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1. MOTIVATION

This paper considers a puzzling phenomenon that is observed in some semi-
parametric estimation problems and that is particularly relevant in the missing
data and treatment effect literature+ It has been observed in many important
statistical models that using estimated values of the nuisance parameters pro-
vides a more efficient estimator for the parameters of interest than does using
the true values+ This is a puzzle, as knowing the true value of the nuisance
parameters should not be detrimental+Moreover, such a phenomenon takes place
even in models in which the nuisance parameters are infinite-dimensional and
are estimated nonparametrically+

Pierce ~1982! is a classic paper that provides the puzzle+ This problem is
particularly relevant in the missing data literature+ The set of papers reporting
this phenomenon in the case of finite-dimensional nuisance parameters includes
Rosenbaum ~1987!, Robins, Mark, and Newey ~1992!, Imbens ~1992!, Robins,
Rotnitzky, and Zhao ~1994!, Robins and Rotnitzky ~1995!, Lawless, Kalb-
fleisch, and Wild ~1999!, and Wooldridge ~1999, 2001!, among others+ We
observe the puzzling phenomenon also in semi-nonparametric estimation prob-
lems in which the nuisance parameters are infinite-dimensional+ Examples
include: Hirano, Imbens, and Ridder ~2003!, Chen, Hong, and Tarozzi ~2008!,
Magnac and Maurin ~2007! on the estimator of Lewbel ~2000!, Lewbel and
Schennach ~2007!, Newey and Ruud ~2005!, and Suzukawa ~2004! on the
Kaplan–Meier integral+ Some of these examples are examined in Section 3+

This paper aims at clarifying the process of this puzzle+ We present the nec-
essary and sufficient condition for the puzzle to take place in semiparametric
estimation problems that require the estimation of infinite-dimensional nui-
sance parameters+ We also provide a simple sufficient condition, which yields
an interesting insight into the problem, based on the theory of Newey ~1990!+
The sufficient condition is that the term accounting for the effect of estimating
the nuisance parameters ~“the correction term”! belongs to the tangent space
with respect to the nuisance parameters+ When this condition is satisfied, the
influence function of the estimator using estimated nuisance parameters becomes
the residual of the projection of the influence function of the estimator with
known nuisance parameters on the tangent space+ The variance of the residual
is smaller than the variance of the original term+ As a result, the puzzling phe-
nomenon occurs+ This condition is typically satisfied when the estimating equa-
tion does not bring any restriction on the form of the nuisance parameters because
the tangent space in those cases becomes large and often contains any possible
form of the correction term+

There have been several papers that investigate this puzzling phenomenon,
such as Henmi ~2004!, Henmi and Eguchi ~2004!, Wooldridge ~2007!, and
Prokhorov and Schmidt ~2006!+ The main contribution of this paper is that our
framework allows the nuisance parameters to be infinite-dimensional and they
do not need to be estimated at the parametric rate+ To the best of our knowl-
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edge, this is an original contribution to the literature+ The puzzle appears in
several semi-nonparametric estimation problems, as mentioned previously+More-
over, the puzzle is more puzzling in estimation problems that require estima-
tion of infinite-dimensional nuisance parameters than in cases in which we need
to estimate only finite-dimensional parameters, because estimators of infinite-
dimensional parameters may converge at a rate that is slower than the paramet-
ric rate+

2. RESULTS

Let $zi %i�1
n be an independently and identically distributed sample from a pop-

ulation and the following moment condition be satisfied:

E@m~zi ,b0 , g0 !# � 0,

where m~{! is a known q � 1 vector valued function, b0 is a q � 1 vector of
parameters of interest, and g0 is an infinite-dimensional nuisance parameter+
For simplicity, we assume that g0 is a scalar function and does not depend on
the finite-dimensional parameter b and that m~{! is continuously differentiable+
This setting includes all the examples considered in Section 3+

We consider the following two estimators of b+ Let [g be an estimate of g0+
The first estimator, Zb, is given as the solution to

1

n �
i�1

n

m~zi , Zb, [g! � 0+

The second estimator, Db, is given as the solution to the following equation:

1

n �
i�1

n

m~zi , Db, g0 ! � 0+

This estimator is feasible only when g0 is known+ We study and compare the
asymptotic variances of the estimators Db and Zb+

Assumption 1.

~a! zi , i � 1, + + + , n are independently and identically distributed;
~b! E$m~zi ,b0, g0!m~zi ,b0, g0!

'% � `;
~c! m~zi ,b, g! is continuously differentiable with respect to b;
~d! M [ ]E$m~z,b0, g0!%0]b is nonsingular;
~e! g does not depend on the parameter b;
~f ! the estimators exhibit the following expansions:

Mn ~ Zb� b0 ! � �
1

Mn
�
i�1

n

M�1$m~zi ,b0 , g0 !� t~zi !%� op~1!,
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Mn ~ Db� b0 ! � �
1

Mn
�
i�1

n

M�1m~zi ,b0 , g0 !� op~1!,

where E$t~zi !% � 0 and E$t~zi !t~zi !
'% � `+

The term t~zi ! is considered to be the “correction” term, which represents
the effect of the first-stage estimation of g+ Finding the term t~zi ! is one of
major tasks in semiparametric estimation problems+ The formulas in Lee ~1996,
Ch+ 10! would be useful to obtain the form of t~zi !+

The asymptotic linearity of the estimators ~Assumption 1~f !! is a key in our
theory+ Our main results presented subsequently essentially do not depend on
what assumptions we use to guarantee the asymptotic linearity of the estima-
tors+ For example, Assumptions 4+1–2 of Newey ~1990! may be employed to
guarantee that the estimators are asymptotically linear+

2.1. The Necessary and Sufficient Condition

We derive the necessary and sufficient condition for the estimator Zb to be more
efficient than the estimator Db+ Let m0~zi ! denote m ~zi , b0 , g0!+ Let A [
E $m0~zi !t~zi !

'%@E $t~zi !t~zi !
'%#�1 and u~zi ! [ m0~zi ! � At~zi !+ The term

At~zi ! is the projection of m0~zi ! on t~zi !+ The term u~zi ! is the residual of
that projection+

Let V~ Zb! and V~ Db! denote the asymptotic variance matrix of Zb and Db, respec-
tively+ These asymptotic variances are expressed as

V~ Zb! � M�1 @E $u~zi !u~zi !
' %� ~A � I !E $t~zi !t~zi !

' %~A � I !' # ~M�1 !',

V~ Db! � M�1 @E $u~zi !u~zi !
' %� AE $t~zi !t~zi !

' %A' # ~M�1 !',

where I is the q � q identity matrix+ By comparing these two asymptotic vari-
ances, we obtain the following theorem+

THEOREM 1+ Suppose that Assumption 1 is satisfied. Then, V~ Zb! � V~ Db!
if and only if

~A � I !E $t~zi !t~zi !
' %~A � I !' � AE $t~zi !t~zi !

' %A'.

Moreover, when q � 1, then V~ Zb! � V~ Db! if and only if A � � 1
2
_ .

Note that V~ Zb! � V~ Db! means that V~ Zb! � V~ Db! is nonpositive definite+

2.2. A Sufficient Condition

In Section 2+1, we obtained the necessary and sufficient condition for the asymp-
totic variance of Zb to be smaller than that of Db+ In this section, we present a
simple sufficient condition+
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We first introduce the concept of “tangent space,” which is a key to our suf-
ficient condition+ See, e+g+, Newey ~1990!, Bickel, Klassen, Ritov, and Wellner
~1993!, and Lee ~1996! for more detailed discussions on tangent space+ The
tangent space is the semi-nonparametric counterpart of score function+ To define
the tangent space, first we consider a parametric submodel+We parameterize g,
say, g~g!, such that g~g0! � g0 for some g0, where the parameter g is finite-
dimensional+ In this way, we can construct a parametric submodel+ Let Sg~zi !
denote the score vector with respect to g of such a parametric submodel ~at
g� 0!, which is a function of zi and is a random vector+ Let r be the dimension
of zi + A tangent space in nonparametric direction is the mean-square closure of
all linear combinations of scores Sg~zi ! for smooth parametric submodels:

T � �t~{! : Rr r Rq with E $7t~zi !72 % � `, ∃Bj Sgj ~{!,

such that lim
jr`

E $7t~zi !� Bj Sgj ~zi !72 %� 0� ,
where $Bj %j�1

` is a sequence of nonrandom matrices+ For example, consider the
case in which the nuisance parameter is f where f is the density of a scalar
random variable x and assume that there is no restriction on the form of f+ A
parametric submodel can be f ~x,g! � f0~x!$1 � ga~x!% , where f0 is the true
density and a~x! is a bounded scalar function that satisfies E $a~x!%� 0 so that
f ~x,g! is a density function for any g+ The score function with respect to g at
g � 0 is a~x!+ This implies that the tangent space includes all bounded mean-
zero functions of x, and it becomes the entire Hilbert space, i+e+, $t~{! : R r Rq

with E $t~x!% � 0,E $7t~x!72% � `% +
Next, we define the projection on the tangent set+ The projection

Proj$m0~zi !6T % is defined as a vector belonging to T that satisfies E @$m0~zi !�
Proj~m0~zi !6T !%a#� 0 for all a � T+ Let u~zi ! [ m0~zi !� Proj$m0~zi !6T % be
the residual from the projection of m0~zi ! on T+ We have the following result,
which is a special case of Theorem 4+3 in Newey ~1990!+

LEMMA 2+ Suppose that Assumption 1 is satisfied and Zb is regular.1 If
t~zi ! � T, then Zb has an influence function, �M�1u~zi ! .

The proof is omitted because it is essentially identical to that of Theorem 4+3
in Newey ~1990!+ The idea of the proof is the following+ First we note that the
influence function is orthogonal to any score for a regular semiparametric sub-
model, Sg, because of the generalized information equality+ Therefore, we have
E @$m0~zi !� t~zi !%Sg#� E @$m0~zi !� ~�t~zi !!%Sg#� 0+ This equality implies
that �t~zi ! is the projection of m0~{! on T+ In this case, the matrix A in Sec-
tion 2+1 becomes A � �I+ Note that the proof does not essentially depend on
the assumptions used for showing the asymptotic linearity of the estimator+
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The variance of u~zi ! is smaller than the variance of m0~zi !+ Thus, we have
the following theorem, which is our main result, as a direct implication of the
lemma+

THEOREM 3+ Suppose that Assumption 1 is satisfied and Zb is regular.
If t~zi ! � T, then V ~ Zb! � V ~ Db! . A strict inequality holds when
Proj$m0~zi !6T % � 0.

This theorem demonstrates that the asymptotic variance of Zb never exceeds
the asymptotic variance of Db if the correction term, t~zi !, is included in the
tangent space+

Remark 1. Some of the nuisance parameters may not explicitly appear in
the moment condition+ We do not need to estimate them in such a case+ Then,
in verifying the condition t~zi ! � T of Theorem 3, it suffices to show t~zi ! �
Tg where Tg is the tangent space with respect to g only+ This is because Tg � T,
noting that T is the tangent space with respect to all the nuisance parameters in
the model+ In some cases, T may not be easy to obtain, but deriving Tg is much
easier; then checking t~zi ! � Tg is much more convenient+ In the next section,
where we apply the theorem to several estimators, we only consider Tg+

Remark 2. Our result includes the case of finite-dimensional nuisance param-
eters+ As observed in Pierce ~1982!, Henmi and Eguchi ~2004!, Wooldridge
~2007!, and others, the puzzling phenomenon occurs in finite-dimensional cases
when the nuisance parameters are estimated by maximum likelihood estima-
tors+An example of the puzzle in finite-dimensional cases is given in Remark 6
of Section 3+1+ Suppose that g is the p-dimensional vector of nuisance param-
eters and Sg is the score with respect to g+ The tangent space in finite-dimensional
cases is the linear subspace spanned by Sg, i+e+, $BSg : B � Rq�p% + When the
nuisance parameters are estimated by maximum likelihood estimators, the cor-
rection term becomes a linear transformation of the score and belongs to the
tangent space+ Thus, our theory can be used to explain the puzzle in cases in
which finite-dimensional nuisance parameters are estimated by maximum like-
lihood estimators, although the main focus of this paper is the puzzle in semi-
nonparametric estimation problems+

Remark 3. Henmi and Eguchi ~2004! provide an alternative explanation of
the puzzle+ Our theory and that of Henmi and Eguchi ~2004! are different in
two ways+ First, Henmi and Eguchi ~2004! consider the puzzling phenomenon
for finite-dimensional nuisance parameter cases only+2 The second difference is
that we essentially examine the projection of the estimating equation on the
score, but Henmi and Eguchi ~2004! examine the projection of the score on the
estimating equation+ We can handle semi-nonparametric estimation problems
by examining the projection on the tangent space+ On the other hand, it appears
to be difficult to extend the approach of Henmi and Eguchi ~2004! to infinite-

1722 KOHTARO HITOMI ET AL.

https://doi.org/10.1017/S0266466608080699 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466608080699


dimensional cases as it requires an explicit examination of the score and the
equation used for the estimation of the nuisance parameters+

Remark 4. An important implication of this theorem is as follows+ When
there is no restriction on the form of the nuisance parameter, the tangent space
with respect to the nuisance parameter is typically large and can include almost
any possible form of the correction term+ Thus, the puzzling phenomenon appears
to occur when the moment condition does not impose any restriction on the
form of the nuisance parameter+ In fact, the moment conditions do not impose
any restriction on the form of the nuisance parameters in all the examples dis-
cussed in the next section+ This observation is somewhat similar to the result of
Prokhorov and Schmidt ~2006, Statements 8 and 9 in Thm+ 2+2!+ They argue
that the puzzle occurs when the moment condition used for estimating the param-
eters of interest is not useful in estimating the nuisance parameters+

3. DISCUSSION

This section discusses three semi-nonparametric estimation problems in which
the puzzling phenomenon takes place+3 The sufficient condition presented in
the previous section turns out to be applicable to all three examples+

3.1. Hirano et al. (2003)

Hirano et al+ ~2003! propose a semiparametrically efficient estimator for the
average treatment effect+ Suppose that we have a random sample of size n:
$zi %i�1

n [ $Ti ,Yi , Xi %i�1
n + The binary variable Ti indicates the treatment status+

Let Yi~0! denote the outcome for i under control and Yi~1! under treatment+We
are not able to observe both Yi~0! and Yi~1!+ We observe only Yi [ Ti Yi~1! �
~1 � Ti !Yi~0!+ The vector Xi contains covariates+

Our objective is to estimate the average treatment effect, E $Yi ~1! �
Yi~0!% [ b0+ Let p~x! denote the propensity score: p~x! � Pr~Ti � 16Xi �
x! � E ~Ti 6Xi � x!+ Under the assumption T � $Y~0!,Y~1!%6X, the param-
eter b0 is identified because E $Yi Ti 0p~Xi !% � E $Y~1!% and E $Yi ~1 � Ti !0
p~Xi !% � E $Y~0!% + With this observation, Hirano et al+ ~2003! suggest the
following semi-nonparametric estimator for the average treatment effect b0:

Zb �
1

n �
i�1

n � Yi Ti

[p~Xi !
�

Yi ~1 � Ti !

1 � [p~Xi !
� , (1)

where [p~x! is the series logit estimator of the propensity score ~for more details,
see Hirano et al+, 2003!+ Let Db denote the estimator obtained by replacing [p~x!
by the true propensity score p~x! in equation ~1!+ Hirano et al+ ~2003! demon-
strate that V~ Zb! � V~ Db!+
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The estimator Zb is included in our framework with the moment condition:

m~zi ,b, p! �
Yi Ti

p~Xi !
�

Yi ~1 � Ti !

1 � p~Xi !
� b+

The influence function of Zb is provided in Appendix B of Hirano et al+ ~2003!,
and it is m0~zi ! � t~zi !, where

t~zi ! � �� E $Yi ~1!6T � 1, X � Xi %

p~Xi !
�

E $Yi ~0!6T � 0, X � Xi %

1 � p~Xi !
�$Ti � p~Xi !%+

Hahn ~1998! examines the semiparametric efficiency bound of this model and
characterizes the tangent space with respect to p~x!+ It is

Tp � $t : ∃a~x! such that t � a~x!$T � p~x!%%,

where a~x! is any square integrable measurable function+ Thus, t~zi ! is included
in the tangent space, and the estimator Zb is more efficient than Db+

Remark 5. Chen et al+ ~2008! consider a related estimator called the inverse
probability weighted generalized method of moments ~GMM! estimator in
moment restriction models with nonclassical measurement error+ The puzzling
phenomenon is also present in their estimator+ A similar argument to the pre-
ceding discussion shows that our sufficient condition is satisfied in their
estimator+

Remark 6. A leading example of the puzzling phenomenon in finite-
dimensional cases is the estimation problem that is similar to that of Hirano
et al+ ~2003! but in which the propensity score is modeled parametrically+ Sup-
pose that the propensity score is modeled as p~x!� p~x,g0!, where g0 is finite-
dimensional+ Suppose that we estimate g0 by the maximum likelihood estimator
so that [g� arg max�i�1

n @Ti log p~Xi ,g!� ~1 � Ti ! log$1 � p~Xi ,g!%# and then
estimate b by formula ~1! replacing [p~Xi ! with p~Xi , [g!+ This estimator is also
more efficient than Db ~see, e+g+, Wooldridge, 2007!+ As stated in Remark 2,
the tangent space with respect to g is the linear subspace spanned by the score
with respect to g, and the correction term in this case is a linear transforma-
tion of the score because the correction term is determined by [g � g0, whose
first-order term is a linear transformation of the score+ Thus, our theory can
explain the puzzling phenomenon in both the semi-nonparametric and para-
metric versions of this estimation problem+

3.2. Lewbel (2000)

The second example is the estimator proposed by Lewbel ~2000! for binary
choice models with possibly endogenous regressors+ Suppose that we have
independently and identically distributed samples of zi [ ~ yi , vi ,wi , xi ! for
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i � 1, + + + , n+ The binary variable yi is generated by the data generating process
of yi � 1$wib� vi � ei � 0% , where ei is an unobservable disturbance term and
b is the vector of parameters of interest+ The scalar vi is independent of ei , and
the coefficient on vi is normalized to 1+ The vector variable wi might be corre-
lated with ei + Suppose that xi is correlated with wi and is independent of ei +
Lewbel ~2000! shows that under regularity conditions, the following moment
condition holds:

E�x� y � 1$v � 0%

f ~v6w, x!
� wb��� 0,

where f ~v6w, x! is the conditional density function of v given w and x and 1 is
the indicator function+

The Lewbel ~2000! estimator Zb is obtained by solving the sample analog of
the moment condition replacing f ~v6w, x! by the kernel density estimator
Zf ~v6w, x!+ That is, the estimator Zb solves

1

n �
i�1

n �xi � yi � 1$vi � 0%

Zf ~vi 6wi , xi !
� wi Zb��� 0+

Let Db denote the estimator that uses the true f ~v6w, x!+ Magnac and Maurin
~2007! note that the asymptotic variance of Zb is smaller than that of Db+

We show that our sufficient condition is satisfied in the Lewbel ~2000! esti-
mator+ Lewbel ~2000! and Magnac and Maurin ~2007! provide the form of the
correction term t~zi ! for this estimator:

t~zi ! � �xi E� yi � 1$vi � 0%

f ~vi 6wi , xi !
6vi ,wi , xi�� xi E� yi � 1$vi � 0%

f ~vi 6wi , xi !
6wi , xi� +

If there is no restriction on the form of f ~v6w, x!, the tangent space with respect
to f ~v6w, x! is easily obtained, and it is

T � $A~v,w, x!6E~A6w, x!� 0,E~A2 6w, x! � `%+

In this model, the moment condition does not impose any restriction on the
form of f ~v6w, x!+ Therefore, the tangent space with respect to f ~v6w, x! is just
T+ It is easy to see that t � T+

3.3. Newey and Ruud (2005)

Last, we consider the estimator of Newey and Ruud ~2005! for single index
models+ Suppose that we have independently and identically distributed sam-
ples of zi � ~ yi , xi ! for i � 1, + + + , n+ The variable yi is a scalar, and its condi-
tional expectation given the random vector xi has the single index form E~ y6x!�
t~x 'b!, where b is a vector of parameters of interest and t is an unknown
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function+ Newey and Ruud ~2005! propose the inverse density weighted least-
squares estimator for b+ Let f ~x! be a density with the linear conditional expec-
tation property4 and compact support+5 Let h~x! be the density of x+ Let X �
~1, x '!' and g � ~g0,b!, where g0 is the intercept parameter+ The following
moment condition holds:

E� f ~x!

h~x!
~ y � g 'X !� � 0+

See Newey and Ruud ~2005! for more detailed discussion on this moment
condition+

We consider the following two estimators+ Let [g be the vector solving

1

n �
i�1

n f ~xi !

Zh~xi !
~ yi � [g 'Xi ! � 0, (2)

where Zh~x! is the kernel density estimator+ The first estimator Zb is the coeffi-
cient on x in [g+ Let Jg be the vector obtained by replacing Zh~xi ! by the true
h~xi ! in equation ~2!+ The second estimator Db is the coefficient on x in Jg+

Newey and Ruud ~2005! note that Zb is more efficient than Db+ We show that
our sufficient condition is satisfied in the current case+ Newey and Ruud ~2005!
give the form of the correction term:

t~zi ! � w~xi !xi $E~ yi 6xi !� xi
'g0 %+

The tangent set with respect to h~x! is

T � $A~x!6E~A!� 0,E~A2 ! � `%+

It is easy to derive the tangent set in this case because as in Section 3+2, the
moment condition does not impose any restriction on the form of f ~x!+ It is
easy to see that t � T+

Remark 7. In all the examples, it is the inverse of the nuisance parameter
that enters the moment condition+ One may try to find a possible relationship
between the form of the moment condition and occurrence of the puzzle+ How-
ever, there is only a limited connection between these two+ The puzzle appears
to occur when the moment condition does not impose any restriction on the
form of the nuisance parameter+ The functional form of the moment condition
matters because it determines whether or not the moment condition places some
restriction on the form of the nuisance parameter+ We present an example in
which we do not observe a puzzling phenomenon even though the nuisance
parameter is in the denominator of the moment condition+ Let f be the density
of a random variable x+ Consider the moment condition E @$ y0f ~x!% � xb0# �
0, where y is another random variable and b0 is the parameter of interest+ This
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moment condition puts a restriction on f ~x!, as we have 	xf ~x! dxb0 �
	E~ y 6x! dx+ In fact, estimating f yields a less efficient estimator in this case+6

NOTES

1+ Let u� ~b,h! where h is the possibly infinite-dimensional nuisance parameter ~g is a part of
h! and u characterizes the distribution of zi + Let u0 be the true value of u+ Let b~u! be the value of
b in u+We consider a local data generating process in which the data are generated according to un
and Mn ~un � u0! is bounded+ The estimator Zb is regular if the limiting distribution of Mn ~ Zb �
b~un!! under un does not depend on the local data generating process+ See Newey ~1990, p+ 102!
for more details+

2+ Although infinite-dimensional nuisance parameters appear in the Henmi and Eguchi ~2004!
discussion ~k in the notation of Hemi and Eguchi!, they are not estimated+ Therefore, their results
do not explain the present phenomenon+

3+ The working paper version of this paper, which is available upon request, also examines the
Kaplan–Meier integral+ The Kaplan–Meier integral is an integral with respect to the Kaplan–Meier
estimator of the distribution of a censored random variable+ Suzukawa ~2004! determines that the
Kaplan–Meier integral can be written in terms of the Kaplan–Meier estimator of the distribution of
the censoring time and finds that estimating the censoring distribution yields a more efficient esti-
mator than does using the true distribution+

4+ The density of x is said to possess the linear conditional expectation property when the con-
ditional expectation of x given any linear combination of x is linear in that combination ~Newey
and Ruud, 2005!+

5+ Note that Newey and Ruud ~2005! consider that f ~x! depends on a vector of unknown param-
eters u that is used to center the location and scale of the density+ However, it is not related to the
puzzle, and we shall ignore the estimation of u+

6+ Let u � $ y0f ~x!% � xb0+ The asymptotic variance of the estimator using a nonparametric
estimator of f is var @$u � E~u 6x!%� $x � E~x!%b0# , and that of the estimator using the true f ~x! is
var $u � E~u 6x!% + These asymptotic variances can be obtained by employing, e+g+, formula ~2+6! in
Lee ~1996, Ch+ 10!+ The latter is smaller than the former, as u � E ~u 6x! and x � E ~x! are
uncorrelated+
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