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ASYMPTOTIC ESTIMATION
OF THE E-GINI INDEX

RICARDAS ZITIKIS
University of Western Ontario

Under minimal assumptions on the distribution of income demonstrate that
Chakravarty’s empirical1988 International Economic Revie®9, 147-156
E-Gini index is consistent and asymptotically normake also derive an explicit
formula for the asymptotic variance of the index and then construct a consistent
and computationally straightforward estimator for it

1. INTRODUCTION

Measuring economic inequaljtgnd indeed finding ways to properly measure
it, is a challenging and important probles large number of indices of eco-
nomic inequality compatible with various axioms of fairnedsave been pro-
posed in the literatureFor their definitions related discussionsand further
referenceswe refer for example to the books by Kakwan{19803, Nygard
and Sandstronmil981), Sen(1997, Champernowne and Cowél1998, Cowell
(1998, Amiel and Cowell (1999, Silber (1999, and Atkinson and Bour-
guignon(2000.

In one way or anothemany indices are based on the Lorenz cutte no-
tion of which was introduced by Lorend909. Later, the notion was math-
ematically formalized by several authpiscluding Kendall and StuaifL958),
assuming that thecumulative distribution functionF of “income” X = 0 has a
probability density functionFinally, assuming only that the mean:= E(X)
is finite and positive Gastwirth(1971) gave the most general definition of the
Lorenz curve as follows

L,:(t)::lf F~1(s)ds ost=1, (1.1)
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where
F~(s):=inf{u:F(u) = s}, 0<s<1, 1.2)

is the quantile function ofF. Note that formula(1.2) defines the quantile func-
tion F~* equally well for all distribution function&. Thus Gastwirth’s defini-
tion (1.1) of L is also valid for all distribution functionB, implying the outmost
generality of it For more information concerning quantiles and further refer-
ences on the subjecive refer for example to Parzen(1979, Cs6rgo(1983
1986, and Csorgaand Horvath(1993.

The value of the Lorenz cure: does not depend on the measurement units
of X. FurthermoreL is always below the diagonal lingt) := t. The diagonal
I, on the other handchas a special interpretatioMNamely if the incomeX is
constant meaning the absolute equality of incomdisen the corresponding
Lorenz curve is identically. This suggests that the income inequality in a so-
ciety can be measured by the area between the diag@mal the Lorenz curve
Lr corresponding to the sociefyhus the classical Gini index

1
G =2 f (t—Le)dt (L.3)

twice the area betwedrandLr. The Gini indexGg has played a central role in
measuring economic inequality since the works by Corrado Gini at the begin-
ning of the 20th centuryFor historical and bibliographical notes on the subject
we refer for example to David (1968 and Giorgi(199Q 1993.

The Gini indexGr satisfies a number of axioms,dn other words princi-
ples such as those of transfescale independencand otherswe refer to
Dagum (1983 for an account of some of thenn particular the Gini index
satisfies(cf., e.g., Dagum 1983 the Pigou—Dalton principle of transfemshich
postulates that progressiyee., from rich to pooy, rank order of incomes and
also mean preserving transfers should decrease the values of inequality mea-
sures Having verified the Pigou—Dalton principlene “may go one step fur-
ther and value more such a transfer between persons with given income
difference if these incomes are lower than if they are high&dlim, 1976k
p. 87). This describes the main idea of the principle of transfer sensitivity that
has been discussed in great detail by Atkingd®70, Mehran (1976, Kolm
(19764 1976h, Kakwani (19800, Shorrocks and Fostdid987), Chakravarty
(1988, Sen(1997), Zheng(1997), Cowell (1998, Amiel and Cowell(1999),
Silber (1999, and others

Chakravarty(1988 notes that the Gini indets: fails to satisfy the so-called
diminishing transfers axionwhose meaning can be summarized as foltows

For two persons having incomgsandy; with y; <'y;, the reduction of inequality

attributable to a rank preserving transfer from the person with incgnbe an-
other person with incomg — ¢ (0 < c < y;) is greater than the reduction attrib-
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utable to an equal rank preserving transfer from the person with inggrtee
someone with incomg — c. (Chakravarty1988 p. 147)

To rectify the situationChakravarty(1988 proposes a route thah mathemat-
ical terms can be described as followket 7, denote the collection of the
guantile functiong= ~* corresponding to those distribution functioRsvhose
mean isu. Define the functionalj on 7, by the formula

G(h) = 2fol<t - %foth(s) ds) dt. (1.4)

Note that the Gini indexGg equalsG(F ~1). The functionalg is linear which
appeargcf. Chakravarty1988 p. 148) to be the reason for the absence of the
desired transfer sensitivity of the Gini ind&¢. Therefore Chakravarty (1988
suggests modifying the functionglin such a way that the newly obtained func-
tional would be strictly convexhat is the quantityG(yh, + (1 — y)h,) would

be strictly less than the sum ¢€j(h;) and(1 — v)G(h,), for anyy € (0,1) and

hy, h, € F,. As an example of such a function&@hakravarty(1988 suggests
the following expressian

G,(h):= 2<Jol<t - % foth(s) ds>adt>l/a. (1.5)

The functionalg,, is strictly convex onf, for anya > 1. Thus we have Chakra-
varty’s (1988 E(xtended-Gini indexGg,, := G,(F 1), the explicit formula of
which is

1 1/«
Gryi= 2<J0 (t—Le()® dt) . (1.6)

We note in passing that in Zitiki€2002a we argue that usinga + 1)< in-
stead of 2 in definitior{1.6) would be more natural from the mathematical point
of view. Whether this modification is desirable from the econometric point of
view still remains to be determine@/e note here only that the asymptotic re-
sults presented in the following sections can easily be adapted to cover the pro-
posed modification oG .

We conclude this section with the note that Chakravat988 suggests a
functional even more general th&n, which is

1 1 t
G,(h) == 2¢1<f0 ¢<t— ;fo h(s) ds) dt), (1.7)

whereg :[0,1] — [0,0) is a continuousstrictly increasingand strictly convex
function such thaty(0) = 0. As far as we are awas¢he importance of func-
tions ¢ other thang(x) = x* has not yet been clarified in the econometric
literature In this paper we therefore restrict ourselves exclusively to the func-
tional G, that is to the E-Gini index G , defined in(1.6).
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2. E-GINI ESTIMATOR

The distribution functiorF is generally unknownand thus estimation theory
for the E-Gini index Gg , is desirable We shall now construct an empirical
estimator forGg . Let Xy,..., X, be independent copies &fand letF, be the
empirical distribution function based o4, ..., X,.. Furthermorelet F; ! be the
corresponding quantile functipmhich is defined by formul&l.2) with F, in-
stead ofF. Replacingu in definition (1.1) by the sample meaX of Xy, ..., X,
and also replacing ~* by its empirical counterpaff, , we obtain the empir-
ical Lorenz curve(Gastwirth 1971):

L,(t):= %f F.1(s)ds o=t=1. (2.1)
0

Chakravarty’s(1988 E-Gini extimator is now defined as follows

o232} o

The most recent and complete asymptotic theory for ER@ini estimator
G, . has been developed by Barrett and Don@a00. In particulay Barrett
and Donald2000 prove thatG, , is consistent and asymptotically normal un-
der the following three assumptians

(i) The support of is in a bounded intervdly;, y,] for some 0< y, <y, < co.
(ii) The distribution functiorF is twice differentiable
(iii) The density functiorf = F’ is such that 0< inf f(y) < supf(y) < oo, where
both inf and sup are taken over glie [y, yu].

Naturally it is of interesf and also of importanceo relax Assumptionsi)—

(ii ). There are several reasons for ttisr exampleminimal assumptions would
assure the widest applicability of the obtained results and only minimal efforts
would be required to verify such assumptions in practical situatiéosa dis-
cussion of these issueand further references on the subjett refer to Beach
and Davidsorn(1983.

The paper by Beach and Davids¢h983 was instrumental in developing
the nonparametricstatistical inference for Lorenz curves and associated indi-
ces of income inequalityror exampleemploying the results of Beach and Da-
vidson (1983, Barrett and Pendakul995 investigate among other things
the asymptotic behavior of the empiricBlGini estimator Both aforemen-
tioned papershowevey depend on a certain parameterwhich is the number
of groups defined by percentiles into which the data under investigation are
subdivided Recently employing the theory of empirical and quantile pro-
cessesBarrett and Donald2000 have demonstrated that the introduction of
the parameteK is unnecessary in the case of complete déta also refer to
the monograph by Cséfg&sorgg and Horvath(1986), and references therein
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on related topics in the presence of complete datiaen only grouped data are
available then the results by Gastwirttl972, Gastwirth and Glauberman
(1976, Aghevli and Mehran1981), Beach and Davidso(il983, and Barrett
and Pendaku(1995 become crucial in the development of the large sample
based theory of statistical inference

3. MAIN RESULTS

As we noted in the previous sectioB@, , is a natural estimator d& ,. Obvi-
ously the estimator is consistent under some assumptiorts o show how-
ever that this is so under minimal assumptions requires some vtbekresult
of which is the following theorem

THEOREM 31. Leta = 1. Then G, is a strongly consistent estimator
of Gr,.

Having thus proved the consistency @f, ,, we would now like to use the
estimator for constructing asymptotic confidence intervalsGar,. For this
reasonwe need to obtain the sampling distribution@®f . This we achieve in
Theorem 2, which follows

THEOREM 32. Let E(X?) < oo anda = 1. Then the asymptotic distribu-
tion of Vn{G,, , — Ge.} is normal with the mea® and the variance

o2, = —4"‘ A2 (3.1)
he i GRy 2 e |

where the quantitpZ ,, is defined by the formula

1 r1
AZFa::f f (min(u,v) — ww) ¢ (U)¢(v) dF~*(u) dF ~(v)
' o Jo
B 2“(] Le(®(t= LF<t>>“dt>< J (u- Lp<u>>w<u>dFl<u)>
0 0

1 2
+ a%(] Le(t)(t— Lp(t))“‘ldt>
0

with o denoting the variance of X and with(u) := [} (t — Le()* 1 dt.

Several authors obtained slightly differebiut equivalent expressions for
the varianceréa in the classical Gini casécf., e.g., Hoeffding 1948 p. 314
Shorack and Wellned 986 p. 780). Obtaining explicit expressions for the vari-
anceo¢ , has been a challenging problem in the general.caseview of var-
ious results along with the corresponding references can be found (B000).

We shall now briefly discuss the source of the main difficult\®e start with a
quote from Xu(2000: “the generalized-Gini-index estimators are functions of
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sample quantiles that are not regular statistiosti, 200Q p. 223). Certainly
estimating quantiles is a challenging problehe main difficulty arising due to
the different tail behaviors of the theoretical and empirical quantile functions
However it should be noted that when integrating the quantile functiens
andF, %, the differences between the resulting two integrals become less no-
ticeable andindeed in the definitions of measures of income inequality the
quantile functions play the roles of integrand$ius not separating integrals
from quantile functions should be one of the main messages when working in
the areaThis approach in the case of the Lorenz cubyewas crucially uti-
lized by Csordoand Zitikis (1996, which resulted in the introduction of the
general Vervaat procesand also by Csorgasastwirth and Zitikis (1998. Re-
lated developments in the case of t&&ini index are presented in Zitikis and
Gastwirth(2002.

As a result of the complex mathematical expressiondgy,, determining
the dependence efZ, on the parametex = 1 is difficult whenF is general
For this reason we now restrict ourselves to the Pareto and exponential distri-
butions We start with the Pareto distribution

X\
F(x):=1- <) X=X

wherex, > 0 andX > 0 are fixed parameter3o assure the existence of the
second momentwe consider the values > 2 only. The values ofsZ,, for
variousA anda are presented in Table The asymptotic variance¢,, does
not depend orxg.

Next we consider the exponential distribution

F(x)=1—e™% Xx=0,

wherey > 0 is a fixed parameteiThe corresponding values of?, are pre-
sented in the bottom row of Table The asymptotic variance#, does not
depend ony.

TaBLE 1. The true values of the asymptotic variangé, in the Pareto case

o
Pareto()) 1 2 3 4 5 6
3 0137143 0163836 0182008 0195384 (205743 (0214057
5 0.025324 0030307 0033714 (0036228 0038179 (0039746
10 0004451 0005344 (0005956 0006408 (0006759 0007041
20 0000957 0001151 0001284 0001383 (0001459 0001521

Exponential 0083333 0105481 0121196 (0133034 0142337 0149879

Note: The first four rows correspond to = 3, 5, 10, and 20 respectivelyThe exponential case is presented in
the last rowIn both casesa = 1,2,...,6.
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4. ESTIMATION OF THE ASYMPTOTIC VARIANCE

Theorem 2 can be used for deriving confidence intervals for Ba&ini index
Gg .. A standard argument based on Theoretifplies the following asymp-
totic 100(1 — p)% confidence interval

O-F «
Gho*Zpo = o (4.2)
wherez,,, is the p/2-percentile of the standard normal distribution gne:
(0,2) is any fixed numberThe confidence interval of4.1) is not yet readily
applicable in practice because?, depends on théunknown distribution
function F and therefore needs to be estimatedhis can be achieved by re-
placing F everywhere in the definition oiréa by the empirical distribution
functionF,,. The obtained estimathan,a is consistenta statement that can be
rigorously proved along the lines of the proof of Theorerh 8 Theorem 41,
which follows we use however a slight modification of this estimator so that
practical implementation of it would be easier

Let X andS? denote respectivelythe sample mean and the sample variance
of X4,..., X,. Furthermorelet

25 )

foranyi=1,...,n—1, and let

17C . k\/k k\\e1
—a20(0) G
n -1 n n
With these notations we are now in the position to formulate the following
theorem

THEOREM 41. LetE(X?) < co anda = 1. Then
4«

2 ._ 2
Ona -~ G2le—1 %2 Aha
n,a

is a strongly consistent estimator of ,, where

=3 3 (min( 7)1 7)

X An a(l )An a(m)(xl+1:n - XI:n)(Xm+1:n - Xm:n)

2 <— —-L < ! ))An,a(l)(Xlen — X..n) + SIBS
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We conclude this section with the note that whes 1, which is the classi-
cal Gini casethen constructing estimators fcréa is a central theme in a num-
ber of papersFor more details on this topieve refer to Yitzhaki(1991) and
references therein

5. CONCLUDING REMARKS

As we already noted earlieone of the main aims of this paper is to describe
minimal assumptions under which the empiri€aGini index is consistent and
asymptotically normalln view of this we have restricted ourselves to the sim-
plest but important case of independent and identically distributed random vari-
ables It is of practical and theoretical interest to extend these results to dependent
random variables and also to various other sampling scheBoese work has
been done in these two directigribough a large number of contributions are
outside the area of the-Gini index and more generallyof measuring income
inequality We first mention contributions related to econometrigsao(1994),
Zheng and Cushing2001), Zheng (2001, and references thereilContribu-
tions pertinent to both econometrics and stochastic processes ak998,
Shao and Y1996, Csorgoand Yu(1996 1999, Davydov and Zitikis(2001,
2002, and references thereifror related contributions in the context of sto-
chastic processewe refer to Davydov and Vershid 998, Davydov and Thilly
(1999, Thilly (1999, and references therein
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APPENDIX: PROOFS OF THEOREMS

We start with the note that the estimat®y, , is a discretization of the following well-
known and thoroughly investigatédf., e.g., Barrett and Donald2000 E-Gini estimator

1/«
Ghot= 2(fl(t — L(t)~ dt) . (A1)
0

Obviously Gy, , is Gg ., with Lr replaced byl .. We shall findG;, , convenient in the
proofs that follow

We assume throughout the rest of the paper that the distribution funEtisnnot
degenerateOtherwise some technical details would arjsend one would have to deal
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with them in special waysvhereas the desired asymptotic results are always trivial in
the degenerate case

Proof of Theorem 3.1. We shall first prove that
Gho— Gp o 2as 0. (A.2)

We start with the formula
1

v =xp = (y=xp [ Dt 7y =017 2, )
0

wherep, x, andy are some positive real numbers to be specified subsequéntlgp-
plication of formula(A.3) with y = (1/n) >, (i/n — La(i/n)¢, x = fol(t — Lp(t))*dt,
andp = 1/a shows that statemeif.2) follows if

fl 10 /i i\\e
(t—Lyt)edt—=> (— - Ln<—>> .6 0. (A.4)
0 n n

i=1

To prove(A.4) we use formuldA.3) with y = i/n — L (i/n), x =t — Ly(t), andp = a.
In this way we obtain thafor anyt € [(i — 1)/n,i/n],

‘{thm}“{%Ln(in)}“ {thna)}f{iaan(ia)}
sepre s (L(5) () @

From bound(A.5) we see that stateme(.4) follows if the supremum on the right-
hand side of boundA.5) converges to 0 almost sureljo prove this we use the fol-
lowing bound

_ i i—1 ino
K(ulo) w5 =L Froes

sf |Fyi(s) — F1(s)|ds+
0o

=C

i/n
sup F1(s)ds
i=1..., n J(i—1)/n

(A.6)

The first summand on the right-hand side(8£6) is known in the literature as the Do-
brushin distance betwed®, andF (cf. Dobrushin 1970. Thus

1
4y(Fo, F) 1= f IF(s) — F(5)| ds =52, 0 A7)

(cf., e.g., Shorack and Wellnel986 exercise 9p. 66). To prove that the second sum-
mand on the right-hand side ¢A.6) converges to Owe first note thatas a result of
E(X) < oo, the functionGLg(t) = st‘l(s) dsis continuous and thus is uniformly
continuous 0rf0,1]. This implies the convergence of the second summand on the right-
hand side of A.6) to 0. The proof of statemen(tA.2) is complete
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In view of (A.2), Theorem 31 follows if

G:,a %a.s GF,[Y‘ (A8)

Choosingy = f3{t — Lo(D)}*dt, x = [3{t — Le(t)}*dt, andp = 1/« in formula (A.3),
we obtain that statemeif.8) is a consequence of the following statement

Jl{t - Ln(t)}“dt—fl{t— Le ()} dt—, O. (A.9)
o] 0

Applying equality(A.3) once more but this time with =t — L,(t), x =t — Lg(t), and
p = «, we obtain(A.9) provided that

[ It - Lot s, 0 (A.10)
0

To prove(A.10), we proceed with the bound

fo {Fri(s) — FX(9)} ds

sup (ftF‘l(s) ds). (A.11)
te(0,1) 0

The first summand on the right-hand side(#f.11) converges to 0 almost surely as a
result of (A.7). The second summand converges to 0 bec&lisea strongly consistent
estimator ofu, and the integraféFfl(s) dsdoes not exceel (X) < co. The proof of
statementA.10) is now complete and thus that 64.8) alsa This proves Theorem.3B.

|

1
1

J [Lo(t) — Le(t)|dt= = sup

0 X te0,1)

1

1
+ | =
X

Proof of Theorem 3.2. We shall first prove that

V(G ~ Gyt =5 0. (A12)

The proof of(A.12) closely resembles that of stateméAt2). Therefore we omit most
of the details and only discuss the proof of the statement

\/ﬁ_:iupn<Ln<ln> - Ln<%>> —p0. (A.13)

We start the proof ofA.13) with the bound

_ i i—1 imo 12
X\/ﬁ<Ln<;> - L<T>> = <f(i1>/n{':” 1(3)}2ds> . (A.14)

Next, we estimate the integral on the right-hand sidé/fl4) as follows

i " E(eprds=2 | "Frie) - Fi(9)2ds
( 0

i—1)/n
i/n
+2 sup {F%(9)}?ds (A.15)

,,,,, n J(i-1/n

https://doi.org/10.1017/50266466603194042 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466603194042

E-GINI INDEX 599

BecauseE (X?) < oo, the functionA(t) := f(g{F’l(s)}2 dsis continuous andherefore
uniformly continuous on the interv4D,1]. This implies that the second summand on
the right-hand side ofA.15) converges to OThe first summand

1
Oy(Fy, F) 1= j {Fri(s) — F3(9)2 ds (A16)

is known in the literature as the Wasserstein distance betWweandF. It is also known
(cf., e.g., Shorack and Wellned 986 Corollary 1 p. 63) thatd,(F,, F) —,s 0 under the
assumptiorE(X?) < co. This proves(A.13) and thus(A.12) alsa

In view of (A.12), Theorem 2 follows if

\/ﬁ{G;ﬁ,a - GF,a} _>d N(01 O-Fz,a)r (Al?)

whereN (0,0 ,,) denotes a mean zero normal random variable with the variagge
We proceed with the proof dfA.17) by rewriting formula(A.3) in the following form

1
yP = xP = (y = x)pxP* + (y - X)DJO ({x+7(y=x)}Pt —xP1)dr. (A.18)

Using (A.18) with y = [{t — Ly(t)}*dt, x = [3{t — Le(1)}*dt, andp = 1/, we obtain
statementA.17) if 2/n(y — x)pxP~* —4 N(0, 02 ,). The latter can explicitly be writ-
ten as follows

1
26, T [ (= Ly(0} 1t = Le(0)) dt >y NO,02,) (A19)
0

To prove(A.19), we first apply formula(A.18) withy =t — L(t), x =t — Lg(t), and
p = «. We obtain the representation

{t—= Lo} = {t = Le(O}* = —{La() = Le(D}ef{t = Le (D)} = Qu(t).  (A.20)

The remainder tern@, .(t) on the right-hand side dfA.20) is defined by the formula

1
Qna(t) i= afly(t) — LF(t)}L (({t = Le(®)} = 7{La(t) = Le(OH* 1
—{t=Le(O}* ) dr.

Note thatQp .(t) is asymptotically smaller than the mafne., the firsp term on the
right-hand side ofA.20). Therefore using (A.20) we obtain(A.19) if

1

2962,V [ {Lol1) ~ Le(O}t ~ L} 2 dt g MO,02,) (A21)
0

To prove(A.21), we start with the equality

1 B X—u
La(t) = Le(t) = —f {Fo 1(s) = F X (s)}ds— — Le(t) + Ry(t), (A.22)
M Jo I
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where
1 1 vt B _ 1 1
R, (1) := (; - ;)fo {Fa'(s) —F H9)pds— (X - M)(i - ;)Lp(t).
Obviously
1 _ o B 1 _
R(V] = 5 Xl | IR0 F X9 ds 2 (X (A.23)

Using statementA.7) and the fact that/n{X — u} is asymptotically bounded in prob-
ability, we obtain from(A.23) that \/ﬁfol\ R,(t)|dt converges to O in probabilityrhere-
fore, (A.22) implies statementA.21) provided that

1 t
Vi [ ([ 1R~ F st X mLe(t) it - L)t dt o M0,
0 0 ’
(A.24)

To prove statemenr(A.24), we use the representation
t Fh()

[mre —Fropas=— [ R0 - Fooaxct vy, (r.25)
0 —o0

where, is the general Vervaat procegs. Csérgoand Zitikis 1996 defined by the
formula

E-1

t ()
Vi (1) = fo {Ft(s) — F‘l(S)}dS+f {Fa(X¥) — F(x)} dx.

It is well known (cf., e.g., Zitikis, 1998 that the Vervaat proced$, is nonnegative and
does not exceed-{F,(F~(t)) — tH{F;X(t) — F~1(t)}. Note that ift is a continuity
point of F, then the latter statement can be written as the following inequality

Va(t) = —{F,(F (1) = F(F 1 (t)HF, H(t) — F (D)} (A.26)

This implies the bound

1 1
Vi [ NGOt = L0} 0t = Vi suplFo(0 — FO0! [ IR0 = F 201t
0 XER 0

(A.27)

Note that the use ofA.26) for proving (A.27) was legitimate because of the fact that
the set of all discontinuity points & has the Lebesgue measureThus the value of
the integral is not affected by removing the point®w, by the classical Kolmogorov—
Smirnov theoremy/n super|Fn(X) — F(X)| is asymptotically bounded in probability
FurthermorestatementA.7) implies that the integral on the right-hand side(é£.27)
converges to 0 in probabilityThese facts taken together witiA.25) imply statement
(A.24) provided that
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—o0

1/ (F o _
vi | ( |7 a0 - Fooyaxe -+ MLF(t)){t L} dtog N0, A2,
(0]

(A.28)
The proof of(A.28) is straightforwardNote first that(cf., e.g., Shorack 200Q formula
(6), p. 116
_ 1.0
- X+M:EE {H{X =x} — F(x)} dx. (A.29)
i=1 YR

Thus the integral on the left-hand side 6A.28) is the sumn~¥23 ", of indepen-
dent and identically distributed random variab¥sY,, ..., Y, defined by the formula

v [ l( [ % = oo dx>{t — Le(O}tdt

—o0

- (fl{l{xi =x} — F(x)} dx)(foo Le(D{t— LF(t)}“‘ldt>.

By the classical central limit theorgrstatementA.28) holds if AZ , is the variancery,
of ;. Straightforward calculations show that this is the calee proof of (A.21) is
complete u

Proof of Theorem 4.1. The proof of Theorem 4 follows the lines of the proof of
Theorem 31. Naturally, the therein used assumpti&f{X) < oo should now be replaced
by the stronger on&(X?) < co. We omit the technical detajlsioting only that analo-
gous calculations in the case of the asymptotic variance o&iB@i index are carried
out by Zitikis (2002b. u
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