + + ,Xn be independent copies ofX and letFn be the
empirical distribution function based onX1, + + + ,Xn+ Furthermore, let Fn

21 be the
corresponding quantile function, which is defined by formula~1+2! with Fn in-
stead ofF+ Replacingm in definition ~1+1! by the sample meanPX of X1, + + + ,Xn,
and also replacingF21 by its empirical counterpartFn

21, we obtain the empir-
ical Lorenz curve~Gastwirth, 1971!:

Ln~t ! :5
1

PX E0

t

Fn
21~s! ds, 0 # t # 1+ (2.1)

Chakravarty’s~1988! E-Gini extimator is now defined as follows:

Gn,a :5 2S1

n (
i51

n S i

n
2 LnS i

nDDaD10a

+ (2.2)

The most recent and complete asymptotic theory for theE-Gini estimator
Gn,a has been developed by Barrett and Donald~2000!+ In particular, Barrett
and Donald~2000! prove thatGn,a is consistent and asymptotically normal un-
der the following three assumptions+

~i! The support ofF is in a bounded interval@ yl , yu# for some 0, yl , yu , `+
~ii ! The distribution functionF is twice differentiable+

~iii ! The density functionf 5 F ' is such that 0, inf f ~ y! , supf ~ y! , `, where
both inf and sup are taken over ally [ @ yl , yu# +

Naturally, it is of interest, and also of importance, to relax Assumptions~i!–
~iii !+ There are several reasons for this+ For example,minimal assumptions would
assure the widest applicability of the obtained results and only minimal efforts
would be required to verify such assumptions in practical situations+ For a dis-
cussion of these issues, and further references on the subject, we refer to Beach
and Davidson~1983!+

The paper by Beach and Davidson~1983! was instrumental in developing
the nonparametricstatistical inference for Lorenz curves and associated indi-
ces of income inequality+ For example, employing the results of Beach and Da-
vidson ~1983!, Barrett and Pendakur~1995! investigate, among other things,
the asymptotic behavior of the empiricalE-Gini estimator+ Both aforemen-
tioned papers, however, depend on a certain parameterK, which is the number
of groups defined by percentiles into which the data under investigation are
subdivided+ Recently, employing the theory of empirical and quantile pro-
cesses, Barrett and Donald~2000! have demonstrated that the introduction of
the parameterK is unnecessary in the case of complete data+ We also refer to
the monograph by Csörgo˝ , Csörgő, and Horváth~1986!, and references therein,
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on related topics in the presence of complete data+When only grouped data are
available, then the results by Gastwirth~1972!, Gastwirth and Glauberman
~1976!, Aghevli and Mehran~1981!, Beach and Davidson~1983!, and Barrett
and Pendakur~1995! become crucial in the development of the large sample
based theory of statistical inference+

3. MAIN RESULTS

As we noted in the previous section, Gn,a is a natural estimator ofGF,a+ Obvi-
ously, the estimator is consistent under some assumptions onF+ To show, how-
ever, that this is so under minimal assumptions requires some work, the result
of which is the following theorem+

THEOREM 3+1+ Let a $ 1. Then Gn,a is a strongly consistent estimator
of GF,a.

Having thus proved the consistency ofGn,a, we would now like to use the
estimator for constructing asymptotic confidence intervals forGF,a+ For this
reason, we need to obtain the sampling distribution ofGn,a+ This we achieve in
Theorem 3+2, which follows+

THEOREM 3+2+ Let E~X2! , ` and a $ 1. Then the asymptotic distribu-
tion of Mn$Gn,a 2 GF,a% is normal with the mean0 and the variance

sF,a
2 :5

4a

GF,a
2~a21! m2 DF,a

2 , (3.1)

where the quantityDF,a
2 is defined by the formula

DF,a
2 :5E

0

1E
0

1

~min~u, v! 2 uv!c~u!c~v! dF21~u! dF21~v!

2 2mSE
0

1

LF ~t !~t 2 LF ~t !!a21 dtDSE
0

1

~u 2 LF ~u!!c~u! dF21~u!D
1 sX

2SE
0

1

LF ~t !~t 2 LF ~t !!a21 dtD2

with sX
2 denoting the variance of X and withc~u! :5 *u

1~t 2 LF~t !!a21 dt.

Several authors obtained slightly different, but equivalent, expressions for
the variancesF,a

2 in the classical Gini case~cf+, e+g+, Hoeffding, 1948, p+ 314;
Shorack and Wellner, 1986, p+ 780!+ Obtaining explicit expressions for the vari-
ancesF,a

2 has been a challenging problem in the general case+ A review of var-
ious results along with the corresponding references can be found in Xu~2000!+
We shall now briefly discuss the source of the main difficulties+We start with a
quote from Xu~2000!: “the generalized-Gini-index estimators are functions of

E-GINI INDEX 591

https://doi.org/10.1017/S0266466603194042 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466603194042


sample quantiles that are not regular statistics”~Xu, 2000, p+ 223!+ Certainly,
estimating quantiles is a challenging problem, the main difficulty arising due to
the different tail behaviors of the theoretical and empirical quantile functions+
However, it should be noted that when integrating the quantile functionsF21

and Fn
21, the differences between the resulting two integrals become less no-

ticeable and, indeed, in the definitions of measures of income inequality the
quantile functions play the roles of integrands+ Thus, not separating integrals
from quantile functions should be one of the main messages when working in
the area+ This approach in the case of the Lorenz curveLF was crucially uti-
lized by Csörgo˝ and Zitikis ~1996!, which resulted in the introduction of the
general Vervaat process, and also by Csörgo˝ , Gastwirth, and Zitikis~1998!+ Re-
lated developments in the case of theS-Gini index are presented in Zitikis and
Gastwirth~2002!+

As a result of the complex mathematical expression forsF,a
2 , determining

the dependence ofsF,a
2 on the parametera $ 1 is difficult whenF is general+

For this reason we now restrict ourselves to the Pareto and exponential distri-
butions+ We start with the Pareto distribution:

F~x! :5 12 S x0

x
Dl

, x $ x0,

wherex0 . 0 andl . 0 are fixed parameters+ To assure the existence of the
second moment, we consider the valuesl . 2 only+ The values ofsF,a

2 for
variousl and a are presented in Table 1+ The asymptotic variancesF,a

2 does
not depend onx0+

Next we consider the exponential distribution

F~x! 5 12 e2gx, x $ 0,

whereg . 0 is a fixed parameter+ The corresponding values ofsF,a
2 are pre-

sented in the bottom row of Table 1+ The asymptotic variancesF,a
2 does not

depend ong+

Table 1. The true values of the asymptotic variancesF,a
2 in the Pareto case

a

Pareto~l! 1 2 3 4 5 6

3 0+137143 0+163836 0+182008 0+195384 0+205743 0+214057
5 0+025324 0+030307 0+033714 0+036228 0+038179 0+039746

10 0+004451 0+005344 0+005956 0+006408 0+006759 0+007041
20 0+000957 0+001151 0+001284 0+001383 0+001459 0+001521

Exponential 0+083333 0+105481 0+121196 0+133034 0+142337 0+149879

Note: The first four rows correspond tol 5 3, 5, 10, and 20, respectively+ The exponential case is presented in
the last row+ In both cases, a 5 1,2, + + + ,6+
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4. ESTIMATION OF THE ASYMPTOTIC VARIANCE

Theorem 3+2 can be used for deriving confidence intervals for theE-Gini index
GF,a+ A standard argument based on Theorem 3+2 implies the following asymp-
totic 100~1 2 p!% confidence interval:

Gn,a 6 zp02

sF,a

Mn
, (4.1)

wherezp02 is the p02-percentile of the standard normal distribution andp [
~0,1! is any fixed number+ The confidence interval of~4+1! is not yet readily
applicable in practice becausesF,a

2 depends on the~unknown! distribution
function F and, therefore, needs to be estimated+ This can be achieved by re-
placing F everywhere in the definition ofsF,a

2 by the empirical distribution
functionFn+ The obtained estimatorsFn,a

2 is consistent, a statement that can be
rigorously proved along the lines of the proof of Theorem 3+1+ In Theorem 4+1,
which follows, we use, however, a slight modification of this estimator so that
practical implementation of it would be easier+

Let PX andSn
2 denote, respectively, the sample mean and the sample variance

of X1, + + + ,Xn+ Furthermore, let

An,a~i ! :5
1

n (
k5i

n21S k

n
2 LnS k

n
DDa21

for any i 5 1, + + + , n 2 1, and let

Bn,a :5
1

n (
k51

n21

LnS k

n
DS k

n
2 LnS k

n
DDa21

+

With these notations we are now in the position to formulate the following
theorem+

THEOREM 4+1+ Let E~X2! , ` and a $ 1. Then

sn,a
2 :5

4a

Gn,a
2~a21! PX2 Dn,a

2

is a strongly consistent estimator ofsF,a
2 , where

Dn,a
2 :5 (

l51

n21

(
m51

n21SminS l

n
,
m

n
D2

l

n
{

m

n
D

3 An,a~l !An,a~m!~Xl11:n 2 Xl:n!~Xm11:n 2 Xm:n!

2 2 PXBn,a (
l51

n21S l

n
2 LnS l

n
DDAn,a~l !~Xl11:n 2 Xl:n! 1 Sn

2Bn,a
2 +
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We conclude this section with the note that whena 5 1, which is the classi-
cal Gini case, then constructing estimators forsF,a

2 is a central theme in a num-
ber of papers+ For more details on this topic, we refer to Yitzhaki~1991! and
references therein+

5. CONCLUDING REMARKS

As we already noted earlier, one of the main aims of this paper is to describe
minimal assumptions under which the empiricalE-Gini index is consistent and
asymptotically normal+ In view of this, we have restricted ourselves to the sim-
plest but important case of independent and identically distributed random vari-
ables+ It is of practical and theoretical interest to extend these results to dependent
random variables and also to various other sampling schemes+ Some work has
been done in these two directions, though a large number of contributions are
outside the area of theE-Gini index and, more generally, of measuring income
inequality+We first mention contributions related to econometrics: Shao~1994!,
Zheng and Cushing~2001!, Zheng ~2001!, and references therein+ Contribu-
tions pertinent to both econometrics and stochastic processes are Yu~1993!,
Shao and Yu~1996!, Csörgőand Yu~1996, 1999!, Davydov and Zitikis~2001,
2002!, and references therein+ For related contributions in the context of sto-
chastic processes, we refer to Davydov and Vershik~1998!, Davydov and Thilly
~1999!, Thilly ~1999!, and references therein+
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APPENDIX: PROOFS OF THEOREMS

We start with the note that the estimatorGn,a is a discretization of the following well-
known and thoroughly investigated~cf+, e+g+, Barrett and Donald, 2000! E-Gini estimator:

Gn,a
* :5 2SE

0

1

~t 2 Ln~t !!a dtD10a

+ (A.1)

Obviously, Gn,a
* is GF,a with LF replaced byLn+ We shall findGn,a

* convenient in the
proofs that follow+

We assume throughout the rest of the paper that the distribution functionF is not
degenerate+ Otherwise, some technical details would arise, and one would have to deal
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with them in special ways, whereas the desired asymptotic results are always trivial in
the degenerate case+

Proof of Theorem 3.1. We shall first prove that

Gn,a 2 Gn,a
* ra+s+ 0+ (A.2)

We start with the formula

y p 2 x p 5 ~ y 2 x!pE
0

1

$x 1 t~ y 2 x!% p21 dt, (A.3)

wherep, x, andy are some positive real numbers to be specified subsequently+ An ap-
plication of formula~A+3! with y 5 ~10n!(i51

n ~i0n 2 Ln~i0n!!a, x 5 *0
1~t 2 Ln~t !!a dt,

andp 5 10a shows that statement~A+2! follows if

E
0

1

~t 2 Ln~t !!a dt 2
1

n (
i51

n S i

n
2 LnS i

n
DDa

ra+s+ 0+ (A.4)

To prove~A+4! we use formula~A+3! with y 5 i0n 2 Ln~i0n!, x 5 t 2 Ln~t !, andp 5 a+
In this way we obtain that, for any t [ @~i 2 1!0n, i0n# ,

*$t 2 Ln~t !%a 2 H i

n
2 LnS i

n
DJa

* # c*$t 2 Ln~t !% 2 H i

n
2 LnS i

n
DJ*

# c
1

n
1 c sup

i51, + + + ,n
SLnS i

n
D2 LnS i 2 1

n
DD+ (A.5)

From bound~A+5! we see that statement~A+4! follows if the supremum on the right-
hand side of bound~A+5! converges to 0 almost surely+ To prove this, we use the fol-
lowing bound:

PXSLnS i

n
D2 LnS i 2 1

n
DD 5E

~i21!0n

i0n

Fn
21~s! ds

# E
0

1

6Fn
21~s! 2 F21~s!6 ds1 sup

i51, + + + ,n
E

~i21!0n

i0n

F21~s! ds+

(A.6)

The first summand on the right-hand side of~A+6! is known in the literature as the Do-
brushin distance betweenFn andF ~cf+ Dobrushin, 1970!+ Thus,

d1~Fn,F! :5E
0

1

6Fn
21~s! 2 F21~s!6 dsra+s 0 (A.7)

~cf+, e+g+, Shorack and Wellner, 1986, exercise 9, p+ 66!+ To prove that the second sum-
mand on the right-hand side of~A+6! converges to 0, we first note that, as a result of
E~X ! , `, the functionGLF~t ! 5 *0

t F21~s! ds is continuous and thus is uniformly
continuous on@0,1# + This implies the convergence of the second summand on the right-
hand side of~A+6! to 0+ The proof of statement~A+2! is complete+
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In view of ~A+2!, Theorem 3+1 follows if

Gn,a
* ra+s+ GF,a + (A.8)

Choosingy 5 *0
1$t 2 Ln~t !%a dt, x 5 *0

1$t 2 LF~t !%a dt, andp 5 10a in formula ~A+3!,
we obtain that statement~A+8! is a consequence of the following statement:

E
0

1

$t 2 Ln~t !%a dt 2E
0

1

$t 2 LF ~t !%a dt ra+s+ 0+ (A.9)

Applying equality~A+3! once more but this time withy 5 t 2 Ln~t !, x 5 t 2 LF~t !, and
p 5 a, we obtain~A+9! provided that

E
0

1

6Ln~t ! 2 LF ~t !6 dt ra+s+ 0+ (A.10)

To prove~A+10!, we proceed with the bound

E
0

1

6Ln~t ! 2 LF ~t !6 dt #
1

PX
sup

t[~0,1!
*E

0

t

$Fn
21~s! 2 F21~s!% ds*

1 * 1

PX
2

1

m * sup
t[~0,1!

SE
0

t

F21~s! dsD+ (A.11)

The first summand on the right-hand side of~A+11! converges to 0 almost surely as a
result of~A+7!+ The second summand converges to 0 becausePX is a strongly consistent
estimator ofm, and the integral*0

t F21~s! ds does not exceedE~X ! , `+ The proof of
statement~A+10! is now complete and thus that of~A+8! also+ This proves Theorem 3+1+

n
Proof of Theorem 3.2. We shall first prove that

Mn$Gn,a
* 2 Gn,a% rP 0+ (A.12)

The proof of~A+12! closely resembles that of statement~A+2!+ Therefore, we omit most
of the details and only discuss the proof of the statement

Mn sup
i51, + + + ,n

SLnS i

n
D2 LnS i 2 1

n
DDrP 0+ (A.13)

We start the proof of~A+13! with the bound

PXMnSLnS i

nD2 LnS i 2 1

n DD # SE
~i21!0n

i0n

$Fn
21~s!%2 dsD102

+ (A.14)

Next, we estimate the integral on the right-hand side of~A+14! as follows:

E
~i21!0n

i0n

$Fn
21~s!%2 ds# 2E

0

1

$Fn
21~s! 2 F21~s!%2 ds

1 2 sup
i51, + + + ,n

E
~i21!0n

i0n

$F21~s!%2 ds+ (A.15)
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BecauseE~X2! , `, the functionl~t ! :5 *0
t$F21~s!%2 ds is continuous and, therefore,

uniformly continuous on the interval@0,1# + This implies that the second summand on
the right-hand side of~A+15! converges to 0+ The first summand

d2~Fn,F! :5E
0

1

$Fn
21~s! 2 F21~s!%2 ds (A.16)

is known in the literature as the Wasserstein distance betweenFn andF+ It is also known
~cf+, e+g+, Shorack and Wellner, 1986, Corollary 1, p+ 63! thatd2~Fn,F! ra+s+ 0 under the
assumptionE~X2! , `+ This proves~A+13! and thus~A+12! also+

In view of ~A+12!, Theorem 3+2 follows if

Mn$Gn,a
* 2 GF,a% rd N ~0,sF,a

2 !, (A.17)

whereN ~0,sF,a
2 ! denotes a mean zero normal random variable with the variancesF,a

2 +
We proceed with the proof of~A+17! by rewriting formula~A+3! in the following form:

y p 2 x p 5 ~ y 2 x!pxp21 1 ~ y 2 x!pE
0

1

~$x 1 t~ y 2 x!% p21 2 x p21! dt+ (A.18)

Using ~A+18! with y 5 *0
1$t 2 Ln~t !%a dt, x 5 *0

1$t 2 LF~t !%a dt, andp 5 10a, we obtain
statement~A+17! if 2Mn~ y 2 x!pxp21 rd N ~0,sF,a

2 !+ The latter can explicitly be writ-
ten as follows:

2aGF,a
12a

1

a
MnE

0

1

~$t 2 Ln~t !%a 2 $t 2 LF ~t !%a ! dt rd N ~0,sF,a
2 !+ (A.19)

To prove~A+19!, we first apply formula~A+18! with y 5 t 2 Ln~t !, x 5 t 2 LF~t !, and
p 5 a+ We obtain the representation

$t 2 Ln~t !%a 2 $t 2 LF ~t !%a 5 2$Ln~t ! 2 LF ~t !%a$t 2 LF ~t !%a21 2 Qn,a~t !+ (A.20)

The remainder termQn,a~t ! on the right-hand side of~A+20! is defined by the formula

Qn,a~t ! :5 a$Ln~t ! 2 LF ~t !%E
0

1

~~$t 2 LF ~t !% 2 t$Ln~t ! 2 LF ~t !%!a21

2 $t 2 LF ~t !%a21! dt+

Note thatQn,a~t ! is asymptotically smaller than the main~i+e+, the first! term on the
right-hand side of~A+20!+ Therefore, using~A+20! we obtain~A+19! if

2aGF,a
12aMnE

0

1

$Ln~t ! 2 LF ~t !%$t 2 LF ~t !%a21 dt rd N ~0,sF,a
2 !+ (A.21)

To prove~A+21!, we start with the equality

Ln~t ! 2 LF ~t ! 5
1

m
E

0

t

$Fn
21~s! 2 F21~s!% ds2

PX 2 m

m
LF ~t ! 1 Rn~t !, (A.22)
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where

Rn~t ! :5 S 1

PX
2

1

m
DE

0

t

$Fn
21~s! 2 F21~s!% ds2 ~ PX 2 m!S 1

PX
2

1

m
DLF ~t !+

Obviously,

6Rn~t !6 #
1

PXm
6 PX 2 m6E

0

1

6Fn
21~s! 2 F21~s!6 ds1

1

PXm
~ PX 2 m!2+ (A.23)

Using statement~A+7! and the fact thatMn$ PX 2 m% is asymptotically bounded in prob-
ability, we obtain from~A+23! thatMn*0

16Rn~t !6dt converges to 0 in probability+ There-
fore, ~A+22! implies statement~A+21! provided that

MnE
0

1SE
0

t

$Fn
21~s! 2 F21~s!% ds1 ~2 PX 1 m!LF ~t !D$t 2 LF ~t !%a21 dt rd N ~0,DF,a

2 !+

(A.24)

To prove statement~A+24!, we use the representation

E
0

t

$Fn
21~s! 2 F21~s!% ds5 2E

2`

F21~t !

$Fn~x! 2 F~x!% dx1 Vn~t !, (A.25)

whereVn is the general Vervaat process~cf+ Csörgőand Zitikis, 1996! defined by the
formula

Vn~t ! :5E
0

t

$Fn
21~s! 2 F21~s!% ds1E

2`

F21~t !

$Fn~x! 2 F~x!% dx+

It is well known ~cf+, e+g+, Zitikis, 1998! that the Vervaat processVn is nonnegative and
does not exceed2$Fn~F21~t !! 2 t %$Fn

21~t ! 2 F21~t !% + Note that if t is a continuity
point of F, then the latter statement can be written as the following inequality:

Vn~t ! # 2$Fn~F21~t !! 2 F~F21~t !!%$Fn
21~t ! 2 F21~t !%+ (A.26)

This implies the bound

MnE
0

1

6Vn~t !6$t 2 LF ~t !%a21 dt #Mn sup
x[R
6Fn~x! 2 F~x!6E

0

1

6Fn
21~t ! 2 F21~t !6 dt+

(A.27)

Note that the use of~A+26! for proving ~A+27! was legitimate because of the fact that
the set of all discontinuity points ofF has the Lebesgue measure 0+ Thus, the value of
the integral is not affected by removing the points+ Now, by the classical Kolmogorov–
Smirnov theorem, Mn supx[R6Fn~x! 2 F~x!6 is asymptotically bounded in probability+
Furthermore, statement~A+7! implies that the integral on the right-hand side of~A+27!
converges to 0 in probability+ These facts taken together with~A+25! imply statement
~A+24! provided that
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MnE
0

1SE
2`

F21~t !

$Fn~x! 2 F~x!% dx1 ~2 PX1 m!LF ~t !D$t 2 LF ~t !%a21 dtrd N ~0,DF,a
2 !+

(A.28)

The proof of~A+28! is straightforward+ Note first that~cf+, e+g+, Shorack, 2000, formula
~6!, p+ 116!

2 PX 1 m 5
1

n (
i51

n E
R

$I $Xi # x% 2 F~x!% dx+ (A.29)

Thus, the integral on the left-hand side of~A+28! is the sumn2102 (i51
n Yi of indepen-

dent and identically distributed random variablesY1,Y2, + + + ,Yn defined by the formula

Yi :5E
0

1SE
2`

F21~t !

$I $Xi # x% 2 F~x!% dxD$t 2 LF ~t !%a21 dt

2 SE
0

1

$I $Xi # x% 2 F~x!% dxDSE
2`

`

LF ~t !$t 2 LF ~t !%a21 dtD+
By the classical central limit theorem, statement~A+28! holds if DF,a

2 is the variancesY1

2

of Y1+ Straightforward calculations show that this is the case+ The proof of ~A+21! is
complete+ n

Proof of Theorem 4.1. The proof of Theorem 4+1 follows the lines of the proof of
Theorem 3+1+ Naturally, the therein used assumptionE~X ! , ` should now be replaced
by the stronger oneE~X2! , `+ We omit the technical details, noting only that analo-
gous calculations in the case of the asymptotic variance of theS-Gini index are carried
out by Zitikis ~2002b!+ n
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